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SMALL RANDOM PERTURBATION OF DYNAMICAL
SYSTEMS WITH REFLECTING BOUNDARY

ROBERT F. ANDERSON AND STEVEN OREY

0. Introduction.

Consider a diffusion process in R? satisfying the stochastic differential
equation

dX = e(@(X)AW, + (X )db) + b(Xpdt, X,=u.

Here e R? W is the d-dimensional Wiener process, ¢(y) is a function
with values in R? X R?%, ¢(y) and b(y) are R?valued functions; g,c¢, and
b are subject to suitable conditions. The solution of the stochastic dif-
ferential equation depends of course on ¢, and in [7] Ventcel and Freidlin
study the asymptotic behavior of this solution as ¢ approaches zero, and
relate it to behavior of the dynamical system (non-random) obtained by
setting e = 0. A key role is played be a certain functional I: C,(R?) — R:.
For the case b = 0 such results are also in S.R.S. Varadhan [6]. Ap-
plications to asymptotic problems in partial differential equations are
developed by these authors, and also by Friedman [2].

Our aim here is to study analogous problems when the diffusion is
controlled by a stochastic equation as above in the interior of some region
of R?%, but is subject to reflection on hitting the boundary of the region.
As is to be expected, such results have applications to asymptotic ques-
tions related to the Neumann problem. For further general remarks
about these problems see the beginning of Section 2.

Section 1 is devoted to obtaining the basic estimates. It relies on
a new construction for the reflected diffusion. Several constructions for
such a process—indeed allowing more general boundary conditions, and
under weaker assumptions on the coefficients than we impose—are already
known ; see [4] and [8] and the bibliography of the latter reference. Our
construction, however, provided us with the necessary information for
the problems at hand. It is of interest in itself not only because it
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gives a very easy proof of existence and strong uniqueness of the desired
process, but also because it provides an interpretation of the local time
on the boundary which is intuitive, and useful in obtaining bounds for
the growth of this quantity.

1. Basic Asymptotic Theorems.

Let W= W,), 0<t< oo be a Wiener process defined on a proba-
bility space (2, %, P) with values in R¢. Let &, be the P-completion of
the least o-field with respect to which the random variables W, 0 < s <t
are measurable.

For D C R? C(D) is to denote the space of continuous functions
from [0, ) to D, and for T >0 Cr(D) is to denote the space of con-
tinuous functions from [0,T] to D. An element » of C(D) or C (D) will
often be referred to as a trajectory, its value at ¢ denoted by 5, and 7,
used for the value of its derivative (if it exists) at . If =, are the co-
ordinate functions, z,(y) = 7., let €, be the least o-field with respect to
which the functions =, are measurable, 0 < s < t; let € be the least g-field
containing %,, 0 <t < oco. If for every te[0, c0), «, is a ¥,-measurable
map from C(D) into R' (or into R? or R? X R?), a = (a,) is called a non-
anticipating functional.

We shall be dealing largely with continuous stochastic processes (X,)
defined on (2, #, P) with values in some subset D of R?. Such a process
is adapted to &, if each X, is measurable with respect to #,. For wec 2
the function t — X,(w), or simply X(w) is an element of C(D). As is
customary, o will usually be suppressed. Thus, for example, P[X ¢ K]
must be interpreted as Plw: X(w) € K].

Our procedure will be to obtain our results first for the case that
D is the half-space R: = {x = (2!, 2%, - - -, 2% : 2* > 0} with normal reflec-
tion at the boundary and then to reduce the general case to this by
introducing suitable local coordinates, i.e., localization. To treat the
half-space problem we begin with a simple generalization of the basic
results of Ventcel and Freidlin [7]: this consists of replacing the coef-
ficients (X)), ¢(X,), b(X,) by non-anticipating functionals ¢;0 X, ¢; 0 X, b, 0 X.
Next we observe that the desired reflected process in R¢ with prescribed
coefficients o(X2), e(X?*), b(X?*) can be obtained from an associated
unrestricted process Y** moving in R? and governed by a stochastic
differential equation involving suitable non-anticipating functionals ¢, ¢;,
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b; by a continuous map I" from C(R? to C(R?), i.e., X*¢ = ['(Y**).
Using the explicit form of I" will allow us to obtain results about Xz
from results about Y=,

1.1. The unrestricted process. Let Y#* be the solution of
(1) dY?P* = elo,0 Yo dW, 4 ¢, 0 Youdt) + b,o Yoodt , Yie=12x.

Here ¢, is a d X d matrix valued non-anticipating functional, and ¢, b,
are R¢-valued non-anticipating functionals. Let a;, = g,6F%. We also write
a, = (a¥), 0, = (¢¥); likewise, ¢ and b! are the ith coordinates of ¢, and
b,, respectively. The following assumptions will be made:

There exist positive constants m,, m,, m, such that for 0 <t < oo and
1<i<d, 1<j<d, and 5 and £ C(R,):

|0'§j(77)| <m,, |C§(77)| <m,, lbi(v)l <m,
laii(y) — at¥(&)] < m, max |p, — &

0<s<t
[bi(p) — Di(E)| < my max |75 — &l

[ci(p) — ci(§)| < m, max |p, — &
0<s<t

d d
my|0F > >, > at69! > m;tiof for all 6=(4,6% ---,0% .
i=1j=1

These conditions allow one to apply the usual successive approxima-
tion arguments to obtain the existence of a unique solution to (1). Only
in the special case that g, ¢,, b, are given by functions (i.e., a,() = o(»(t)),
ete.) can we expect Y** to be a Markov process. We refer to Y= as
the unrestricted process because it moves freely in R?; there are no
boundaries.

We come to the results of [7], stated in the more general setting in
which we require them. The notation (x,y) will always denote the
Euclidean inner product in R?, |x| = (z,x)"*. In addition, if a = (a*),
1<i<d, 1<j<d is a positive definite matrix, let

d d
@, 9, = Zl Z; atxtyl , ||zl = (@, ).
i=1g=

With the process determined by (1) associate the functional I, defined
as follows: for ¢ € C,(R%), let I(p) = o if ¢ is not absolutely continuous,
otherwise
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(2) 1) = [ 190 = bs@)Bmsods

THEOREM A. Let Y** be the solution of (1) with t restricted to
[o, T1.

a) Iy: C(RY)—R' is lower semi-continuous.

b) For xeR% peCr(RY, ¢ =2, h>0, §>0,

1
2¢?

PLsup Y7 — | <01 > exp {——LUx(p) + 1))
0<t<T
provided only that e <e = NAd/CT,K), where K =1I,(p) + T and
C(T,K) is a constant depending only on T and K and the underlying
parameters m,, M,, m;.
b)) For any open subset G of Cr(R?),
lim 2¢* log P[Y** e G] > —inf {I,(p): ¢, = x,p € G} .

=0

c) For o Cr(RY, xe R 6>0, let
i(p, 8, ) = inf {Ir(y): » € Cr(RY) , Yoy=12, f;?sprw" — @] <3} .

For every 6 >0, and « > 0 there exists a B> 0 such that for & < B,
and ¢ < B and every 2>0, xeD

Pl sup i(Y*,5,y) > 2] < exp {—z_tz(z — eG4+ T + 1))} .

{y:ly—x <37}
¢) For any closed subset F of Cr(R?)
lim 2¢? log P[Y** e F1 < —inf {I(¢): ¢, = , p e F} .

s—0

Proof. Not much is required, since the results are known when the
coefficients are functions rather than non-anticipating functionals, and
the proofs go over to the more general case. Thus a) follows from the
proof of the corresponding assertion given in [7], Lemma 2.1. In
Theorem 1.1 of [7] b) is proved, though the dependence of ¢ on & and
é is not given. However, as remarked by Friedman [2] Theorem 1.1,
by following the proof of [7] one obtains constants n, and 7, depending
only on the parameters m,, m,, m, such that

Plsup [YP — o] <8l > .l exp {_ 1 (IT(go) + noK + 4(’an)‘/2s)}
0<t<T 2 2,2
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provided & > d,(c, t) = n,es/T. But then

Plsup |Y{ —¢,| < 81 > Plsup | Y7 — o] < 8yle, T)]
0t 0LtT

> 2 exp {—— - Urlp) + nidfe, DK + 4mE)"0)|
and b) follows. Assertion b’) follows from b) immediately. Again, in
the Markovian case c) is essentially Theorem 1.2 of [7]. Actually, only
#(Y=+,8,x) is discussed, but the indicated extension is trivial. Assertion
¢) follows from c) together with a).

We note that in case ¢, is a function, and ¢, = b, = 0, assertions
a), b’),c¢’) were given by S.R.S. Varadhan [6].

1.2. The half-space. We deal now with the case of the half-space
with normal reflection. Let R? = {x = (2!, 2% ---,29: 2" > 0} and let ¢,
be the unit vector (1,0,-.--,0). We wish to obtain the diffusion X=-
which satisfies

(3) dX7* = e(a(XP)AW, + e(Xp)db) + bX)dt

on {r:x' > 0} and which is instantaneously reflected according to e, on
reaching the boundary {z: ' = 0}, and such that X3 =x. We assume
that the coefficients o(x), c(x), b(x) are defined on the closed half-space
R%, and let a(x) = o(x)o*(x). The coefficients are to satisfy the conditions
of boundedness, uniform Lipschitz continuity, and uniform positive de-
finiteness corresponding to those listed after (1). We will utilize a
characterization of the desired process due to S. Watanabe [8]. Introduce
the following notation: D = R%, 9D = {x: ' = 0}, 7 is to be the vector
valued function defined on 6D with y(z) =e,, Then X#* can be char-
acterized as satisfying

Xyt = e(o(XP)dW, + o(XP)dt) + b(X7)de

(4)
+ %pXP W XPdEP, Xpr=0, &=0

where (X and (&%) are continuous stochastic processes, adapted to the
underlying o-fields (&,) and satisfying the following conditions with pro-
bability one: X#*e D; £%* is non-decreasing in ¢ and increases only during
4= {t: X{* e dD}; 4 has Lebesgue measure zero. These requirements in
fact determine the pair (X=, £%*) uniquely, see Proposition 1 below. We
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present a new method of constructing the desired pair, which will be
most useful for our purposes.

Define a transformation I': C(R%) — C(R?%) (the same symbol I" may
be used when the parameter set is [0,7]) as follows: for ¢ = (¢ &,
e, e CRY,p =1I'(C) is defined by 5= (&', 7% ---,7%), where 7' =,
1=2,3,...,d, and 5, =} — ((Oisnsfz M A 0). Write I',(Q) for (I'(©);. Now

define the transformation &: C(R%) — C(R) by I'(¢) — ¢ = (£(©),0, ---,0) and
write £,(0) for (£(£);.

We note some immediate consequences of the definitions. First (I",)
and (&) are respectively C(R%) valued and non-negative real valued non-
anticipating functionals. Secondly I" and & are continuous, and in fact
the supremum norm of I'({) — I'(y) is bounded by twice the supremum
norm of ¢ — ». The third, and final observation now is that always
[Ls(p) — I'e(p)| < |9s — 7e-

PROPOSITION 1. Let Y** be the solution to (1), where ¢ > 0, x € R%,
and a,,¢,, b, are related to the coefficients of (4) by g, = gol,,¢, = ¢ol,,
b,=>bol,. Then X** =T 0oY>* and &% = £0Y>* solves (4) and X** and
&=¢ satisfy the conditions imposed in connection with (4). The pair
(X5, &%) 1s uniquely determined by (4) and the associated conditions,
i.e., any other pair satisfying (4) and the associated conditions is equal
to (X, %) with probability one.

Proof. From the fact that Y*° satisfies (1), it follows immediately
that (X®¢, £%°) satisfies (4). Evidently X e R%Z. It is clear that &%¢ is
non-decreasing, increasing only on the set 4 = {t: X{* € oD}. It must be
shown that 4 is a Lebesgue null set, with probability one. Note that
if Y*' is the first component of Y*, 4= {t: Y} = (Oinsi:; YD) A0} Let v

be the process satisfying an equation like (1), but with b = ¢ = 0. Re-
stricting Y*¢ and Y to 0 <t < T these processes induce measures in
Cr(R%), namely pu(Ad) = P[Y** e A] and f(A) = P[Y e A] and these measures
are mutually absolutely continuous. Hence it suffices to prove that for
the first component Yt of ¥ the set {t: ?} = (Oisnsfz Y;) A 0} is a Lebesgue

null set. If ¢ is the identity matrices and ¢ = 1, ¥ is Brownian motion,
and the result is known. For general ¢,¢ >0, Y! is obtained from
Brownian motion by a strictly increasing time change, and so the pro-
perty is preserved.
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In order to show uniqueness, suppose X ., &) also satisfy (4) and the
associated conditions. Write X=¢ = (X', X%, -.-,X9), X = (£, X2, ..., X9
and define Y = (Y, Y% ..., Y%, ¥ = (¥,7%...,¥9 by ¥'=X'— go,
V=X ..., Y?=X¢and V' =X'—§, V2= X?,...,V? = X¢ Then both
Y and ¥ satisfy (1), and since uniqueness holds for this equation Y = Y.
So Xt=X?,...,X¢=X?and X' — & = X' — & That is to say

Xt — Xt =gre— ¢

and this implies that both sides must vanish (a fact originally observed
by Skorokhod [3]) because the left side can increase only when X! =0,
that is when X! < X! so that since X} — Xé = 0 and the functions are
continuous, always X! < X}; the same argument proves that always X}
< X!. Uniqueness has now been proved.

Now define for ¢ e Cr(D)

Ii(p) = inf {I;(y): e Cr(R), I'(y) = g}.

Observe that if ¢ e C,(D) and € C,(R?) are absolutely continuous, then
I'(y) = ¢ will hold if and only if

(5) %=%—ﬂmmm®MMs

for some measurable, non-negative function w. Then I} (y) is given by

(6) fWrmeMW%%JMM%w“

and this is minimized, under the restriction w(s) > 0 by taking

(7) w(s) = (¢s = (@)1, (@) a-1s) v 0
”T(GDS) ”a.—l(gos)

and inserting this in (6) gives an explicit expression for I} (p).
PROPOSITION 2. The assertions of Theorem A hold for the solution

X=e of (4) of I} is used in place of I, and D and Cp(D) take the place
of R? and Cr(R%) respectively.

Proof. To prove a) consider a sequence ¢ of trajectories in C(D)
converging uniformly to ¢, and satisfying I7(p™) < p< oo, n=1,2,---.
It must be shown that Ij(p) <. It follows from (5), (6), and (7) that
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there exist v™ e Cz(R%) such that I'(y™) = o™ and I;(¢™) = I} (e™) < B.
This implies that there exists g/ < o such that le‘\Il‘gn) fdx <p and it
0

follows that (y+*) must be an equicontinuous, uniformly bounded sequence
of functions. There exists then a subsequence converging uniformly to
a limit function . By the lower semi-continuity of I,,I,(y) <. By
the continuity of I', I'(¥) = ¢, so that I;(p) < I,(y) < B.

All the remaining parts of Theorem A can be handled without any
complications by using the definition of I and recalling the simple pro-
perties of I" noted just before Proposition 1.

1.3. Localization. Let D,be a connected open subset of R? with closure
D, and suppose that D has smooth boundary 2D on which is defined a vector
field y pointing into the interior D,., We want to construct X=* and &>
so that (4) holds, and the conditions stated after (4) are satisfied. X+
is a diffusion with instataneous oblique reflection determined by 7 at the
boundary. As far as X** is concerned only the direction of y, and not
its magnitude is relevant; however, as is clear from (4), the magnitude
of y will affect £%*. The process &*¢ ig called the local time on the
boundary.

The construction problem is reduced to the corresponding problem
in the half-space, with normal reflection, by means of local coordinate
systems. We will assume that coordinate systems satisfying certain con-
ditions exist; this will be the case if 9D is smooth, y(x) varies smoothly,
and y(x) is uniformly bounded away from vectors tangant to the boundary
at x.

We turn to details. We consider R? endowed with a fixed Euclidean
coordinate system, so that every point in R?, hence every point in D can
be identified with its Euclidean coordinates, x = (2!, % - - -, 2%). Now let
% = {U° U, ---} be a countable or finite family of relatively open subsets
of D which cover D, and such that each Ue# is associated with a
coordinate system, that is a map u: U — R? giving each point xe U
coordinates u(x) = (u'(x), u*(x), - - -, u%(x)). The following assumptions are
to hold:

(i) U°C D, and the coordinates corresponding to U° are just the
original Euclidean coordinates. If U = U¥%, k> 0, the coordinate map-
ping u: U — R? is one-one and twice continuously differentiable. In this
case U intersects 9D and
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UNoD={xecU:u(x) =0}, UND,={xeU:ux)>0}.

(ii) There exists a positive constant p,, and for each e U a non-
negative integer Z(x) such that all points in D within a distance of p,
or less from x belong to U*®.

Suppose (4) holds. If X&ce U% and if u is the coordinate mapping
associated with U*, then u(X?®*) will, according to Itd’s formula satisfy
an equation like (4), with new coefficients oy, ¢;, b, in place of ¢,¢,b and a
vector field y; on the boundary of R% in place of y; &7 will be unchanged.

(iii) There exist positive constants m,, m,, m, such that for all k£ the
coefficients oy, ¢i, by satisfy the conditions after (1).

(iv) 7x(0,9% ---,y"®) = e, for (0, %% - - -,¥% in the range of u. (This as-
sumption is equivalent to (Fut,y) = d,;, where F is the gradient.)

(v) There exists a positive constant m, so that for every U* the
associated coordinate mapping u satisfies

%l—lu(x) — u)| < | — Y] < mylu@) — uw)|

for all  and vy in U*.

If U is a coordinate neighborhood with associated coordinate map-
ping u, then u: U — R%. Alsoif xe U, and g = (B, B% - - -, B%) is a tangent
vector acting on z,u makes § correspond in an obvious way to a tangent
vector f=(f, --,5% acting at w(z), and B and j3 are related by
B =3¢, (dut/da?)p!. TFor =xedD our assumptions guarantee that
u(x) € 0R% ; if B is tangent to aD, f' =0, and if f=7,8=e,.

The construction of the desired process is now straight forward. The
process will first be constructed up to the time S, of leaving the open
ball of radius p, around x, then from S, up to the least time bigger than
S, of leaving the open ball around X%:, etc. At the first stage use the
coordinate patch U*®, If k(x) = 0, the boundary plays no role, and the
process is immediately constructed by the usual technique of successive
iteration. If k(x) > 0, the coordinate mapping u associated with U*®
changes the problem to a problem in the half-space with normal reflec-
tion. This problem was solved in the previous section, and we obtain
a process in the half-space with normal reflection; applying the mapping
inverse to u gives us X?*, 0<t<S,. For this process (4) will hold,
with &5¢ being identical to the local time on the boundary for the process
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in the half-space. Iterating this procedure leads to a construction of
(X7, 629 on 0 <t < oo.

PROPOSITION 3. There is a unique pair of processes (X=*,£%9)) sat-
isfying (4) and the associated conditions, in the sense that any other
such pair equals (X, &%) with probability one.

Proof. An explicit construction of the solution has just been given.
Since uniqueness is a local property, this follows from Proposition 2 by
using appropriate local coordinates.

For e C(D), t > 0, let 6,9 ¢ C(D) be defined by (@;)(s) = ., Since
X**(w) e C(D), the notation 6,X**(w) is defined; and naturally 4,X*° is a
function 2 — C(D) with value 6,X**(w) for we 2. More generally if S
is a random variable 64X is the function which for w e £ assumes the
value 65, X%*(w) in C(D); the notation will be used only when S is a
stopping time with respect to (#),).

It is well known that the processes X®¢ constitute, for fixed ¢, a
diffusion process. In particular they have the strong Markov property,
a convenient version of which we now state: let a(y,?) be a bounded
measurable function defined on the product of (C(D), ¥) with ([0, o), Borel
sets), with values in R'. Let g(z,t) = Ela(X**,t)]. Then for any stop-
ping time T with respect to %, Ela(0, X", T|3)] = 9(Xy).

1.4. Asymptotic inequalities. The reflecting diffusion process has
been constructed by localization, which reduced the problem to the half-
space problem. The results in the half-space also lead to the correct
form of I*. For ¢e Cp(D),I#(p) is to be +oo if ¢ is not absolutely con-
tinuous, and otherwise equal to the expression (6), with w(s) given by
(7). We now wish to extend the results proved in sub-section 1.2 for
D = R¢,y = e, to general D and 7.

THEOREM 1. Under the assumptions of sub-section 1.3, the asser-
tions of Theorem A hold for the X=* of (4) if I} is used in place of I,
and D and Cp(D) take the place of R® and Cr(R?) respectively.

Proof. By introducing appropriate local coordinates, the problems
are transformed locally to the half-space with normal reflection, and
Proposition 2 applies. It is then a matter of patching together local
results. For this purpose the following additive property of I* is crucial:
if 0<S<T and e Cr(D), then Ii(p) = Ii(p) + IF_s(059p).
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Let Si(p) = 0 and let S,(p) = inf {t: o, — @] > po}, Sy(p) = inf{t > S;:
lor — @s.p] = po}» ete. with Si(p) = oo, if not otherwise defined. Here p, is
as in (ii) of sub-section 1.3.

To prove a), let peCr(D) with S,_,(p) <T <S.(p) and suppose
o™ e Crp(D) so that ¢ — ¢ uniformly. For convenience, temporarily re-
define S,(p) so as to be equal to 7. We can assume without loss of
generality that o e Uk*si-10°,S;_((p) < u < Si(p), for j=1,2,..-,m.
Thus by the half-space result

l_inm I‘;l(”s‘/—x(!"))(ﬁsf—1(90(72))) = Igﬂ“z—x“"))(as/-i(so)) ’

which by the additive property of I; and the fact that m < o is enough
to conclude

lim I3 (p) > I (o) .

n

For b) consider ¢ € Cr(D), with S,,_,(¢) < T < S, (p). For m =1, the
result follows immediately from b) of Proposition 2, by using suitable
local coordinates. For m > 1 one must patch local results. For details
see the proof of Theorem 1.1 in [7], where all the work is done on a
Riemann manifold. Assertion b’) follows from b).

We turn to the proof of c¢). The first step will be to prove by in-
duction on m that for every positive integer m and positive ¢ and «,
there exists a positive g so that for < p and ¢e< g and any £t >0

P( sup 4(X®>0,9,Sn(X>=)AT)>2)

{y:ly—-x1<d’}
1

= exp {— 2¢

(8)

A — a@ + m(T + 1)))}

where

(e, 0,1, 1) = inf {I;(p): € C(D), o=y and
sup [V — Gul <3} .

For m =1, this is again immediate by Proposition 2. For the in-
duction step from m to m + 1, consider ¢ € C,(D) and let S = S,(p) A T.
It follows from the definition of ¢ and the additive property of I* that
for 0<d<a, 00" L0,

sup 7'(9)’ 0,Y, Sm+1(S0) AN T) < sup : ’L(Sﬁy 6,’ Y, Sm(SD) AN T)

{y:l po—y 1<8”} {y:l po—y 1<8”

+ sup (059, 0,2,8,0s0) N T) .

{2:1 (059)0~21<8"}
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Now in this last relation, replace ¢ by X**(0), and write the resulting
inequality as

Z2(X™) < Zy(X™) + Z,(6:X7°) .

Thus by the induction hypothesis, for n any positive integer

kll.%g]dP
n

PlZ(X>) > 1] < ZL P[zz(esxx»') > "

(k~1/R)ALZ1(X % 6) < (k/n)d)

+ j PIZ,(6sX") > 0| F s1dP
(Z1(XZ:€)>2)

n 1 (k—1, n—Fk,
< Sjexp (o (Fo a4+ 2B — 0+ (m 4+ DT + 1)

+ exp {—- 2152 4 —a@ + m(T + 1)))}

< (n + 1) exp {—2%(2 —a@+ (n + DT + ) = 2},

the inequality between the extremes holding provided §” and ¢ are suf-
ficiently small, depending on & and «, but independent of 2 and n. Now
(8) follows easily.

Let T2 = S;(X**) — §,_,(X*9), j =1,2,.--. We will show that there
exists a positive constant ¢ and a positive integer m, depending upon T
and a positive constant ¢, so that for ¢ < ¢ and m > m,.

(9) P[T%* < T/m for some i < m] < exp {—%%}
&
Since P[S, < T1<L P[T% < T/m for some i < m] ¢) follows from (8) and
.
First, we show there is an integer m, depending upon 7 and a
positive constant ¢, so that for m > m, and ¢ < 1,

(10) PITo < T/m|Fs,_ o] < €XD {—_Cl—ﬁ} :

2& T
Because of the strong Markov property, (10) need only be shown for
2 = 1. Again introduce local coordinates u so that u(X**) is the process
in the half-space with normal reflection. Let p, = p,/m; with m, as in
v) of sub-section 1.8. It suffices to prove that for T’ = inf {t: |[u(X**)
—u@)| = p}, if m>m,and e <1
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PIT’ < T/m] < ex {—-LJ’L} .

[T" < T/m] < exp 22 T

Now by our construction u(X®*°) = I"(Y**), where Y*¢ ig the associated
unrestricted process. Let

T =inf {t:|Y* — u(@)| = p:} .

It now is enough, keeping in mind the third property of the I'-trans-
formation noted before Proposition 1, to show for m > m, and ¢ < 1

11 PIT” < T/m] < exp {—2"'_;2_?_} .

From (1) we have

Y;L(z),c . jt g0 Yu(z),de(s) _|_ J\z (608 ° Yu(x),s + bs ° Yu(z),s)ds .
0 0

For ¢ <1, the second integral on the right is bounded, uniformly for
t < T/m, in absolute value by 2m,T/m. Selecting m, > 4m,T/p,, the left
hand side can not exceed p, in absolute value for ¢ < T'/m, m > m, unless
the first term on the right exceeds p,/2. For that term, we can apply
a known bound for stochastic integrals:

P[ sup
0

<t<T/m

13 /sz
Jo Yuwdws} > z] < ex {—_.#}
ef o’ P\ 2emer
where ¢, is a constant depending only on the dimension d of the range

space; see for example, Theorem 2.1 of [4]. Now putting 2 = p,/2 leads
to (11), hence (10). From (10) follows

PIT, > T/m for all i < m] > (1 — exp {_ o _”i})"”
2 T

if m >m, and ¢ < 1. Since

(o[ B 21 mesn {2,
2 T 26T

one has

P[T%* < T/m for some i< m] < exp {— m (i — 252)}
222\ T
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and (9) follow for m > m, and ¢ <¢; m, and ¢ are positive constants
depending upon T.
Finally, ¢’) follows from c¢) together with a).

1.5. The deterministic limit process. Setting ¢ =0 in (4) leads to
the equation

(12) dXP* = b(XP)dt + yop(XP)W(XP)dEP*, XP'=w.

Again we require that X=° and &*° be continuous stochastic processes
adapted to (¥#,), X&"e D, and &*° is an increasing process, with &»° = 0,
and increasing only on 4 = {¢: X#' ¢ 6D}; however, we do not now demand
that 4 have Lebesgue measure zero. The proof of Proposition 1 serves
also to prove the existence of a unique pair (X=?°, £%% satisfying (12) and
the associated conditions.

Consider for a moment (X=° &% in the special case of the half-space
with normal reflection. Let X' denote the first component of X=° b' the
first component of b. Let T,=inf{t: X; =0}. Then (12) gives for
t>T,

Xi— Xb, = [ X ds + [ npX9pXsds + g

If te 4, the left side vanishes. On the other hand the first term on the
right must also vanish: this becomes clear if one notes first that the
integral is not changed if one integrates over [T, ¢]\4 instead of [T, 1],
and [T,,t]\4 is the union of a finite or countable number of open in-
tervals, and integrating over any one of these yields zero. We obtain
then

£ = —j‘ Lon(XEODIXENds = —j’ Lon(XEOBI(XENds .
To 0

This has been justified for ted,t > T, For t < T, all term vanish,
while for t> T each term remains unchanged if ¢ is replaced by
max {s: s < t,se 4}. Finally, since £° is non-decreasing we may write
for t >0,

L
(13) & = — [ 1XEIE) A 0ds .

Return now to the case of general D and y. For x edD, denote by
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comp, p b(x) the unique number such that b(x) — comp, , b(@)y(x) is a
vector tangent to 6D at x. Then

't
(14) &0 = ‘L 1op(X59) (comp, » b(X39) A 0)ds .

For in the case of the half-space with normal reflection (13) and (14)
coincide, and in general (14) is reduced to (13) by introducing suitable
local coordinates. Substituting (14) in (12) gives

dxp® = (b(XP°) — xop(X7°) (comp, p (D(XF) A O)p(X7dt ,

1
(15 X' =ux.

PROPOSITION 4. If (X=°,£%°) is the unique solution of (12) satisfying
the associated condition, then (14) holds, and X*° restricted to 0 <t < T
is the unique ¢ € Cp(D) satisfying ¢, = %, IF(p) = 0.

Proof. Relation (14) has already been proved. Now let ¢ e Cr(D),
¢ = 2. From the formulas (6) and (7) for I;(¢) we see that a necessary
and sufficient condition for I;(p) = 0 is that ¢ is absolutely continuous
with derivative ¢, satisfying for almost every ¢.

¢y = b(%) - XaD(Sot)w(t)T(SDz) .

Then letting £, be the integral with respect to ¢ from zero to ¢ of the
second term on the right, (o, £€) given a solution to (12) and the associated
conditions. So ¢ = X*° is the only possibility; and I3(X*° = 0 by (15).

We will obtain the convergence of (X=:°,£%¢) to (X*%é&%"% as ¢— 0.
First we require a lemma.

LEMMA. For 6 > 0,T > 0 there exists k(5,T) > 0 such that for all
peCr(D), if ¢, = and sup | X7 — ¢,| > then I;(p) > k(5, T).
<tsT

Proof. First note that the dependence of X#° on the initial point
2 is continuous, in fact Lipschitz continuous. This can be seen by re-
ducing the situation to the half-space with normal reflection by localiza-
tion, and this case in turn is reduced to the unresticted system Y=° by
the I'-transformation construction; for the Y*° system the assertion is
immediate from the uniform Lipschitz continuity of b,, and Gronwall’s
inequality.

Next we note that if the lemma is proved for 0 < T < T, for some
positive T, it follows in general. Let us show how to extend the lemma
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to the range 0 < T <2T,. We may of course assume that k(5, T) is
non-increasing in 7, non-decreasing in §. Consider then ¢ e Cr(D), ¢, = @
where T, < T < 2T,. Suppose ¢;, — X&°>4,T,<t,<T. By the initial
paragraph of this proof we can find a(d) > 0 so that | X¥° — X2° <§/2
for |y — 2| <a(d), 0<t< T, Let us apply this with ¥ = X3, 2 = ¢r,.
If |y — 2| > a(®) then, Ij(p) > k(«(s), T). On the other hand if |y — 2|
< a(p), then 07,0, — X%°| > 5/2 and so IF(p) > I _1,(0r,0) > k(@3/2, T — T)
> k(@/2,T). So we may set k(©,T) = k(a(®) N\ J,T,)). By iterating the
result is extended to 0 < T < mT,, m =12, ...

Finally we prove the result for 0 < T < T,, where T, =1/2m,).
Again, by introducing local coordinates the problem can be reduced to
the half-space with normal reflection, and then, by the construction of
this process it is reduced to the unrestricted process Y#*. Suppose then
that o e Co(R), ¢, =, T < T,, and that |p,, — Y&°| =4, t, < T. Define
¥r: by ¢, = b,(¢) + ¢, and obtain

I: Gt = f: by (Y*0ds + j: (s(0) — D(Y=0)ds + f: pds .

The difference between the left side and the first term on the right is
8. The second term on the right is bounded by m,t,0 so that

U ‘i’ddsl > o1 — tym,] > 6/2 .
0

Finally
T 1 (o, . 1 /(. 2
= silas1 d = 32d = 8
1) = [ Wlazrip 05 2 — [ ds 2 ([ 1l ds)
1 to 2
> nil
T omgt, fo Vil

so we can take k(3, T) = ¢*/(m,T4).
Now we obtain the convergence of the process X=¢ to X=° ag ¢ — 0,
and some consequences of this fact.

THEOREM 2. a) For every 6 > 0 there exists an o > 0 such that

Iim 2¢% log P[sup | X2 — X2 > 46l <a.
<s<T

&—~0 0.
b) sup | X2 — X2 —0 in L,(P) as ¢—0, 1 < p < oo, uniformly
0<s<T
for zeD.
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c) sup |8t — &9 -0 in L(P) as e — 0, 1 < p < oo, uniformly for
0<sLT
zeD.
d) For geD X R. X R, — R* bounded and wuniformly continuous
T T
[ oz e 9dse — [ e, 00, 9dgss in LyP) as e —0. 1<p < oo,
0 0

uniformly for xeD.

Proof. We will be considering X% on 0 <t < T only. Let F=°
={peCp(D): ¢, = x, sup |p;, — X9°| > 6}. It follows from the lemma that
for § >0 there exists «(d) > 0 such that ¢e F*’ implies I;(p) > «a(d).
Note that if ¢e F** and + € Cy(D) satisfies 4, = w, 02}13 [V — | <8/2

then + ¢ F=%?, hence I;(y) > «(6/2). So Theorem 1, part c¢) is available
to show that P[X?** ¢ F*°] — 0 as ¢ — 0, exponentially fast, and uniformly
in zx.

Since a) implies oius]% | X% — X=° — 0 in probability, to conclude b)
it is only necessary to prove that the p*™ power of this quantity is in-
tegrable uniformly with respect to ¢,0 < e <e¢, and xze D, the integra-

tion being with respect to dP. Since X*° is deterministic it will suffice
to show that

El(sup (X3¢ — a)?]1 <k,, 0<c<e
0<s<T

for some finite k,. Let S;(X®*) have the same meaning as in the
proof of c¢) of Theorem 1, and set S, = S,(X®) A T. Let v = up(X™
=min {¢: S; = T}. It follows from (9), and the sentence succeeding it,
that for m > mg, e < ¢

(16) PL(X*9) > m] < exp {—_2%0;%} .

By construction
sup |Xi_¢,e _ X§;‘_1| — |X§,: _ Xg,ie_ll = 0, 1<i<y
8i-15s<8¢

and still

sup | X% — X% | < oo fori=v.

871588

Thus
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sup [Xo0 — @[ < > sup | X5 — X% < w(X*)p, .

0Ls<T =1 8¢-1<8<8¢

It follows, using (16) that the »™ moment of the left number is bounded,
uniformly for 0 <e <. So b) is established.

For part c) consider the half-space with normal reflection. Since,
for ¢>0,£%° is given explicitly as &(Y**), where Y** solves (1), and
since b) is also true for Y** and Y*° in place of X** and X=°, it follows
by the continuity of & that ¢) hold in this case. Defining S; as in the
preceding proof of b), introduction of local coordinates will serve to
prove sup |2 — £2°| — 0 in probability as ¢— 0. By (16), sup |&2*

0<u<Sq 0<t<T

— £2% — 0 in probability as ¢ — 0, and so as in part b) it is enough to
show that EI[| sup &¢|?] = E[|&5*|*] can be bounded uniformly in ¢, 0 < e
0<s<T

< ¢, and xeD. From the half-space case and the strong Markov pro-
perty, we easily obtain

Bl(es — 8- )% F s, < Ky
for some finite k,, 0 <e¢ < 1. Now

Z Alv=n] Z (fsi - ‘ESt—x)

and so for p any positive integer,

El(e29)?] = E[i x[p=n3<iZ:i (8 — f?f—:))p]

S o)
< Z P = my(ne 3B (s — e52.07])”

(P[u = n])A(n**nk,,)"

nMs

and again by (16) this converges uniformly for 0 < e < ¢,z € D.
Lastly for part d), consider g bounded and uniformly continuous,
and

T T
jo g(X3, 2, s)dEm — f G(XE, £59, 8)dEs

- j (g(Xeene, 8) — g(Xo, 650, 5))dEn
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+( T g(XE0, £20, s)des — j g(X30, 820, S)dEf"’)) =1+1I.
0 0

By the uniform continuity, for g > 0 there is a § so that on the set

A = [sup | XP — XP°| <4, sup &9 — &7 <],
0<s<T

0<s<T

one has
Ig(Xf 3’ 98) - g(X.;:O, roys)l<ﬁ
Hence, since |9(X, &, )| < K,

ENIP] < BETx (5971 + 2E)PE(x0\u(67)?)
< BEIIERI?] + CK)*(PI2\ADV(ELER)?D~

and since
P[Q\A] < Plsup | X7t — x°| > 6] + Plsup [&* — £7°| > 4]
0<s<T 0<s<gsT

we have by part ¢), E[|I|’1] -0 as ¢ — 0.
For II, we use the fact that if F' is an increasing continuous func-

tion of bounded variation and f f(®AF(s) < oo, then if
0

[f(s+uw) — f)<s, 0<s<1, 0<u<l/n,
then

an [, r@are - 3 A(E-1)(P(L) - F(E=1))|<o@w - Fop.

n
Select # then so that for 0 <n < T/nand all 0 <s< T
|9(X5, §3%us 8 + u) — 9(XT°, 67°,9) <5 .
Hence by (17) for p an integer,
E[II17] < 372(E[(£74)*] + ELER)?D
+ 3B | 35 0( X8 me €08 mm £

|

1 T)((Sf/’c}n)z' —&Uk-1y/my T)

- (5?}397»)2' - 5?(’1?-1)/7»)1'))

< 379P(E1(679)*] + EL(797D
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4 32K?n? Zl:i E[l ((Eféfn)r — 5?(’1;—1)/n)1') - Sfégn)r - Ef(’g—l)m)r) Ip]
< 375°(E1(£%4)7] + El(E7")*D
+ 87K7n#2enE(sup |65 — &)1
0<s<T
and therefore by part c¢). E[II|’] -0 as ¢ — 0.

2. Applications.
We proceed to give a few applications to asymptotic problems in
partical differential equations connected with the operators

L= 3 a9@)-—2— + 37 bi@)—2

71 oxfox?  i=t ox?
as ¢ tends to zero. In subsections 2.1 and 2.2 we investigate the behavior
of solutions to the Neumann problem and certain mixed boundary value
problems as ¢— 0 under various conditions. The methods are those of
[7], where the corresponding questions for the Dirichlet problem were
investigated. In subsection 2.3 we treat the asymptotic behavior of the
Neumann function r({, x, ) for the operator 8/t + L° and a given region
in R?. The corresponding problem for the fundamental solution p(¢, x, ¥)
as well as for the Green’s functions ¢*(f,x,y) was originally solved by
S.R.S. Varadhan [5]; the case of general b was treated by A. Friedman
[2].

2.1. Neumann problem. Let D be the closure of an open bounded
set D, C R?, simply connected, and with smooth boundary 8D and let y
be an oblique vector field on the boundary such that Theorems 1 and 2
apply. For 2> 0 and g bounded and uniformly continuous on the aD,
the problem

L'y —2u=0 in D, with (Fu,y) =g on aD

has a unique solution u*. Using the representation for X=* and applying
It6’s formula to f<(¢t, X&9), with f'(¢, ) = e “u'(x), gives

3
Elf, X — f(0,X59)] = EUO e~ *(Fue, 7)(Xf")d$f"]. ,
Now u* is bounded, and so letting ¢t — oo, one obtains

w@ = —E[[ engxioder] -
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To conclude
u(x) — —E[r e**Sg(Xfﬂ)dg:ﬂ]
0
write

o0 T 00
[T emgxpoaer = [ emgxrder + [ ergxzoag.

0

By Theorem 2d,
T
0

B “engXrdes| - B[ emgxsnag] .

To finish, it need only be shown that for large T, E[r e'“g(Xf")d&f"]
T

is small uniformly in e. Since
|B[[” eoxzader| | < € e oBless 0 — g1,
T j=0
where C is a bound for |g|, it suffices to note that E[£54 — &7¢] is bounded
independent of ¢ and ¢, see Theorem 2.

2.2. Mixed boundary value problem. Let D and y be as in subsec-
tion 2.1, but consider the problem

Liu=0 in D, and —Au + (Fu,y) = h on oD ,

2>0, with & bounded and uniformly continuous. Let u* be the unique
solution and define

Zi = w(Xp) — j e, P(Xp)des .

Now Z: is a martingale, and hence from Itd’s formula applied to the
product Z; exp {—2&7*},

(18)  u(X™*) exp {—2&9} — f: — (X% + (Pu, p)(XP*) exp {— &0 dED

is also seen to be a matringale.

Let a = g0*, which by assumption is uniformly positive definite, and
this guarantees £»* — co as t — oo, (c.f. the argument in the second part
of this subsection). So by (18), letting ¢ — oo,
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(19) w(@) = B[ nxs exp (—ag5dz]

If £4°—~0 as t— oo Theorem 2d) shows u° goes to the right side of (19)
with e =0, ag ¢} 0.

If £2° does not tend to infinity (e.g., £%° = 0 if X=° remains in D,)
things are more difficult. We now consider a special case of this situa-
tion. We impose the following assumptions:

i) There exists w,e D, such that X#°— w, without leaving D, as
t — oo for every xze D.

ii) ((2),b(z) = ¢, > 0 for all zeaD.

iii) Let V() =inf{I;(@:9peCr(D), ¢y =Wy or =Y, 0T < oo}
There is to be a unique point y,edD satisfying V(y,) = ;23111)1 V(y).

Evidently there exists a T'> 0, a ¢ € Cr(D) with ¢, = w, and ¢y = ¥,,
I () = V(yy) and ¢, e D, for 0 <t <T. So Ii(p) = I (¢p).

Conditions i), ii), and iii) were imposed by Ventcel and Freidlin [7]
in Theorem 3.1, which we will use below.

The representation (19) of wu*(x) and Theorem 3.1 [7] suggests that
as ¢ — 0, u(x) tends to 1'h(y,). Indeed this will follows under our pre-
sent assumption if x e D, from the representation together with the fol-
lowing assertion:

For every positive M and ¢ there exists a stopping time 7% such
(20) that for every neighborhood U of y,,
lim P[gpy . > M, X% ¢oD\U for any se[0,T"°]]=1.

-0

We proceed to prove (20). Let U, be a small neighborhood of w,,
and define: S, =0, S,=inf{t:X¢ecU,), T,=inf{t>S,: XPecaD},
S,=inf{t >T,_,: Xp*elUy)}, T,=inf{t > 8,: XP<ecoD}. Let Z, =&%°,,
— &, n=12,.--. Let U be a neighborhood of %, From Theorem
3.1 of [7], we know the probable behavior of X=° between times S,
and S, and also between time S; and S;,,, Between time S, and S,
X=¢ will in all likelihood remain within a §-neighborhood of the trajectory
X=° Starting at time S, the process will for a long time remain near
w,, eventually, it will, however, hit D at time T,, most likely in U, and
then return to U, without intersecting dD\U. During the time interval
Sk.1 — Sk, other behavior is of course possible, we will refer to it as
exceptional behavior, but Theorem 3.1 of [7] implies that there is a constant
¢(U) > 0 such that the conditional probability given %, of exceptional
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behavior during the interval S;., — S; is bounded by exp {—c(U)/(2H}.
Thus on a typical interval [S;,S;,) the local time will increase only
while X*¢ is in U. However, when ¢ is small the increment in local
time during [S;, S;,,) will also be small with high probability. We will
show that there exists a positive constant ¢, such that for k> 1,

21) Plege  — E%r > e | Fsl > 1/4.
Before deriving (21), let us show how it implies (20). Let for k =1,2, ...,
1 if &g, — & > o
Xk = .
0 if &% — &% <

Sk+1 —

and let X/,,X],..- be a sequence of independent identically distributed
random variables, P[X] = 1] = 1/4, P[X] = 0] == 3/4. Then for all n

P[é X, < n/8] < P[k‘; X, < n/S]

and the right side approaches 0 as n approaches infinity by the law of
large numbers. Let M be given and choose n > 8M/(ce?). We then
conclude that P[> %, (625 — &29) < M]— 0. Since n increases like &2
while the conditional probability of exceptional behavior during [S,, S:..)
decrease like exp {—c(U)/(2¢%)}, we may conclude (20) with T%* = S,.

It remains to prove (21). Clearly it suffices to consider £k =1. In
order to study the increase in &% just after T,, introduce appropriate
coordinates, so that X, = u(X%y:.,) is the desired diffusion in R? with
normal reflection, and &, is the associated local time. Furthermore, X .
= I'(Y,), where Y, is the associated unrestricted process. Let Y' be the

first component of Y. Recall by our construction, £ = inf Y%, and as
0<s<t

long as X%* remains in the coordinate patch &%, — &% =&,. Now Y*
satisfies

Yi= f > 6k o I'y(V)AW* + f poI'y(Y)ds
0 k=1 0

where 6%%(x) and B(x) are the coefficients in the equations for dX ; by
assumption d4b'(x) = > ¢_, 6%4¥([6*) % (x) > my;' and for ¢ < 1, ,é(x) < 2m,.
Now the first term on the right in the representation of Y' is a mar-

tingale M, with square variation A, = ¢’ r dttoI'(Y)ds and by the above
0

A, >m;'t. As is well known V, = M,_. is a one-dimensional Brownian
motion. Write then
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13
Y=V, + f BoI'\(Y)ds
0

and deduce for ¢ <1,

inf V;< inf V4 2mit < Vangr, + 2mt .

0<s<t sssgm;‘lt

Let ¢ be a positive constant such that P[V, < —c+/ t]1>1/4. Thus
PLV amz1 + 2mit < —ced/m3™t + 2mit] > 1/4 .

Now set t* = c%'m;/(dm,)? and find

Plinf Y; < —&c*/(8mmy)] > PV 10 + 2mit* < —&°¢*/(8mmy)] > 1/4 .

0<s<t*

This gives the local time increment for X* only as long as this process
remains in a coordinate patch about X%'; however, since it has to trans-
verse a distance in excess of p, before leaving such a patch, and t* is

of order ¢*, it follows from Theorem 1 that the probability of getting
out by time t* is negligible, and (21) is proved.

2.3 The Neumann function. Again let D and y be as in subsection
2.1. In addition to our underlying assumptions about the coefficients in
(4), we assume in this subsection that b is differentiable and that there
exists @« > 0 such that

b
oxt

@2 D@ --Lw|<la—vr, 1<i<d, ayeD.

Setting (¢, z, dy) = P[X%* e dy] it is known that »(,z,dy) = (¢,
xz, Ydy, with r(¢, x,y) a continuous function, the Neumann function for
the operator du/dt + Leu for the region D, X [0, ).

We will obtain the asymptotic behavior of (¢, z,y). To do this we
use information about two related functions. One of these is the Green’s
function ¢*(¢, z, y) for the operator ou/dt + L*u for the region D, X [0, co).
It is familiar that

Q‘(t, s, )dy = P[X{* e dy, Xi* e D, , 0<s<t].

Next, extending the coefficients o(z), c(x), b(x) to all of R? so that our
boundedness and regularity hypotheses are preserved, we obtain operators
ou/ot + Lou, with u defined on R® X [0, o0). Let p*(¢,,%) be the corre-
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sponding fundamental solution. Naturally associated are the diffusion
processes

dXpt = coXp)dW, + (oXp) + b&pNat, X' =a
in R¢. In fact
p'(t, z, y)dy = P[X3* e dy .
Evidently
@3 p@ =2y >y, r¢2y) >qtzy), t>0, z,yeD,.
Define
I (x,y) = inf {I}(p): o € C:(D), 0y = , 0, = Y} .

We will prove

24) lim

&0 52

log r(t, x, ) = I} (x%,y) , x,yeD,.

Observe that X*° is simply the solution of the dynamical system
dXe = p(Xe0ydt, Xo'=u.

Evidently if # e D, and ¢ > 0, X#* coincides with X»* up to the first time
that oD is hit. Also, for ¢ e C,(R?), it is clear that if ¢,e D, for 0 < ¢
< T then I(p) = Ii(p).

We will utilize, as did Friedman [2], the following useful extimates
of Aronson [1]:

. A CIXJ:,O _ ,ylz .
(25) it 2, Y) < o eXP {——-LET—«} if t<T*,
. A ¢ IX"x,o — yP
___Az_exp{__c_z_’)_zf_’o_“_y_ﬁ} if t<t*,
sd—Zatd/Z—tx 82t

where T* is any positive number, ¢* is a sufficiently small positive
number, A,, 4,, 4,, ¢, ¢, ¢, are positive constants. Now fix y. For ¢ >0,
s> 0, let

Cl={zeD:|X2" — y| < 3}

Let 4 Dbe the trajectory determined by
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P = b(\b'(s))dt y 0<u<t, v¥=vy,

It follows from our assumptions that one can choose positive numbers
d, and s, sufficiently small so that the following hold for all s < s,, 6 < d,:
if ze(C,X%'eD,, for 0 <u<s; 0ssug [V — @i < py; there exists a
positive number m such that the distance between { and D\C? exceeds
o/m.

Now we choose a suitably big constant n, the exact requirements
on its size will be made evident below. For ¢ sufficiently small C¥»™: < C¥,
Also there exists d;, > 0 such that C¥ is at a distance at least d, from
oD, with d, not depending on s,0 <s < s,.

Observe now that (26) provides a positive c(s) (it will go to zero
with s) such that

p(s, 2, ) > 2 c(s) ,  zeCmm

Noting that one can go from z to y in time s either without or by
hitting the boundary of D, it follows as usual from the strong Markov
property that

(s, 2,Y) < q°(s,2,Y) + P[X'f;‘ edD for some #,0 < u < s].
sup {p*(w,w,y): 0 < u < s,weaD}.

Since |w — y| > d, for wedD the second factor in the last term can be
bounded by (25), and we obtain for ¢ sufficiently small

@7) (s, 2,4) > q'(8, 2, y) > -2 ‘(s) ,  ze(Cmme,

Let & > 0 and choose » € C,(D) so that ¢, = x, ¥, = ¥, I} () < I} (x,y) + h,
and in addition there exists an s,0 < s < s,, such that y,_;,, = ¥. Then

rt, z,y) > j r((t — 8), x, 2)7*(s, 2, Y)dz
C%nms

- ameq C1(S)
> P[Xpe e Cvm™] éed

since the distance between +,_, and D\C*™ is at least 2ne,

OXF — s <me] S [X72 € CFP™]
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and the probability of the set on the left can be estimated by Theorem 1,
part b), provided only n is chosen big enough. It follows that

lim 1
=0 2g?

log r(t, x,y) > I} (x,y) + h

and since h is arbitrary we have obtained the desired lower estimate.
For th upper estimate define

B, ={t—s2:0<s8<s,, zeD, |X2'—y| <4}
Fix 6> 0 and s, 0<s,<t so that Bl C [t — s, t] X D,. Observe that

this implies the existence of a positive %k, such that for (¢ — s,2) e B,
peC,_(D), ¢, =2, and ¢, €D for some u, 0 < u <t — s always
(28) I (o) > k. .

It follows from (23), and (25) that there exists 8> 0 so that for N,(¥)
={w:|w — y| < B}, there exists A > 0 such that

29) (s, 2w) < A
I3

dsgﬂ

, for (¢ — s,2)€dB;, we N,(y) .

Defire the following sequences of stopping times:
T,=inf{u:(t —u,X2)eB}At, S, =inf{u>T,: XD} Nt
T,=inf{fu>8S,_;: (¢t —u,X2)eB} \t,
S,=inf{u>T,: XZcdD} A\ t.
Let |N,(y)| stand for the Lebesgue measure of N,(y). It is evident, using
the strong Markov property, that
P[X3 e Nyy)] = 3 PIX2* e Ny(), Tn < t < Toyi]
n=1

(30) < (5 PIT. < 81)IN,@)1-sup {05, 2, 0): (¢ — 5,2) € 3BY,

we Ny} .

The last factor is bounded by (29). On the other hand it follows from
(28) and Theorem 1, part c¢) that

[ I Tn—l] = € 252 2

for ¢ sufficiently small. Hence the series in the last member converges
exponentially fast and we obtain a constant A’ such that

https://doi.org/10.1017/5S0027763000017232 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000017232

216 ROBERT F. ANDERSON AND STEVEN OREY

@31) PIX#* ¢ N,)] < PIT, < 1] -eiiNﬁ(yn ,

a S:Ji/ﬂ

Let i, = inf {I}(p): o € Ci(D), ¢y = %, ¢, € Bl for some se[0,¢]}. It is an
easy consequence of Theorem 1, parts ¢) and a), that for any « > 0, the
first factor on the right of (31) is bounded by exp {—(¢, — h)/2¢%} for e
sufficiently small. Using this in (31), dividing through by (N,(»)) and
letting g — 0 gives

A’ .
(32) 7t @, Y) < — o5 exp {———218—2(% - h)} :

Finally, observe that 4, increases to I}(x,%), and since 6 >0 and >0
are arbitrary the desired upper estimate is proved.
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