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Algebraicity of some Weil Hodge Classes
Kenji Koike

Abstract. 'We show that the Prym map for 4-th cyclic étale covers of curves of genus 4 is a dominant
morphism to a Shimura variety for a family of Abelian 6-folds of Weil type. According to the result of
Schoen, this implies algebraicity of Weil classes for this family.

1 Introduction

The Hodge conjecture is still open even for Abelian varieties. Because the conjecture
is true for all projective 3-folds, the first targets are 4-folds. In this dimension, we have
non-trivial examples of Hodge classes for special Abelian varieties that are called of
Weil type.

In [7] and [8], Schoen constructed algebraic cycles on generalized Prym varieties
for cyclic covers that give Weil classes, and he proved algebraicity of Weil classes for a
family of Abelian 6-folds of Weil type for k = Q.(1/—3) with some § by showing the
denseness of Prym varieties in the family.

This method works also for Weil 4-folds and 6-folds for Q(/—1) with § = 1. For
the 4-dimensional case, van Geemen gave another proofin [4].

In this note, we consider the 6-dimensional case. The problem is to show the
dominantness of the associated Prym map. We construct genus 13 curves Ci3 in
(IP')* that are invariant under a cyclic permutation o of factors of (P')*. So o acts on
C,3, and we show that this action is fixed point free. For the covering C,3 — Cy3/(0),
we compute the codifferential map of the Prym map explicitly.

2 The Prym Construction of Abelian Varieties of Weil Type

In this section, we explain our problem and state the main theorem.

Let us recall the definition of Abelian varieties of Weil type (see [3, 9]). Let A be
an Abelian 2n-fold (n > 2) with a polarization E and let ¢: k — End’(A) be an
inclusion of an imaginary quadratic field k = Q(v/—=d). We assume that

Then we say that A is of Weil type if the multiplicities of eigenvalues v/ —d and —v/—d
of the action of ¢(v/—d). on the tangent space TyA are equal to n. Then H,(A, Q)
has a structure of k-module and

H(x,y) = E(x,¢(vV=d).y) + V—dE(x, y)
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gives a Hermitian form on H; (A, Q) of the signature (#, n). The class § = det H mod
(k*)? gives an isogenus invariant, and we call this the discriminant of (A, E, ¢). For
these Abelian 2n-folds, Weil constructed a subspace

w(A) = \ H'(A, Q) C H""(4) N H*(4,Q)
k

of the Hodge classes (dimg W (A) = 2), and elements in W (A) are called Weil classes.
The special Munford-Tate group for a general A is a special unitary group of the
signature (1, n), and in this case we have

H™"(A) N H*(A,Q) = D"(A) & W(A),

where D*(A) is the subspace of classes generated by divisors. To prove the Hodge
conjecture, therefore, we need algebraic cycles that never come from divisors.

In special cases, the setting up of the problem is established in [7] (see also [4]).
We consider a curve Cy; of genus 13 which is a 4-th cyclic étale cover of a curve Cy
of genus 4. Then we have étale double cover C;3 — C; of a curve C; of genus 7 as
the intermediate cover. Let us consider the Prym variety P = Prym(C;3/C;) that
is the connected component of the kernel of the norm map Nm: J(C3) — J(C7)
including 0 € J(C;3). This is a principally polarized 6-dimensional Abelian variety.
The Galois group Gal(C13/C4) = 7,/47 acts on P, and P becomes Abelian variety of
Weil type for Q(y/—1) by this action. It is known that the discriminant § of P is 1
(see [4]), and the Weil classes W (P) are generated by algebraic cycles (see [7]).

Let M,3/4 be the moduli space of 4-th cyclic covers C;3 — C4 and A be the
moduli space of principally polarized Abelian varieties of dimension 6. Then we
have the Prym map

Pr:Myzs — He C As, {Ci3 — C; — Cy} — Prym(Ci3/C),

where JHg is the Shimura variety of dimension 9 given in [4]. Therefore the Weil
classes W(A) are generated by algebraic cycles for a general A € s if the image of
Pr is Zariski dense in Hs. Because the moduli space M3, is finite over the moduli
space My of genus 4 curves and dimMy = 9, it is enough to prove the dominantness
of Pr if we show that the differential (equivalently, the codifferential) of Pr at some
point of M3 /4 is an isomorphism.

Let us take Il = {X — Y — Z} € M3/, and the line bundle L on Z which gives
m: X — Z. Then we have the decomposition

Tewx = wz @ (W QL) @ (wz @ L*) @ (wy ® L).

Replacing moduli spaces by them with a level structure if necessary, cotangent spaces
at IT and at the intermediate Prym variety P of II are represented by

TyHe = (TpAg) Y9 = H'(Z,w; @ L) @ H'(Z,w; @ L),
TiMise = TyMy = H(Z, wz ® wy),
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and the codifferential map of Pr at Il is given the multiplication map
(1) pu: H(Z,w; ® L) @ H(Z,w; ® L*) — H*(Z,w; @ wy).
Now we state our result:

Theorem 2.1 There exists a 4-th cyclic étale cover m: X — Z of genus 4 curve Z such
that the multiplication map p in (1) is an isomorphism, and therefore the Prym map
Pr is dominant.

By the specialization argument in [7], we know that

Corollary 2.1 The Weil classes are generated by algebraic cycles for Abelian 6-folds of
Weil type for Q.(r/—1) with § = 1.

Remark 2.1 By the Proposition 10 in [8], we see that the Weil classes are generated
by algebraic cycles for all Abelian 4-folds of Weil type for Q.(v/—1).

3 Complete Intersections in (P')* and a Cyclic Permutation

In this section we construct a genus 13 curve C3 in (P!)* with a fixed point free
automorphism o of order 4, and we show that the natural projection C3 — Cy3/(0)
satisfies the required condition.

Let [so:s1] X [to:t1] X [x0:x1] X [y0: 1] be the coordinate of (P')*. For simplicity,
we denote this by (s, t, x, y) with s = s; /sy and so on. Let o be a cyclic permutation
(s,t,%,y) — (y,s,t,x) on (P)%. Then o acts on the vector space

V= HO((IP)1)4> ®?:IP?O]P’1(1)) = EB(CSitjxkyh iu j7 k7l S {07 1}7

where p;: (P1)* — P! is the i-th projection. Let V(«) be the eigenspace for the
eigenvalue . We have the following basis of V («v):

V): aj=s+t+x+y, ay=st+ix+xy+ys,
as = txy +sxy + sty + stx, ay; = sx+ty,
as = stxy, d¢ =1,

V(-1): by=s—t+x—y, by=st—tx+xy—ys,

2) by =txy —sxy +sty —stx, by =sx—1y,

V(@E): ¢ =s—it—x+iy, ¢ =st—itx—xy+iys,
€3 = txy — isxy — sty +istx,

V(—i): di=s+it—x—1iy, d,=st+itx—xy—iys,

ds = txy +isxy — sty — istx,
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where we identified a multi-homogeneous polynomial f € V with the polynomial
f/(sotoxoyo) in affine coordinates. Note that every element in V(1) is invariant also
for the involution

T (P = (P, (s,1,x,y) — (x,1,5,),
namely, they are invariant under the dihedral group G = (o, 7).

Lemma 3.1 The linear system V (1) gives a morphism p: (P1)* — F C P> of generic
degree 8, where F is the cubic hypersurface

(3) afa4 — a1azdy + agai — 4ayasae + a§a6 =0.
So the fiber ¢~ (P) of a generic point P € F is a G-orbit.
Proof The morphism
(P = P, (s,t,x,y) — [a:a; + as:a3:as:ag]

induces an isomorphism (P')*/S, — P* because they are the fundamental symmet-
ric polynomials. Hence V(1) has no base points, and ¢ is a finite morphism onto
the image. We can check that the a; s satisfy the above cubic equation, and that the
morphism F — P* is of generic degree 3. Now we see that ¢ is of degree 8 since
|S4] = 24. [ |

Lemma 3.2 Let C be a hyperelliptic curve of genus 4, and L be a non-trivial line bundle
such that L* = Oc. Then the associated map ,,.1: C — P? defined by H*(C, wc®L)
satisfies one of the following conditions.

(1) YuewL is a rational map to a conic in P2
(2) QuceL is a birational map.

Proof Because L is isomorphic to O¢(P; — P,) or to Oc(P; + P, — P; — Py) where
7(P;)’s are distinct blanch points of the double cover 7: C — P, it is enough if we
consider these two cases.

Let y* = f(x) be the equation of C and 7(P;) = \;. Then a basis of H*(C, wc®L)
is given by

dx dx dx
(x—X)—, =)=, x—X\)’—,
y y y

for L = O¢c(P; — P,), and this is the case (1) in the assertion. In the case of L =
Oc(P) + P, — P; — Py), we can take the following basis of H*(C, wc ® L)

e e A A
m=(x—A)x >\4)y, Mm = (x—A3)(x — Ay) yv 7’3*(x—>\1)(x—A2)'

Because 1, /1, = x — Aq and 13 /1 = g(x)y with a rational function g(x), we see that
el is birational in this case. ]
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Proposition 3.1 For general elements fi, f,, fs € V (1), the complete intersection f; =
f» = f5 = 0defines a smooth curve X of genus 13, and we have an isomorphism of vector
spaces

H'X,wx) 2V(1) / (CLaChaChH) & V(-1) & V() V(-i).

The cyclic permutation o acts on X without fixed point. Hence we have an étale cyclic
cover X — Y = X/{(0?) — Z = X/{0), and an isomorphism H*(Z,wz) = V(—1).
The genus 4 curve Z is not hyperelliptic.

Proof Because V(1) is base point free and the divisor given by a general f € V(1) is
reduced, the curve X = {f; = f, = f5 = 0} is smooth for general f1, f5, f € V(1).
By the Adjunction formula, we know that the restriction of V on X gives the canonical
class and the genus of X is 13.

Obviously o acts on X, and the fixed points of 0 on (IP!)* is

A ={(s,t,s5,t) € (P)*} = P! x PL.
The restriction of the basis of V(1) in (2) to A is given by

(4) ay = soto(sito + sot1), ax = sotosity, Az = siti(sitp + sot1),
2,2, 2,2 2.2 2,2
as = sty + sgty,  as = sity, s = Spty,

up to constant, with coordinates [sy : s;] X [fo : #;]. They have no base point and we
see that C N A = ¢ for general f’s.

Because V(—1) is the unique 4-dimensional eigenspace for the action of o, we
may identify V (—1) with H(Z, wy).

Now let L be the line bundle corresponding to 7: Y — Z. We see that

H(Z,w; @ L) 2 V(1)/(CHLECHLSCHH).

By Lemma (3.1), the image of ¢,,, g1 is a cubic curve E which is a section of F by
P? C P°, and this is not any case in Lemma (3.2). Therefore Z is not hyperelliptic.
|

Remark 3.1 We can check that the singular locus of F is 1-dimensional, and that
the section of F by a generic P* in IP° is a smooth cubic curve E. The Prym canonical
map @, is just the natural map Z — E = Z/(1), so our curve Z is bi-elliptic.

Let f1, f2, f5 and X be as in Proposition (3.1), 7: X — Z = X /(o) be the quotient
map and L be the line bundle on Z corresponding to 7. Because Z is not hyperelliptic,
the multiplication map

Sym2 H(Z,wy;) — HY(Z,w; @ wy)

is a surjection by Max Noether’s Theorem (see [1]). By Riemann-Roch Theorem, we
see that this map has the 1-dimensional kernel. We denote a generator of this kernel
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by Q, and we use the same symbol for the corresponding element in Sym?* V(—1).
Namely, we have isomorphisms

Sym?* V(—1)/CQ = H(Z,w; @ wy),
V(i) @ V(—i) 2 H(Z,w; @ L) @ H(Z,w; @ L*).

Therefore the map  in (1) defines the induced multiplication map
(5)  m: V(@) ®V(—i) — Sym* V(-1)/CQ, c¢®dwr cdmod (fi, f2, f+)

by the above identification. (The map m is well-defined only modulo f; = f, =
fs = 0.) Now the bijectivity of p is equivalent to the linear independence of
{Cidj}lgi,j§3 modulo f1 = fz = f3 =0.

Let us show the linear independence. First of all, we have the following quadric
equations (these are a part of the Segre relations, and we can check them with a

computer)
bf = af — 4aaq, b% = a% — 4(aya; — apay) + 16asag,
2 2
(6) b3 = a3 — 46[205, b1b3 = apdas — 26[2614, b1b4 = djag — 2a3a6,
bsby = —aszay +2a1as, b2 = a2 — 4asag,
and

Cldl = a% - 2&12616 - 4a4a6, C3d3 = a% - 2612615 - 4614615,
ody = a% — 2a1as + 2azay,
1 i
~(ads + ci3dy) = —ajaz + ayay + 8asas, = (c1ds — c3dy) = byby,
(7) 2 2
1
1—1

1
(c1dy —icydy) = ara; — 4asas, 155 (a1dy +icydy) = biby,
i

1 . —1 .
— (C2d3 + lC3d2) = —mpas +4a1a5, —— (C2d3 — 1C3d2) = bzbg,.
1+1 1+1

Without a loss of generality, we may assume that our equations fi = 0, f, = 0 and
f» = 0 are given by

) as = Alal +A2a2 +A3ﬂ3, ds = Bla1 + Bzaz + B3a3,
(8

ag = Cray + Chay + C3a3,

with coefficients A;, B;,C; € C. Substituting them, we can eliminate a4, as, ag in
equations in 6). Then each product b;b; in (6) is a linear combination of six elements

2 2 2
(9) ala a2, 03, ayay, aas, axas.
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Since there are seven elements in (6), we have a non-trivial linear relation of b;b;’s
in (6) which gives the unique vanishing quadric Q. Therefore a;a;’s in (9) and
b1b,, bybs, byby give a base of the vector space S'ym2 V(—1)/CQ (modulo equations
in (8)).

Now let us consider a base of the vector space V(i) ® V(—i) given in (7). Elimi-
nating a4, ds, dg, we obtain a vector equation v = M, where

1
1—1

. 1 1 :
Y= t(Cldl’ Qdy, csds, (ady —icydy), E(Cld3 +c3dy), m(t‘z% + ledz)) )

te2 20 2
o = (a17 a27 a37 aa, a1as3, 612613),

and M is a matrix of polynomials in A;, B;, C;. If we have det M # 0, we can conclude
that ¢;d;’s form a base of Sym? V(—1)/CQ, and we finish the proof of theorem.

Let us consider the case that all A;, B;,C; are 0. Then a; = a5 = a5 = 0, and
obviously we have det M = 1. Therefore det M is not identically zero as a polynomial
of A;, B;,C;.
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