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Abstract

We study the existence of solutions for a class of abstract impulsive differential equations. Our technical
framework allows us to study partial differential equations with impulsive conditions involving partial
derivatives and nonlinear expressions of the solution. Some applications to impulsive partial differential
equations are presented.
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1. introduction

In this paper we study the existence of solutions for abstract impulsive differential
equations of the form

u'(t) = Au(@) + f(t, u®)), t€(0,al,t#t,i=1,...,N, (1.1)
u(0) = xp € X, (1.2)
Au(t) = L(u(t)), i=1,...,N, (1.3)

where A : D(A) C X — X is the infinitesimal generator of an analytic semigroup of
bounded linear operators (7(¢));»o defined on a Banach space (X, || - ||]), xo € X, 0 <
1 <---<ty<a are fixed numbers, I; € C(X,,X) foralli=1,..., N, X, denotes the
domain of the a-fractional power of —A endowed with the graph norm [[(—A)®x]],
f:10,a] X X, — X is a suitable function and Au(t;) represents the jump of u(-) at ;
which is defined by Au(t;) = u(t) — u(t;).

The literature on abstract impulsive differential equations similar to (1.1)—(1.3) is
very extensive and considers different topics on the existence and qualitative properties
of solutions. Concerning general motivations, relevant developments and the current
status of the theory we refer the reader to [1-19, 21, 22] and the references therein.
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In comparison to the literature on abstract impulsive differential equations, the main
contribution of our paper is the type of function /; considered in (1.3). In this work
we assume that the maps I; are defined from X, into X, which permit the study of
partial differential equations with impulsive conditions involving partial derivatives
and nonlinear expressions of the solution (see the examples in the final section). It
is important to note that in [2, 5, 6, 9, 15, 21] some results are established on the
existence of X,-valued mild solutions for different classes of impulsive differential
equations. However, in these papers the maps /; are defined from X, into X,, and do
not permit the applications mentioned.

This paper has three sections. In Section 2 we study the existence of mild and
classical solutions for (1.1)—(1.3). To prove our results on the existence of a mild
solution (see Definition 2.2), we need to look at the singularity of the function
t= ||T(t = ) L;(u(t)lle at t =t,. To this end, we introduce a class of Banach spaces
with weight (denoted $C,(X,)) formed by piecewise continuous functions for which
SUPse(s, 1 (F = 1) |lu(®)ll, 18 finite. The existence and uniqueness of a mild solution via
the contraction mapping principle is established in Theorem 2.6. In the main result of
this paper (Theorem 2.13) we prove the existence of a mild solution via Schauder’s
fixed point criteria without assuming that the functions /; are compact. To prove this
theorem we use the approximation scheme of Fan and Li [8], but in the context of
the space PC,(X,). First, we study the solvability of a family of integral equations
(see equation (2.6)) which are a ‘good approximation’ of the integral equation used
to define the concept of mild solution of (1.1)—(1.3). In Theorem 2.9, we prove the
existence of a solution u,,, n € N, for (2.6) and in Lemmas 2.11 and 2.12 we establish
some compactness properties of the set {u, : n € N}. Finally, by proving the existence
of a convergent subsequence of (u,),en, in Theorem 2.13 we show the existence of
a mild solution for (1.1)—(1.3). We finish Section 2 by studying the existence of a
classical solution for (1.1)—(1.3). In the final section, some applications to partial
differential equations with impulsive terms involving partial derivatives and nonlinear
expressions of the solution are considered.

Next, we introduce some definitions, notation and results used in this work. Let
(Z, |- llz) and (W, ]| - |lw) be Banach spaces. We denote by L(Z, W) the space of
bounded linear operators from Z into W endowed with the norm of operators denoted
by || - ll zzw) and we write L(Z) and || - || zz) when Z = W. In addition, B)(z, Z) denotes
the closed ball with centre at z € Z and radius / in Z and for J C R we use the notation
C(J; Z) for the space formed by all the bounded continuous functions from J into Z
endowed with the uniform norm denoted by || - |lc(s.x). In this work, for a function
u:J— Xand [ CJ,the symbol u;, represents the restriction of u(-) to the set /.

In this paper, A : D(A) € X — X is the generator of an analytic semigroup (7°(¢))s>0
on (X, || - |) and we assume that O € p(A). From [20] we note that X,, is a Banach space,
X, = XgforO<f<y<oo, (—AYP’T(-) € C((0, 00), L(X)) and there is Cg > 0 such that
I(=AYT @)l gx) < Cpt ||| for all £ € (0, al.

In the remainder of this paper, @ € (0, 1), tp =0, ty+1 =a and 9; = (t;;; — ;) for all
i=0,...,N. To treat the impulsive conditions, we consider the space PC(X) formed
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by all the functions u : [0, a] — X such that u(-) is continuous at ¢ # #;, u(t;’) = u(t;) and
u(t) exists foralli=1, ..., N, endowed with the uniform norm denoted by || - [lpc(x)-
The notation PC,(X,) is used for the space formed by all the functions u : (0, a] — X,
such that W, € C((i, tin1]; Xo) and [Julla,i = Sup,e, 1., 1 (F — 1) [(=A) u(@)|| < oo for all
i=0,...,N, endowed with the norm ||ull, = max;=o1,_n llullo;. It is easy to see that
PC,(X,) is a Banach space.

For a function u € PC(X) and i €{0, 1,..., N}, we use the notation ii; for the
function i; € C([t;, t;+1]; X) given by

T = {u(t) fort € (t;, t;s1], (L4)

u(t’) fort=t.

If BC PC(X), we employ the notation E,- for the set E,- = {ii; : u € B}. We state without
proof the following Ascoli—Arzela type criteria.

Lemva 1.1. A set BCPC(X) is relatively compact in PC(X) if and only if B; is
relatively compact in C([t;, t;v1], X) forallie {1,...,N}.

Levma 1.2. Assume that K C PC(X,), the set {”hb,/,m 1u € K} is relatively compact
in C([D, tis1], Xq) for all b€ (8, tiy1] and each i =0, . .., N, and lim,};. sup,, . (t — ;)"
(=A)*u@®)||=0foralli=1,...,N. Then K is relatively compact in PC,(X,).

2. Existence of solutions

In this section we discuss the existence of solutions for the impulsive problem (1.1)—
(1.3). To begin, we introduce the following concepts of solution.

DermviTion 2.1. A function u € PC(X) is called a classical solution of the problem
(1.1)—(1.3) if Woso1 € C((tj, tjs1], Xy) forall j=0,..., N and u(-) satisfy (1.1)—(1.3).

DermntTION 2.2. A function u € PC(X) is called a mild solution of (1.1)—(1.3) if

u(t) =T({)xy + f T(t—s)f(s,u(s))ds+ Z Tt - t);(u(t)), Yrel0,al.
0

ti<t

To prove our results, we introduce the following conditions. Let ¢’ denote the
conjugate of a number ¢ > 1 (thatis, 1/g + 1/¢’ = 1) and take ¢’ = oo for g = 1.

H, The functions I; belong to C(X,; X) and there are nondecreasing functions
K, 2 [0, 00) = R* such that ||[;(x) — L) < K, (DII(-A)*(x — y)|| for all x,ye
B;(0, X,) and each [ > 0.

H, For all xeX, the function f(-, x) is strongly measurable on [0,a] and
f(t,-) € C(X,; X) for each 1 € [0, a]. There are g€ [1,1/a), my € Lq'([O, al;R")
and a nondecreasing function Wy e C([0, ); R*) such that [f(z, x)|| <
m(t)Wy([|(=A)*x]|) for all (¢, x) € [0, a] X X,.

H; The functions I; belong to C(X,; X) and there are nondecreasing functions
¢ : [0, 0) - R* and constants d; > 0 such that ||[;(x)|| < ¢;(D||(-A)*x|| + d; for
all x € B;(0, X,,) and every [ > 0.
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H,; The function f belongs to C([0,a] X X,; X) and there are ge[l, 1/a) and
a function Ky € L7 ([0, a]; R*) such that [|f(z, x) — f(z, V)| < KiOIN(-A)*x —
(=A)%y|| for all x, y € X, and every ¢ € [0, a].

To shorten the proof of our existence results, we consider some lemmas.

LemMma 2.3. Assume that & € C((0, ); R*) is nondecreasing, 9>0, g>1, ne
L7 ([0, a]; R) and the function T — £1(1/1) is integrable on [0, a]. Then

f’ n(0)é (%) e ga+l/q ||77||L4’([c,dj) (f(d_C)/z fq(ﬁ)dr)]/q
e d-1) T (I-ga)1 (d-c) \Jo v

forall0<c<d<a.

Proor. From the Holder inequality, we see that

d n(n)é (e - (L 1/q
f M dr < “r]”Lq'([c,d])(de §—T dT) ) 2.1

(d-71) (d—-c—-1)

On the other hand, for s € [0, a],

X % —ga s/2 s
o (sfq—(;)zm dTS(%) q fo fq(r%)d”fq((;a)LQ (s—dTr)qa

el (i

s s¢ /(1 - qa)
2qa /2 na Sy-qa /2 e

< — f fq( ﬁ)d‘r+ ©) ‘fq( ﬁ)d‘r,
59 Jo T (1 -qa) Jo s

from which we obtain that

(22)
T(l

s q (2 l+ga 5/2 a
(%) L2 q(z ﬁ)dT.
0o (s—1) s1°(1 — qa) Jo

Now, the assertion follows by combining (2.1) and (2.2). The proof is complete. O
LemMA 2.4. Assume that & € C((0, 00); RY) is nondecreasing, ne L7 ([0, al;R) for

some g > 1, the function T — &1(1/1%) is integrable on [0, a), u € PCy(X,) and t €
(tj, tjs1] for some je{l,..., N}. Then

" n()EUI(=A) u(s)I) Il o.0) 2e+1/4 fﬂ 2 ullq laq
fo i—sr DSy (N+(1—qa')1/‘1)( . "cq( 5 )ds) ‘
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Proor. By noting that [|(—A)*u(7) < ||ullo/(7 — ;)" and [[(=A)*u(@)|| < llullo/067, for
i€e{l,...,N}and 7 € (¢, t;y1], from Lemma 2.3 we have that

ft n()EI=A) u(s)I) J
S
0 (t—s)

t

i () lull, n(s) lleell
< ; ‘[,; (= S)af((s - ti)a)ds " 1 (t- s)ué:((s - tj)&)ds
J-1 tiv1—ti 1/
< (t _ltj)a ; ||77||Lq’([t,-,t[+1])(f0 fq(HZ(lv'a)ds) q

. 2a+l/q”n”L‘l'([t_,-,t]) (f(tt/)/Z é‘:(za“u“Q)d )l/q
— S
(t —1)(1 - ga)/a\Jy v

- ||n||qu([0’t])(N+ 20z+1/q )(fll f(%)ds)l/q
T AT AN ST ’

which completes the proof. ]

Remark 2.5. To abbreviate some formulas, in the remainder of this paper Q is the
constant Q := N + 2°+1/4/|1 — ga|'/4.

We can now establish our first result on the existence of a mild solution.

THEOREM 2.6. Assume that H,, H, are satisfied and there are r >0 and ® € (0, 1)
such that

N
A= ca(ﬁnf(-, Ollcoax + Z‘ ||1,~<0>||) <(1-oy, 2.3)

Zrtal/q—a/ N W],(é)

i=1

<0r. (2.4)

If ||xoll < (r(1 — ®) — A)/C,, then there exists a unique mild solution u € PCy(X,) of
(1.1)—(1.3).

Proor. LetI': PC,(X,) — PCo(X,) be the map defined by

Tu(t) = T(t)xo + f T(t—5)f(s,u(s))ds+ Z Tt —t);(u(t)), te€(,al.
0

<t

Next, we prove that the map I" is a contraction on B,(0, PC,(X,)). To begin, we show
that T" has values in B,(0, PC.,(X,)). Let u € B,(0, PC,(X,)). By using Lemma 2.4,
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for t € (¢, tj,1] we have that

C, T Kr(lulle "11f(Gs, Ol
~A)Tu(t)|| < — o | —————— o | T d
I=A)Tu(dll < kol + € fo ooy 3G | T ds
L kG IO
+Cy (el + 2
; (1= 1)*6, (t—1)
L Cllxoll N Ca”(](f“Lq'([O,[j])Q(‘f‘a 2‘10%(“)1/11
(t—1)) (t—1)~ 0 4

Ca(l _ tj)atl—a/
7
(= (- a)
c, /%G
s il + ),

i=1

7 G, Olleqo.arx)

so that

2aa1/q—a
|

L < , =
Il Collroll+ 1 i o @ oo

+

(Kl[(ﬁ)
ol + ||1,»<0)||),

Coa ]
B ',O al; Ca (
PG Olleqoar + Z]

from which

N
ITale < Callsll + O + Ca =117 Ollcqoan + ZI] 1)) < 7

and Tu € B,(0, PC,(X,)). Moreover, arguing as above, for u, v € B,(0, PCy(X,)),

ag4l/q-a N 7@,-(%)
Tt = Pl Co I3 g0 @ RO i = vl
i=1 -

which implies that |[Tu — I'v||, < O||lu — v||,. Thus, I" is a contraction and there exists a
unique fixed point v € B,(0, PC(Xy)) of T'(-).

Let u: [0, a] — X be defined by u(#) = v(¢) for t # 0 and u(0) = x¢. To complete the
proof, next we prove that u(-) is a mild solution of (1.1)—(1.3). It is easy to see that u(-)
is left continuous on [0, a] and that all the limits u(z) exist. Thus, it remains to show
that |[Tullpcx) is finite. To prove this, we note that for s € (¢;, 411,

; C Rl |
| W uoars | Lo dr+ [ urwoyar

ra'la-a
V(1 - gay'a

2.5)

<T:= ||7(f||Lll’([o,a +IfC, 0)||L1([0,a])-
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By using condition (2.4) and inequality (2.5), for ¢ € (¢}, t;+1] we see that

j_l liv] !

Ju(oll < Collsll + Co Y f I ulidr+ Co [ uldr
i=0 Yl I

J 'Kl(éa )r

+C()Z

i=

+Co Z AOI

Co
< Collxoll + CoNY + c.” +Co ; IL:(0)I],

which implies that |[u||lpcx) < co. The proof is complete. ]
Next, we establish some consequences of Theorem 2.6.

CoroLLARY 2.7. If the conditions H, Hy hold and

/
2agllg-a N Ko (5)
C(Q—’K / +1i - E = )<1,
A\ —qall/‘/” e qo.an lfgiu[)l - 57 )

then there exists a unique mild solution u € PCy(X,) of (1.1)—~(1.3). In particular, if
the functions Ky(-), Ki,(-) are bounded and C,QR% /|1 - qall/q)llﬂ(fllm([o,a]) <1,
then there exists a unique mild solution u € PCy(X,) for (1.1)—(1.3).

Proor. Let A be the number introduced in (2.3). From the assumption, we can select
numbers » > 0 and ® € (0, 1) such that

7@(6” )

204 1/g—a

Col @Kl o+ Z
l 1

A<(1-=0)r and |lxl| <(r(1 —=®)—A)/C,. Now, the assertion follows from
Theorem 2.6. o

)<®r,

Remark 2.8. It is convenient to include some comments on Theorem 2.6. The
assumption on the existence of 7 is a restriction, since under this condition the result
is only applicable for a initial condition in a neighbourhood of zero. However, this
restriction is natural and predicable for two reasons.

(a) Our abstract approach is designed to study partial differential equations with
impulsive conditions involving nonlinear expressions of the solution. Note that if
some of the functions /; are nonlinear and lim,_,, %,(s)s™ = oo for some y > 1
(respectively, lim_,o Kj.(s)s™" = oo for some y < 1), then (2.4) is not satisfied for
r large (respectively, small).

(b) To preserve the basic characteristic of the problem (the presence of impulses),
we need to establish the existence of a mild solution on an interval containing the
times #;. In problems without impulses, the dependence on r can be eliminated
by studying the existence of solutions local in time.
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To prove our main result (Theorem 2.13), we consider an approximation scheme
based on the solvability of the associated abstract integral equations

u(t) = T()xo + f T(t - $)f(s, u(s)) ds + T( )Z T(t - t)Lu(t)), neN. (2.6)

i<t

To begin, we study the existence of solutions for the integral equation (2.6).

THeEOREM 2.9. Assume that H, and Hj are satisfied, (T(t))0 is compact, the function
T W?(l/‘r‘l) is integrable on [0, a],

1" 1 Ve
: q _
I}g(r)l 72 £ll Lo (e e (fo Wf (s_") ds) =0

for all c €10, a), lim,_, ||mf||qu([d_h’d])(1/h“)(foh W}](l/s") ds)"4 = 0 uniformly for d
in compact subsets of (0, al, and there is r > 0 such that

cl-(&%)r

2% la = i1
ca(||x0||+Q||mf||L(,/([0,aD( foa Wf(s )ds) +COZ( o +d,-))Sr. @2.7)

i=1
Then, for all n € N, there exists a solution u, € B,(0, PC(X,)) (N PC(X) of (2.6).

Proor. For n € N, we define the map I, : PC,(X,) = PCo(X,) by

Tu(t) = T(H)x + f T(t = $)f(s, u(s)) ds+T( )ZT(t (L)),

i<t

Next, we prove that I';, is a condensing map on B,(0, PC,(X,)). To begin, we show
that I has values in B,(0, PC,(X,)). Let u € B,(0, PC,(X,)). From Lemma 2.4, for
te(t), tivl,

(=AY Tull < —IIXOII +Cq f Wf(II(—A)‘Iu(S)II)dS

( )rz
Cc,Co (CI(E)F
1 =1\ &,

C, Il 24 0.0 2 g
< BN L il o, ])Q(f” Wf( r)ds)
(t - l‘j)a (t - l‘j)a’ 0 s
ci(zr

C.Co < (
+ - +di),
(t— 1)) Z‘ o

+ d,)

and hence,
a 2@, 1/q
It < Ca(llxoll + ||mf||b,,([0ﬂ])a( f Wf(s—a)ds) ) 2.8)
0
i i)
i-1
+C,Co Z( ot di), (2.9)

which implies that [|[T;ull, < r and I'; B, (0, PCo(Xo)) € B0, PCo(Xa)).
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To show that the map I',, is completely continuous, we introduce the decomposition
[, =T+ T2+ 13 where I''u(t) = T(t)xo, [u(t) = fot T(t — 5)f(s, u(s)) ds and Cou(t) =
T(1/n) X<, T(t — t)I;(u(t;)). The continuity of the map I',(-) is proved by a standard
procedure. We divide the remainder of the proof into several steps. Next, we use the
notation I'' B, (0, PCy(Xy))(s) = {I"u(s) : u € B,(0, PC,(X,))}.

Step 1. For tj<c<d<tj, the set Use[c,d]lﬁBr(O, PCo(X))(s) is relatively
compact in X,.

Let tj <u <c. From Lemmas 2.3 and 2.4, for t € [c, d], u € B,(0, PC,(X,)) and
O<e<(c—w)/2,

- (s)) WA u(s)l) ds

e
0 A

P Ccy”mf“Lq’([O,u])Q(fa W (&)dT)”q
=TIy . (/J — l‘j)a/ 0 f T s

If (AT - 1) f(r,u(t)) ds

" omy(s) o
<c, fo e WA D ds

Ca2a+l/q 1 &/2 . 20, 1/q
< T—gapa "™ ”L"'W-&”)E(fo Wy (r_a) dT)

C02(1+1/q 1 (fs 2a, 1/q
<rgi= ———— Sup Ml e s — Wq( )d‘r) )
P T qall/q SEUBI] Il f||Lq ([s—¢,s]) s\ J, A

By noting that the above estimates are independent of f€[c,d], from the
decomposition

(—A)“qu(s) =T(g) fs_s(—A)“T(s —e—-1)f(r,u(r)) dr
0

+ fs (AT (s — 1) f (7, u(t)) dr

we infer that Ugejeq)(—=A)T?B,(0, PCo(Xa))(s) C T(g)B,, (0, X) + By, (0, X), which
proves the assertion since 7'(g)B,, (0, X) is compactin X and r, = 0 as £ — 0.

Step 2. T?B.(0,PCu(X,)) = {Tu:ucB.(0,PCyX,)} is an equicontinuous
subset of C([0, al; X,).

Let t € (0, a]. To begin, we assume that ¢ € (¢}, t;+1). Since T(-) € C((0, al, L(X))
and T?B,(0, PCy(X,))(?) is relatively compact in X, for given £>0 we can select
0 <6 < minft;,; —t} such that ||(T'(6) — I)x|| < & for every x € I?B,(0, PCo(X,))(t) and
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all 0 <@ < 6. Then, for 0 < h < ¢ and u € B,(0, PC,(X,)),
(=AY T?u(t + h) = (~A) " Tu(®)|
<IT(h) = D(=A)Tu(@®)| + IHh (AT +h—5)f(s, u(s)ll ds
< sup{l[(T(h) = D(=A)*T>v(1)]| : v € B0, PCal(Xo))}

e mp(s) ltllo
+CQI (t+h—s)“Wf((s—t)“)ds

Co2* M\mll e qrisny 1 (2 o 2°T 1/q
<e+ — wil=—\ds| ,
11— gal'/a he\Jo I\ s

which shows that (—=A)*T?B,(0, PC,(X,)) is right equicontinuous at 7.

We now show the left equicontinuity for the case where 7€ (¢;,1;,(]. Let t; <
{ < c <t By noting that the set Usem,,JFZBr(O, PCL(Xp))(s) is relatively compact in
X, (see Step 1), for £ >0 there exists 0 < < (¢ —u)/2 such that ||(T'(0) — Dx|| < ¢
for every x € Use[,,,,]l"zBr(O, PCo(Xy))(s) and all 0 <@ < 5. Then, for 0 < h <6 and
u € B,(0, PCo(X0)),

(=AY T?u(t — h) — (=A)*T*u(?)|
< |I(I = T(h) (=AY Tu(t - h)|| + f ) I(=A)T(t - )£ (s, u(s))l ds

—

< supf{ll( = T()(=A)'T*v(s)l| : 5 € [, 1], v € B0, PCa(Xa)))

Cmg(s) el
+Cy f . ( )ds
o (=9 (s = (= h)”
C, 2% L we(EY as)
<&+ m”mf”L‘/([t—h,t]:R)h_a( 0 Wf(s_a) ds) ’

which shows the left equicontinuity at z.

Step 3. For tj<c<d<tj, the set Usral2B,(0, PCo(Xa))(s) is relatively
compact in X,.

The case where j=0 is obvious. Assume that j>1 and let f;<u<c. For
u € B,(0,PC,(X,)) and s € [u, d] we see that

CaCo (il
=AY Tu(s)| < r* = ( it
(u—1p)” ,:21 0y

and hence, Uremd](—A)"Ff,Br(O, PC,(X))(1) C B+(0,X). Thus, for t€[c,d], ue
B,(0,PC.(X,))and 0 < e < (c — /2,

+ di),

(=A)T3u(t) = T(e)(~A)T3u(t — £) c T(e)B,-(0, X),

from which we infer that Uej.q)(=A)T3B.(0, PCo(Xa))(s) C T(e)B,(0, X). This
proves the assertion since 7' (g) is compact.
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Step 4. The set of functions I'B,(0, PCy(X,)) = {[3u:u e B0, PCo(X,))} is
equicontinuous at ¢ # t; and left equicontinuous ¢ = ¢; in the norm of X,.

The case ¢ € (0, 7] is trivial. Assume that 7 € (¢}, ;1) for some j>1. By using
the fact that (—A)?T3B,(0, PC,(X,))(?) is relatively compact in X, for £ > 0 we select
0 <6 <ty —t such that [|(T(6) — I)x]| < & for all x € (—A)°T3B,(0, PCy(X,))(?) and
every 0 < 8 < 6. Then, for u € B,.(0, PCy(X,)) and 0 < h < 6,

I(=A) T3u(t + h) — (A T3u@)|l = II(T(h) — D(=A)"Tu(t)|
< sup{(T(h) = (=AY T ()l : v € B0, PCo(Xa))}

<eg,

which shows that (—A)?T>B,(0, PC,(X,)) is right equicontinuous at ¢.

We now prove left equicontinuity for the case where 7€ (¢j,1;41]. Let ¢;<
u<c<t Since the set USE[,,,,](—A)"FZB,(O, PCo(Xy))(s) is relatively compact in
X, for £>0 we choose 0< 6 < (c—u)/2 such that [|[(T(0) —Dx||<e for all xe
Use[“’,](—A)“l"zB,(O, PCq(X,))(s) and each 0 <6< 6. Under these conditions, for
u€ B (0,PCy(Xy)and 0 < h < 6,

I(=A)T3u(t — h) = (A T2u@®|l = 1T = T(W)(=A) Tiu(t — h)|
< sup{ll(I = T (=AY T3 ()| : s € [, 1], v € BAO, PCo(X)))

<eg,

which proves the left equicontinuity at z. This completes the proof that
3 B,.(0, PC,(X,)) is equicontinuous at ¢ # f;.

Step 5. Forevery je{l,..., N}, lim,, (t - tj)”(—A)"l"zu(t) = 0 uniformly for u €
B,(0, PCo(Xy)).
For u € B.(0, PCo(X,)) and 1 € (¢, tj41),

ci((;(:] )r
P

a
61’—1

PRY] N
(- tyieartuols e, 3

7 +di),
(t- I+ r_z)a

i=1

which proves the assertion since (t —;,)*/(t —t; + 1/n)* - 0ast | ¢;.

From Steps 1-5 and Lemma 1.2 it follows that I', is completely continuous
from B,(0, PC,(X,)) into B,(0,PC,(X,)) and from Schauder’s fixed point criteria
there exists a fixed point v, of I',. Let u,:[0,a] — X be defined by u,(0) = x
and u,(t) = v,(¢) for t € (0, a]. It is easy to see that u,(-) is a solution of the integral
equation (2.6) and u(-) is continuous at zero. In order to prove that u, € PC(X), we
note that

tiv1 r 1/q
f LA, oDl 7 < 2 2 = gl g f wi(£)ar) (2.10)
t 0

i
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foralli€ {0, ..., N}. Using (2.10) and (2.7), for ¢ € (¢}, tj+1] it follows that

J liv1 ) J C,'((s%)r
(DIl < Collxoll + Co Y| f I, un()ll dt + C3 Z(é— + d,-)
i=0 Vi i=1 i1
Co
< Collxoll + CoNE + . 2.11)
which implies that |lu,llpcer < Co(llxoll + N + Cor/Cy) and u, € PC(X).  This
completes the proof. O

RemMark 2.10. In the remainder of this section, we always assume that the assumptions
in Theorem 2.9 are fulfilled. Next, for n € N we use the notation u, to represent a
given solution of the integral equation (2.6). For convenience, we rewrite the functions
y in the form u, = 33| u, where ul(r) = T(D)x0, u2(t) = [ T(t = $)f(s. un(5)) ds and
(1) = T(1/n) Ty T(t = 1)1t (8).

We now consider some properties of the set {u, : n € N}. The proof of Lemma 2.11
can be deduced from the proof of Theorem 2.9. We include it for completeness.

Lemma 2.11. If the assumptions in Theorem 2.9 are satisfied, then

(a) the set {ui, :i=1,2,3,neN} is bounded in PC(X) and {ui, :i=1,2,3,neN} C
B(0, PCo(Xy)),

(b) the set {u,zl :n € N} is relatively compact in C([0, al; X,),

(c) forjefl,...,N}andb€(tj,tj1], the set { :n € N} is relatively compact
in C([b. 17,11 X,).

I/l3
TAIRY

Proor. By noting that the number r in the statement of Theorem 2.9 is independent of
n €N, from (2.9) we infer that
letnllaj < Netgllaj + Neepller + N1ty L
a 2% /g
< Callll + Co@Umll o f wi( =) ds)
0

I ci(z)r
+C,Cy Z( 6‘2" +d,»),

i=1 i—1

which from condition (2.7) implies that {u :i=1,2,3, n€ N} C B.(0, PCo(X,)).
Moreover, since the estimates (2.10) and (2.11) are independent of n € N, from (2.11)
we have

2
2 0
lallpe(X) < llupllpeeo + lizllpco + lillpca < Collxoll + CoNE + .

[

where € := ||mf||qu([0‘a])(foa W}’.(r/‘rc') dr)'/4. This completes the proof of (a).
We now prove (b). Let I'> be the map introduced in the proof of Theorem 2.9.
From the estimate (2.9) we infer that I?B,(0, PCo(X,)) C B,(0, PCy(X,)), Which from
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Steps 1 and 2 permits us to conclude that I2B,(0, PC,(X,)) is relatively compact in
C([0, al; X,). Since the definition of I'? is independent of n, u? = I"*u, for all n € N
and {#2 : n € N} € B,(0, PC,(X,)), we have that {12 : n € N} ¢ T?B,(0, PC,(X,)) which
implies that {u,zl :n € N} is relatively compact in C([0, a]; X,). This proves (b).

We divide the proof of (c) into two steps.

Step 1. For b € (¢}, tj+1], the set {uf,(s) :n€N, selb,tj ]} is relatively compact
in X,.

Let t€[b,tj41] and 0 <& < (b —t¢;)/2. Since {u, : n € N} C B.(0, PCo(X,)), from
the definition of the norm in PCy(X,) we have that [lu,(s — D, < r/(s =P —1;)* <
w:=2%/[(b+1t;)* forall s € [b, tj;]. Using this fact, forn € N and t € [D, tj;],

(03 a 1 j
(A1) = TO)(-A) T(;) Z‘ Tt -0 — 1) 1:(u(t)
= T(ﬂ)(—A)aufl(l‘ -P) € T(ﬂ)Bﬂ(O, X),

which implies that {(—A)”ufl(s) :neN, selb,tj ]} c TWB,(0, X). This proves the
assertion since 7'(1#) is compact.

Step 2. For every b € (¢}, tj41], the set {ufl :n € N} is an equicontinuous subset of
C([b, tis1l; Xo).

Assume that ¢ € [b, t;;1). By using the fact that {(—A)“uﬁ(t) :n € N} is relatively
compact in X, for given € > 0 we select 0 < 6 < tj,; — ¢ such that [|T(s)x — T (s )xl| < &
for all x € {(—A)"u?l(t) :n €N} and every s, s’ € [0, a] with 0 <|s — 5’| <d. Then, for
O<h<dandneN,

(=AY (e + h) — (A w3 (D)l = (T (h) — DA D < &,

which shows that {u,3, : n € N} is right equicontinuous at t € [b, tj.1).

We now prove the left equicontinuity for the case where t € (b, t;.1]. Since the
set {(—A)"uf’l(s) :neN, se[(b+1;)/2,t;1} is relatively compact in X (see Step 1),
for £>0 there exists 0 <0 <(b—1t;)/2 such that ||(T(s)—Dxl|<e& for all xe¢
{(—A)“ufl(s) :neN, te[(b+1))/2,tj41]} and each 0 < s < 6. Then, for 0 </ < ¢ and
p € N it follows that

(=AY uy(t = B) = (=AY wy (D)l = I = T))(=A)up(t = h)|

< sup{u(l —T()) (A (s)|:n€eN, se [[%tf rj+1]} <e,

which proves that {i} : n € N} is left equicontinuous at ¢.
Finally, from Steps 1 and 2 it follows that {”ZIW. Gine N} is relatively compact in
A

C([D, tjs1], Xa). m
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In the next lemma, we use the notation introduced in (1.4).

Lemma 2.12. If the assumptions in Theorem 2.9 are fulfilled, then {u’:n €N} is
relatively compact in PC(X).

Proor. To prove this result, we use Lemma 1.1. From Lemma 2.11 we know

that {uﬁl, u, :i=1,2,3, neN}is bounded in PC(X) and {”ZIU,,. | :n € N} is relatively
s

compact in C([b, tj+1]; X) for every j and all b € (¢}, tj+1]. Thus, to complete the

proof it is sufficient to show that {(u;) ;:n €N} is right equicontinuous at 7; and

{(u;z)j(tj) : n € N} is relatively compact in X forall je{1,..., N}.

Let je{l,...,N}. From Lemma 2.11(b) and (c), the set P={u,(t;):i=1,
..., N,neN} is relatively compact in X, which implies that Q ={T(1/n)x:neN,
X€ Uf\; 1i(P)} is also relatively compact in X. In particular, there exists R >0 such
that Q c Bg(0, X).

Step 1. The set {(u;) j(tj) - n € N)} is relatively compact in X.
For p € N, we have that

j-1 j-1
— 1 1
), 6= 3, T =Tty + Tyt € 35 70, = 10By0.30 + 0,

i=1 i=1
and hence {(13) (1) : n € N)} € $01 T(¢; - 1))Bg(0, X) + Q. This proves the assertion
since the operators 7'(; — ;) are compact.

Step 2. The set {(u}) ;j - n € N)}is right equicontinuous at 7 = #; in the norm of X.
Since {(u)) j(tj) :n € N)} is relatively compact in X, for &> 0 there exists 0 <6 <

141 — 1; such that [[(T(s) - )xll < & for all x € {(1),(t;) : n € N)} and each 0 < s < 6.
Then, forO <h <dand p €N,

. . j | —
163 (1 + h) = ) (1)) = ”T(h) DT - n)T(;)b(u,,(ri)) — ) (1)
i=1

= T (k) — 1)) (1)

< sup (T (h) - D))l

<e,

which shows that {(x)) ;- n € N)}is right equicontinuous at # = ;.

From Steps 1 and 2 we infer that {(u,%)j:neN} is relatively compact in
C([t}, tj+1], X). This completes the proof. m|

We are now in a position to prove the main result of this work.

TueorEM 2.13. Suppose that the assumptions in Theorem 2.9 are fulfilled. Then there
exists a mild solution u € PC,(X,) of the impulsive problem (1.1)—(1.3).
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Proor. From Lemmas 2.11 and 2.12 there exist a subsequence (i, )icy Of (), and
u € PC(X) such that [ju,, — ullpcxy = 0 as i — oo and Uiy, g U in C([b, tji1], Xo)
for all j€{0,..., N} and every b € (¢}, tj,1]. Moreover, from Lemma 2.11 we know
that ( — 1)?||(=A)“u, (| < rforallneN, je€{0,..., N} and each 1 € (¢}, t;,1], which
implies that (f — #))*||(=A)*u(s)|| < r for all £ € (¢, t;41] and every j € {0, ..., N}. This
proves that u € B,(0, PC,(X,)). Finally, a standard application of the Lebesgue
dominated convergence theorem allows us to conclude that u(-) is a mild solution. O

Next, we consider two easy consequences of Theorem 2.13.

CoRrOLLARY 2.14. Assume that H, and Hs are satisfied, the semigroup (T(t))s0 is
compact and there are positive constants y € (0, 1/aq), w, ¢ i=1,...,N, such
that Wy(s) = s¥ and c,(s) = ¢;s* for all s >0 and every i=1,...,N. Suppose that
limy o ||mf||qu([d’d+h])h1/q‘“(7“) =0foralld € [0, a) and limy |ImfIILqr([C,h’c])hl/q‘“(y“)
= 0 uniformly for c in compact subsets of (0, a] and there is r > O such that

ey gllq-ay N oo gt
Col Il + QU o = st + €0 D 5y + ) <7
i=1 i—1

Then there exists a mild solution ue€ PCy(X,) of (1.1)—~(1.3). In particular, if
1/q — a(y + 1) >0 and r is as above, then there exits a mild solution u € PCy(Xy).

CoROLLARY 2.15. Assume that conditions H, and H3 are satisfied, there are constants
¢,i=1,...,N, such that c;(s) < ¢ foralli=1,...,N and each s > 0, the semigroup
(T(1))r0 is compact and the function T — W?(l/r") is integrable on [0, a]. Suppose,

in addition, that Timyyo [l ey /HS) WI/5?) ds)4 =0 for all ¢ €10, a),
. h
Ty 111l - (L /By WE(1/5%)) ds)'/4 = 0 for each d € (0, a] and

, 1 (% (2%  \4 Y&
Cam oy lim sup o fo wi(=F) as) +c0;6?_1 <1

Then there exists a mild solution u € PCo(X,) of (1.1)—~(1.3). In particular, if Wy(-)
is bounded and C,Cy Zﬁil i/ | <1, then there exits a mild solution u € PCy(X,) of
(1.1)—(1.3).

We complete this section by studying the existence of a classical solution. We
assume that the conditions in Theorem 2.6 are satisfied and that u € PC,(X,) is a mild
solution of (1.1)—(1.3). For completeness, we note that a function v € C([c, d]; X) is
called a classical solution of

w(t) = Aw() + €1, te(c,d], (€€ L (e, d]; X)) (2.12)
w(c) =z€X,

if v(¢) € D(A) for all 1 € (c, d], Av(-) is continuous on (c, d], v(c) = z and v(-) satisfies
the equation (2.12).
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In the following theorem we establish conditions under which the mild solution u(-)

of (1.1)—(1.3) is a classical solution.

ProposITION 2.16. Assume that there are 8 € (0, 1) and a function Ky € C([0, 00); R™)
such that

12, ) = fs, I < Kp (Dt = sF + I(=A)"x = (=A))),

forallt,se[0,a], x,y € B0, X,) and each [ > 0. Then u(-) is a classical solution.

Proor. To prove the assertion, we show that each function u; (see (1.4)) is a classical
solution of

Z(t)=Az(t) + f(t,2(0),  te€ ), tjnal,  z(t) = u(t)). (2.13)

To begin, we study the case j=0. Let a; € (0, #;). We affirm that u(a;) € X, for all
ue€(0,1). To prove our claim, we note that Uy o) € C(la1/2, t1], X,), which implies
that the function ||f(-, u(-))|| is bounded on [a;/2, #;]. Using this fact, for u € (0, 1) we

see that
a) a) !
—AWM < |[(-AWVT — — Jul — —-AWT - 2 d
(=AY utal < [|(-4) (al 2)”(2) + f =AY TG = ol de
WC (“_l)l—u
< a‘l‘ﬂ u(%) + CullfC uCDllear2.01:% 12—;1 ,

which shows ||(=A)*u(ay)l| is finite. This proves that u(a;) € X,,.

Let r1>0 and keN such that |lullcga/2n1x) <71 and = CoKp(ry) X
b'=/(1 —a) <1 where b= (t; —a;)/k. Under these conditions, for yu; € (a, 1), t€
[a1,a; + b)and h > 0 such that t + h € [ay, a; + b],

I(=A)"u(t + h) — (=A) u(@®)||
SN=A)T(E — an)(T (hular) — ula)ll

ai+h
" f =AY TG+ h— ) f(r u)] dr

ap

+ f =AY T (@ = DIIFT + by u(t + h) = f(z, u(m)ll dt

h
SIIT(l—al)Ilf; I(=A)"* T (0) (=AY u(a))l| dr

1+h d
+ Coll FC, uCDlleqarnx) f: m
" CoK
(t_—f;()r;)(;ﬁ + (A u(r + h) — (A u()||) dr
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dr
Tl+afy1

h
SC0C1+n—p1||(—A)"'M(al)||f
0

l-a

+ CollfC, M('))ll(?([a,,n];X)m

I-a TI(=A)u(t + h) — (~A) u(@)||
+C(ﬂ(f(rl)hﬁ la—a’ +Ca7(f(rl) f‘; uT(t_T)a o dr

1-a

b
<DiW* + Ca‘Kf(rl)l @ o I(=A)*u(r + h) = (=A) u(@)l,
= belar.b]

where pp; =min{u; —a,1 —a,B} and D; is a positive constant independent of
t€lay,a; +b]. From this inequality we infer that ||(—A)%u(t + h) — (—A)*u(?)|| <
D2 /(1 —¢) for all te(ay,a; +b], ueC”(aj,a; +bl;X,) and f(-,u(-)e
C*([ay, a; + b]; X). Now, from [20, Theorem 4.3.2] it follows that the mild solution
of the problem

7)) =Az(t) + f(t, w(t)), tela, a1 +bl, a))=u(a), (2.14)

is a classical solution and from the uniqueness of mild solutions of (2.14) we obtain
that u =w on [a;, a; + b], Au|(a],a1+h is continuous on (ap, b], u(t; + b) € D(A) and
| is a classical solution of

]

T
Z() = Az(0) + f(t, 2(1), 1€ [ar, a1 + D], z(a1) = u(ay).
Arguing as above, we can show that up, 4 4,+25] 1S a classical solution of
7(t) =Az(t) + f(t,2(1)), te(a)+Db,a; +2b], z(a) + b) =u(a; + b),

Aupg sbg, 4200 € C([ar + b, ay + 2b]; X) and u(a; + 2b) € D(A). Continuing this
procedure, we can prove that u(-) is a classical solution of

(0 =Az0) + f(t,2(0), 1€ (ar, n], za) = ua).
Since a; is arbitrary, from the above steps it follows that i, | is a classical solution of
(0 =Az0) + [, 2(1)),  1€(0,11],2(0) = xo.

Repeating the process described on each interval [¢}, 7;,,], we prove that u;(-) is a
classical solution of (1.1)—(1.3). This completes the proof. O

3. Applications

In this section, X = L*([0,7]) and A: D(A)c X — X is the operator given by
Ax =x" with domain D(A):={xeX:x" X, x(0)=x(r)=0}. It is well known
that A is the generator of an analytic, compact semigroup (7(f))»0 on X, and
A has discrete spectrum with eigenvalues —n?, n €N, and associated normalised
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eigenvectors z,(&) = (2/m)/? sin(n&). Moreover, the set of functions {z, : n € N} is
an orthonormal basis of X, T(Hx =), e‘"2’<x, Z0zn and || T(7) ||< e for all xe X
and every t>0. In addition, (-A)™'"2x= Y2, (1/n)x, z,)z, for x€ X, (~A)!/2x=
T 23z for x€ D((=A) ) = (x € X 1 22, n(x, z)2n € X}, [ (=AY 2l = 1
and || (=A)'2T (1) |I< %e"/zt_l/z for all 7 > 0.

To begin, we study the existence of solutions for the impulsive problem

2
a%w(t’ =5 2 Wt &) +uw(, §), (1,6 €[0,a]l X [0, 7], (3.1
w(t,0) = w(t,1) =0, 1€[0,al, (32)
w(0,8) = 2(6), £€l0,7], (3.3)
aw(t;, €) = Hi%w(ti, &, €€l0,nli=1,...,N, (3.4)

where 0 <t; <--- <ty <a, 6; are fixed real numbers, z€ X and u:[0,a] >R is a
suitable function.

To represent (3.1)—(3.4) in the abstract form (1.1)—-(1.3), we assume that u €
LY ([0, a]; R) for some g € [1, 2), where ¢’ denotes the conjugate of g (1/g + 1/q’ = 1).
We introduce the functions f: [0, a] X X — X and [; : X;,, — X given by f(¢, x)(§) =
u(Hx(€) and I;(x) = 6;(0x/d¢). 1t is easy to see that I; € L(X;,2, X) for all i and
there exists C >0 such that ||Ii||zx,,.x) < Cl6;| for all i=1,...,N. We also note
(2, Ol < me@W(II(-=A)*xI[) with m (1) = |u(@)| and Wy(s) = |s].

In the next result, we say that u € PC(X) is a mild solution (respectively, a classical
solution) of (3.1)—(3.4) if u(-) is a mild solution (respectively, a classical solution) of
the associated abstract problem (1.1)—(1.3). In this result, and in the remainder of this
section, Q := N + 21/2+1/a /|1 — g/2|'/4,

ProposiTioN 3.1. Assume that

1 (  V2a'a1/? 16
— (@l o +c§ )<t
5\ g b <€ 2

i=1 Yi-1

Then there exists a unique mild solution u € PC12(X,,2) of (3.1)—(3.4). If, in addition,
u € CP([0, al; R) for some B € (0, 1), then u(-) is a classical solution.

Proor. The existence of a mild solution u € PCy2(X],2) follows from Corollary 2.7. If
u € CP([0, a]; R), then the function f(-) satisfies the assumptions of Proposition 2.16
which implies that u(-) is a classical solution. O

Similar to the previous example, in the next problems we say that u € PC(X) is a
mild solution if u(-) is a mild solution of the associated problem (1.1)—(1.3). Consider
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the problem

%W(L &)= ;;2 w(t, &) + u@w, 1", (1, € €10, al x [0, 7], (3.5)
w(t,0) =w(t,7)=0, te]0,al], (3.6)
w(0,8) = z(&), &¢€[0,n], (3.7

ey, £) = @(%w(n-, o, £elo,n, (3.8)

where t;, 6;, u(-) are as above and y € (1,2). In Proposition 3.2 we establish the
existence of a mild solution for (3.5)—(3.8) via Corollary 2.15.

ProPOSITION 3.2. Assume that C Y% 6; 6_1/2 < 1, limyo lull e gm0 = 0 for
all d € 10, a) and limy, o ||ull s ([L_,u])h'/q “(V”) = 0 uniformly for ¢ in compact subsets
of (0, al. Then there exists a mild solution u € PC2(X\,2) of (3.5)—(3.8). In particular,
if ge(1,2/(y+1)) and C Zf\il 9,-61.__11/2 <1, then there exists a mild solution for
(3.5)—(3.8).

We finish this section by studying the existence of solutions for the problem

(9 2

Ew(t’ & = 2 ——w(t, &) +uwt, &), (@ &€ €[0,a]l x[0,n], 3.9
w(t,0)=w(t,7)=0, t€][0,a], (3.10)
w(0,8) =z, &€[0,n7], (3.11)

AW(li, f) = giw(tis f)lw(tls §)|7i, g € [O, 71'], (312)

where u, 6;, u are as above and y; € (0, 1) foralli=1,...,N

To treat this system, we define the functions /; : Xj,, — X by [;(x) = 6;x|x["". The
functions 7; are well defined and there exists C > 0 such that ||Z;x]| < C I"/||(—A)"/?x]|
for all x € By(0, X;/2) and every [ > 0. The next result follows from Theorem 2.6.

ProrosiTion 3.3. Assume that the above conditions are satisfied and there are r >0
and O € (0, 1) such that

\/Eal/q—l/Z O;rYi
6(QW|WHM ([0,a]) +C Z 6(y,+1)/2) <0.

If 11zl < V2r(1 — @), then there exists a unique mild solution of system (3.9)~(3.12).
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