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§ 1. Introduction. A problem of some interest in mathematical statistics is that of
_determining conditions under which the randomisation distribution of a statistic and its
normal theory distribution are asymptotically equivalent, as these two distributions are used
in alternative approaches to the same inference problem.

Let {£,} be a sequence of independent random variables such that, for each =, the dis-
tribution of £, is N (u, ¢%) (d.e., is normal with mean p and variance o*).

Let {a,} be a given sequence of real numbers with a, =~a,, for some n;, n,.

Let {X,} be a sequence of random variables, the joint probablhty distribution of X,
X,, ..., X, being defined for each n as follows :

P{X,=0a,, Xy=a,, ..., Xy,=0a,} =% ,
for each permutation (py, py, ..., p,) Of the integers (1, 2, ..., n), where P{R} denotes the proba-
bility of a relation B.

Let t, (2, 2, ..., %,), denoted by ¢, (x), be a function of » variables z,, z,, ..., x,, defined
for each n.

Then {t,(£)} and {t,(X)} are sequences of random variables, and the problem stated
above is that of determining conditions subject to which, for all ¢,

lim Pft, (§)<c}= im P{t,(X)<c}.

Of particular interest is the case where ¢, has, for each n, the properties :
(1) t,(kxy, by, ..., kx,) =8, (2, %y, ..., 2,) for any positive number £,
(i) 2, (2y +C, Xy +C, ..., @, +€) =L, (%y, Xpy +.r, &)  for any number e.
Many statistics in common use have these properties. '
For such sequences {t,} the distribution of ¢, ( £) is independent of u and o2, since

P{tn(f)<c}=” f(2170'2 2exp[ 2012"(5 )]d§1d§2 de,

L6 <¢
n .
H f @n) Fexp| -3 )Jm.z] dn, dng ... dn,
i=1
t,(m<e t
where 7; =§i—(’tﬁ ,1=1,2, ..., n, since the region ¢, (£)<Cc corresponds to the region

tn(om g5 0N+ 1y ooy Oy +p) <6,
which by the properties (i), (ii) of ¢, is the region £, () <Cc.

For such sequences {t,,} the distribution of ¢, (£) will be called the normal theory distribu-
tion of t,, that of ¢,(X) the randomisation distribution of ¢{,. In discussing the normal
theory 'distribution of ¢, we can, without loss of generality, take =0 and o%=
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§ 2. Geometrical Interpretation. The properties (i) and (ii) imply that the distribution of
t, (&) is the same as the conditional distribution of ¢, (£) given

En=%i§‘1 fl and mz,n(§)=%i§1 (Ei_zn)z,

this conditional distribution in turn being independent of £, and my, o(£€). For, taking p =0,
¢%=1, the probability density element of &, &, ..., &, is

n
@n) 2 exp (-4

A b=

5) dé, dg, ... dé,,

-,

n - —_
ie., (2m) 3 exp [ 32 (& 5,,)2] exp ( -g £,2) &, dE, ... d&,.
-Applying an orthogonal linear transformation from £, &, ..., €, t0 11, %, ..., N, in which
n= 21 £, we get the probability densn:y element of »,, T o T B8
=

_r n '
(27) 2exp ( -t 2 m—2> exp (—4n,*) dnydns ... drp.
Under this transformation ¢, (£) becomes ¢, (1), say, where the property (i) of ¢, implies that
t,’(n) is functionally independent of 7,. Clearly ¢,’(n) is also a homogeneous function of
Tgs N3 «+»» Ny Of degree zero.

It follows that if the change is made from Cartesian coordinates (ny, 73, ..., 17,) to polar
coordinates (7, 8,, 8,, ..., 0,_,), ¢, (n) becomes a function ¢, (6,, 8, ..., 0,_,) of 6,,0,, ..., 0, ,
only. Also the probablhty density element of the random variables »,, 7, 0;, ..., 8,_, can be
expressed in the form

Kexp(—4n2)dny .r"2exp (42 dr. J(0,, 0, ...,0,_5)do, db, ... d6,_,,

8(772’ Nas =o» "]n) and K is

where J(6,, 0,, ..., 8,_,) is a function derived from the Jacobian
: o(r, 0y, ..., 0,_,)

a constant.
Hence the random variable ¢, (¢) is independent of the random variables %, and 7, i.e.,

of the random variables £, and My n (€)-
Furthermore, from the above it is clear that the conditional distribution of ¢, (¢), given

£, and my, ,(£), depends only on the  volume ” element d¢, d¢, ... d¢,.
Hence if the random variables &, &,, ..., £, are represented by a n-dimensional Euclidean

space W,, if @,_, denotes the hypersphere & + & +... + £, =nq,, Z’ (& - 5,)2=nq2, if Qs ,

denotes the subset of @,,_, in which £, (£) <e, and if /,, denotes n- d1mens1ona1 Lebesgue measure,

then
P{t,(§)<c}=P{t,(£)<c| gn=QI’ mz,n(f) =g}
a(@ns0)
s (@ng)
Again the space of variation X, of the random variables X, X,, ..., X,, is a set of n!

points (not necessarily all distinct) in a n-dimensional Euclidean space W,’, with mitually
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perpendicular axes 0X,, 0X,, ..., 0X,. If W,’ is superimposed on W, with OX,<—0 ¢,
i=1, 2, ..., n, then X, is contained in the hypersphere 4,_, with equations

n -
Si+&+. +Ey=nd,, 21 (€~ €n)2 =nmy (@),
i=
1z 1 = _
where Ap=— 2 a; Mmyu(a)== 2 (a;—-ad,)>.
7 i=1 ’ 7 i=1

If v, denotes the number of points of X, for which ¢, (X)<c, then

14
Pltn(X)<ep=_%-
Hence in order that the limiting distribution functions of ¢,(¢) and ¢,(X) should be the
same, it is necessary and. sufficient that
lim In-g(Aug,o) _ lim 22 for allvc,

n—» ln—z (4 n—2) n—o n_!

t.e., that the set of points X, should tend to be distributed uniformly throughout 4, ,,
relative to the class ( of subsets 4,,_, ., when W,’ is superimposed on W, as above.

§ 3. Linear Combinations. The discussion is now particularised from the general class
of sequences {t,} to a subset of this class.

For each =, let ¥y, Yo, --» Ynn be an assigned set of real numbers with y,;,7y,;, for
some ;, %,.
Let joms 3
Yn —% o1 Ynis
1 = .
ms, n(y) =;L 2 (ym "yn)], J =2’ 3, ...
=1
miay) ~
and b; )= —22 20 =23, ....
i TR )
Also let 4o YniZYn =1,2,...,n,

ni= ) 2
Vi fmg, n ()]
so that gn' =0, My, n (?/,) =1, and m;, n(y,) :bj, n(y)

e —-a, i
"~ [mg, o (a)]M”

We consider sequences {r,}, where r,,(£) is of the form

Similarly let a’,; =1,2,...,n.

~1)1/2 =
rn(f) =(£_——)__ 2z y,m' glm's
n i=1
where §’m=——ﬁ 1=1,2,...,n

(Mg, ()1’

A sequence {r,(X)} can be regarded as a sequence of standardised linear combinations
of the random variables X, X,,.... We discuss conditions subject to which the limiting
distributions of r, (£) and r,(X) are equivalent.

The following lemmas are required.

3.1. LemMma. Every r,(€) has the same distribution which tends to the N (0, 1) form as
n—00.
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( 2 y m g >2
We have [T"(f)]z i=1 nl
n-—1 n
2 f -n §n
Applying an orthogonal linear transformatlon from &, &, ..., £, t0 9y, M, ..., 7, in which

n
nin =2 &,
i=1
n
and ‘ nt N2 = z y’m' fz‘a
=1

n
(these being orthogonal since 2 y’,;,=0), we get
i=1

(rn (_fi]z I e, (3.1.1)

n
Z
i=2
Sinee ¢, &, ..., £, are independent random variables each with a N(0, 1) distribution,
M1 Mas +++» Ny, have the same property.
It follows that the distribution of 7, (£) does not depend on a particular set of values
Ynrs Ynas <-os Ynne
Further it is easily shown from (3.1.1) that if —(n —1)} <cl<02<(n 1)}, then

-1 .
P‘{f/'1<rn(£)<c2}=(n’_’l)ir F(nT) ) (2m)} Ll<1—i2~>74dx.

n\¢ /n—-2 n-1
() (5
From this it is clear that

lim Pr,(£)<c} = (2m)+ f ° exp (- }e?) de.

3.2, LeMMA. Let (o), a,, ..., ;) be a partition of an integer s. Let S,(a’, o) denote the
symmetric polynomial = asa’... a':":, where summation extends over all ordered sets 1y, 1, ..., oy,
of k distinct integers from 1, 2, ..., n. Then 8, (&, «) can be expressed in the form

Spla, «) = n"Um,x (@) + By[m(a))],

k
where R,[m(a’)] is a sum of terms of the form C, gn* II my, ,(a’), in which
. i=1

(i) (By, Ba» ...,'Bk) is a partition of s in which each B is either an « or a sum of more
than one a.
(i) k<h,
(iii) C,, g i3 a constant independent of n,
(iv) the number of terms ts independent of n.
This follows directly from the well-known expression for symmetric polynomials of the .
type S,(a’, ) in terms of sums of powers 2 a;’?, since E a;/?=nm, ,{(a’).

i=1 i=1
(i), (ii), (iii), and (iv) are properties of this expression.
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3.3. LEMMA. (i) Mgy (@)1, §=1,2,3,....

8—2
(ii) | mq, (@) | <n 2, §=2,8,4,....

(1) follows from well-known inequalities on absolute moments [2].

. 1
(ii) | mg, ,(a’) | =| -ﬁ(al’s+a2’3+... +a’?) |
1 2 ’2 2\8/2
<7L(au1 +a,2+...+a,?)*
8—2
=n 2,

These inequalities hold also when o’ is replaced by y'.

3.4. TuEOREM. Randomisation distributions and normal theory d@smbutwns of all statistics
1, are asymplotically equivalent zf and only if the distribution of the set of measures ay, @y, ..., @,
tends to the normal form as n—o0.

Necessity. Let the sequence {r,°} be defined by y,, =1, ¥,,=0, i=2, 3, ..., n, n=2, 3,
4 ..., so that

X,-X, X,-a, .

(g, w ()]} [y, n (@)1

If F(c) denotes the proportion of the numbers ay, a,, ..., a, with the property that

a;—a,
[, @

then the proportion of the points of X, for which r,°(X)<Cc is F (c), since corresponding to
each such number a; there are (n —1)! points of X, for which r,°(X) <.

~ Hence Pl{r Y (X)<c}=F(c).

r0(X) =

<,

Also, by (3.1), P{r,°(¢) <C}‘—>(27)'*‘J‘c exp (- »a?) dz, as n—00.

—a0
Hence for equivalence of the asymptotic distributions of r,°(X) and »,%(£) it is necessary
that

F(o)—>(2m)+ f _ _exp (~§a%) do

i.e., that the set of numbers a,, a,, ..., @, should tend to be normally distributed.

Sufficiency. As a consequence of (3.1) it has to be shown that, if the set a,, a,, ..., a,
tends to be normally distributed, then the limiting form of the distribution of r,(X) in any
sequence {7, (X)} of linear combinations is N (0,1). Now the set a,, a,, ..., @, tends to be
normally distributed if and only if :

bi,n(a’)_>0a j=3, 5, 7, ceny
j! .
and . bi,n(a)%W, j=2, 4, 6,...,
as n—>00.
Hence it has to be shown that, subject to ,
o(1) o j=3,5,17,...
b', n(a') ' . y
j (%‘7)'2]/2 o(1), j=2,4,6,..,

_ the distribution of any statistic.r,(X) is asymptotically N (0, 1).
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X,-X, X;-a,

Letr X, i = = .
" g, ()] [my (@)
Then for any integers a,, «y, ..., o, if £ denotes the expected value of a random variable,
, %1 r %y %, 1 ,
B{xaxs. th}=m_] S(@, a),
where all=n(n-1)...(n-h+1).
~1)#
Also raX) =2 F oy xe,
n i=1

Let ¢ be a positive integer, {>>2.

. n t
Expanding < 2 Y X’m) , taking expected values term by term and collecting terms,
i=1

we get
; t (W/ - ]')t/2 ’
Elr,(X)] = z [h]C' Salys @) Sa(@, &)y covvveriniiiiiniiiininn, (34.1)
where summation extends over all partitions (o, ay, ..., o) of £.  Also
¢! 1
O“=a1! AR R TN AN
where, when the «’s are chosen from p different integers i, 4,, ..., 7,, 7; of the a’s are equal to
4, 9=1,2,...,p
h
By (3.2) Su(@, a)=n* T m,, (@) +RB,(a, a),
i=1 :
where R, (&, «)=0n*1),
1 )
and so ol S,.(a', o) =i1=_'I1 My, (@) +0(1).

h
If any o, is odd, then IT m,, ,(@)=o0(1).
i=1

If t is odd, then for each partition («;, oy, ..., ;) of ¢ at least one «;, is odd, and so for every
partition of ¢
-1
prty Sp{a’, &) =0(l).
By applying (3.2) to S, (¥, «) and using (3.3) it is easily shown that n—*28, (¥, ) is
bounded.

Then, since the number of terms on the right side of (3.4.1) is independent of ,
Elr (X))t =0(1), if ¢ is odd.
Also if ¢ is even, t=2u, say, those terms on the right-hand side of (3.4.1) corresponding
to partitions (ay, oy, ...,.) of 2u in which some «; is odd are o(1).

Hence E[r,(X)]* = (n;zul)“ pn OzﬁS (¥, 28)8.(a’, 28) +o(l), summation extending

over all partitions (28;, 2B,, ..., 28;) of 2u, B;, B, ..., By being integers.

Now . S, (v, 2/3)=S .7/'2 B)
. 1 28,
while ‘ WS,,(a’,2B =5 H (Ig +o(l).
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1 2B,
i Z | Cuo Sty ) 1 E00 o,

Hence Elr,(X)]*»= B!

since, as above, n~ %8, (y'%, B) is bounded.

1 269! _(2u)!
Also Cog 1T A ul (g, and so
(2“) ’2
Elr (X)P* =53 Z'CHS (¥ B) +o(l)

_(2u). Y .y, R\

vyl ( n o)
2u)!

=(2_“u)—! +o(1).

Finally E[r,(X)]=0.

Hence the moments of the distribution of r,,(X) tend to those of a N (0, 1) distribution,
and since this distribution is completely determined by its moments, this completes the
proof.

While the very stringent conditions on {a,} of (3.4) are necessary for equlvalence of the
asymptotic distributions of r, (X) and r,(¢) for all sequences {r,}, for * most *’ such sequences
much less restrictive conditions are sufficient. This is brought out by the following theorem,

which is a more general form of a result proved by Wald and Wolfowitz [5], and partially
extended by Noether [4].

3.6. THEOREM. Ifb; ,(y)=0[nt0-2)], j=2, 3, 4, ..., where 0 is a given réal number such
that 0<<0<}, then the d@smbutwn of r,(X) is asymptotwally N(0, 1) provided b; ,(a)=o[n?"-2)],
j=3,4, ..., where g=1% - 0.

Application of lemma 3.2 to 8,(y, «) and S,(a’, «) in each term of the right side of
(3.4.1) shows that E[r,(X)]* can be expressed as a sum of terms of the form

n-1 tf2 1 1 A hy ,
Caopy ( n ) i ] {n ! Hmﬂ w () }{”’ ’jgmvj,”(a )}=B’ say,

(i) the number of terms is independent of =,

(Brs Boy +ovs Bay) } i a partition of ¢ in which I <h} and each {B ‘} is either an
(r1 Y2r o5 'J’h, hy<<h Vi

« or a sum of «’s.

where

(ii)

(i) K, g, is independent of # and equals 1 if k) =h, =h, i.e., if («), (8), and (y) are
all the same partition of ¢.
We consider the order of the term B.
If any 8;,=1, or any y; =1, then B=0.,
If some y,>2 and every B,>>2, then B =o0(n?), where
p=hy+hy—h -1t +0(t —2hy) +(t —2h,)
=2¢h, +20h, —h, since 6+¢ =%,
<0 , since k;<<h and h,<Ch,
ie., B=o(1), if any y,>2.
Hence, if ¢ is odd,
E{r,(X)} =o(l),

for then at least one y; in each partition is odd, i.e., is either 1 or is greater than 2.
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Furthermore, if ¢ is even, ¢ =2u, say, then B=o0(l) unless possibly when A,=u, and

N1=Ye= =y =2. .
Ift= 2uandh2—uand y;=2,5=1,2, ..., u, then

(i) B=0, if any B;=1,
(i) B =0[n2¢m+20r,—2] if each §,>>2.
In case (ii) B=0(l), unless h; =hy,=h, since 2¢h, +20h, —h<<0 except when b, =h,=h,
i.e., B=0(1), unless possibly when A=A, =h,=u, and (x)=(8) =(y)=(2, 2, . 2)

For the only term for which this is true K, g, =1, by (iii), while C, = ( fu) “ as in (3.4).

!
The term itself is, then, ui——%uz)u +o(1).
It follows as in (3.4) that r, (X ) is asymptotically distributed ‘in the N (0, 1) form.
3.7 Applications. (1). Asymptotic normality of the distribution of the product-moment

rank correlation coefficient was originally proved by Hotelling and Pabst [1]. Derivation of
this result from Theorem 3.6 illustrates to some extent the width of the conditions there

established.

If Yni=t, t1=1,2,..,m, n=2,3,...
and a; =1, 1=1,2,...,
then the corresponding sequence {r,(X)] is a sequence of product-moment rank correlation
coefficients. It is easily shown that, in this case, b; ,(y) =b; ,(a)=0(1),j=2,3, ..., s0 that, for
this sequence, the conditions of Theorem 3.6 are more than satisfied. Infact, for bj 2(y)=0(1),
7=2,3, ..., it is sufficient for asymptotic normality of #,(X) to have

b n(a)=0 n_‘f)j=3, 4, ..
(2). Madow [4] has established conditions subject to which linear combinations of the
measures of a random sample drawn without replacement from a finite population are approxi-
mately normal. Such sampling results in an actual situation to which the above theory can

be applied, the connection being as follows.

Let a,, a,, ..., @, be considered as the measures of a population P, of » individuals in a
gequence {P,} of populations. Then the random variables X,, X,, ..., X, can be considered
as arising from a random ordering of P,, and X, X,, ..., X;, k<n, can be considered as the
measures of a random sample of % individuals drawn without replacement from P,,.

The following is a particular application. :

Let f be a rational number with 0< f<1.

Let {P,} be a subsequence of {P,} for which fn, is integral and equal to p; say, for i=1,

11
Let ynl"“F—E’ ,9:1, 2’---71)1‘,

L= +1 n,
——ni’j"‘pi y ere 3 TUg
Then it is easily shown that b; ,,(y)=0(1),5=2, 3, ...
1
Let z, —27( 1+ X+ + X)),

(]
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‘Then r, (X) corresponding to these values of y is given by

(&) = (fn.f)i [;2 nd Nt

(@
and the distribution of r,,(X) is asymptotically & (0, 1) provided

b;, ni(a@ ( )J34

Tying this up with more usual termmology we have the result that if a random sample, with
sampling fraction f, is drawn without replacement from a large finite population of N indi-
viduals with mean u(=dy) and variance o?( =m, y(a)) then the distribution of the sample

2(1
mean is approximately normal with mean p and variance %(;, - 1) , unless the population is

very unusual. :

Proofs establishing the equivalence of the normal theory approach and the randomisation
approach to a wider field of practical problems depend on an extension of Theorem 3.6 to the
joint distribution of more than one linear combination. It is hoped to publish this extension
in a later paper.
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