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SYMMETRIC DUAL NONDIFFERENTIABLE PROGRAMS

S. CHANDRA AND [. HusaIn

Symmetric and selfduality results are established for a general
class of nonlinear programs which combine differentiable as well
as non-differentiable cases appearing in the literature. Many
well known results are deduced as special cases and certain

natural extensions are discussed.

1. Introduction

Many authors have studied symmetri¢?and selfduality for differentiable
and non-differentiable mathematical prog}ams. Dantzig, Eisenberg and
Cottle [3] and Mond [7] studied symmetric duality for a certain class
of differentiable programs while Mond £9] and Mehndiratta [6] presented
symmetric duality results for certain:hon-differentiable programs which
involve square roots of quadratic forms in the objective function. Mond
and Cottle [10] gave selfduality results for the class of problems studied
in [3] and Mehndiratta [6] examined selfduality for his problem in the
spirit of [10]. General symmetric d;al programs have also been studied by
Mehndiratta [5] and Hanson [4].

In this paper, we not only unify most of these results on symmetric
and selfduality but also constructfa general class of symmetric dual non-
linear programs, which gives resulis corresponding to nonlinear extensions
of problems studied by Mond [9] and Mehndiratta [6]. The symmetric dual
formulations of problems studied by Mond and Schechter [12] and Mond [§]

are also mentioned.
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2. Notations and statement of the problems
We shall make use of the following notations and terminology in this

study.

Let Rf and RT be positive orthants of -4 and A" respectively.

Let K be a real valued twice continuously differentiable function defined
on an open set in il containing Rz x B’_:_’ . Then VlK(xo, yo) denotes
the gradient vector of K with respect to & at the point (.‘L‘O, yo) 4

that is,

le(xo, yo) = (ak/axl, 3K/, ..., ax/axn)|(x0’yo)

The »n X n matrix of second order partial derivatives with respect to

. . i v K . :
xt, ;cJ evaluated at (.z'o, yo) is denoted by 11 (xo, yo) 3 that is,

_ 2
VllK(xO, yo) = [8 K/axiaxj” . )
0*%o
The symbols v12K(xO’ yo), V21K(xo, yo) and V22K(x0’ yo) are defined

similarly. The function X(x, y) will be called convex-concave if it is

convex in x for each fixed y and concave in Y for each fixed x . 1In

case X and Y Dboth are in Rn , then KX(x, y) will be called skew
symmetric if X(x, y) = -K(z, y) .

We now state the following pair of non-differentiable programs and

discuss their duality in subsequent sections.

Primal (P):
Minimize Fle, y, w) = Klx, y) - yTVZK(x, y) + (.1:‘7183:)35
(1) subject to: —V2K(:L‘, y) +wz=20,
(2) wow < ,
(3) x>0,
(L) y20;
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Dual (D):
Maximize Gz, y, 2) = K(z, y) - =V K(z, y) - Tey)®
(5) subject to: -V K(z, y) - Bz 50,
(6) 2Bz <1,
(1) z=0,
(8) z0,
where

X;
(i) B € B¥" ana ¢ ¢ A7 positive semidefinite,

(i) 2z and w are vectors in K’ and R respectively, and

(iii) X 1is twice continuously differentiable.

3. Symmetric duality

For notational convenience, the sets of feasible solution of the

primal and dual programs are denoted by CP and CD respectively, that
is,

Cp = {(x, y, w) | = € 7, Yy, w € 7, -V2K(x, y)+Cw = 0,

v

wow =1, 220,y o}
and

cp = {(m, y, 3) | =z, 2z € R, y ¢ A", —VlK(x, y)-Bz = 0,

zTBz =l,xz20,y 2= 0} .
It can be easily seen that if the dual (D) is recast in the

minimization form, then its dual is primal (P). Thus the programs (P) and

(D) constitute a pair of symmetric dual programs in the sense of [3].

We shall make use of the following generalized Schwarz inequality,

which has been extensively referred to in the literature; for example Mond

[91,

(9) (eTay) = (z7a2) ¥ (yTay) %
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xn . crs . L .
where &, y € Rn and A € Rn is positive semidefinite. The equality
in (9) holds, if for some A =0, Ax = My .

We now prove the following duality relations between (P) and (D).

THEOREM 1 (Weak duality). Let K be convex-concave. Then, for any

(xo, Yo wo) €Cp and (%, 7, 2) €Cp,
F(xo, Yoo wo) =z Gz, y, 7).

Proof. By noting the implications of (xo, yo, wo) € CP and

(x, y, 8) € C, , it follows that

D
-7 -7
y V2K[x0, yo] -y cmo =0
and
-z V. K(x, y) - 2183 < 0
01 ° 0 -

which, on addition, gives,

=T T - - -7 T -
(10) Yy VQK(xO, yo) - xOVlK(x, y) =y Cwy + z,Bz .

Now, as in [3], by convexity-concavity and differentiability of X ,
(11) K(Z, §) - TV KE, 7) < [Klz., 3 )y 9 k(z., y.)
? 1 ’ - 0’ Y0 02 0’ Y0

=T T, - -
+ [y ng(xo’ yo)_xovlk(x’ y)]

Therefore,
G(Z, §, 3) = K(Z, §) - €V KE, §) - (5°65)
T
< [Kﬂxo, yo)-yOVQK(xO, yo)]
=T T - - -T ¥
+ [y VZK(xO’ yo)-xOVlK(x, y)] - Fcm)? (using (11))
T T 3
) [K(xo’ ¥o)+o%, (%o yo)+[xono] ]
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%
< Flx 0) + yTCwo + Bz - [xTBx ] - (QTCQ)%

0* Yo° ? 0 0o

(using (10))
%
=T -T % 7] (T Tps 15}
= F(xo, Yo» zo] + {y Cwo-(y cy) } + {[xOBz]—[zono] (Z Z)
< F(xo, Yoo zo) using (2), (6) and (9) .
COROLLARY 1. If (:x:o, Yo wo) €C, and (=, §, &) € C) such that

F[xo, Yo» wo) = G6(x, y, w) , then (xo, Yo wo] and (x, y, z) are
optimal for programs (P) and (D) respectively.

Before proving the main duality theorem, we note that both programs
(P) and (D) can be expressed in the form of non-differentiable programs

studied by Mond [8]. In particular (P) can be written as

£5) + (£78e)%

minimize F(&)

subject to: g(&) 20
where
_v2x+cm
x B 0 0

A~ T
E=|y| €, B=1o 0 o| anda g(&) = |1-w w

w 0 0 O x

Y

Now invoking Fritz John type necessary optimality conditions [1], [2]

for the above minimization problem (P), we get the following lemma.

LEMMA 1. If & ig optimal to (P), then there exist r. € R,

0

pO € R2m+n+1 and 20 € R2m+n such that

[}
o
M

pgg (€,)
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(rgs Pg) =0

(rgs p5) # 0,

where By = (ugs Ngs Mo» Vo) with wugs vy €H', A €R, uy €F' and

~

zZ, = (zo, ays BO) with z, 13-4 a, €q", Bo € " . Expanding the

0

above relations, we get the following

’ T

(12) uOVQK(xO’ yo) = uylwg »

T -
(13) xo[l—wocwo] =0,
(14) Moo = 0,
(15) Voo = o,

, T,
(16) V1K (wgs yo) * (grgye) ¥y kg, o) * reBeg = my
T
(1) O O TR P ACT TN
(18) Cug = 2>\OC‘wo R
(19) 2Bzy =1,
%

T _ .7
(20) [xono] = zBz ,
(21) (rgs ugs Ags Mg» Vo) 20,
(22) (ro, Uys Ay Moo vo) # 0.

THEOREM 2 (Strong duaslity). If (xo, Yo» w0) € cp solves (P) and
the matrix V22K(x0, yo) 18 negative definite, then there exist Z, € )4
such that (xo, ¥o» zo) € CD with F(xo, Yo» wo) = G(xo, Yoo wo) . If, in

addition, K(x,y) is convex-concave then [xo, Yoo zo) solves (D) and
Min Flz, y, w) = F(xo, Yoo wo) = G(xo, Yo zo) = Max G(x, y, 2) .

Proof. Since (.‘L‘O, Yo wo) solves (P) by Lemma 1, there exists
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(., p., zo) satisfying (12)-{22). Now from (17) and (15) we obtain

0
(23) (u.-ry )TV K(z,, y.)y, =0 .
0 0Y0 22 0’ Y0770
Also N >0 and ry > 0 together with (17) imply
(24) (u.-ry )TV Kz, y.Ju, =0 .
0 0Y0 22 0> 0’70

Multiplying (23) by r, » and then subtracting from (24), we get

T
(uo- oyo) V22K(.'L'0, yo) (uo_royo) z0

which is contrary to the negative definiteness of the matrix V22K(xo, yo)

unless uo = royo . Hence
(25) uy = T -
. . T
Now multiplying (18) by wy , we get
T T

(26) wOCuo = 2A0wocw0 .
It is to be observed here that ro > 0 , for otherwise uo = royo =0,
and (16), (17) and (26) together with (13) readily imply My = 0, vy = 0

and AO = 0 respectively, a contradiction to (22). Now equation (18) with

the aid of (25) and the fact r. >0 , gives

0

5 3
T T T
(21) Yo®, = [yOCyO] Poocwo] .
Also from (13), either Ag = 0 , and hence Cy, = Q(AO/PO)CwO =0 or

T
wono =1 . In either case (27) gives

T T d
(28) ylow, = [yOCyo] .

From relations (7), (8), (16) and (25) together with Ho >0 and ry >0

we get
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A
o

-V K=y, yo) - Bz

T
<<
zoBzO =1,
zy 20,
Yo 20,

implying that Gro, Yos zo) € CD .

Multiplying (16) by x_. = 0 and using (25), (14) and r_ > 0 in

0 0

succession, we get
T T
(29) -xOVlK(xO, yo) = x Bz, .

Hence

3
T T
F(xo, Yo» wo) = K(mo, yo) - yOV2K(xO, yo) + [xono]
T T
= Kﬂxo, yo) - yocwo + [xoBZO]

(using (12), (25) with », > 0 and then (20))

%

G(xo, yo, zo) .

The rest of the theorem is an immediate consequence of Corollary 1.

4. Selfduality

We now prove the following selfduality theorem for programs (P) and
(D), which is very much in the spirit of Mond and Cottle [10].

As in [10], we shall describe (P) and (D) as dual programs if the

conclusion of Theorem 2 is true.
THEOREM 3 (Selfduality). If
(Z) K <is skew symmetric and
(i1) ¢ =B,

then the programs (P) and (D) are formmally identical. Furthermore if (P)
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and (D) are dual programs with optimal solutions [xo, Yoo wo-) and
(xo, Yoo zo) respectively, then
F(xo, Yo wo) =0 = Glzy ¥y zo) .
Proof., Recasting the dual (D) in the primal form, we have

Minimize -K(u, v) + uTVlK(u, v) + (vTCv)%
subject to: -VlK(u, v) - Bz <0,
ZTBz =1,

u

v

v=0
But skew symmetry of K implies that -VlK(u, V) = V2K(v, u) . Vhen

B = C , problem (D) takes the form

Minimize K(v, u) - uTV2K(v, u) + (vTBv]%
subject to: -V2K(v, u) + Bz2=20 ,
20,
uzo0,

which shows that (P) and (D) are formally identical.
Hence if (xo, Yoo zo) is optimal for (D), then (yo, Zys wo) is
optimal for (P) and conversely.

Now it remains to show that F[xo, yo, wo) = 0 ; consider
F(xo, Yo» wo)
%
- T T
= K(:co, yo) - yOVZK(xO’ yo) + [xono]

%
> K(xo, yo) - yg&oo + [z:ngo] (using (1) ana (h))

% ¥ ¥ ¥ 3
z K(:c s yo) - {yngo- [y‘gByo] [wngo] }+ [ngxo] - {ygByO] [wngo]
3 ¥
z K(zy, yo) + [ng:co] - [ygByo] (using (9) ana (2))
= K(zy» yo)
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Similarly it can be established
Glzys ¥y 25) = K(zys y,)
Hence, by Theorem 2,
K(zys y,) = Flag, yg» ) = Glzys yo» 2o) = Klzgs yg)
which implies that
Flegs ygr ) = Flug Zr 1) = Klzgs o) = Klygr =) = -K(zy» 3o -

and therefore F(xo, Yo wo] =0 .

5. Special cases

In this section we consider some special cases of the problems (P) and
(D) by choosing particular forms of the function X(z, y) and the matrices
B and C .

(i) For B =0 =C , programs (P) and (D) reduce to the symmetric
dual pair of Dantzig, Eisenberg and Cottle [3]. The symmetric dual pair of
Mond [7] is also obtained under the same condition B = 0 = C because, as
observed by Mond and Hanson [11], addition or omission of y 2 0 in (D)

and x =20 in (P) is not an essential difference.

(ii) For KX(x, y) = pTx + bTy - yTAx , where p € A , b € A" and

X;
4 € " the programs (P) and (D) reduce to the symmetric dual pair of
Mond (9] and that of Mehndiratta [6].

(iii) For B=0=C and Xz, y) = flz) + gly) - yTAx , the
programs (P) and (D) reduce to general symmetric dual programs of
Mehndiratta [5].

6. Certain extensions

This section presents certain generalizations of the symmetric dual
pair considered in Section 2. These generalizations can be viewed as
nonlinear extensions of problems considered by Mond [§] and Mehndiratta [5]
and also as natural symmetric dual formulations for problems studied by
Mond [&] and Mond and Schechter [12]. The proofs of duality results are

not given here because they follow exactly on the lines of Section 3 and
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Section b except that the results of Mond and Schecheter [12] will also be
required along with the results of Craven and Mond (1], [Z].

(i) Symmetric dual pair of Mond's problem:
Primal (Po):
s e s T T
Minimize olz, y, w) = K(z, y) -y V2K(x, y) - x hly)
+ y [Weh(y)] + (Bx)*

subject to: szh(y) - V2K(x, y) + L(x) + Cw =

v
(@]

wTQJ

x

y

IV 1A

v

Dual (Dg):’
Maximize Wz, y, 2) = Klx, y) - xTVlK(x, y) - yTZ(m)

s A WUD)] - o)*

IA
o

subject to: VxTZ(x) - VlK(x, y) + hly) - Bz

A

zTBz =1,

v

X

y

v

Here functions #h : A"+ 7" ana 1 :F'~> A are differentiable convex
and concave respectively and remaining symbols have the same meaning as in
Section 2. If 1 =0 and h = 0 , the programs (Py) and (Dg) reduce to
the symmetric dual programs of Section 2.
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(ii) Symmetric dual pair of Mond and Schechter's problem:

Primal (P;):

Minimize Hz, y, w) = K(x, y) - yTV2K(x, y) - xTh(y)
+y" [Ta'hiy)] + Il
subject to: VxTh(y) - V2K(x, y)+ L(z) + bw =0 ,
wl| =1,
I Ilq
x,y 20,
Dual (D1)
- T T
Maximize L(x, y, 2) = Kz, y) - = VlK(x, y) - y Lx)
T T
+a [ L@)] - Dl
subject to: VyTZ(x) - VlK(x, y) + h(y) - Mz =0 ,
=1
IIZIlp ,
x,y =20.

Here functions % and | are the same as in (Pg) and (Do), M and W

are mM X N matrices and p-norm is given by

. 1/p
- p
lal, = [igl lo | ]

Similarly for ¢ with p'l + q'l = 1 , we define

m 1/q
. 19
Iell, LZ 18,1 ]

=1
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