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SIEGEL MODULAR FORMS AND THETA SERIES
ATTACHED TO QUATERNION ALGEBRAS II

S. BOCHERER anND R. SCHULZE-PILLOT

Abstract. We continue our study of Yoshida’s lifting, which associates to a
pair of automorphic forms on the adelic multiplicative group of a quaternion
algebra a Siegel modular form of degree 2. We consider here the case that the
automorphic forms on the quaternion algebra correspond to modular forms of
arbitrary even weights and square free levels; in particular we obtain a construc-
tion of Siegel modular forms of weight 3 attached to a pair of elliptic modular
forms of weights 2 and 4.

Introduction

We resume in this article our study of Yoshida’s lifting from [5]. This
lifting associates a Siegel modular form Y(Q)(wl, o) of degree 2 to a pair
@1, w9 of automorphic forms on the adelic multiplicative group of a definite
quaternion algebra D over Q. This pair corresponds under Eichler’s corre-
spondence to a pair f, g of elliptic modular forms of weights ky = 2, ks and
the same square free level N; it is a theta lifting from the orthogonal group
of D equipped with the norm form to the group Sps. In the case that also
ko = 2 holds we proved that this lifting is nonzero if both f, g are cusp
forms with the same eigenvalues under the Atkin-Lehner involutions; if (9
is constant (and hence g is an Eisenstein series) the vanishing of Y (?)(p1,1)
depends on the central critical value of the L-function of f. We extended
the construction to arbitrary pairs of weights ky, kg in [6], where we also
gave the analogous construction of a lifting Y(")(gol, ©2) to Siegel modular
forms of higher degree. These higher degree liftings are in general vector
valued Siegel modular forms; Y(”)(<p1, p2) is mapped to y (=1 (p1,92) by
Siegel’s ¢-operator.
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The goal of this article is to extend our nonvanishing results from [5)
to this more general situation. The method of proof is essentially the same:
To prove the nonvanishing of Y (?) (¢, ¢3) we show that Y ®)(¢1, ) is not
cuspidal. This is done by studying the analytic behaviour of its standard
L-function in s = 1 in two ways: Once by giving an integral represen-
tation (assuming y®) (¢1,%2) to be cuspidal) and once by computing the
L-function in terms of the Satake parameters of f, g using the construction
of Y3 (p1,p2) as a theta lifting. The integral representation which we use is
the same as in [5] using the doubling (or pullback) method and an Eisenstein
series of weight 2, modified by some differential operator. In the generality
needed for our purpose these differential operators have been introduced and
studied by Ibukiyama [17]. On the theta lifting side we arrive after a careful
computation of the factors occurring at the bad places at the study of the
value at s = 1 of the normalized Gls % Gla-L-function (with functional equa-
tion under s — 1—s) associated to f, g. A result of Ogg [23] and Shahidi [24]
gives the nonvanishing of this value if f, g are cuspidal and nonproportional,
which contradicts the results obtained from the integral representation (and
hence our assumption that Y ®)(¢, ) is cuspidal). The case where g is
constant is more delicate and leads to the L-function condition mentioned.
To summarize our results, let f, g be primitive cusp forms of square free
levels Ny, Ny (with N = lem(Ny, Ny), ged(Ng, Ny) # 1), weights ky > ko
and Haupttyp for I'g(Ny) resp. I'o(NN,) (eigenforms of all Hecke operators)
and assume that for all p dividing ged(Ny, Ny) the eigenvalues of f, g un-
der the Atkin-Lehner-involution w, are the same. Then we can associate
to f, g a nonzero vector valued Siegel cusp form of degree 2, whose Satake
parameters are computed from those of f, g. If ko = 2 this Siegel modular
form is scalar valued of weight 1+ k1 /2; in particular for ky = 4, ko = 2 we
obtain cusp forms of weight 3. These are of interest in geometry since they
correspond to holomorphic differential forms of top degree on the quotient
of the Siegel upper half space of degree 2 by the group I'o(N). It should be
noted that we obtain in fact different constructions for each subset of odd
cardinality of the set of prime divisors of gcd(/Ny, Ng) and that the resulting
Siegel modular forms are pairwise orthogonal.
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§1. Yoshida’s lifting

Yoshida’s lifting [30, 31] associates a Siegel modular form of degree 2
to a pair f, g of elliptic modular forms of even weight, where one of f, g
has weight 2. Its generalization to arbitrary even weights considered in [6]
yields vector valued Siegel modular forms. As explained in the introduction
we want to generalize our results on the nonvanishing of Yoshida’s lifting
to this more general situation. For this, we need to recall a few notations
and results from [5, 6].

Let D be a definite quaternion algebra over Q and R an FEichler order
of square free level N in D, i.e., the completion R, is a maximal order in
D, for the primes p ramified in D and is of index p in a maximal order

Z) in Ma(Z,) with p | ¢)

for the remaining primes p dividing N. We will usually decompose N as
N = NjNy where N7 is the product of the primes that are ramified in D.

On D we have the involution z — T, the (reduced) trace tr(z) = 2 + T and

. . . . a
i.e., R, is conjugate to the set of matrices
b jug c

the (reduced) norm n(z) = 7.

For v € N let U,,O) be the space of homogeneous harmonic polynomials
of degree v on R? and view P € U,EO) as a polynomial on DY = {z € Dw |
tr(z) = 0} by putting P(323_ | zse;) = P(xy,x2,x3) for an orthonormal
basis {e;} of Dog) with respect to the norm form n.

The representations 7, of DX /R of highest weight () on Ul given
by (1,(y))(P)(x) = P(y~'zy) for v € N give all the isomorphism classes
of irreducible rational representations of DX /R*. By ((, )) we denote the
suitably normalized invariant scalar product in the representation space
U

The group of proper similitudes of the quadratic form ¢(z) = n(z) (with
associated symmetric bilinear form B(z,y) = tr(xg)) on D is isomorphic to
(D* x D*)/Z(D*) (as algebraic group) via

(1, 22) > Oy 2o With 04, 2,(y) = a:ly:cgl,
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with the special orthogonal group being the image of
{(z1,22) € D* x D* | n(x1) = n(z2)}.

We denote by H the orthogonal group of (D, n), by H* the special orthog-
onal group and by K (resp. K*) the group of units (resp. proper units) of
the lattice R in D.

Let vy > vy be given and let 71 = 7, 75 = 7, for i = 1,2. It is then well
known that the HT(R)-space U,(,?) ®U£S ) is isomorphic to the H*(R)-space
Uy, v, of C[X1, X2]-valued harmonic forms on D? transforming according
to the representation of Gly(R) of highest weight (14 +v9, 1 —v»); an inter-
twining map ¥ has been given in [6, Section 3] (for the theory of harmonic
forms see [10, 19]). It is also well known [19] that the representation A,, ,,
of H*(R) on U, ,, is irreducible of highest weight (v1 + vg,v1 — v2). If
V1 # vy it can be extended in a unique way to an irreducible representation
of H(R) on the space Uy, 1, s := (Ul(,?) ® U,Sg)) ® (U,ES) ® U,S?)), denoted by
(11 ® T2)s, whereas for 11 = vy there are two possible extensions to repre-
sentations (171 ®72)4 on U, ,,; we denote this space with the representation
(11 ® 12)+ on it by Uy uy +-

For an irreducible rational representation (V;, 7) (with 7 = 7, as above)
of DX /R we denote by A(D3} , R} ,7) the space of functions ¢ : D} — V-
satisfying p(yzu) = 7(uzl)e(z) for v in D(S and u = uxuy € Ry, where
Ry = DX x I, R is the adelic group of units of R.

It has been discovered by Eichler that these functions are in correspon-
dence with the elliptic modular forms of weight 2 + 2v and level N. This
correspondence can be described as follows:

Let Dz = UleDXyiRz be a double coset decomposition with y; o =1
and n(y;) = 1, put I;; = yiRyjl, R; = I;; and let ¢; be the number of units
of the order R;. '

Recall from §5 of [5] that for each p | N we have an element 7, € D
of norm p normalizing R, and that these 7, (together with RZ’ f) generate
the normalizer of RZ’sz/QX in DX,fQZ/QX and satisfy 72 € QR
Right translation by m, gives an involution w, of A(Djy,R},,7), which
space then splits into common eigenspaces of all these (pairwise commuting)
involutions.
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On the space A(Dy, R}, 7) we have for p { N Hecke operators T(p)

defined by T(p)p(z) = [ ¢(xy~')xp(y)dy where x, is the characteristic
Dy
function of {y € R, | n(y) € pZ, }. They commute with the involutions 1,

and are given explicitly by T(p)p(y,) = XT: Bij(p)¢(y,), where the Brandt
j=1

matrix entry Bj;(p) is given as

v 1 v
Bip) =By ()=~ > p'7@)
3«‘6?1113!/:1

n(x)=p

(0)

hence is itself an endomorphism of the representation space Uy’ of 7. On
the space A(D}, R}, 7) we have the natural inner product (, ) defined by
integration, it is explicitly given by

o)=Y ((w(yi),fb(yi)».
1=1 €i

By abuse of language we call (in the case v = 0) forms cuspidal, if they
are orthogonal to the constant functions with respect to this inner product.

From [8, 14, 25, 18] we know then that the essential part Aess(Dy , R},
7) consisting of functions ¢ that are orthogonal to all ¢ € A(Dy, (R, )*, 7)
for orders R’ strictly containing R is invariant under the T'(p) for pt N and
the w, for p{ N and hence has a basis of common eigenfunctions of all the
T(p) for pt N and all the involutions Wy, for p | N. Moreover in Aess(Dy,
Rz, 7) strong multiplicity one holds, i.e., each system of eigenvalues of the
T(p) for p N occurs at most once, and the eigenfunctions are in one to
one correspondence with the newforms in the space S22 (N) of elliptic
cusp forms of weight 2 + 2v for the group I'o(N) that are eigenfunctions
of all Hecke operators (if 7 is the trivial representation and R is a maxi-
mal order one has to restrict here to functions orthogonal to the constant
function 1 on the quaternion side in order to obtain cusp forms on the mod-
ular forms side). This correspondence (Eichler’s correspondence) preserves
Hecke eigenvalues for p N, and if ¢ corresponds to f € S?T2(N) then the
eigenvalue of f under the Atkin-Lehner involution wy, is equal to that of ¢
under wy, if D splits at p and equal to minus that of ¢ under w, if D, is a
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skew field. An extension of this correspondence to forms ¢ as above that
are not essential but eigenfunctions of all the involutions w, has been given
in [13, 7].

Lemma 3.1 of [6] now gives the following setup for the Yoshida lifting:
Let A(H{, K}, ® 72) be defined in the same way as A(Dx, R}, 7). If
p; € A(Dz, Rj;,n) for i = 1,2 (with 7, = 7, and v; > vy) are eigenfunc-
tions of all the involutions , for p | N and of all the Hecke operators T}, for
pt N, we denote by ¢1 ® oo the function on the adelic special orthogonal
group Hz of (D,n) given by

01 @ P2(Tyy ) = /K+ e1(y1k1) ® 2(y2ka)dk,
f

where k£ in the finite part K}F of the adelic group of proper units of the
lattice R in D is represented as k = oy, ,- Then @1 ® w2 # 0 if and only
if 1 and @2 have the same eigenvalues under all the involutions w, for the
p| N, and one has ¢ ® @3 € A(HX,KX,H ® 712). Let now ¢y and @2 be
Hecke eigenforms having the same eigenvalues under all the involutions w,
for the p | N. If (11 ® 1), for * denoting 4+, — or s denotes the possible
extensions of 71 ® 75 to an irreducible representation of HR let (¢1 ® ¢2)«
be the unique function in A(Ha, K, (11 ® 72).) whose value at h € Hy is

%(@1/@@2(@ + (1 ® TQ)*(L)@lfgwg(LhL)),

where ¢ € Hy is the involution in D.

Then for vy # v one has (o1 ® 2)s # 0 if and only if 1 ® @y # 0. For
v1 = vy one has (p1®¢2)+ # 0. Moreover in this case one has (p1®ps)—- =0
if and only if 1 = 0 or g2 = ayp; for some a € C.

The functions (¢1 @ p2). on the adelic orthogonal group Ha thus con-
structed can be lifted to Siegel modular forms of degree n, we call this
lifting Yoshida’s lifting, denoted by Y(")(Lpl, wa,*). To describe it explic-
itly we recall from [19, 29| that for any irreducible representation (A, Uy) of
H(R) the space H,(A) of pluriharmonic polynomials P : M, ,(C) — Uy
such that P(h~'z) = A(h*)P(z) for all h € O,, is zero or (under the right
action of GI,(C) on the variable) isomorphic to an irreducible represen-
tation (pn(A), W, (n)) of GL,(C). In the latter case the space Hy(pn(A))
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consisting of all g-pluriharmonic polynomials P : M, ,(C) — pn(n) Such
that P(zg) = (pn(N)(g"))P(z) for all g € Gi,,(C) is isomorphic to (Uy, \)
as a representation space of HR.
We denote by P, . the (essentially unique) isomorphism from U,
Ho(pal(m1 ©72).).

Then, again for x denoting +, — or s, we have the n-th Yoshida-lifting
(whenever the representation p,((71 ® 72),) is defined):

1,V2,% to

Y (1, 02,%) == 0 (01 ® 2).(2)
- / S Pusller @ p) (W) (hilar, ... hilen)

HQ\HA xe(hLyr
x exp(2mitr(q(x)Z))dh

It is explicitly given as

Y(n)(gpl,(p27*>(Z)
=, 1, S PualWle1(w) ® a(y)) (@1, .y Tn)

P €;e
n3=1 7 xe(y, Ryt

x exp(2mitr(q(x)2)).

In particular, if 1 = vy = v then Y(l)(gol,ch,—F) is defined and is
an elliptic modular form of weight 2 + 2v. If 1,99 are eigenforms of
the Tp for p + N with different eigenvalues then as in [31] one sees that
YD (o1, 09,+4) = 0. If o = o = ¢ # 0 is an eigenform of all the T;,
for pt N and of all the wy, for the p | N then Y (1)(¢, p, +) is nonzero, and
linear continuation of the map sending an eigenform ¢ to Y1) (p, @) realizes
Eichler’s correspondence described above. For details in the case that ¢ is
not essential see [7].

To investigate the nonvanishing of the lifting in general we need the
following generalization of a result of Kitaoka:

LEMMA 1.1. LetV be a vector space over Q of dimension m with a pos-
itive definite quadratic form q on it, let Ly, ..., L, be pairwise non-isometric
Z-lattices of rank m on V having the same discriminant. Let (W, p) be a
finite dimensional irreducible rational representation of Gly,—1(C) and let
0# P, € Hy(p) fori=1,...,r be g-harmonic forms on V™ with respect
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to p such that P; is invariant under the action of the group of units O(L;)
Of L,L .
Then the theta series

9" (L q, P, Z) = Z P(x)exp(2mitr(g(x)Z))

XEL:"‘1

(with Z in the Siegel upper half plane of degree m —1) are linearly indepen-
dent.

Proof. With his kind permission we give here a proof due to Y. Kitaoka
which is simpler and more elegant than our own original proof.
We show first that given L on V and 0 # P € Hy(p) as above there is a
global characteristic sublattice M of rank m—1 of L in the sense of Theorem
6.4.1 of [20] such that P(zq,...,%m-1) # O for a basis (and hence for any
basis) z1,...,Tm—1 of M:
Write P = Zle «;Q; where the «; are linearly independent over Q and the
nonzero polynomial functions @; : V"' — W, have rational coefficients
(with respect to some fixed bases of V' and of W,) but are not required to
be harmonic forms. We can find an (m — 1)-tuple z1,..., zy—1 of linearly
independent vectors in L such that Q1(z1,...,2zm-1) # 0 and put M’ =
Zzi+ ...+ Zz, 1. Let S be a finite set of primes containing 2 and the
primes dividing the discriminant of L and let £ be some odd prime not
dividing the discriminant of M. Then by Theorem 6.2.1 of [20] one can,
in the same way as in the proof of Proposition 6.4.1 of [20] find linearly
independent vectors z1,...,Zmy,—1 in L such that

e The xz; are as close as we want to the z; in the completion V,

e Lor the p € S the lattice Zyz1 +...+ ZpTy, 1 is a p-adic characteristic
sublattice of L, in the sense of [20, p. 153]

e There is some prime g ¢ S U {f} such that the discriminant of M :=
Zzy+...4+Zxy,—q is a unit at the primes not in SU{/, ¢} and exactly
divisible by g¢.

The lattice M is then (again as in the proof of Proposition 6.4.1 of [20]) a
global characteristic sublattice of L, and if we chose the x; close enough to
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the z; at the prime ¢, we see that Q1(z1,...,2Zm-1) # 0 holds, hence also
P(zy,...,2m-1) # 0, and we have established the existence of the global
characteristic sublattice claimed above.

As in the proof of Corollary 6.4.1 of [20] we can now apply the above ar-
gument to the L; to find an index j, a characteristic sublattice M of L;
with basis z1,...,2m-1 such that P)(z1,...,2m-1) # 0 and such that M
is not represented by any of the L; with i # j. By Theorem 6.4.1 of [20]
every embedding of M into L, can be uniquely extended to an isometry
in O(L;). Since P, was assumed to be O(Lj)-invariant, the coefficient at
q((z1,. .., xm-1)) of ﬁ(m‘l)(Lj,Pj,q,Z) is nonzero, whereas that of the
other 19(’”'1)([/1, Pi,q,7Z) is zero. 19(””*1)(Lj, P,,q,Z) can therefore not ap-
pear in any linear relation between the ﬁ(m‘l)(L,;,Pq;,q, Z), and iterating
this argument we get the assertion.

THEOREM 1.2. Let v1 > vp > 0 be integers and let 7y = 7,,, T2 =
Ty, be the irreducible representations of DX /R* of highest weights vy, v
respectively. Let @; € .A(DX,RR,TZ-) for i = 1,2 be eigenfunctions of the
Hecke operators T}, and of all the involutions ,; assume that @1 and o,
have the same eigenvalues for all the w,.

Then if 11 # vy and x stands for s the n-th Yoshida-lifting Y(")(cpl, P2,
%) is defined for n > 2; if 11 = vy and x stands for + as above, it is
defined for n > 1. The lifting Y? (¢1,02, %) is in these cases a vector val-
ued Siegel modular form with respect to the representation of highest weight
(v1 + va, 1 — 12) of Gla(C) and is cuspidal unless v1 = vy and p1 and @
are proportional.

Moreover, under the same conditions Y(3)(301,<p2,*) 1§ a monzero vector
valued Siegel modular form for the group FE)S)(N ) with respect to the repre-
sentation of highest weight (11 + vy + 2,17 — 2 + 2,2) of Gl3(C).

Ifvy = vy = v # 0 and @1, are not proportional, then Y™ (o1, o9, —)
is defined for n > 3 and Y (p1,92,—) is a nonzero vector valued Siegel
cusp form for the group F(()S) (N') with respect to the representation of highest
weight (2v,3,3) of Gl3(C).

If vi = vy = 0, then if p1,pq are not proportional, Y(3)(<,01,cp2, —) is
not defined and Y(4)(<p1, a9, —) s a nonzero Siegel cusp form for the group
I‘84)(N) of weight 3.
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Proof. The claims about the existence of the Yoshida-lifting follow
from the description of the theta correspondence at the infinite place in [19].
Lemma 3.1 of [6] gives then the nonvanishing of the function (¢; ® p2)« on
the adelic orthogonal group Hp. By Lemma 1.2 of [6] the Yoshida-lifting
of (1 ® @)y is a linear combination of theta series of the lattices I;; with
harmonic ploynomials that are invariant under the isometries of the lattices
I;; equipped with the norm form. The nonvanishing of the Yoshida-lift
follows then from Lemma 1.2 above in the first two cases and is obvious in
the last case (notice that the nonvanishing of (¢1®¢2)« implies in particular
that at least one of the I;; has no isometries of determinant —1 in this last
case).

For the cuspidality properties asserted we notice that from Lemma
1.3 of [6] one sees that Siegel’s ®-operator sends F := Y () (i1, o, %) to
Y (=1 (1, oy, *) whenever the latter is defined. From [29] one sees that the
®-operator sends F to zero if the last two entries in the vector (A1,...,A,)
describing the highest weight of the representation of Gl,(C) according
to which F' transforms are not equal. This covers all cases except that
11 = vy = v and x = —. If here v = 0 then Y(4)(<p1, 2) is scalar valued of
weight 3 for I" (()4) (N), hence annihilated by ®. For v # 0 and n = 3 the form
F | ® transforms under ng)(N ) according to the representation of highest
weight (2v + 2, 3), hence is again zero.

The same arguments as in section 8 of [5] apply in the present vector
valued situation to show that Y(")(tpl, ©2,%) is cuspidal if and only if its

image under the ®-operator is zero.

Theorem 1.2 settles the question of the nonvanishing of the Yoshida-lift
in the cases where * = —. In the remaining cases the argument in the end of
the proof reduces the question of the nonvanishing of Y(Q)(cpl, @2, %) to the
question of the cuspidality of the nonzero Siegel modular form Y(3)(<p1, P2,
*) in the same way as in [5] for the case v; = vy = 0. We notice this fact as
a corollary:

COROLLARY 1.3. Let the notations be as in Theorem 1.2 and let x
denote + if 11 = vy and s otherwise. Then Y(z)(gol,cpg,*) = 0 if and only
if Y®) (1, p2, %) is cuspidal.
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§2. Vector valued Siegel modular forms

In this section we collect some facts about vector-valued Siegel modular
forms; unfortunately there is no adequate reference for the things we need
(the notes of Godement [12] are still the best reference for basic facts).
In most cases we give only sketches of proof, in particular we omit those

calculations which are completely analogous to the scalar-valued case.

2.1. Differential operators

PROPOSITION 2.1. Let py : Gl(n,C) — V,, be an irreducible polynomial
representation with highest weight (A1,...,An). Then there is a nonzero
V, ® V,-valued polynomial with rational coefficients Q(s,X) = Qs(X) in
the variables s and X, where X is a symmetric 2n x 2n-matriz of variables
X = (z;j), homogeneous of degree >_ A, as a polynomial in X with the
following property: The associated differential operator Ay, given by

0 w

(AF)(z,w) = <Qs<<ai]>>F><(z 0 ))

with z, w € H, maps holomorphic scalar-valued functions F' on Ha, to
V, ® V,-valued holomorphic functions on H,, x H,, and satisfies

(21) (ASF) Icziets ®po M,y |7Eiucts ®po M, = AS(F ’S MITMZl)
for all My, My € Sp(n, R), where M and M, denote the standard embed-
dings
Sp(n,R) x Sp(n,R) Sp(2n,R)
A 0 B O
(A B> (a b) 0 a 0 b
X —
C D c d C 0D O
0 ¢ 0 d

Proof. 1t is sufficient to check (2.1) for generators of Sp(n, R) and for
“test functions” of type
f'T S Z etr(T~Z)

with 7 € Sym,,(C) and Z = < : ZZ) € Hy,. We fix the “weight”s and

Zo W
consider @) as a polynomial in the 9;, with unknown coefficients (depending
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on s). For generators of type (1" - ), R € Sym, (R) the equation (2.1)

0, 1,

-1
is satisfied, so we only have to investigate I', I for I = <?n 0 ") We
n n

have to compare

(2.2) As(fr s IT)
and
(2.3) det(2) ™" - (po(2) ®@idy, )" - (Asfr)(I(2))

(and a similar expression with I' instead of I'). After multiplication by
po(z) ® idy, and a suitable power of det(z) both (2.2) and (2.3) are of the
form

et (=Trz" 4 Tyw) o (polynomial in z and 7).

Here of course T7, ..., T denote the blocks of size n in the matrix 7. From
this we see that (2.1) for all fr and (M, Ms) = (1,id) or (id, I) is equivalent
to a system L of linear equations for the coefficients of Q. The coefficients
of this system depend polynomially on s. Ibukiyama [17] proved that the
space of solutions of L is one-dimensional for s = k € N, k > n. Therefore
the corank of L is generically in s equal to 1. The generic solution of L
(properly normalized, such that the coefficients of 0;; are polynomials in s
with no factor in common) gives us the existence of Ag; Ay becomes unique,
if we choose some monomial in the 9;; with non-zero coefficient and require
this coeflicient to be a monic polynomial in s.

Remark: The polynomial Qs automatically satisfies the symmetry relation

(24) Qu(05) = Q. ((%) [(‘1’ ;)D

thanks to the result of Ibukiyama.
On V,; we have a non-degeneate bilinear form (, ) such that

(2.5) (v, p(g)v2) = (p(g")v1, v2).
We denote by *: V,®V, — V,® V¥ = End(V,) the isomorphism given by

(2.6) (v1 @ v2)*(v) = (v, v1)va.

https://doi.org/10.1017/50027763000006322 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006322

SIEGEL MODULAR FORMS AND THETA SERIES 83
Then we have for all g, g2 € Gl(n,C)

(2.7) (Po(91)11 ® polg2)v2)® = po(g1)(v1 ® v2)*po(gh).

Denoting by hy the function

L H,—C
T 2— det(zy 4 2o + 25 + 24) 7"

we claim the following important relation
(2.8) Ath = c(s) - po(z1 4+ 2z4) 7' - det(z) + 24)°
with a certain scalar c(s) = ¢y, (s).

The proof of this claim is quite similar to the proof of Théoreme 5 in [12,
Exp.6]: The function hy is rich of symmetries, which thanks to (2.1) gives
rise to enough symmetry properties of A% to prove (2.8). By considering
Ath; as a function f5(z; + 24, 21 — 24) of the variables z; + z4 and z; — 24
we see (by applying suitable translations, using (2.1))

f5(21 + 24,21 — 24 +2T) = f5(21 + 24,21 — 24)
for all ' € Sym,,(R), hence
Athg = gi(z1 + 24)

with a suitable function g on H,,. For g € Gl(n,R)
¢ ! t L
g 0 g 0\ _

A2 (hy) (21, 24) = det(g)* po(g9)(Ashs)(g' 219, 9" 219) - po(g")

hence

in particular

gs(iy) = det(y) ™ - po(y~2) - gs(iln) - po(y~ 7).
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It remains to show that gs(i1) is of the form scalar x idy, . We start from
a symmetry relation for hg, namely

(2.9) h, |, MT =h, | M}
1, O,

On _1n
again proved by considering generators of Sp(n, R), the case of translations

for all M € Sp(n,R), where M = M‘l[ ] This relation (2.9) is

being trivial. For M = I we prove

(2.10) h, |s (ITo (=I)}) = h,.

To prove (2.10) we use the (elementary) relation
hy =G, [ I' =G, |, I'

with

We obtain

hyls (ITo (-D)Y) = G |, (ITe 1o (-1)')

Therefore we have for any M = (Z b) € Sp(n,R)

As(hg [s MTo M~H) = Ay(hy)
which implies
(det(czy + d) det(—czq + d)) " *pg ((cz1 + d)_1>

(2.11) ~ 1
Xgs <M<zl> + M*1<Z4>> Po <(~CZ4 + d)t> = gs(z1 + 21)
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We apply (2.11) to M = <Z _u“) € Sp(n, R) with u + iv € U(n, C) and

21=Z4=i~1n1

(2.12) polu+ iv) " ge(2i)po((u —iv)') " = ga(20)

This means that gs(2¢) must be a scalar matrix, because it commutes with
all po(g), g € U(n,C); this follows from (2.12) because of

(u —iv)t = (u+iv)" .

The proof of (2.8) is finished.

2.2. Pullbacks of Eisenstein Series

Using the differential operator Ay we extend the machinery of “pull-
backs of Eisenstein series” to vector valued modular forms. The scalar
valued case was previously discussed in [11, 1, 5] and the case of symmetric
tensor representations in [3] (and recently in [28]). Our approach is some-
what different from Takayanagi’s [28], who considers a differential operator
independent of s; we avoid some of the combinatorial problems coming up
in [28]. We denote by {, } a hermitian scalar product on V, such that
{p(g")v1,v2} = {v1, p(g)va}; after a suitable normalization we may assume

(213) {’1)177)2} = <'U1,'Ug>

where o denotes the natural complex conjugation on V,,.
For F € [IG(N), ply with p = po ® det* we consider

) w 0 B
(2.14) / {p(\/;)F(w)’P(\/q_})A§+kG§7L((0 _2>,8>}

To(N)\H, ,
det(v)® det(y)*dw,,
where
Gh(Zs)= S G(ME)F(ME)
MED2m\T27(N)
(2.15) = Y det(CZ+ D) " *det(CZ+ D)*.

* %
C D
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To compute this integral, one follows the same line of computation as in [5,

section 1], using the double coset decomposition for
P2RA\TE(N) /TE(N)T < TH(N)*

as described in [5, Thm.1.1], as well as the description of the corresponding
left coset decomposition [5, Thm.1.2]. The standard unfolding procedure
yields (using (2.1))

( J 4p@F @), (Aseihipw, -2)
(2.16) M
det(w — 2) "%} det(v)* det(y)sdw> | Ty (M) det(M)~+=¢

where the summation is over all integral diagonal matrices

miy

mnp

with M = 0 modulo N and 0 < m; | mz2... | my, and where Tn(M)
denotes the Hecke operator associated to the double coset

To(N) (?\; _](‘)41> To(N).

/det(—f +w) " ((Agprhspr(w, —2))7)°
(p(v)F(w)) det(v)® det(y)*dwy,

c(s+k) / —zZ+w) tdet(—z + w)~k8
Hy det(—Z + w) *p(v)F(w) det(v)® det(y)*dw,,

— G+ ) [zt

(2.17)
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In view of (2.13) and (2.8) it remains to investigate From [12, Exp.6,Thm.5],
applied to the holomorphic(!) function

w r— det(—z + w) *F(w)

with Re(s) > 0 it is clear that (2.17) is a scalar multiple of F'(z); we denote
this scalar by H,,(s + k).

It is actually possible to compute this scalar explicitly by transferring the
integral to the generalized unit disc

D, = {€ € Sym(C)[1, - & > 0}

by a Cayley-transform (see e.g. [21]); as a result we get

HPO (5 =+ k)

2 n * 3 d
o +n-4ns(%i) b2 /po ® det(1,, — 55)5+kdet(1 —655)”“'

Dn

The latter integral (which is easily seen to be of type scalar x idy,) is a
generalized version of the integrals computed in [16]; using the methods of
[16] one can explicitly compute this integral, but we do not do this here.

What we shall later on need is a relation between ¢y, (s) - Hp,(s) and the

polynomial Q) < ( i: iz > ) :
For s € C with Re(s) > 0 we start from the well-known identity

Z det(z; + 22+ 25 + 24+ L)°

LeSym,, (Z)
(2‘18) yn _ A Z det(T)sfn—;i627Titr(T(21+22+Z§+Z4))

Ln(s)

TeA;

where AT denotes the set of all half-integral symmetric positive matrices of
. z1 29\ .

size n, Z = ( % 2) is an element of Hy, and

A= A(S) — )7%7rins2n(s—%(n-l))ﬂ_sn.
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We apply A? to both sides of (2.18):

1 . o
= Q, ((1 1 )) 627r1,t1r( (z1424))
At T T

=cp(s) D polz1+za+ L) etz + 24+ L)7°
LeSym,, (C)

(2.19)

According to [12, Exp.10,Thm.7,Corollaire] this is equal to
Cpo ($)H po (8 Z powdett (47) —1,2mitr(T(21+21))
TeAt
with
(220) Hp()@dets (T) = / PO(Y) det(y)se—thr(TY) det(Y)_”‘ldY,
Y(™>0

Therefore we get for all T € A} and Re(s) > 0 the relation

A ni1 T T\\
Y T s et® T
(2.21) infk“T) e ((T T)) © Hp,gdet* (4T)
= Cp, (8)Hy, () - idy, .
It is obvious that H,gdets (1) has a meromorphic continuation to all of C

since it can be obtained from the function

T / det(Y)sle 2 IY) gy = T, (s — —“n; ) det(2rT) s+

Y (") >0
by applying a suitable differential operator (w.r.t.7"). In particular, equa-
tion (2.21) provides the meromorphic continuation of cp,(s) - Hy,(s) to all
of C (if we do not prefer to compute H,, explicitly).
Later on we need some information about poles of H, gdets (S), which we
provide here (S = S* > 0): Let vy € V,, be a vector of highest weight, then

(o0, Hpoaer (S)50) = [ (e, po(Y Joo) det(¥)* (e (5 gy
Y>0

/ (Ht >det(Y —(n+1) —-ﬂ'tr(SY)dY
0

Y>
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with Y = Tt . T, T upper triangular. This kind of integrals is studied in
[22, p.76], one obtains

<Uo, H po®det® Uo)

(2'22> n(n—1) { n - Nits—ntl 2
= il HF/\+9 55| I:Ir“. .

where (7S)~! = R+ R! with R upper triangular.

2.3. Hecke Eigenforms

We assume now that F € [[}(N), pp ® det*]y is an eigenform of all
Hecke operators T (M), the corresponding eigenvalue will be denoted by
Ap(M). If the eigenvalue Ap(N - 1,) is different from zero, we get the
following Euler product (see [5, Thm.2.1})

> Ap(M) det(M)~*

M
(N1, 1 e
= Nns C(N)(S) :Lzl C(N)(25‘22) AN(S ’I'L) DF (S n)

where

1 n
D%N)(s) = H ( = H ( —s)tl —« -1 *b))

PN wp P

denotes the (restricted) standard L-function attached to F, the a;;, being
the Satake parameters attached to F' in the usual way; moreover

AN(S H H 1- quq

q|N i=1

with ;, being the Satake parameters describing the following one-dimen-
sional representation of the Hecke-algebra attached to the Hecke pair

(Gl(n,Z), Gl(n,Z[(—lz])):

1

- Ap(N - Mp)
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for My € Z(™™, det(My) = power of q. For details we refer to [5, section

2]. Summarizing our computation, we obtain for such a Hecke eigenform
F € [T§(N), plg, p = po ® det”:

/ {p(\/{))F(w)’p(\/’E)Aﬂ—ngn ((l(l; _02> ’5)}

To(N)\Hn
det(v)*® det(y)*dw,,

(2.23) Ar(N - 1,,)

(Nn)k+2s
An@2s+k—n)- D%N)(Zs +k—n)
CN) (25 + k) TTi=y ¢V (4s + 2k — 2i)

= CP0(§+ k) 'HPO(S + k) :

2.4. The scalar-valued case revisited

The scalar-valued case (py = det”) can be made more explicit; the
differential operators A; = A®) in this case were constructed in a different

way in [2]. We normalize them by fixing the coefficient of det(d;) with

9y s
(O1<i,j<on) = (52 Iy > to be

1
Cn(s—n—i—§+V—1)...Cn(s—n+—)

with

Cn(s)zs(s-i—%)...(s-k 2) T (s

With this normalization,

(2.24) co(s) =cu(s) =

Moreover
Hp, (s +k)=H,(s+k)
— 2n2+n—4ns—nk—nu . in(n—{—u) / det(l _ Sg)s+k+v—n—ld§
(2.25) D,
nm+) Tp(k+v+s— 1)

— in(k—Q—V) . 2n2+n—4ns—nk—nu——2— . 2
Ln(k+v+s)
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We need a slightly modified version of (2.23) later on (still in the scalar-
valued case): In [4] it is described, how one gets (essentially from a variant
of Shimura’s theory of nearly holomorphic functions) an operator identity
(with pk(s), di(s) being polynomials in s)

(226)  pi(s) - det(y)’ det(ya)” - Ay x(det(Y) ™" x?) = dy(s) - AL + R.

Here the question mark indicates the function to which the operator is

applied, R is a finite sum of differential operators of type
(2.27) (D** ® D*) oD

where D is some holomorphic differential operator of the type considered in
section 2.1, and D*' (D** respectively) is a Maaf} type differential operator
with respect to z1 € H,, (24 € H,, respectively); in (2.27) at least one of
the Maaf} type operators is non-trivial. From [4] we quote the formula

23%) S s

Moreover we use that holomorphic Siegel modular forms are orthogonal
(with respect to the Petersson scalar product) to automorphic forms in the
image of the Maafl operators. For details on these facts we refer to [4]. For
an eigenform F € [[,(N),det*™]q we obtain now

To(N)\H, I'o(N)\H,

(2 29) F(w)Ak (E§n<(lg _OZ> s §>> det(y)k+udwa(z) det(y)k+udwz
. dk(S) . )\F(N' ]_n)

pr(s)  (N7)k+2s
An(2s k= n) D (25 4k =)

.((N)(Qs k)T, €Y (4s + 2k — 20)

=c,(5+k) Hy(s+k)-

(F, F).
Here of course

E% (Z,s) =det(Y)*-GE (Z,5s)
= > det(Y)* |, M

MET22\I'2n(N)
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§3. The key proposition
The key to non-vanishing properties of Yoshida-liftings is

PROPOSITION 3.1. Let 0 # F € [T3(N),po ® det?]o be an eigenform
of all Ty(M), M = 0 mod N and assume that po is of highest weight
(A1, A2,0). Then An(s) - D%N)(s) is reqular in s = 1.

Proof. As in [5, section 9] we start from the fact that G2 has a simple
pole in s = 1. In view of (2.23) it is sufficient to show that ¢, (s)-H,,(s) has

a pole (of any order) in s = 3; using (2.21) we investigate Q;((; g:)) .

H , gdets (4T) instead (for any T' € A}}):

From (2.22) we see that H, gqets (41) must have a pole in s = 3 (i.e. in
some matrix realization of H, gdets(47) there is at least one coefficient
in this matrix having a pole in s = 3). We are done, if we can show

that Q;((; ;)) has determinant different from zero in s = 3, when

considered as an element of End(V),,). It is notationally easier to work with
the (real) vector space

Vi ={veV,|lv=07}

for the moment. The statement in question about det(Q?

) is true more
generally:

PROPOSITION 3.2. Let l, n be natural numbers with | > 2n, pg a poly-
nomial representation of Gl(n,C) and consider the polynomial function

R(l,n) % R(l,n) vt ® vVt
Pl . PO PO
(X,Y) — QX' X, Xt-Y, Yt V).

Then there is a Xo € RE™ such that det(Py(Xo, Xo)®) # 0.
It is clear (by continuity) that X, may be chosen to be of maximal
rank; by the action of Gi(n,R) from the left and the right on @; this

implies that Q) ((? T
T € Sym,,(R).

)) has non-zero determinant for all positive definite
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Proof. As a polynomial in X and Y, P; is an element of Harm(l, n)® ¢
Harm(l,n) and also of Harm™ (I, n) @g Harm™ (I, n); by its construction (see
[17] and Prop. 2.1), P; is different from zero and

(3.1) [ (£, Pi(x,Y)))

defines an endomorphism of Harm;o(l,n) commuting with the action of

O(n,R); here ((,)) denotes the natural scalar product on Harm (I,n)

“adapted” to O(I,R). The endomorphisin (3.1) is selfadjoint (because P;
is symmetric), hence, by Schur’s lemma, it is scalar, i.e. there is a constant
¢ # 0 such that

(3.2) PUX.Y) = e 3 H(X) L))
=1

where f, runs through some orthonormal basis of the r-dimensional space
Harm (I,n). Now we recall from [10] that Harm} (I,7) is generated by
functions of type

(3.3) X s py(X" - Ao

with v € V,,, A € C") with A*- A = 0. Therefore there exists X € cln)
such that

(3.4) {f(Xo) [ f € Harmy, (I, n)} = V),

(take X in (3.3) such that X{ - A has maximal rank).
We can reformulate (3.4) by saying that there is Xy such that the matrix

((fi(Xo),v))ij

has maximal rank, where v; runs through a basis of V,,, (or V). From this
it follows immediately that there exists a Xy € RO with

(3.5) {f(Xo)]| f€ Harm;ro(l,n)} = V/:f
Now let X be as in (3.5); then for v € V,,, the equation P;(Xg, X¢)*(v) =0

implies 3;(f.(X0),v) f;(Xo) = 0 and hence 3, | {f;(Xo),v) |*= 0, so v must
be zero.
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§4. Hecke action on Yoshida liftings

Throughout this section we let 4 > 15 > 0 as in Section 1 and let
@i € A(Dx, Ry ,7,) fori=1,2begiven. By Aessp(Dy, R}, 7,) We denote
the p-essential part of A(D}, Ry, 7y,), i.e., the set of ¢ € A(Dx,R,,7,)
which are orthogonal to all functions invariant under an order R contain-
ing R with Rp strictly containing R,. We assume that for each p | N at
least one of the ¢; belongs to the p-essential part of A(DK,RZ,TW). We
assume moreover that (1,9 are nonproportional eigenfunctions of all the
Hecke operators T (p) for the primes p t N with eigenvalues )\g) and eigen-
functions of the involutions @, for the p | N with the same eigenvalues.
(If instead of these assumptions we start out with two essential eigenforms
¢ € ADy,(Ry)*,1,) and ¢" € A(Dy,(R})*,7,) with Eichler orders
R', R" of square free levels N, N” in D then we can assume without loss of
generality that R'N R is an Eichler order of level N = lem(N’, N”) and go
over from ', ¢’ to forms 1, 9 that satisfy the assumptions stated above
and have the same Hecke eigenvalues as ¢’, ¢ respectively for the pt N.)

Since the question of nonvanishing of the Yoshida-lift Y(”)(gol, w2, —)
in the case 11 = 15 has been settled in Section 1, we let Y(3)(g01, p2) denote
y®) (¢1,@2,+) or y® (¢1, 2, s), depending on whether vy = vy holds or
not.

According to the results of the previous section we have to show now
that the Yoshida-lift Y ®) (1, ) is an eigenfunction of all Hecke-operators
for the p N as well as for the operators Ty (M) for the bad places and
to calculate the Euler factors for p { N of the standard L-function of the
Yoshida-lift as well as the factor Ay (s) for the bad places. The results and
proofs are here completely analogous to those of [5] for the case 11 = vy =0
(as is clear from an adelic point of view), and we sketch them only very
briefly.

THEOREM 4.1. Let @; for i = 1,2 be as above with different Hecke
eigenvalues and put k; = 2 + 2v,. For primes p t N denote by 3,, ﬂp_l
respectively Bp, B; L the Satake parameters of ¢, respectively oo with respect
to the Hecke-algebra of Gla(Qp) = D, (so that )\;()1) = p(’“’l)ﬂ(ﬂp + ﬂp“l),
)\7(,2) = pth2=1)/2(3 4 Ep_l)) Then for x denoting 4+, — or s and n > 2
the Yoshida-lift F(™) = Y™ (@, ¢9) is (if nonzero) an eigenfunction of
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the p-component of the Hecke-algebra of GSp, whose standard L-function
is given for n > 2 by:

D(F]sz)(s)
=TT = p7) 7 (0= BoBop™) (L= By o) 7M1 = 8, B ™)™
ptN
n—2
Q=828 ) P [[a-p )Tt —p i)
j=1
n—2
= (CM)LA,,(5) - TT <M (s = )™M (s + ).
j=1

Here if o1, wo are cuspidal and p; corresponds to the elliptic cusp form

fi(z) = ai(n) exp(2minz)

n

under Eichler’s correspondence we have

ki + ko

LM (s) =LY, (s +

©1,92 f1,f2 - 1)’

where Lgc]lv)h (s) is the “good” part
(M @2s kit ke —2) Y a1 (n)az(n)
(n,N)=1 )

of the tensor product L-function of f1, fs.

Proof. This is proved in the same way as Theorem 6.1 and Corollary
6.1 of [5].

THEOREM 4.2. With the notations of Theorem 4.1 assume ; to be
essential for i = 1,2. Then the function An(s) of Section 2 is given by

An(s) = ARV (s) = [T [T —p7) 7"

p|N j=1

If for some p dividing N only one of the ¢; is p-essential (say 1), then

there are precisely two local maximal orders ép and ]A%p strictly containing
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R,. We let be the projection of oo on the space of functions that are right
invariant under the order R with completion Rp at p and Ry at the primes
I # p, assume without loss of generality v # 0, and denote by oy, a;l the
p-Satake-parameters of ¢ and by €, the eigenvalue of oy under w,. Then
the p-factor in the formula for An(s) above has to be replaced by

n

(1+ epozpp(”Zs“l)/z)”l(l + epa; pl=25 1)/2 H — pe2Hy-L

Proof. 'The proof is completely analogous to that of Corollary 7.1 of
[5] (see also the note added after this corollary for the case that one of the
;i is not essential). There are two places where the modifications needed
to cover the present case are not obvious. Firstly we have to generalize
Evdokimov’s [9] calculation of the action of the Hecke-operator

B 2 FI(O p?)

A€ZT: modpZ{Tir)

This was used to prove the formula,

Wk &) T(Sa Sm/Z;i,j)

n(n+1)/ S n 1) i(i—1—n 19(”) S o
p -8 D m/2—1,
p( Z( ) ]Zl e(Sm/Q—i,j) ( /2 J)

. m( 0 —p7 1, () .
for the action of the operator Kjp ol 0 Ky (notation of [5])

on the theta series 9(™(S) (where we denote by S;; representatives of the
classes of integral positive definite quadratic forms of rank m and discrim-
inant exactly divisible by p* which are split over Q,, whose level is not
divisible by p?, and that are equivalent over all Z, with £ # p to a fixed
form S (of square discriminant exactly divisible by p™~").

In the present situation we want to replace the theta series ¥(™)(S) by
a theta series

9L, q, P, Z) Z P(x)exp(2mitr(q(x)Z))

xeLn

with a W,-valued harmonic polynomial P as in Section 1, where the lattice
L has the Gram matrix S from above with respect to the quadratic form
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q. A close examination of Evdokimov’s proof shows then that the formula
above remains true if one replaces the second sum by

S 00(L,, P.g, 2),
L,
where L; runs over the lattices contained in L whose Gram matrix with
respect to ¢ is equivalent to one of the S;; from above and where the poly-
nomial P is (as in Section 1) considered as a function on the n-fold sum of
the vector space that carries all the lattices involved.
We also need a generalization of Lemma 7.5 of [5] describing the com-
mutation relation between Siegel’s ®-operator and our Hecke operators for
the bad places. We notice first that the formula given there should read:

FIT(|® = p>*kF|o|T" 1Y),

n—1

Flﬂn)‘@ = pn+l_kF|<I)’T;n_—ll +p2iF|<I)]TZ(n_1) (l < n)

(In [5] the k& was replaced by 2). It is easy to see that this remains true
if F'is a vector valued Siegel modular form transforming according to the
representation of highest weight (p1, ..., n_1, k). In the case under consid-
eration we have k = 2 (which is also true in the applications of this Lemma
in [5]), and the argument proceeds as in loc.cit..

The rest of the proof goes through as in [5], replacing the ordinary
theta series used there by the theta series with spherical harmonics used
here in the same way as above (i.e., in formulas for the action of some
Hecke operator on a theta series 9" (L, q, P, Z) there appear theta series
9L, q, P, Z) of lattices L' on the same vector space V and with the same
polynomial P on V).

85. Nonvanishing

In Section 1 we have reduced the question of the nonvanishing of
Yoshida’s lifting Y(")(gol,apg, %) to the case where x stands for + or s and
where n = 2 and ¢j, p2 are non-proportional Hecke eigenforms. We can
now put together the results of the previous section and formulate the an-
swer to the nonvanishing problem in the following theorem:

THEOREM 5.1. Let ¢; € A(Dy, Ry, 7) fori = 1,2 be given and as-
sume that for each p | N at least one of p1, @2 is p-essential. Assume the ¢,
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to be eigenfunctions of the involutions wy, for p | N having the same eigen-
values and of the Hecke operators T(p) for the pt N. Assume moreover that
the p, are nonproportional and that they correspond to the normalized new-
forms f, g of weight k; = 24 2v; and levels Ny, Ny with lem(Ng, Ng) = N
(and ged(Ny, Ny) divisible by the ramified primes of D) under Eichler’s
correspondence described in Section 1 (see also [7, Section 5]) if they are
cuspidal. Then for  denoting + or s the Yoshida-lifting Y ) (1, g, ¥)
is zero if and only if v = 0, one of p1, @o is constant (without loss of
generality p2), and L(f, ki1/2) = 0.

Proof. As shown in Section 1 the lifting V(%) (1, p2,%) is zero if and
only if F' = Y(3)(<p1, @2, %) is cuspidal. By Proposition 3.1 the cuspidality of
F implies that AN(S)D‘(FN)(S) is regular at s = 1. Theorems 4.1 and 4.2 give
that this is equivalent to L¢ 4((k1+k2)/2) = 0 if both of ¢y, @2 are cuspidal.
But by a result of Shahidi [24] this can not happen; an alternative proof
for this in the setting of holomorphic modular forms could be obtained by
generalizing Ogg’s result [23] for the value at s = 2 of the tensor product
L-function of two cusp forms of weight 2 to arbitrary weights. This proves
the nonvanishing statement if 1, o are cuspidal. If ¢, is cuspidal and

= 1 then LEOZ:],)SOQ(S) = LWM(f1,8 + vy + 1)LW)(f1,5 + v1), and this is
zero if and only if the central critical value L(f1,k1/2) is zero. It remains
to show that in this case one has indeed that F = Y®) (1,1, %) is zero. For
this we can again proceed in the same way as in [5], assuming F' # 0. In
order to see how to modify the argument let us sketch the argument given
there: We used the following version of Siegel’s theorem: The Eisenstein
series E2(Z,s) has a pole of order 1 in s = 1/2, and the residue £3(2) is
a linear combination (with all coefficients «; nonzero) of the genus theta
series 9(*)(G;) of degree 4 for the genera G; of positive definite integral
quadratic forms of rank 4, square discriminant and level dividing N. We

then restricted Z to a block diagonal (Zol ; > and formed the double
2

Petersson product ((F,€2)z,,F)z,. By Lemma 9.1 of [5] only the theta
series of the genus of the order R gave a contribution to this double product,

CZ

which then became

[(F, 03 (L)) 2

eie;
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with ¢ # 0. From this and Theorem 4.1 of [5] (or 2.29 of the present article)
we then concluded that Ay (s)D %N)( ) has a pole in s = 1 unless F is
orthogonal to all the 9(2)(I;;), which is excluded since F' by construction is
a linear combination of these theta series. In our present situation we have
to apply the differential operator A to all the 9(4)(I;;) and obtain as in [1]
after evaluating the double Petersson product

ey [(F, 9P (1, P))I®

€;€j

I’

7]’{'

where P, runs over a basis of the space of homogenous harmonic forms
on D2, transforming under the action of Glz(R) according to det>™ (we
notice that as in Lemma 9.1 of [5] F' is orthogonal to all the theta series
with harmonic polynomials except those belonging to lattices in the genus
of R). We conclude again that AN(S)D(FN)(S) has a pole in s = 1 unless F is
orthogonal to all the 9(2) (Iij, Ps), which is excluded since F' by construction
is a linear combination of these theta series with harmonic polynomials. By
our formula for D%N) (s) in this situation from above we see that this implies
L(f1,k1/2) = 0, which proves the rest of our assertion.

Remark. A different phrasing of Theorem 5.1 would say: Take any
pair of cusp forms f, g of weights 2 + 2v; (v1 > ) with trivial character
for groups I'g(Ny4) with square free Ny, Ny, ged(Ny, Ny) # 1. Assume
f, g to be newforms (in particular Hecke eigenforms) and that f, g have
the same eigenvalues under the Atkin-Lehner involutions w, for all p |
ged(Ny, Ng). Then we can construct a nonzero Siegel modular form of
degree 2 transforming according to the representation of highest weight
(11 + vy + 2,11 —va + 2) of Gla(C) under F(()Q)(N) with N = lem(Ny, Ny),
whose Satake parameters are related to those of f, g as described in Section
4; this may be viewed as giving an explicit construction of an endoscopic
lifting.

In order to construct this Siegel modular form we first replace f, g by forms
of level N having the same Hecke eigenvalues as f, g for pt N and being
eigenfunctions of all the Atkin-Lehner involutions wj, for p | N with the
same eigenvalues. We then fix a definite quaternion algebra over Q whose
ramified primes divide ged(Ny, IVy) and use the generalized correspondence
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of Eichler for an Eichler order of level N in D from Section 1 and [7, Section
5] to find 1, @9 corresponding to f, g as required in Theorem 5.1 and apply
this theorem to the pair @1, 2. It should be noted that when ged(Ny, Ny)
is not prime this allows several possible constructions whose results are
pairwise orthogonal by the generalization of Lemma 9.1 of [5] noted in the
proof of theorem 5.1. Such a possibility has been discussed under the name
of twin forms in [15].

In particular for 1 = 1, v5 = 0 we obtain scalar valued Siegel modular forms
of weight 3 and degree 2, which in view of their connection to differential
forms on the quotient of Hy by the group I’ 82)(lcm(N 7, Ng)) are of interest
in geometry.

86. An example

To illustrate our results we want to discuss an example. The calcula-
tions for this example were done using the algorithms from [26] and the
PARI number theory package. We put N = 17. The quaternion algebra
over Q that is ramified at co and at N only has type number and class
number ¢t = h = 2. A basis is given by the fi(o) fori =0,...,3 with féo) =1
and ()2 = —17, (F{7)2 = —3, fO £ = _ {0 ¢ — #0) The Z-lattice
generated by these vectors has index 12 in a maximal order. It is trans-
formed into a maximal order Ry containing it by the basis transformation
with matrix

1 30 0
0041 0
1 1
03 0 3
1 =1

and into another maximal order R; by the basis transformation with matrix

o O O ==
Sl w|,|_. Al ol
oc“d PN
'&'L wl_L N )

The resulting lattice has Gram matrix (with respect to tr(zg) and to the
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new basis {f;})

2 1 1 0
1 4 -1 1

A =
1 1 -1 6 2
0 1 2 10

The product in R; of Z?:o a; f; and Z?:o Bifi is Z?:O ~; fi with
Yo = @B + ((—2a1 + (a2 + a3)) 58y
+ (—2Bsa1 + ((—3c2 — 3as)B2 + (G302 — Sazf3))))
Y1 = a1fo + (Brao + ((@1 — a3)B1 + ((B2 + B3)on + (3azfz — 3832))))
Y2 = a2 + (Baco + (—2a3f1 + (B2 + 263)a1 + ((a2 + a3)f2 — B3a2))))

v3 = a3fo + (B3a0 + ((a2 + a3)B1 + (—f2a1 + Bza2))).
The other type of maximal order is Ry, which is obtained from R; by the

basis transformation with matrix

3 1

i L 3 0

0 0 -1 1

-1 4

5 0 -1 0

1 1

7 0 %5 -1
it has Gram matrix

2 1 0 o0

1 -1 1

0O -1 12 5

0 1 5 12
An ideal I1o with left order Ry and right order R; is obtained from R; by

the basis transformation with matrix
1
0 1 -1 3

e B |
0o 0 o0 -11’
3 05 3
it has Gram matrix
4 -2 1 0
-2 4 0 1
1 0 6 3
1 3 6

https://doi.org/10.1017/50027763000006322 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006322

102 S. BOCHERER AND R. SCHULZE-PILLOT

with respect to the basis {f/} obtained. The order Ry has 6 units, the
order R; has no nontrivial units. We obtain therefore as the unique (up
to scalar multiples) nontrivial function in A(D} , Ry, 1) orthogonal to the
constants the function ¢o with @o(y1) = —1, ¢2(y2) = 3 (corresponding to
the unique normalized cusp form of weight 2 and level 17). The space of
cusp forms of weight 4 and level 17 has dimension 4. It is easily checked
by looking at the linear forms on D ® R and using Eichler’s correspon-
dence described in Section 1 that only one of these has wi7-eigenvalue —1.
The corresponding function ¢ € A(D,, R}, 71) is given by ¢i(y2) = 0
and 901(3/1)(213:0 a;fi) = as. Using this we find that the Siegel cusp form
Y@ (1, p3) of weight 3 is given as the sum of the theta series of degree 2
of Ry with polynomial

3 3
P ifi, > Bifi)
1=0 1=0
= 2a3f0 + (—203a0 + ((2a2 + 2a3)B1 + (=202 — 283)a))

and the theta series of degree 2 of ;5 with polynomial

3 3
Pio((Oif),Y " Bifi)) = —200280 + (26200 + (—2a361 + 20301)).
i=0 i=0

The computation gives the following beginning terms of the Fourier
expansion of Y®)(¢;, o) (where the variable in Hy is

Z:<7‘ z/>
z T

and where we put X; = exp(2mit), X2 = exp(2miz), X3 = exp(27mir’) so
b/2
that the coefficient at X§X3X§ is the Fourier coefficient at (b?? é >)
(—32X5X2 — 64X5X2) X}
+ (—32X5 X3 — 96 X5 X2 + (32X$ — 64X35) X)X
+ ((—32X5 + 32X5 4+ 32X5) X7 — 32X5X0) X3
+(—32X5 — 32X5 + 32X Xy X3
(We computed the coefficients of X¢ XX for all reduced binary forms
[a,b,c] = ax? + bxy + cy? with ¢ < 25.) To be sure that this is indeed a
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Hecke eigenform we computed the action of T'(2), T'(3) and T'(5) following
the formulas given in [27]; it turns out that the Hecke eigenvalues are —5, —8
and —4 respectively. Notice that in the formula at the bottom of p. 386 of
[27] the term a([m/p,r,np]) should be replaced by a([m/p, —r, np]) (which
matters since we are dealing with odd weight).
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Appendix: Errata to Siegel modular forms and
theta series attached to quaternion algebras

Nagoya Math. J. 121 (1991), 35-96

S. BOCHERER AND R. SCHULZE-PILLOT

p. 36, 1. 2: orthogonal
p- 41, L. 11: On+m in matrix g
p. 53, 1.5 T (Z1/A(S;)) !
p. 57, 1.1 17 S(m,N)).
p. 60,114 7: (n(y) =1)
p.60, L. 17 Q(x)
p. 60,127 x=(z1,...,2,)
p.61,1.67: =zeD"
p. 62, 1. 4: Y™ (p,9), ¢, € ADX,RY)
p. 62,177 [Vil]
p. 64, 1. 15: THEOREM 6.1
p. 68, 1. 4: Ryxp Ry
p. 68, 1. 9: ... we have for M € M, (Z)* with p|M
p. 69, 1. 7: below).
r/2
p-69,1. 37 the first summation should be Z
i=0
p. 70, 1. 13: p2n—k
p. 70,1 14:  pkF|eT Y 4
p. 73, 1. 10 7. left or
p. 74, 1. 7: by 73 that of ...
p

.77,1.8 1:  a) should read:
IL) | BV(1) = 1(d)'sp(Q)'dy, 200 HO(L, LE),
where 7,(d) depends only on d(Q,)? and the dimension
m and where s,(Q) is the Hasse invariant ([OM], §63)

77, 1. 5: vp(dp) should be ~,(d)

79,13 dy Py, ()

80,13 1: e(wp)sp(D)'Y M) (0, 9))

81, . the eigenvalue should be s, (D) yrpr(n+1)/2

81, 1. 5: —sp(D)”’y]g‘p”("'l)/2

83, 1. 12: solving

TE T TPV
-
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p.84,1.917: let {4} with ¢y € A%,
p-84,1.17: C should be U

p. 87, table: The entry N = 4483 with dimension entry 2 is missing
p- 88, 1. 11:  The table is printed on p. 87

p- 88, 1. 16:  products of

https://doi.org/10.1017/50027763000006322 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006322



