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Relatively flat modules

Paul E. Bland

If (A1, B r ) , ( B \ C ) and (A, B), (B, C) are torsion-torsion

free theories on _M and Mff respectively which are generated

"by an idempotent ideal I of R , then M (. _.M is said to be
K

relatively flat if (•) ® Ji preserves short exact sequences

0->-L-^X->-N->-0 in MD with N € B . Several

characterizations of relatively flat modules are given and it is

shown that any module M € DM which is codivisible with respect
n

to (A1, B1) i s re la t ive ly f l a t . In addition, when (A1, B')

is hereditary, i t is proven that M € _M is re la t ive ly f la t if

and only i f MlIM i s a f la t i?/I-module. Final ly , a re la t ive ly

f la t dimension for M £ _M and a le f t global re la t ive ly f la t

dimension for H are defined and i t i s shown, again when

(A1, 8') i s hereditary, that the lef t global re la t ive ly f la t

dimension of R coincides with the le f t global f la t dimension of

R/I .

1 . Introduction

Throughout this paper R will denote an associative ring with

identity and our attention will be confined to the categories ffM and M

of unital left and right Z?-modules respectively. Our purpose is to study

relatively flat modules in the setting of torsion-torsion free theories

which are generated by an idempotent ideal of i? . The reader is referred

to [2], [5], and [7] for the general results and terminology on torsion

theories.
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3 7 6 P a u l E . B l a n d

If (A, 8) is a tors ion theory on M , then a r ight i?-module M i s
n

said to be divisible (codivisible) if given an exact sequence

0+L + X->-N->0 in M_, , where N is torsion (L is torsion free), the
n

induced map hom_(X, M) -*• homD(£, M) (homD(M, X) -*• hom_(M, N)) is an
n n v n n '

epimorphism. By taking X to be projective (injective), we see that M

is divisible (codivisible) if and only if extD(iV, M) = 0 for every
n

torsion module N [extAM, L) = 0 for every torsion free module L ) .

Divisible modules are due to Lambek [5] and codivisible modules were

introduced in [ / ] .

In [4], Jans calls a class 8 of modules in M_ a torsion-torsion

free class if B is closed under taking submodules, factors, extensions,

direct products and direct sums. By saying that 8 is closed under

extensions we mean that M 6 B whenever there is a submodule N of M

such that N and M/N are in 8 . For such a torsion-torsion free class

B there exist classes A and C of modules such that (A, B) and

(8, C) are torsion theories on MD . We shall refer to such a pair

(A, 8), (8, C) as a torsion-torsion free theory on M_ . Jans has also

shown [4, Corollary 2.2] that there is a one-to-one correspondence

J •«-»• B = {M | MI - 0} between idempotent ideals I of R and torsion-

torsion free classes B in M_ . Thus i t follows that:
H

(1) A = {M | MI = M] = [M I M ® RI ^ M) ;

(2) 8 = {A/ | MI = 0} = {M I M ® ^ 1 = o} ;

(3) C = {M I hom^CB, M) = 0 for a l l B € 8} ;

(U) A(W) = WJ for any M € M_ where A(M) denotes t h e t o r s i o n
XT

submodule of W with respect to (A, B) ;
(5) the idempotent f i l ter of right ideals of if associated with

(B, C) is given by

F(i?) = {K | K 3 J, X a right ideal of i?} .

Obviously, a given idempotent ideal I of R generates a torsion-torsion
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R e l a t i v e l y f l a t m o d u l e s 3 7 7

f r e e t h e o r y ( A 1 , B 1 ) , ( B 1 , C ) on JW and a t o r s i o n - t o r s i o n f r e e t h e o r y

(A, 8 ) , ( B , C) on MD . N o t i c e t h a t A'(R) = A(i?) = I . Th roughou t t h e

n

remainder of t h i s paper we w i l l suppose, un les s s t a t e d o the rwise , t h a t /

i s an idempotent i d e a l of R and t h a t (A1, B r ) , ( 8 ' , C ) and

(A, 8 ) , ( 8 , C) a r e as above. For M € Rtt or ttR , M* = homz(M, Q/Z)

w i l l denote t h e cha rac t e r module of M . Before beginning we record t h e

fac t t h a t many of t h e following d e f i n i t i o n s and theorems reduce t o

d e f i n i t i o n s and theorems of " c l a s s i c a l " homological a lgebra when 1 = 0 .

2. E - f l a t modules

If E i s the class of a l l short exact sequences Q+L+X+N+0

in M with N € B , then M € M i s said to be f l a t r e l a t i v e to E or

simply E-flat if (•) ® M preserves short exact sequences in E . I t i s

easy to see tha t M i s E-flat i f and only i f t o r AN, M) = 0 for a l l

N € B .

THEOREM 2 . 1 . The following are equivalent for any M € JW :

(1) M is E-flat;

(2) M* is divisible with respect to (B, C) ;

(3) K® ^M ^ KM oanonioally for eaeh K € F(i?) ;

(1+) if M^E/N where E is E-flat, then KE n N = KN for

each K

( 5 ) t o r ^ ( i ? / # , M) = 0 for all K € F(i?) .

P r o o f . We w i l l show ( l ) =» (5 ) =* ( 3 ) =* (2 ) =» ( l ) and t h e n ( l ) *=* (k).

(1 ) =» ( 5 ) i s o b v i o u s s i n c e i f K € F(i?) , t h e n R/K € 8 .

( 5 ) =» ( 3 ) . I f K € F(i?) , t h e n 0 -* K -^* R •+ R/K -»• 0 i s i n E and

so 0 = to r^ ( i ? / iC , « ) -»• K® ^4 -^U R ® ^ ±s e x a c t . Thus i f

<p : i? ® _W •+ M i s t h e c a n o n i c a l i s o m o r p h i s m , t h e n

K ® ^ ^ (p o ( 1 ® j ) (^ ® ^ = KM .

https://doi.org/10.1017/S0004972700024631 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700024631


378 PauI E. B l a n d

(3) °* ( 2 ) . If K ® jfd = AM canonical ly for each X € F(i?) , then

n n
K ® J4 •* M : £ fc. ® m. -»• £ fc.m. i s a monomorphism. Hence we have an

epimorphism hom^fl, M*) •* hom^K, M*) since (x ® ^t\ * = homR(K, M*) and

M* = homn(i?, W*) . Thus, i t follows from the Generalized Baer ' s Cr i ter ion
n

[ 3 , Propos i t ion 3.2] t h a t M* is d i v i s i b l e with respect to ( 8 , C) .

( 2 ) = > ( l ) . If 0 + L+X + N + O i s in E , then

0 - hom^U, M*) •* hom^U, M*) •*• homR(L, M*) ->• 0

i s exac t . Thus 0 •* {N ® RM)* ^ {x ® ^i) * •* [L ® ^ * -* 0 i s exact and so

O-+L®I^-+X®RM-*N®RM + 0 i s e x a c t .

F i n a l l y , l e t us show t h a t ( l ) *=" (k) .

(1) =* (U). For each K € (i?) , the exact sequence ff - i * ff -^* M -»• 0

where iV = ker cp and j i s the canonical in jec t ion y ie lds a commutative

diagram

^-^ K® RE

2

AS1 —2—•• m -* o ,

where ik and ^ ? a re t h e canonical isomorphisms given by (3) and

n n
B : KB -*• KM : £ k .x. •* Y. k ,<f[x.) . Hence

i=X ^ % i = l t 1

iQV = <J; o ( 1 ® J ) ( X ® ^ = i|< ( k e r ( l ® ip)) = k e r 6 = KE n N .

(U) =» (1). The exact sequence N -^-* E -^+ Af -> 0 yields, for each

X € F(i?) , a diagram
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K ® ^E 1®?' K ® ^d •* 0

• l

KE ——• KM •+ 0 ,

where t̂  and 9 a r e a s a b o v e . S i n c e KN = KE n N , KE/KN ^ KM .

N o t i c e a l s o t h a t s i n c e iK o ( l ® j)[K® JH) = KN , IJJ. i n d u c e s an

i s o m o r p h i s m , 1 l 9 t , . w i « . N\ = ™- . But

Hence we have an isomorphism ij> : Z 0 M̂ -»• JiM which can easi ly be shown

to be the canonical isomorphism. Thus (3) holds and so M i s E-flat .

In passing we note that if {M } (a € J) i s a family of modules in

DM , then ®M (a d I) i s E-flat if and only each M is E-flat . We

now need the following

LEMMA 2 . 2 . If M (. UR , then M € B if and only if M* € B1 .

Proof. If M € 8 , then MI = 0 and so i f xf € IM* , then

(x/)(m) = f{mx) = / (0) = 0 for each m € M . Thus xf = 0 and

consequently, IM* = 0 . Therefore M* € B1 . Conversely, suppose that

M* f B' -, then (A/*)* = M** € B . But M embeds in M** and so M € B

since B i s closed under submodules and isomorphic images.

In the proof of the following theorem if / : M -*• N i s an

i?-homomorphism, then f* will denote the .ff-homomorphism

N* + M* : g •+ g o / .

THEOREM 2 . 3 . I f M f ^ M i s a o d i v i s i b l e w i t h r e s p e c t t o ( A 1 , B r ) ,

then M is E-flat.

Proof. Let 0 -»• L -sL* X —>• N -»• 0 be in E and suppose t h a t

f : L -+ M* i s i ? - l i nea r . By t ak ing cha rac te r modules we ob ta in a

diagram
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380 Paul E. B l a n d

M

J.
M**

0 .». #* _^_ ) . ^ * _s2_). £ * -> o ,

where q> i s t h e canonical embedding M -*• M** : m -»• <p and

<p : A/* -»• Q/Z : h •* fc(m) . Since tf* € 81 (Lemma 2.2) and M i s

c o d i v i s i b l e with respec t t o (A1, 8') t h i s diagram can be completed

commutatively by an .ff-homomorphism g : M •*• X* .. Thus i f u, v , and w

a r e t h e canonical embeddings shown below, then we have a commutative

diagram

k

r
M*

But i f x € L , then
(<p* O f** O u)(x) = <P*[f**{ux)) = <p*(w O f*) = u O / * O (p ,

and so for m £ M ,

[u o f* o ip) (m) = u (<p ° / ) = (<p ° / ) (x ) = f(x){m) .

Thus cp* ° / ** ° u = f and therefore we have shown that A/* is divisible

with respect to (8, C) . Hence, by Theorem 2.1 , M is E-flat.

The following theorem relates E-flat modules to flat .ff/J-modules.

THEOREM 2 . 4 . If (A1, 8 ' ) is hereditary, then M € ^M is E-flat

if and only if M/IM is a flat R/I-module.

Proof. Suppose that M i s E-flat and l e t ip : C -*• M be an
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i?-epimorphism where C i s c o d i v i s i b l e wi th r e spec t t o (A1, 8 ' ) . I f

<p" : C/IC •* M/IM : x + IC •* <p(x) + IM i s t he induced i?/J-epimorphism and

N = ker ip , then ker cp = (N+IC)/IC . Hence, s ince C/IC i s a p r o t e c t i v e

i?/i-module [ 6 , Theorem 8 ] , t o show t h a t M/IM i s a f l a t i?/J-module i t

su f f i ce s t o show t h a t (N+IC)/IC n KC/IC c (KN+IC)/IC for any K € F(/f) .

Let x = n + IC Z (N+IC)/IC , n € N , and x = m + IC £ KC/IC , m € KC ;

then n - m Z IC <=_ KC and so n € KC . But, by Theorem 2 . 3 , ' C i s

E-f la t and t h e r e f o r e , by Theorem 2 . 1 , KC n N = KN . Hence n £ KN and

t h e r e f o r e a; € (KN+IC)/IC .

Conversely, suppose t h a t M/IM i s a f l a t i?/J-module and l e t

if : C -*• M and /V be as above. Let K € F(-ff) and suppose t h a t

x Z KC n N . Since a; € AT and x Z N ,

x + IC € (N+IC)/IC n KC/IC = {KN+IC)/IC .

If x + JC = !/ + T C , y £ KN <^_N , then x - y € JC n // . But (A ' , B')

i s h e r e d i t a r y and so IC n N = IN ^ KN . Thus i t follows t h a t x £ KN

and, by Theorem 2 . 1 , t h a t M i s E - f l a t .

COROLLARY 2 . 5 . If ( A r , B ' ) i s hereditary, then:

( 1 ) every module in A' i s E-flat;

(2) •£/ M € 8' , then M is flat if and only if M is E-flat;

(3) every M € _M is E-flat if and only if Ft/1 is a (von

Neumann) regular ring.

3. E - f l a t d imens ion

If M € JW , then we can build a codivisible resolution

of M where each C. i s c o d i v i s i b l e w i t h r e s p e c t t o ( A ' , 8 ' ) and

k e r a . € B' fo r i 2 0 . (No t i ce t h a t C. € B1 f o r t ? l s i n c e B1 i s

c l o s e d under e x t e n s i o n s . ) I n d e e d , i f ip : F ->• M i s t h e f r e e module on M

and X = ke r <p , t h e n F/IK i s c o d i v i s i b l e w i t h r e s p e c t t o ( A ' , B1) and

K/IK € B' . Thus we need o n l y s e t C = F/IK and l e t a b e t h e induced

mapping. Hence t h e r e s u l t f o l l o w s by i n d u c t i o n . C o n s e q u e n t l y , f o r any
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X £ M , we have a complex
ti

If tor (X, M) denotes the n-th homology group of th is sequence, then i t

i s easy to show that tor {X, M) i s independent of the part icular

codivisihle resolution selected for M and that tor (X, M) = X ® M .

Therefore if 0-+L+X-+N + 0 i s in E , then by tensoring th is into

(*) and taking homology we obtain an exact sequence

...-* tor^(L, M) ->• t o r ^ U , M) -> tor^(ff, M) •+ . . . •+ tor^(L, Af)

-»• tor^X, M) •+ torx(ff, M)+L®If4 + X®Ipl-+N®Ifl+0 .

Thus i f t o r ( • , W) - 0 for a l l « > 1 , then Af i s E - f l a t . To show t h e

converse we need t h e fol lowing lemmas.

LEMMA 3.1 . If (A1, 8 ' ) is hereditary and 0 -»• L - £ • Af - ^ N -»• 0 i s

eawct i n _M ̂  tTzew tTze induced sequence 0 •+• £/JL —̂ -+ Af/JAf -^-> jV/Jil? -»• 0

is exact in

Proof. I f J(x+IL) = f{x) + IM = 0 , then / ( x ) € IM . Hence

/ ( x ) € IM n / ( £ ) . But (A1, B') i s h e r e d i t a r y and so IM n / ( £ ) = If(L) .

n n
If f(x) = ^ k.f{y.) € Jf(L) , then a; - ^ k .y. € ker f = 0 . Thus

i=l t ^ i=l •̂  t

xi.IL and so / is a monomorphi sm. The proofs when im / = ker g and

g i s an epimorphism are similar and will therefore be omitted.

LEMMA 3 . 2 . If (A1, 8 ' ) is hereditary and 0-+L->-M-+N+0 is

exact in JJi with N H-flat, then M is E-flat if and only if L is

E-flat.

Proof. By the lemma above the induced sequence

0 -> L/IL •*• M/IM •* N/IN •* 0 i s exact. Now, by Theorem 2.k, N/IN i s a

f l a t i?/I-module and so, as i s well known, M/IM i s a f la t i?/J-module i f

and only i f L/IL i s a f l a t R/I-module. Hence the r e s u l t , again by
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Theorem 2 . U .

L E M M A 3 . 3 . I f ( A 1 , B ' ) i s h e r e d i t a r y a n d 0 + L + M + N - + 0 i s

e x a c t i n RM w i t h . N E - f l a t a n d 1 ( 8 ' , t h e n

O + i g j t + ^ j K f + ^ j I + O is exact for any X £ M .

Proof. Consider the commutative diagram

•+ 0

0 -* X/XI ® R ,-jL * X/XI ® R/JM/™ "* X/XI

where the columns and rows are exact, the maps being the obvious ones.

Notice that the bottom row is exact since N/IN i s a f la t i?/J-module.

Now £ 6 8' and so XI ® „£ = 0 . Hence X ® ̂  •* X/XI ® ^ / ^ i s an

isomorphism and from th i s one can see, by chasing around the diagram, that

X ® L ->- X ® J^ is an injection.

Now for the theorem.

THEOREM 3.4. If (A1, 8') i s hereditary, then to r^(« , M) = 0 /or

aZ-J n i l •£/ and only if M is E-flat.

Proof. We have a l r eady seen t h a t i f t o r ( • , M) = 0 for a l l n 2 1 ,

then M i s E - f l a t . Conversely, suppose t h a t M i s E- f l a t and l e t

...-* C •*•...+ C -*• M -*• 0 be a c o d i v i s i b l e r e s o l u t i o n of M with

respec t t o (A1, 8 ' ) . I f X € MD , then by applying Lemma 3 . 2 , Lemma 3 - 3 ,
n

and Theorem 2.3, it follows that ... •* X ® DC •+ ... ->Z(81
DC--»-X'®nM-»-0

is exact. Consequently, the result.

Suppose next that Q + L-+X-+N^>-0 is exact in _M and let

L i B' ; then, by using standard arguments, we can find a short exact
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sequence 0 -*• {C} -> {C } ->• {C") -»• 0 of codivisible resolutions of L, M ,

and N respectively. Thus for any M € M_ we have a commutative diagram

0 0

Notice that the columns are exact since each C". i s E-flat and C". f B'
•z- t -

f o r i 1 0 . Tak ing homology we o b t a i n an exac t sequence

. . . - » • t o r (M, L) •* tor {M, X) •+ t o r E ( M , iV) • * . . . - » • t o r^ (W, L)

-* tor^(M, T̂) -•• tor^(M, N) ^M®F[,+M®RX + M®irN + O

From this i t follows that M ® D( •) preserves short exact sequences
n

0+L+X + N->-0 in JA with L € B' i f and only i f t o r (M, • ) = 0

for a l l n - 1 . Hence we have

THEOREM 3.5. If (A1, 8') i s hereditary, then the following are

equivalent:

(1) tor = 0 for all n ?. 1 ;

(2) eyerj/ M € ^ i s E-flat;

(3) i / W f MD , ifterc W® _(•) preserves short exact sequences

O + L-!-^-)-iV^O in M with L (. 8' .

If U (. U , then we define the E-flat dimension of M to be the

smallest integer such that tor (• , M) = 0 . If E-fi(M) denotes the
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E-flat dimension of M , the l e f t global E-flat dimension of i? i s

l.gl.E-fd(i?) = sup{E-fd(M) | M d ^h) . The following theorem re la tes the

E-flat dimension of M € jM to the f la t dimension of the i?/J-module

M/IM . Let fd(M/IM) denote the f la t dimension of M/IM as an R/I-

module.

THEOREM 3 . 6 . If ( A \ B 1 ) is hereditary, then for any M € RU ,

E-fd(W) = fi(M/IM) .

an al %
P r o o f . I f . . . •* Cn —•*-* . . . -*• Cx -^-* C — ^ M •* 0 i s a

c o d i v i s i b l e r e s o l u t i o n o f M w i t h r e s p e c t t o ( A ' , B ' ) , t h e n t h e i n d u c e d

s e q u e n c e

. . . - Cn -1* . . . Cx - 1 * CQ/ICQ -£+ M/IM •* 0 ,

where a. = a. for i > 2 i s an i?/J-projective resolution of M/IM [6,

Theorem 8 ] . Hence i f E-fd(W) = k , then k is the smallest integer such

that "tor, (•, M) = 0 . Now i t i s easy to show that

tor , .n (AT, M) 3* tor . [x, im a,) for any X 6 M and so k i s the smallest

integer such that im a, i s E-flat . But (A1, B1) i s hereditary and

therefore im afe n IC = I im a, . Hence

im ak = (im t y - I C ^ ) /H^ * im afe/ (im afe n JCfe_x) = im afe/I im afc

and so, by Theorem 2.h, im a, i s a f la t i?/J-module. In fact , one can

show that k i s the smallest integer such that im ou is a f la t

fl/2-module. Therefore E-fd(M) = fi(M/IM) .

COROLLARY 3.7. If (A1, Br) is hereditary, then

l.gl.E-fd(if) = I.gl.fd(j?/J) .

In [ 6 ] , Rangaswamy has defined a codivisible dimension for modules in

J/i and a lef t global codivisible dimension for R with respect to any

hereditary torsion (A', B') on _M . Briefly, i f
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an %
. . . -»• C >- . . . •*• C . • M •*• 0 is a codivisitile resolution of M with

respect to (A1, B1) , then the codivisible dimension of M is the

smallest integer n such that im a i s codivisible. The l.gl.cod(i?)

(the left global codivisible dimension of R ) is then defined in the

obvious way. Rangaswamy has shown [6, Theorem lk~\ that the left global

codivisible dimension of R equals the left global homological dimension

of R/A'{R) where A'(-ff) is the torsion ideal of R with respect to

(A1, 8') . If E' i s the class of a l l short exact sequences

0 + L + X + N + O in M̂ with if f B1 and (A\ B') and (A, B) are

both hereditary, when viewing the obvious symmetry of our work we see that

l.gl.E-fd(i?) = r.gl.E-fd(fl) . Since the left global flat dimension of a

lef t noetherian ring coincides with i t s left global homological dimension,

we conclude with the following observation.

THEOREM 3.8. If (A', B1) is hereditary and. the left ideals in

F'(-ff) = {K I K ̂  J , K a left ideal of R} satisfy the asaending chain

condition, then l . g l . E-fd(i?) = l.gl.cod(i?) .
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