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1. Introduction. Ogasawara and Yoshinaga [9] have shown that a B*-algebra is weakly
completely continuous (w.c.c.) if and only if it is *-isomorphic to the B*(o0)-sum of algebras
LC(H,), where each LC(H,) is the algebra of all compact linear operators on the Hilbert
space H;. As Kaplansky [5] has shown that a B*-algebra is *-isomorphic to the B*(o0)-sum
of algebras LC (H,) if and only if it is dual, it follows that a B*-algebra 4 is w.c.c. if and only
if it is dual. We have observed that, if only certain key elements of a B*-algebra 4 are w.c.c.,
then A is already dual. This observation constitutes our main theorem which goes as follows.
A B*-algebra A is dual if and only if for every maximal modular left ideal M there exists a
right identity modulo M that is w.c.c.

To prove our main theorem we use the fact that every closed left (right) ideal of a B*-
algebra A that contains a nonzero w.c.c. element contains a self-adjoint minimal idempotent.
In order to prove the existence of minimal idempotents in such ideals we use a group theoretic
argument from [2] to show first that every closed left (right) ideal of 4 that contains a nonzero
w.c.c. element contains a w.c.c. self-adjoint idempotent (Lemma 3.1). We next show that a
w.c.c. commutative B*-algebra with identity is finite dimensional (Theorem 3.2). As a
consequence of this observation we have the following result due to Ogasawara [8]: A w.c.c.
B*-algebra with identity is finite dimensional. From this and Lemma 3.1 we obtain the
existence of self-adjoint minimal idempotents in closed left (right) ideals that contain nonzero
w.c.c. elements. We also make use of Theorem 3.2 to give a proof of the following proposition
found in [11]: A weakly sequentially complete B*-algebra is finite dimensional. All of these
results are contained in §3. In §4 we prove the main theorem and state some consequences
of it.

We are grateful to the referee for suggesting a shorter proof of Theorem 3.2 and for his
many comments which have contributed so very much to the presentation of this article,

2. Preliminaries. All algebras and vector spaces under consideration are over the
complex field C. A Banach algebra 4 with involution is called a B*-algebra if, for any xe 4,
| x*x|| = x| By I3, p. 48, Théoréme (2.9.5) (iii)], every proper closed left (right) ideal of
a B*-algebra A is the intersection of all maximal modular left (right) ideals containing it; in
particular, every maximal closed left (right) ideal of 4 is modular.

Let A be a Banach algebra and A’ its conjugate space. An element ae A is called weakly
completely continuous (w.c.c.) if its left and right multiplication operators are weakly com-
pletely continuous, i.e., if they take bounded sets in 4 into sets that are relatively compact
in the weak topology a(A4, A") of A. The set of all w.c.c. elements in A4 is a closed two-sided
ideal of A4 {8, p. 362]. A Banach algebra is called weakly completely continuous (w.c.c.) if
each of its elements is w.c.c.
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If X is a Banach space, then every (norm-)closed subspace of X is weakly closed [4, p. 422,
Theorem 13). Thus every closed left (right) ideal of a Banach algebra is weakly closed.

For any subset S of a Banach algebra 4, let /(S) and r(S) be the left and right annihilators
of Sin A, respectively. A Banach algebra A is called dual if /(r(J)) = J and r({(R)) = R for
every closed left ideal J and every closed right ideal R of 4. An idempotent e in a Banach
algebra A is called minimal if ede is isomorphic to the complex field. If A is semisimple,
then e is a minimal idempotent if and only if e (e4) is a minimal left (right) ideal of A4 [10,
p. 46].

For any subset S of a Banach space X, let #(S) = {xeS:[|x| £1). If Sis a closed
subspace of X, then %(S) is a closed subset of X.

We shall need the following simple result.

LemMA 2.1. Let A be a semisimple Banach algebra and let e, and e, be minimal
idempotents in A. If e, Ae, # (0), then it is a one-dimensional algebra over the complex field.

Proof. Suppose that e;Ae, # (0). Then there exists an element ¢, x in A such that
e;xe;, #0. Since e Ae, is isomorphic to C and, by [10, p. 45, Lemma (2.1.8)], e;de, =
e, Ae xe,, it follows that e, Ae, is one-dimensional over C. It is easy to see that, if e;e, # 0,
then e, Ade, is isomorphic to C, and, if e, e, = 0, then it is a zero algebra, i.e., the product of
any two elements is zero.

3. B*-algebras with w.c.c. elements.

LemMA 3.1. Let A be a B*-algebra. Then every closed left (right) ideal of A that contains
a nonzero w.c.c. element contains a nonzero w.c.c. self-adjoint idempotent.

Proof. Let J be a closed left ideal of A that contains a nonzero w.c.c. element. Then J
contains a self-adjoint w.c.c. element a such that [a|| =1. We have |a*"||=1(n=0,1,
2,...). Consider the sequence S = {a* a*,...,a%,...} and let G(a) be the set of cluster
points of S, i.e., the set of points z such that every weak neighbourhood of each z contains
some a?" for arbitrarily large n. Since S is contained in the set {ax: xe%(4)} whose weak
closure is compact (a being w.c.c.), by [4, p. 430, Theorem 1], G(a) is not empty and every
subsequence of S contains a subsequence that converges weakly to an element of G(a).
Moreover, it is easy to see that, for every ze G(a), there is a subsequence of S that converges
weakly to z. In fact, let 36 G(@) and let E be the norm-closed linear span of S. Then, by
[7, p. 261, (5)], E' is w*-separable with countable dense subset {f,}, say. Hence we may select
a subsequence {x,,} of S such that

=D <; USSR,

Therefore, by the relative weak compactness of S, replacing {x,, } by a subsequence if necessary,
there is an element y of E such that {x, } converges weakly to y. Since {,} is dense in E’,
we must have y = z. Hence there is a subsequence of S that converges weakly to z.

To show that G(a) contains nonzero elements we argue as follows. Let M be the closed
*.subalgebra generated by a and let Q be the carrier space of M. Then M is isometrically
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*_isomorphic to Co(Q), the algebra of all continuous complex-valued functions on the locally
compact space Q vanishing at infinity. Let & be given, 0 <¢ <1. Then {$eQ:|¢(a)| = &}
is compact and hence there exists ¢,€Q such that |¢o(a)| = 1. Let fe A’ be an extension of
¢o to all of A with | f|| =| ¢o]. Then f(a*)=1(n=0,1,2,...). Hence G(a) contains
nonzero elements. Using the argument given in the proof of [2, p. 180, Theorem 4], we can
show that G(a) is a group. Let u be the identity of G(a). Then u # 0, u* = u and, since a* = a,
we also have u* = u. Since J is weakly closed, ueJ. Moreover, since the set of all w.c.c.
elements of 4 form a (norm-)closed and hence weakly closed two-sided ideal of A4, u is w.c.c.
A similar proof holds for a closed right ideal.

THEOREM 3.2. Let A be a commutative w.c.c. B*-algebra with identity. Then A is finite
dimensional.

Proof. Let Q be the carrier space of A. Then Q is a compact Hausdorff space and 4 is
isometrically *-isomorphic to C(Q), the algebra of continuous complex-valued functions on
Q. LetaeQandlet {G,} be the collection of all open neighbourhoods of a partially ordered by
inclusion. Then, for each «, there exists f,e C(Q) such that f,(a) =1, f, =0 off G, and
0 </, = 1. Since the identity is w.c.c., the net {f,} has a weak adherent point g. Considering
the point measures on 2, we see that the neighbourhood

{feCQ):|f(b)-gb)| <e} (beQ,e>0)

containsacofinalsubnet of {f,}. Ontakingb = a, thisgives g(a) = 1,and ontakingb # aitgives
g(b) = 0. Since ge C(Q), it follows that Q is discrete, and being compact it must be finite.
Hence A4 has a finite number of self-adjoint minimal idempotents e,, e,, ..., e,, say, and
e=e +e,+...+e, where e is the identity of A. Thus every xe A can be expressed in the
n
form x = Z e;x and, since each e; A is one-dimensional, it follows that A is finite dimensional.
=1

This completes the proof.

As a consequence of Theorem 3.2 we obtain the following result due to Ogasawara
[8, p. 362, Theorem 3}:

COROLLARY 3.3. Let A be a w.c.c. B*-algebra with identity. Then A is finite dimensional.

Proof. Let B be a maximal commutative *-subalgebra of 4. Then B is a commutative
w.c.c. B*-algebra with identity and hence, by Theorem 3.2, it is finite dimensional. Let
{es, €5, ...,¢,} be the set of all self-adjoint minimal idempotents in B. It is easily shown
that {e,, e,,...,€,} is a maximal orthogonal family of self-adjoint minimal idempotents in
A (see [9, p. 21]). Since e =e; +e,+...+e,, where e is the identity of 4, every xe 4 can be

written in the form x = ), ¢ xe;. Hence, by Lemma 2.1, 4 is finite dimensional.
ihj=1

COROLLARY 3.4. Let A be a B*-algebra. Then every closed left (right) ideal of A that
contains a nonzero w.c.c. element contains a self-adjoint minimal idempotent that is w.c.c.

Proof. Let J be a closed left ideal that contains a nonzero w.c.c. element. Then, by
Lemma 3.1, J contains a w.c.c. self-adjoint idempotent u # 0. Since B =udu is a w.c.c.
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B*-algebra with identity, it contains a self-adjoint minimal idempotent e by Corollary 3.3.
Since ede = euAue = eBe, it follows that e is also a self-adjoint minimal idempotent of A4;
clearly eeJ. A similar proof holds for a closed right ideal. This completes the proof.

We can also use Theorem 3.2 to prove the following result due to Sakai [11, p. 661,
Proposition 2].

THEOREM 3.5. Let A be a weakly sequentially complete B*-algebra. Then A is finite
dimensional.

Proof. We may clearly assume that 4 has identity. Let M be a maximal commutative
*-subalgebra of 4. Then M is weakly sequentially complete and isometrically *-isomorphic
to C(Q), the algebra of all continuous complex-valued functions on a compact Hausdorff
space Q. Hence, for each ae C(Q), the multiplication operator T, on C() is weakly compact
[4, p. 494, Theorem 6]. Thus M is w.c.c. and so, by Theorem 3.2, it is finite dimensional.
The proof of Corollary 3.3 now shows that A is finite dimensional.

4, Main theorem.
THEOREM 4.1. Let A be a B*-algebra. Then the following statements are equivalent:

(i) A is a dual algebra.
(ii) For every maximal modular left ideal M of A there exists a right identity modulo M
that is w.c.c.

Proof. (i)=(ii). If A isdual, then every maximal modular left ideal M = {x—xe: xe 4},
where e is a self-adjoint minimal idempotent. (See [1, p. 155, Theorem 1] and [10, p. 261,
Lemma (4.10.1)).) Now Ae is a minimal left ideal of 4 and the scalar-valued function (x, y)
given by (x, y)e = y*x (x, ye de), is an inner product on Ae with || x| =|x|o = (x, x)*/? for
all xeAde. Thus Ae is a Hilbert space and so %(A4e) is a weakly compact subset of Ae and
hence of A. Therefore every xe& Ae is w.c.c., and in particular e is w.c.c.

(ii)= (i). Suppose that (ii) holds. Let u be a right identity modulo the maximal modular

left ideal M and suppose that u is w.c.c. Since u # 0, Au # (0). Let J= {x—xu:xeA};
Jo M and J+Au=A. If MnAu = (0), then clearly M = J and Au is a minimal left ideal

and hence closed [10, p. 45-46]. Hence ue Au. As u—u’*e MnAu = (0), u*> = u, i.e., uis an
idempotent and so M is an annihilator ideal.

Now suppose that MnAu # (0). Then M contains nonzero w.c.c. elements and therefore,
by Corollary 3.4, M contains self-adjoint minimal idempotents. Let {e,} be a maximal
orthogonal family of self-adjoint minimal idempotents in M. Then, for any finite number of
elements e, , €,,, ..., ¢, from {e,}, u—u(e, +...+¢,) is a right identity modulo M. Let Q
be the set of all elements in A that are finite sums of elements from {e,}. Since u is w.c.c.
and the net Q < #(A4), uQ has a weak adherent point #’, say, and it is easy to show that u’
is unique. Since uQ is contained in M and M is weakly closed, u'e M. Hence u—u' # 0 and
is a right identity modulo M; moreover (u—u')e, = 0 for all «. Let J = cl(4(u—u')). Then
J#0and Je, =0 for all «. If JnM # (0), then JAM contains a self-adjoint minimal idem-
potent f and fe, = 0 for all a. As fe M, this means that {e,} is not a maximal orthogonal
family in M, a contradiction. Hence JAM = (0). It is now easy to conclude that u—u' is
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an idempotent, J = A(u—u’) and M = {x—x(u—u'): xe A} (see the paragraph above).
Hence, if (ii) holds, then every maximal modular left ideal of 4 has a nonzero right annihilator.
By the continuity of the involution, every maximal modular right ideal has a nonzero left
annihilator. Since every proper closed left (right) ideal is the intersection of all maximal
modular left (right) ideals containing it, 4 is an annihilator algebra and consequently, by
[1, p. 157, Corollary], 4 is dual.

COROLLARY 4.2. Let A be a B*-algebra. Then A is dual if and only if, for every maximal
modular left ideal M, there is a right identity modulo M that belongs to the closure of the socle
of A.

Proof. 1f A is dual, the proof of (i) = (ii) of Theorem 4.1 shows that, for every maximal
modular left ideal M, there is a right identity modulo M which belongs to the socle of A.
Since every element of the closure of the socle is w.c.c. the converse is an immediate
consequence of Theorem 4.1.

CoROLLARY 4.3. A B*-algebra A is dual if and only if it is w.c.c.

Proof. 1If A is dual, then the socle of A4 is dense [10, p. 100, Theorem (2.8.15)] and
consequently 4 is w.c.c. The converse is clear from Theorem 4.1.

COROLLARY 4.4, A B*-algebra A is dual if and only if its socle is dense.
For other proofs of Corollaries 4.3 and 4.4, see [9] and [6] respectively.
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