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TOPOLOGICAL PROPERTIES OF LIMITS OF
INVERSE SYSTEMS OF MEASURES

DONALD J. MALLORY

Introduction. It has been shown (Mallory and Sion [6]) that the problem of
finding “limit” measures for inverse systems of measure spaces (X, ui)icr
can be successfully attacked by establishing the existence of a ‘‘limit’’ measure
i on the product space Hie 1 X 4, then considering the restriction to the inverse
limit set L C H,-UXi.

In this paper we use a similar point of view to establish conditions under
which a system of Rad6n measures has a ‘‘limit”’ measure which is also Radén.

In Section 1 we establish that a Radén limit measure existsin Il;c; X, under
quite weak conditions for the product topology and a related topology
(Theorems 4, 8). In Section 2 we examine the restriction of the resulting
measures to the inverse limit set L and show that previously known results
can be obtained and extended by these means (Theorems 2, 4). We conclude
with an example (5, Section 2) which illustrates the difficulty of obtaining
Radén limit measures on L with weaker conditions.

Preliminaries. Almost all of the set theory and topology used is quite
standard. However, if for each 7 € I, ¢, is a family of subsets of a space X,
we define

Rect () = ga :a = [[ 44 A4; = X, for all but a finite number

€1
ofj € I,and 4; E%,otherwise%.
Also, for any a C Hie, X ; we define:
Ja = {j E I: 1r,~(a)5é Xj}.

(If @ is a “‘rectangle” J, is the set of indices of its base.)

We will use Carathéodory measure theory concepts and notation through-
out (see, e.g., Sion [10: 11]). If Y is a space with topology ¥, v isa Radén outer
measureon Y if and only if » is an outer measure on ¥, ¢ C #,, closed compact
sets have finite measure and for every 4 C 7,

v(4) = inf (»(G): 4 CG,G € ¥},
and for every G € 9,
v(G) = sup {»r(K) : K C G, K closed and compact}.

Received May 29, 1973 and in revised form, August 10, 1973.
1455

https://doi.org/10.4153/CJM-1974-140-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1974-140-7

1456 DONALD J. MALLORY

We will denote by (X, p, i, I) an inverse system of outer measures, where I is
the index set (directed by <), X = {X,};; is an indexed family of spaces,
u = {ui}icr is an indexed family of outer measures u; on the spaces X; and
for 2 < j ps;: X; — X, is a measureable function. We denote by .#, the
psmeasurable subsets of X; and require that for 7+ < j < k and 4 ¢.#,,
wi (i A]) = pi(4) and

(P [AJA(psy 0 pu)H4]) =0
(instead of the usual p;; 0 p = pu). We define v to be a w-limit outer measure
for (X, p, u, I) if and only if » is an outer measure on 11, ; X; and whenever
i <jand 4 ¢ M,
(i) = [A) €A,
(i) v(r7[A]) = wi(4)

(iti) v(r 7 [A]JA(pi; 0 my) 7Y [A]) = 0.

We will say v is an inverse limit outer measure for (X, p, u, I) if and only if
v is a w-limit outer measure and » is carried by the inverse limit set

L= ;x € Tl Xi:py(x,) = x; whenever 4 < j,4,j € I%.
€r

For any system (X, p, &, I) we define g to be the set function on Rect (#)
given by

gla) = llk(jga ij_l[’lrf[a]])

for all « € Rect (#), where B > jforall j € J,, and f to be the Carathéodory
measure on Il;c; X, generated by g and Rect ().

A detailed discussion of the concepts of inverse limits etc. defined above is
given by Mallory and Sion [6], cf. also Bourbaki [1], Choksi [2] and Metivier
[7].

1. Topological properties of r-limit measures. This section is concerned
with Radén «-limit measures on the product space 1l;c; X .

We obtain such measures by ‘“‘regularizing’’ the measure §. In order to do
this we examine approximation properties of & in 2.1, 2.2 and prove a Radéni-
zation lemma (3) designed to utilize these properties. We are then able to obtain
Radén w-limit measures for two topologies on Hie 1 X ;¢ the product topology
(Theorem 8), and a coarser topology (Theorem 4) which arises from the
approximating sets used in 2.1, 2.2.

1. General assumptions and notation. Throughout this section we suppose:

1.1. (X, p, u, I) is a system.

1.2. For every ¢ € I:

1.2.1. X, is a topological space and ¥ ,, .7 ; and ¢ ; represent respectively
the families of open sets, closed sets, and closed compact sets in the topology
of X,

1.2.2 u; is a o-finite Radén outer measure on X ;.
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1.3. 9~,.9 ~, A ~ represent respectively the families of open sets, closed
sets and closed compact sets in the product topology on II,¢; X .

14. 9" ={4:4 =U}aK;,n€ w,Ki...K, € Rect (KX')}. (Rect (KX)
is the family of rectangles with compact bases.)

1.5. 9’ is the topology on Il ; X, generated by the complements of ele-
ments of Rect ().

The above systems satisfy the hypotheses of [6, Theorem 2.7] so that
is a w-limit outer measure.

Note that the complements of elements of Rect (J¢) are open in the
product topology ¥~, and form a base for ¥~ if the spaces X are compact.
Notice also that Rect (¢), hence %’ consists of sets which are closed and
compact in the topology %’.

We now note some approximation properties of the measure f.

2.1 THEOREM. Let A € M; and g(4) < . Then
(*) B(4) =sup {g(C) : C € (¢")s, C T A4}

Proof. See Mallory and Sion [6].

2.2 PROPOSITION. Every A € Rect (M) satisfies (*).

Proof. See Mallory and Sion [6].

The properties of & given above allow us to produce Radén 7-limit measures
without requiring particular topological properties (e.g. regularity) of the
spaces {X;};c;. Lemma 3 below will be used to construct Radén =-limit
measures for the topologies 4’ and F~.

3. LEMMA. Let Y be a topological space with topology G—, and let 4~ be the
closed compact sets.

Let & be a base for G~ closed under finite unions and intersections.

Let v be an outer measure on Y such that v is finitely additive on 24—, finite on
H —\J X, and such that for every B ¢ &,

v(B) = sup {¢(F) : F C B, F closed, F ¢ M#,}.
If we let
h(G) =sup (v»(K): K €4 —, K C G}
for every G € G~ and
u(4) = (inf k(G) : G € F-, 4 C G

for every A C Y, then:
3.1. u is a Radén outer measure for G-,
3.2. u(G) = h(G) for every G € G-,
3.3. u(K) = v(K) for every K € A —.
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Proof. Let K ¢ /' =, By, By, ..., B, € & and K C Up—1B,. Let ¢ € 0 and
choose, for each j < n, F; C By, F; closed such that

v(B)) < v(F) + e/n.
Then

n n

y(K) £ D, (KN B, < Zl y(KMNF;) +e< ;1 h(B;) + e

j=1 j=

hence

m»mggmm.

From this and the fact that % is clearly monotone it follows that % is count-
ably subadditive on ¥-.
Since ¥- is closed under unions.

infgz h(G) i ACY GGy € G, ew§

neEw
=inf {h(G): 4 CG,G € 97}

so that p is the Carathéodory measure generated by # and %—. It thus follows
from the standard Carathéodory Extension Theorem (see, e.g., Mallory and
Sion [6]) that u is a Carathéodory measure and u(G) = k(G) for all G ¢ F-
(3.2).

That 9— C M, follows from straightforward use of approximation proper-
ties and the fact that » is finitely additive on ¢ ~.

That u(K) < oo for every K € 2 ~ follows immediately from (f). Thus
u is Radén for 9-. 3.3 is immediate from the definitions.

4, THEOREM. If for each 1 € I, u,; is bounded then there exists a w-limit outer
measure which is Radén for the topology %' (Definition 1.5).

Proof. We begin by checking that f satisfies the conditions on » in Lemma 3.
Let

Z = 3G:G= l;IIXiNC for some C € %’%,

and ¢ ' be the closed compact subsets of I, X, for the topology ¥’. Then
since %', hence %, is contained in the o-field generated by Rect (%),
%# C .M, and since €, C A ' we have from Theorem 2.1, for every B € &,

#(B) = sup {a(C) : C € €4, C C B}
=sup {a(K): K €4', K C B}.
It also follows from the fact that & is a base and & C .#, that  is finitely

additive on ¢ ’. Since for each ¢ € I, u; is bounded, f satisfies the conditions
on .
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Let ¢ be the Radén measure generated by f. It remains to show that ¢ is
a w-limit outer measure.
For any M € Rect (.# ), from Theorem 2.1

Y(M) = sup (¥(C): C€ €4, CC M}
2 sup {A(C): C€ €5, CC M} = g(M).

Since Rect (.# ) is a semi-ring and % is closed under finite unions, a similar
result holds for Il,; X; ~ M. Thus ¢(M) = g(M) and M € .#, (since
Es' C M.

Note that as a result of working on I1,¢ ;X instead of the inverse limit set L
we need no conditions on the functions p;; beyond those necessary to form a
system, also that no special topological properties of the spaces X ; are needed.

We next seek conditions under which we can find a 7-limit outer measure
which is Radén for the product topology ¥~.

First we define a candidate for such a measure by ‘‘regularizing”’ § with
respect to &~

5. Definition. * is the set function on the subsets of Hie 1 X ; defined by
a*(4) = {infh(G): A CG,G € G~}
for every A C Il;c;X,, where
BG) =sup {g(K): K CG,K €~}
for every open set G.

6. THEOREM.

6.1. @* is a Radén outer measure for the product topology G~.

6.2. 5*(G) = h(G) for every G € G~ and p*(K) = u(K) for every K € 4 ~.
6.3. Rect (M) C M;s.

6.4. If p* is a w-limit outer measure then for every G € Rect (9)

B*(G) = 5(G) = sup {g(K) : K CG, K €A ~}.
6.5. If ¥ is any w-limit outer measure which is Raddén for G~, then = p*.
Proof of 6. We first check that j satisfies the hypotheses of Lemma 3 for the
product topology ¥~.

The proof that f is additive on ¢~ is the same as in the proof of Theorem 4.
If we now let

J =1{G:G € Rect (¥) and a(G) < o0}, and

& = {finite unions of elements of I },
then since %4’ consists of sets which are closed in the product topology and
&s C.M;, we see from Theorem 2.1 that the hypotheses of Lemma 3 are

satisfied if we replace » by &, & by & and X~ by ™. Thus @* is a Radén
outer measure for the product topology %~, and 6.2 holds.
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To show that 6.3 holds we first note that for ¢ > 0 and « € Rect (A )
there exists G € Rect (9) with o C G and 5(G ~ a) < e Since Rect (%) C
Rect (# ) and Rect (4 ) is a semi-ring we can write G ~ « as a disjoint
union of a finite number of elements of Rect (.# ). Each of these can be
approximated by elements of Rect (%). Thus there exists G € ¥ with
G ~aCGand 5*(G) £ 4(G) £ 2¢. Hence a € M.

6.4 follows from 6.2 and the fact that Rect (%) C Rect (& ).

6.5 follows from the fact that & is closed under finite unions and is a base
for ¥~, hence determines the values of a Radén measure.

We next establish a condition under which #* is a w-limit measure (essen-
tially when the result in 6.4 holds).

7. LEMMA. If for every G € Rect (%)
(@) m(G) =sup {a(K):K CG,KecX},
then &* will be a w-limit outer measure.

Proof. In view of Theorem 6 it remains only to show that @*(a) = f(«) for
every a € Rect (A ).

First we note that (a) assures g*(G) = h(G) = fa(G) for G € Rect (9).
For o € Rect (.# ) and e¢ > 0 choose G € Rect (¥¢) such that « C G and

G ~a) feletG~a=Uj1aj0a1,...,a, Rect (A )anda; N a; =
0,1 5 j. Then clearly there exists By, . . . , B, € Rect (%) with >;_ g(B;) <
2¢ so that

Bla) —2¢ = g(G) — 2¢ = g*(G) — 2¢ = p*(a) = 2*(G) = @) + ¢

hence @*(a) = fE(a) and g* is a w-limit outer measure.

We are now able to give conditions on (X, p, u, I) which will guarantee
that @* is a Radén 7-limit outer measure for the product topology %~.

8. THEOREM. g* is a w-limit outer measure whenever any one of the following
conditions holds:

8.1 I is countable,

8.2. there exists a countable cofinal set Iy C I and pi[A] € 4, for every
A €A ; whenever i < j,

8.3. pylAl €A, for every A € A ; and pi;[B)] € X ; for every B € A,
whenever 1 < j.

Proof. g* is Rad6n by Theorem 6. Hence it is only necessary to show that
(a) in Lemma 7 holds.

First assume that 8.1 holds. Let I = {4y, %1, %2, ...}, G € Rect (¥¢) and
t < g(G). Then choose by recursion K, € 4 ;, such that K, C =;[G] and

(Gr\ N w,.m-‘K,,,) >t

m=0
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(this can be done by Lemma B in Theorem 2.7 of [6]). Now let
C=nN Win_l[Kn]-

neEw

Then C C G, C € 4 ~ and g(C) = t. Hence (a) holds.

Now assume 8.2 holds. Let G € Rect (%) and choose a cofinal subset
{20, 21, ...} of I with j < 4 for every j € Js and 4, < 4,41 for every n € w.
Let ¢t < E(G) and for each # € w let

A= N Pjt,._l[ﬂ'j[G]]

i€l g

so that

ri(dn) = 5(G) >t

and

Mg +1 (An+1AP1u_1in+1[An]) = 0.
By recursion choose C, € A 4, s0 that Co C Ay,

Cn+1 C Aﬂ"‘l m OO pim—lin+l[cm]y

and ., (C,) > ¢

For any j € I let # be the smallest integer with j < 4, and set K; = p;4,[C,]
and K = Il,c; K, Then K € # ~and K C G.

To check that g(K) > ¢ note first that if m < »

""‘in(cn ~ pin—lim[cm]) = 0
so that if j < 4,
pin(K i ~ P50 [K)]) = 0.
(Note that K, = C,.) Hence for any finite J C I, and ¢, > j for all j € J,
A( 0w TIK) = ka0 b K) 2w (K > 6
es ies
Let e > 0 and# = {H,, Hy, ...} C Rect (# ) be a cover of K such that
for each n € w, p(H,) <00 and X, B(H,) = B(K) + e
We can choose for each # € w, G, € Rect (¥9) such that H, C G, and
7(G,) < f(H,) + ¢/21. Then K C U,euG,, thus for some m € o, K C
Ui=1 Gr.
Let J' = Uj=o J¢; then J’ is finite and for any x € M e ;7 [K;] there
exists y € K with y; = x, for all j € J'.
Since y € UG,
x €N 7"1—1[{3’1}] C Gy

j€J’
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for some £ £ m. Thus
N =, K1 C U G
jeJ’ k=0
so that

2 1G) = ﬁ( ("J G,) = u( N rj_l[Kj]) >t

kEw 1=0 jeJ’

and thus
AK)Z 2 BH) —ez X2 5G) — 2>t — 2

neEw nEw

Hence E(K) = t, and (a) holds.
Finally let 8.3 hold. Let G € Rect (¥¢) and & > j for every j € J4. Let
¢ < fi(G) and choose C € 2, such that

cC N ij_l["rj[G]]
jere

and u,(C) > & For every i € I let

K, = pulClyif 1 < k
* 7 \puylpr, K], for some j > 4, j > k otherwise.

As in the previous case we see that if we let K = HiGIKi then K € X' ~,
K C G and g(XK) > tso that (a) holds.

2. Topological properties of inverse limit measures. In this section we
establish conditions under which a system (X, p, 4, I) of Radén outer mea-
sures has an inverse limit which is also a Radén outer measure. Our approach
is to restrict g* (Definition 5, Section 1) to the inverse limit set L.

We will use the general assumptions and notation of Section 1 and assume
also that X, p and I form an inverse system of spaces, i.e. for 1 < j < k

P = Pi; 0P
and that simple maximality holds, i.e. for every 1 € I and x € X,
i {x}] N L =~ 0.

1. THEOREM. If L is a closed set in the product topology, then §* is a Radén
measure which is supported by L.

Proof. First we note the following lemma [6, Lemma 4.2].
LEmMMA A. Let o € Rect (M ), 0 C wX,; ~ L. Then ji(a) = 0.

Next we note that Rect (¥) forms a base for the product topology, and,
since each p;, 7 € I, is Radon, Rect (9) C Rect (# ). Now let Z C Rect (%)
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be such that
Il x.(~L= U B.

i€l BeR

For any K € ' ~, K C Il;c; X ~ L there exists By, . .., B, € & such that
K C Uy -1 B, Thus

n

AK) = ﬁ(”éle) <> 5By =0

m=1
by Lemma A. From this we see that

ﬂ*(H X,NL) = h(H X¢~L)

€l €l

= sup ;ﬁ(K) K eX~KC ] X,~L$ =0
i€r
(Theorem 6.2, Section 1). Hence i* is supported by L.

It is clear that L is closed whenever the spaces X ; are Hausdorff and the
functions p;; are continuous. Thus we can combine Theorems 1 and 8, Section 1
to obtain the following theorem. Similar results have been obtained by Choksi
[2] and Metivier [7] using other approaches.

2. THEOREM. Suppose that for each © € I, X ; 1s ¢ Hausdorff space, and that
D ;15 continuous whenever 1 < j. Then u* is an inverse limit outer measure which
1s Radon for the product topology whenever any one of the following conditions
holds:

2.1. There exists a countable cofinal set Iy C I.

2.2. p, K] € KA ; whenever i < jand K € KA ..

Proof. By Theorem 8, Section 1, g* is a w-limit outer measure which is
Radén for the product topology. By Theorem 1, i* is supported by L. Hence
A* is an inverse limit outer measure which is Radén for the product topology.

We next turn to a case in which we require weaker conditions on the func-
tions but stronger conditions on the measures.

3. Definition. An outer measure ¢ on a space S is almost separable if and
only if there exists a countable family & C .#,,andaset " C Swith o(T) = 0
such that for every x, ¥y € S ~ T with x  y there exists B € & with ¢ € B
and y ¢ B.

4. THEOREM. Suppose that I is countable and that for each 1 € I,

4.1. X, is a topological space,

4.2. u; ts almost separable.

Then g* is an inverse limit outer measure which is Radén for the product

topology.
Proof. By Lemma 2.31 of Section 3 in [6], & is carried by L, i.e.,
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g(Ilic, X ~ L) = 0. Hence for ¢ > 0 there exists a1, &2 . . . € Rect (&)

such that
Il Xi~LCUa and D, ulw) <e
i€l new neEw

We may choose for every n € w, G, € Rect (¥¢) with a, C G, and a(G,) <
Z(a) + ¢/21. Then since g*(G,) = E(G,) we have

ﬁ*(H XiNL) < u*(u Gn) <Y 1w G

€I NnEWw new

< e+ f‘ o) < 2e.
neEw
Hence w*(II,c;X; ~ L) = 0and g* is carried by L. By Theorem 8, Section 1,
f* is a w-limit outer measure which is Radén for the product topology. Hence
@* is an inverse limit measure which is Radén for the product topology.

Note that the above theorem requires no conditions on the functions p;;
beyond those necessary to make (X, p, 4, I) a system. An examination of the
proof shows that it is not necessary that X, p, and I form an inverse system
of spaces.

The following example illustrates some of the difficulties of obtaining inverse
limit measures which are Radén for the product topology. In this example
the spaces X ; are locally compact and Hausdorff, the measures u; are bounded,
Radén and atomless, and the functions p;; are continuous except at one point.
The system also has a ‘“‘natural” inverse limit measure, but the topology in-
duced on the inverse limit set L is such that only discrete measures could be
Radén.

However, there exists a =-limit outer measure Radén for 4’ (Definition 1.5
Section 1) and g|L is Radén for the topology induced on L by ¥ .

5. Example. Let S = [0, 1) and X\ be Lebesque outer measures on .S. Define
(X, p, u, I) as follows: Let I = (0, 1] with the usual ordering and for each

7€ Ilet
Xj':S
B =X

%, be the usual topology on X ;

% , be the closed compact subsets of X,

pi; be the function defined by p;;(x) = x + j — 7 (modulo 1),
whenever 7 = j.

Note that p;; is continuous except at 1 — (j — 7).

Itis clear that the inverse limit set L can be identified with S by the mapping
¢ : L — X, defined by ¢(x) = mi(x) = x; for every x € L. Furthermore g|L
is just A and is an inverse limit outer measure.

However the topology induced on L by the product topology can be identi-
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fied with the “‘half open” interval topology on X; (=.5), since for s € S,
0<k<s

¢ pa [0, W)]] = ¢7M[s, s + h)]

and [0, %) is open in X,.

This topology has no uncountable compact sets. Hence only discrete mea-
sures could be Radén for this topology.

Note also that L is closed in the product topology hence any w-limit outer
measure Radén for the product topology would be supported by L (Theorem
1.0). Since the above argument shows this to be impossible, no 7-limit outer
measure can be Radén for the product topology.

Theorem 4 Section 1 shows that there exists a w-limit outer measure Radén
for &’. Furthermore the topology induced on L by %’ is the usual topology
except at 0. At 0 neighbourhoods contain sets of the form [0, a) \JU (b, 1),
0 < a £ b < 1. This topology is compact and Hausdorff and \ is Radén for
this topology.
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