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Frobenius Distribution for Quotients of
Fermat Curves of Prime Exponent

Dedicated to Josep Grané on the occasion of his 70th birthday

Francesc Fité, Josep Gonzalez, and Joan-Carles Lario

Abstract. Let C denote the Fermat curve over Q of prime exponent €. The Jacobian Jac(€) of € splits
over Q as the product of Jacobians Jac(Cy ), 1 < k < £—2, where €, are curves obtained as quotients
of C by certain subgroups of automorphisms of C. It is well known that Jac(Cy) is the power of
an absolutely simple abelian variety By with complex multiplication. We call degenerate those pairs
(¢, k) for which By has degenerate CM type. For a non-degenerate pair (¢, k), we compute the
Sato-Tate group of Jac(Cy ), prove the generalized Sato-Tate Conjecture for it, and give an explicit
method to compute the moments and measures of the involved distributions. Regardless of whether
(&, k) is degenerate, we also obtain Frobenius equidistribution results for primes of certain residue
degrees in the £-th cyclotomic field. Key to our results is a detailed study of the rank of certain
generalized Demjanenko matrices.

1 Introduction

Both from the theoretical and the computational points of view, the problem of deter-
mining Frobenius distributions of low genus curves has attracted a growing interest
in the past years (see, for example, [KS09,Ser12,FKRS12,FS14]). In this paper, we con-
sider this problem for a family of curves of arbitrary high genus and that have simple
Jacobian in many cases. More concretely, for a prime € and an integer 1 < k < £ - 2,
we are concerned with the limiting distribution of the normalized Euler local factors
Ly(Ck, T//P) attached to the curves Cj defined by the affine equation

vl = u(u+ l)e_k_l.

% and may be obtained as quotients of the Fermat curve

€ : y® = x% + 1 by certain subgroups of automorphisms of C. One can in fact show
that the Jacobian of € decomposes up to isogeny over Q as the product

The curves Cj have genus

-2
Jac(C) ~q k]'_Il Jac(Cy).

It is also well known that the L-function of Jac(Cy) can be written in terms of Hecke
L-functions attached to Jacobi sums and that Jac(Cy) is the power of an absolutely
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simple abelian variety By with complex multiplication, say of dimension ry. This is
all recalled in the preliminary Section 2.

We now procced to describe the three main results of the paper. We say that a pair
(¢, k) is non-degenerate if the dimension of the Hodge group Hg(By) is maximal
(that is, equal to r). This is equivalent to saying that the CM-type of By is non-
degenerate (in the sense of Kubota) or that the determinant of the Demjanenko matrix
Dy does not vanish. The r x r; matrix D can be elementarily constructed, and has
been extensively studied in the literature (see, for example, [Haz90, SS95, Doh94]).

The generalized Sato-Tate Conjecture for Jac(Cy ) predicts the existence of a com-
pact real Lie group ST (Jac(Cx)) € USp(€ — 1), the Sato-Tate group, that determines
the limiting distribution of the normalized Euler local factors L,(Ck, T/\/p). The
main result in Section 3 is the computation of ST (Jac(Cy)) along with a proof of the
equidistribution predicted by the generalized Sato-Tate Conjecture (see Proposition
3.9, Conjecture 3.13, and Theorem 3.15).

Theorem 1.1 If (¢, k) is a non-degenerate pair, the generalized Sato-Tate Conjecture
holds for Jac(Cy).

The connected component of ST(Jac(Cy)) is a product of a certain number of
copies of the unitary group U(1). This is easy to deduce from the well-known structure
of Hg(Jac(Cy)). The main novelty concerning the computation of ST (Jac(Cy)) is the
description of its group of components. Abstractly, the group of components is simply
isomorphic to (Z/€Z)*. However, if one seeks to provide an explicit description of
the limiting distribution of L, (Cx, T/\/p), one needs to supply an explicit embedding
of ST(Jac(Cy)) inside USp(€ - 1).

Following Serre’s general strategy, our proof of equidistribution is based on the
nonvanishing of certain L-functions attached to the irreducible nontrivial representa-
tions of ST(Jac(€y)). Then, we apply a theorem of Hecke on the holomorphicity and
nonvanishing for 93(s) > 1 of the L-functions attached to unitarized nontrivial Hecke
characters. It should be mentioned that it is precisely the nonvanishing of det(Dy)
that ensures that the Hecke character involved in the proof, which is constructed by
means of Jacobi sums, is nontrivial. A proof of equidistribution for abelian varieties
with complex multiplication in general is certainly well known to the experts (see
Johansson [Joh13]). However, in our particular example, once one has an explicit de-
scription of ST (Jac(Cg)), one can show equidistribution in an elementary and very
explicit way, that we illustrate in Theorem 3.15.

Naturally, we call degenerate the pairs (¢, k) for which rk(Dy) < rg. Building on
several known results (see [Kub65,Gre80,Rib80]), we prove in the following theorem
Section 4 (see Theorem 4.10).

Theorem 1.2 A pair (€, k) is degenerate if and only if the following three conditions
hold:

(i)  kis not a primitive cubic root of unity modulo ¢;
(ii) ord(—k* - k) and ord(k) are odd, where ord means the order in (Z]€Z)*;
(iii) vs(ord(k)) > vs(ord(k? + k)), where v3 denotes the 3-adic valuation.
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In this case,
-1 2

dim( Hg(Jac(Cx))) = rk(Dy) = T(1— N—k),

where Ny = lem(ord(-k* - k), ord(k)).

The previous result has several consequences. As an example, one can deduce that
the rank of Dy, is “asymptotically non-degenerate”; that is,

k(D

lim K20
£—o0 Tk
1<k<-2

However, our interest in the previous theorem is motivated by the fact that it consti-
tutes the fundamental technical result for the discussion in Section 5. In that section,
we are concerned with limiting distributions when restricting to primes of a given
residue degree f in Q({,). With this in mind, for each divisor f of £ — 1, we define
a matrix Dy s, which may be seen as a generalization of Dy, and say that f is a non-
k-degenerate residue degree if det(Dy, ) # 0. We then achieve the following concrete
characterization. A divisor f of £ —11is non-k-degenerate if and only if it is odd and
either
(a) (¢, k) is non-degenerate, or
(b) (¢, k) is degenerate and f € Fy U F7.
Here, Jy (resp. F1) is the set of odd divisors of £—1such that v3(f) = v3(N;)-1and f
is a multiple of Ny /3 (resp. such that v3(f) > v3(N)). We say that f is k-degenerate
otherwise. Note that when (¢, k) is degenerate, there are still non-k-degenerate divi-
sors f of £—1. In Section 5, we develop a method to compute the limiting distribution
of L,(C, T//p) when restricting to primes p of any fixed non-k-degenerate residue
degree f in Q({,). This method is based on a detailed analysis of the local factors
of Jac(Cx) and works independently of the construction of ST(Jac(C)) (which we
recall that we are only able to achieve for non-degenerate pairs (¢, k)).

The rank of Dy, depends on the size 1y s of a certain subgroup Wy r of (Z/€Z)".
A comprehensive description of the subgroup Wy, ¢ will be given in Section 4. For the
purpose of stating our last main result, it will suffice for the moment to mention that

3f if kis a primitive cubic root of unity and v3(f) = 0,
ner=13f if (¢, k) is degenerate and f € Fo,
f  otherwise.

The following theorem is a combination of Corollary 5.3 and Theorem 5.5.
Theorem 1.3  Let p # € be a prime of residue degree f in Q({;). Then

(1+ T/ ED/f if f is even,
[T 1+ 5;(p) TS + T2 ) (eI f if f is non-k-degenerate,

i=1

Ly(Ck, T/\/P) :{

where s;(p) € [-2,2] and ry 5 = (£ —1)/(2ny,5). Moreover, in the case that f is non-
k-degenerate, the sequence {(si(p),---5r,,(P))}p, where p # € runs over the set of
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primes of residue degree f in Q({,), is equidistributed over [ -2, 2]/ |&
to the measure

rey With respect

rﬁfl dx,-
i1 7T\/4—xiz)

denotes the symmetric group on ry s letters.

where &,,

The case of even f is easy and well known (see [GR78, Lemma 1.1]). The proof for
the case of non-k-degenerate f relies again on the result of Hecke mentioned above.
Now, the nontriviality of the Hecke character appearing in the core of the proof is
ensured by the nonvanishing of the determinant of the matrix Dy ¢. In Section 6,
examples and numerical data are shown. Tables 2 and 3 compare the theoretical mo-
ments with the moment statistics up to 2% for the first trace of L,(Cy, T//p) for a
few choices of (¢, k).

Notation and conventions Throughout the article, we will write {, for a primitive
¢-th root of unity, F := Q({,), G := (Z/€Z)*, and g for a generator of G. Also, for
a € G or a a rational number with denominator coprime to ¢, the symbol (a) € Z
will denote the unique representative of a modulo ¢ between 0 and £ —1 (to avoid any
potential confusion, {(a) should not be thought of as the subgroup of of G generated
by a). We will use left exponential notation for Galois actions. We will identify G and
Gal(F/Q) via the isomorphism

G — Gal(F/Q),  t+—oa;,  where®({;) = (L.

Any number field will K be assumed to belong to a fixed algebraic closure Q of Q,
and we will write G := Gal(Q/K) for its absolute Galois group. We will refer to the
prime ideals of the ring of integers O of a number field K, simply as primes of K. For
an algebraic variety X defined over a number field K and an extension L/K, we will
denote by X, the base change of X to L. For an abelian variety A over K and a prime
ideal p of K of good reduction for A, we will let

2dim(A)
Ly(A,T)= ] Q-aT)
i=1

denote the local factor of A at p, that is the polynomial with the defining property that
for each positive integer n

2dim(A)

[A(Fgn)| = l} (1-a),

where g = Np is the norm of p.

2 Preliminaries

Fix a prime € > 3. Let us denote by C the Fermat curve over Q defined as the projective
closure of the affine curve y¢ = x*+1. It is well known that the curve C has genus (egl),

https://doi.org/10.4153/CJM-2015-028-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-028-x

Frobenius Distribution for Quotients of Fermat Curves of Prime Exponent 365

good reduction at all primes p # ¢, and no singular points. Moreover, the set

-1
w; = x;i dx,

for2<i<€-1landl < j<i-1isa basis of the Q-vector space of regular differ-
entials Qf /o In this section we will recall results concerning the decomposition of
the Jacobian of € over Q. We will particularize a result of [KR78] to the case of prime
exponent ¢ that completely characterizes the absolutely simple factors of this decom-
position. Then we will introduce the Hecke characters that describe the L-functions
attached to these simple factors.

2.1 Decomposing the Jacobian of a Fermat Curve

Proposition 2.1 For every integer k such that 1 < k < € — 2 we denote by Cy the
normalization of the projective closure of the affine curve given by the equation

vE = u(u+1)0% 1

(i)  The morphism my: C — Ci defined by the assignment

(x,y) — () = (% x y )

has degree ¢.
(i) Let Ay be the Gal(F/Q)-stable subgroup of automorphisms of C generated by yy,

k+1

where yy is defined by the assignment (x, y) = (x {;*, y (¢). The curve Cy is the

. . .-l
quotient curve of C by Ay and its genus is —-.

(i) Jac(@) is isogenous over Q to the abelian variety [15_3 Jac(Cy).

Proof Since y; has order € and 7y o y; = 7y, it follows that C; ~ €/Aj. Due to the
fact that Ay is Gal(F/Q)-stable, the isomorphism between both curves is defined over
Q. The automorphism y; has no fixed points, and, thus, 774 is unramified. By applying
Hurwitz’s formula, we deduce that the genus of Cy is equal to (£ —1)/2, yielding (ii).

It can be checked that 7} (Q{?k /@) = (Qp /Q)Ak is the space generated by the dif-
ferentials w; j, where

(2.) 2<i<e-1, 1<j<i-1, (k+1)-j=i (mod¢),
and hence we obtain that
-1
Qtjq = kE_BZﬂZ(Qlek/@)’
and (iii) follows. [ |
For r,s > 1 with r + s < £ — 1, define the set H, ; and the group V, ; as
H.s:={jeG|(rj)+(sj) < £}, Visi={weG|wH,s=H,}.
Remark 2.2 Observe that H, s = tH(yy), (15) forany t € G.

Theorem 2.3 (see [KR78, Theorem 1],[ST61]) Forl<k <€ -2, we have
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(i) TJac(Cy) ~p Blkv""l, where By, is a simple abelian variety defined over F of dimen-

sion ﬁ with CM by the fixed subfield FV** and CM type equal to Hy 1/ Vi 1;

(i) Jac(Ck) ~r Jac(Cyr) if and only if we have an equality of sets Hy 1 = Hys 1.
(iii) H,s = Hp o ifand only if {r,s,€ —r—s} = {(#), (tr"), (=t(+' + "))} for some
teG.

Remark 2.4 The previous theorem is stated in [KR78] in terms of abelian varieties
Ay defined by certain lattices Ly ;. To see that Ay ; and Jac(Cy ) coincide we refer the
reader to the Appendix of Rohrlich in [Gro78].

Let S and T be the permutations of the set of indices {1,..., € -2} € Z defined by
T(k) := (k_—fl) and S(T) := (1), and let M be the group of permutations generated
by S and T, which is isomorphic to the dihedral group of six elements. The orbit of k

under the action of M is

-1 k-1 -k 1
M(k) = {Mk) [ MM} = {k () (=) (o) R - (1))
For € > 3, this set has generically six elements, except when k € {£ -2,1, (£ -1)/2},in
which case M(k) = {€-2,1,(£-1)/2}, or k is a primitive cubic root of unity modulo
¢, in which case M(k) = {k, £ -k - 1}.

Lemma 2.5 Forl<k, k' <¢-2, the following statements are equivalent:

i) Gk ~0 Chr.

(i) Jac(Ck) ~p Jac(Cx/).

(iii) k" e M(k).

In particular, for € > 3, there are exactly (€ +5)/6 or (€ +1)/6 isogeny classes among
the jacobians of the € — 2 curves Cy. depending on whether £ =1 (mod 3) or not.

Proof Itis obvious that (i) implies (ii). It is a straightforward computation to see that
{1, k,-k-1} = {(t), (¢tk’), (—t(k"+1)) } for some t € G ifand only if k" € M(k), and
then use (ii) and (iii) of Theorem 2.3. To see that (iii) implies (i), let A, g € Autgy(C)
be the automorphisms defined by the assignments

A (x,y) = (=p,=x),  pi (%, p) — (1/x, y/x).
Since

~(k
V(fk/+(113+1)) odloyr=1 and Yécl/k) CUOYK =W

it follows that A (resp. p) induces an isomorphism between C(_i/(+1)) (resp. C(i/x))
and Cy defined over Q. Thus, € (k) and Cy are isomorphic over Q for all M € M(k).
|

For1< k < € -2, set My := Hyy and Wy := V}; in order to simplify notation. Let
ny denote the cardinality of Wj. Note that we have

My ={jeG[(kj)+(j) <€} ={jeG|(j)<((k+Dj)},

(2.2)
Wi ={w e G| wMy = My}.
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Remark 2.6 Observe that the previous description of My, together with the con-
ditions in (2.1), shows that
x(j)_l . .
wji= de with je My

is a basis of m; (Qg, /o)

Lemma 2.7 (see [KR78, Theorem 2]) Forl < k < € — 2, we have that ny is 1 or 3.
Moreover, ny, = 3 if and only if k is a primitive cubic root of unity modulo €. In this case,
we have that Wy, = {1, k,-k -1} € G.

Proof We will show that for 1 < k < € — 2, the cardinality of Vj ; is 1 or 3. Suppose
that w # 1lies in Vj;; that is, wHj; = Hy,;. Note that by Remark 2.2 this means
that Hyyg,,, = Hk,1. We will show that both w and k are primitive cubic roots of unity
modulo ¢. By Theorem 2.3(iii), we have

Lk, €~k =1} = { (w), (wk), (~w(k +1))}.

Therefore, either w = k (mod ) or w = —k —1 (mod £). Suppose first that w = k
(mod ¢). Then
{Lw, e—w—1} = {{w), (w?), (-w* —w)}.

Then either 1 = w? (mod €) or1= -w —w? (mod ¢). The first option is impossible
since it implies that w = -1 (mod ¢), and thus k +1 = 0 (mod ¢), which is a con-
tradiction. Thus, w? + w +1=0 (mod ¢) as desired. The case w = ~k —1 (mod ¢)
is completely analogous. Conversely, assume that k is a primitive cubic root of unity.
We want to see that if j € My, then also kj € M. This follows from

(kj) + (k) = (kj) + (= (k +1)j) = (kj) + €= (kj) - (j) < &. n

Remark 2.8 We can now show that By may be taken as the Jacobian of a curve
defined over Q. Assume that k is a primitive cubic root of unity modulo ¢ (otherwise
ny = 1, and there is nothing to prove). Let t € Z be such that 1 + k + k? = ¢t. The
automorphism v := g o A of € (A and p as in the proof of Lemma 2.5) induces an
automorphism of Cj of order 3 with two fixed points, which is explicitly given by the
assignment
(u,v) (_L” (_1)k—lka).
u u

Hurwitz’s formula shows that the genus of the quotient curve of Cy by the sub-
group generated by v has genus % Although By can be taken over (), the isogeny
Jac(Cy) ~r B} does not come from an isogeny defined over Q. Indeed, Theorem 1.3
shows that the local factor of Cy at a prime of residue degree £ — 1 in F cannot be a
cube.

2.2 Hecke Characters Attached to the Quotient Curves C;

For a prime p in F not lying over € and x € F}, with F, := Op/p, let y,(x) € F*
be the only ¢-th root of unity satisfying the condition 7(,(x)) = xNP~D/¢, where
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m: O — Iy is the residue map. Then, y,,:Fj; — F” is a character of I}, of order £ that
we extend to [, by defining x,,(0) := 0. Let Ir(¢) stand for the set of all fractional
ideals of Of coprime to £. Then for any a € G and 1 < k < € — 2, consider the map
J(ka,a): Ir(€£) - C*, defined on prime ideals p of Ir(€) by

J(ka,a) (P) == ZF: X (W) xp (v + )%,

p

and extended to any ideal of Iz (£) by the rule

](ku,a) (Clb) = ](ka,a) (a)](ka,a) (b)

If 6, € Gal(F/Q) and p is a prime ideal in Ir(£), then the following properties are
satisfied

(2.3) Ot(](ka,u)(p)) = ](ka,u)(gtp)’ Ut(](ka,a)(p)) :](tka,tk)(p)’
](ku,a) (p)OF =11 oajilp-
jeMy

It is easy to check the first equality, and the second and third are [Wei52, equalities
(11) and (9)], respectively (see also [Sti90]). Weil [Wei52] showed that [k q) is a
Gréssencharakter of infinity type aM;' := {(aj ') | j € My} and modulus £Op; that
is,
(24)  Jkaya)(aOp) = T] "' (a) forall a € F* with @ =* 1 (mod £2).!

jeM

Later Hasse [Has55] showed that the conductor of J(x4,4) is (1~ (¢)OF or (1~ {e)*Op
depending on whether ¥ 57, j " is zero or not modulo £. The weight of J(x,,4) is 1,
since exactly one of j and —j belongs to aM;", and thus J xa,4) (0) ] (ka,a) (@) = Na for
every a € Ir(£). Moreover, for a prime ¢’, the ¢’-adic rational Tate module of Jac(Cy),
simply denoted V;(Cy), admits a decomposition of Gg-modules

Ver(Ck) = D Vikara)s
aecG

where V(4 4) is a 1-dimensional Q,-vector space, on which the action of an arith-
metic Frobenius Froby, atp + €€’ is by multiplication of J 4,4 (p) (see Deligne [Del82,
§7] for a general result on the decomposition of the middle étale cohomology group
of a Fermat hypersurface). In terms of L-functions, this amounts to saying that

J a,a) (P -1
L((€)r>5) = [T LUkaayss)s  where L{Jkaay5) = [1(1- “‘N—)f)) :
acG pte p

Remark 2.9 'This may also be seen as a consequence of the theory of complex mul-
tiplication, which predicts that the reflex CM type M;" of Jac(Cy ) coincides with the
infinity type of the Hecke character attached to its L-function.

Lemma 2.10  For any a € G, one has
L((Gk)F’S) = L(](ka,a)’s)e_l’ L(ek)s) = L(](ka,a)’s)'

For «, B € F* and an ideal m € OF, we write & =%  (mod m) if a and f8 are multiplicatively
congruent modulo m, that is, if v(«/B — 1) > v(m) for every discrete valuation v of F.
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Proof By (2.3), we have that for every rational prime p

HH(l—W)_IZH I (I_M)“

plp teG plp 0€Gal(F/Q) (N7p)*
-(¢-1)
_ 1—[(1_ ](ka,a)s(p)) ’
plp Np

from which the first assertion follows. For the second, note that from the Artin for-
malism we get the equality

L((Ck)E,s) = I1 L(]ac(@k)®)(,s).

xGal(F/Q)—~C*

Therefore, it is enough to show that L(Jac(Cx) ® x,s) = L(Jac(Cy), s) for every char-
acter y: Gal(F/Q) — C*, or equivalently, that V(Cx) ® y = Vi (Cy) as Gg-modules.
For this last isomorphism it is enough to show that

Tr Ve/(Gk)(Frobp) =0

for every prime p + €and p # 1 (mod ¢), or equivalently that [C,(F,)| = p +1 for
every such prime. But it is clear that

Cevl =u(u+1)1

has exactly p affine points defined over IF, if p # 1 (mod ¢), since in this case ex-
ponentiation by £ is an isomorphism of 'y, and then every value of u € I, uniquely
determines the value of v € IF,,. ]

3 The Generalized Sato-Tate Conjecture for Jac(Cy)

In Section 2, we have seen that Jac(Cy) decomposes over F as B}*, where By is an
abelian variety with complex multiplication by Fy = F"r and primitive CM type
equal to My / Wy. The results of this section, will hold for pairs (¢, k) such that My / Wy
is non-degenerate, notion that we will now recall.

Definition 3.1 Forke{l,...,£-2}and for a € G, define

E ( ) 0 ifaeMk,
a) =
k 1 ifa¢ M.

The generalized k-Demjanenko matrix is defined as Dy := (Ex(-c'a) - %)C)QEMk/Wk'
We will denote the size of Dy by ry := % (recall that ny = |Wy]).

The notion of rank of My /W was first introduced by Kubota [Kub65]. It is by
definition the rank of @} (Z[G/W;]), where

OGZ[G/Wi] » ZIG/Wi],  @([al)= > [b7'[a]l= 3 Ex(-c"'a)[c].

beMy /Wy ceG/ Wy

Note that ®} is well defined precisely because W is the subgroup of G fixing M.
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Remark 3.2 Write X(Tp,) := Z[G/ W] for the character group of the torus T,
defined by F;. We may see ®}: X (T, ) - X(Tr,) as a map between character groups
induced by a map ®y: Tr, — Tp, between algebraic tori (see [Rib80]).

Lemma 3.3 (see [Kub65, Lemmal]) The rank of My /Wy is equal to rk(Dy) + L.

Proof Let A = (Ex(—c'a)),,qec/w, denote the matrix of ®; in the basis My /Wy U
M_i/Wy. If we write U for the ry x r; matrix whose entries are all ones, we obtain

Ao Dy +3U 1U-Dy . Dy+3iU JU-Dy
IU-Dy Dx+3U U U

Di+3U U Dy, U -
U 2U 0 2U)
We say that My / Wy is non-degenerate if its rank is ry + 1; equivalently, if rk(Dy ) is
maximal, that is, if Dy has determinant distinct from zero, we say that the pair (¢, k)

is non-degenerate if My /Wy is non-degenerate, and we say that € is non-degenerate
if (¢, k) is non-degenerate for every 1 < k < € - 2.

Remark 3.4 For example, the degenerate primes ¢ with 3 < € < 400 are
67, 127, 139, 151, 157, 163, 199, 211, 223, 271, 277, 283, 307, 331, 367, 379, 397.

Observe that Theorem 1.2 implies that any prime € = 2 (mod 3) is non-degenerate.
Lenstra and Stark noticed that every sufficiently large prime £ =7 (mod 12) is degen-
erate (see [Gre80, p. 354]). In fact, every prime € = 7 (mod 12) distinct from 7 and
19 is degenerate (see [FS16] for this and also for an answer to the question concerning
the proportion of 1 < k < € — 2 for which (¢, k) is degenerate).

We refer the reader to Section 4 for a more explicit characterization of the degen-
erate pairs (k, ¢).

3.1 The Algebraic Sato-Tate Group of Jac(Cy)

Let us start by fixing some notation. Set

(09 (o)

For any m > 1, the symplectic group Sp,,,, /Q is taken with respect to the symplectic
form given by the block matrix J := diag(J,,.™., J>). We have a diagonal embedding

IngSPay, = SPe_y> tn, (A) = diag(A, "k, A).

Recall that Jac(Cx) ~p B}*. Let us write Ay := Jac(Cy) to shorten notation. For a
prime ¢', let

p: Gy —> Aut(Ver(4))
denote the £'-adic representation attached to A. Write Gp = p(Gg) and let G5
denote its Zariski closure. Let G}_,, := Ggr N Sp,_; and let G}’,Zar be its Zariski closure.
One may also obtain G}’,Z‘“ as G%,‘“ N Sp,_; (see [BKI5, §2]).
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The algebraic Sato-Tate Conjecture for Ay predicts the existence of an algebraic
subgroup AST(Ay) of Sp,_, /Q, called the algebraic Sato—Tate group of Ay, such that

G,/ = AST(Ay) ®g Qp
for every prime £’ (see [FKRS12, §2.2]). We now recall the definition of the twisted
Lefschetz group, which we will denote by TL(Ay ). For 7 € Gy, set
L(Ax)(7) ={yeSp, , |yay™ = 1(a) forall a € End((Ax)g) ® Q},

where «a is seen as an endomorphism of H;((Ax)c, Q). Then one defines

TL(AY) = U L(AL)(D).

TGGQ

Lemma 3.5  Suppose that (¢, k) is a non-degenerate pair. The algebraic Sato-Tate
Conjecture holds for Ay with AST(Ay) = TL(Ag).

Proof We will apply [FKRSI12, Theorem 2.16.(a)]. It is thus enough to show that
Hg(Ax) = L(Ay), and that the Mumford-Tate Conjecture? holds for A;. Here,
Hg(Ay) denotes the Hodge group of Ay and L(Ay) is the Lefschetz group, which
is (L(Ax)(id))° by definition. Deligne [Del82, IProp. 6.2] showed that Gy**"° ¢
Hg(Ax) ®gQp for every prime ¢'. Moreover, one has the inclusion Hg(Ax) € L(Ag)
(see [BK15, Rem. 4.3]). We will prove the two required facts simultaneously by show-
ing that the inclusions

(3.1 G}?,’Zar,o c Hg(Ak) ®Q Q¢ L(Ak) ®Q Qpr

are in fact equalities. It is well known that if the first inclusion is an equality for one
prime, then it is so for every prime (see [Tan96]). The same is obviously true for the
second inclusion. Since the objects of the chain of inclusions (3.1) do not depend on
base change by finite extensions, we can replace Ay by its base change (A )r to F.
But then we can write (3.1) as

lnk(GZ’,ZM’O(Bk)) c lnk(Hg(Bk) ®Q Qg') c lnk(L(Bk) ®Q Qel) ,
and it thus suffices to show that the inclusions
Gz,’Zar,O(Bk) c Hg(Bk) ®Q Qe < L(Bk) ®Q Qe

are in fact equalities for some prime ¢’. Since By is simple and has non-degenerate
CM type, the results of [BGK03] yield

Gp™*(By) = {diag(xl’)’h oo Xr ) | %is yi € Qs xayr = oo = xrk)’rk}
for every prime ¢’ of good reduction for Ay, that splits completely in F. This implies
(3.2) Gp*"°(By) =
{ diag(x1, Y15+ - o> %> ¥ ) | X5 yi € QpruXiys =+ = Xy, = 1}

2The Mumford-Tate Conjecture for abelian varieties with CM is known in general, s it follows from
the work of Shimura and Taniyama (see Ribet’s review on [Ser68]). The recent expository article [Yul5]
gives a detailed proof.
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To compute L(By) ®g Qp, observe that any matrix commuting with any f «
End(H;((Bk)c,Q)) (as in Lemma 3.6, for example) must be diagonal. Imposing that
it preserves J, we deduce that

_ 1 1 i}
L(Bk) ®g Qe = {dmg(xl, x—l,...,xrk, x—) | x; € @e'}>

Tk

yielding the desired equality. |

Lemma 3.6 Let a:Cy — Cy be the automorphism defined by a(u,v) = (u, {pv).
It induces an endomorphism of Hy((Ax)c,Q) that we also denote by a. Then f3 :=
Swew, "« is an endomorphism of Hi((Bx)c,Q) and there exist symplectic basis of
Hi1((Ax)c,C) and Hi((By)c, C) (with respect to J) for which

o =diag({0:}icq, . cy),  p=diag({ ¥ "o}

,,,,, : e-1 )’
2 we Wy ie{l,..., Z"k}

where, if g is a generator of G, then

i =g oo
o {{cf,ce b gl e M,
P =g i o
{Ce. G5} ifg ¢ My
Proof According to Remark 2.6, fix the basis

x<j>71 i
B:= a)j::mdeeMk

of n,’;(Qék/Q). Since a*(w;) = {Jw;j, we have that the matrix of a* in the basis
B is diag({(} | j € Mi}). The lemma follows from taking the symplectic basis of
Hi((Ag)c,C) corresponding to B and the symplectic basis of H;((Bx)c,C) corre-
sponding to {w; | j € My/Wi}. [ |

Corollary 3.7  The group of components of Gy**" and AST(Ay) are isomorphic to
Gal(F/Q). The connected component AST(Ay)° is isomorphic to AST((A)r).

Proof This follows from Lemma 3.5 (see [FKRS12, Prop. 2.17]). [ |

3.2 The Sato-Tate Group of Jac(Cy)
Proposition 3.8 If (¢, k) is a non-degenerate pair, then
ST(Jac(Cx)r) = {tnk(diag(ul,ﬁl, v Ups U )) | UL Uy € U(l)} cUSp(¢-1).

Proof Let ¢’ be a prime and Qp — C an embedding. By definition, ST(Jac(Cx)F)
is a maximal compact subgroup of
AST((Ak)r) ®g C ~ AST(Ax)° ®g C ~ G &g

But it follows immediately from (3.2) that one can take

{tnk(diag(ul,ﬂl, .. ,u,k,ﬁrk))\ Ulyeoos Uy, € U(l)}

C.

o/
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as such a maximal compact subgroup. ]

Proposition 3.9  Suppose that (€, k) is a non-degenerate pair. Then
ST(Jac(Ck)) =~ U(1)x & x U(1) » (Z/Z)*.
More precisely, if g is a generator of G, let

0, 0 ... 0 0

0 0 T 0 0
Y=lo o o Tes 0|

0 0 0 0 Te

b 0 0 0 0

where
poo B g gl e My org gt ¢ My,
") ifgh gt e My or—gil gt € My.

Then, as a subgroup of USp(€ — 1), the group ST(Jac(Cy)) is conjugate to the group
generated by ST(Jac((Cy)F)) and y.

Proof Let g, be a generator of Gal(F/Q). By Proposition 3.8 and Corollary 3.7, it
suffices to prove that:

(i) yeST(Jac(Ck));

(i) p¢! e ST(Jac((Cx)r)) but p? ¢ ST(Jac((Cx)r)) for any proper divisor d of
¢-1

For (i) it is enough to check that y € L(Ax)(0g), but this is true, since one easily

checks that

(for this observe that J>( 4 2)J;' = (% 2)). We now show (ii). It is obvious that if
y? € ST(Jac((Ck)r)), then £ divides d. It is easily checked that

where Ny := |{j € My |gj ¢ M}|. The condition yT ¢ ST(Jac((Cx)r)) follows from
N being an odd integer (note that g is not a quadratic residue modulo £ and then
apply Lemma 3.10). This also implies

ye! = diag((~L)™e, 7. (-L)™¢) = ~Ioy € ST(Jac((Ci)r)). n

Lemma 3.10 (Gauss Lemma) Leta € G and write N, := |{j € My | aj ¢ My}| Then

ree(2)
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Proof Consider the product

. =1 .
. k= = .
(3.3) V4 [[aj=a7 []jeG

JEMy jEMy

For j € G, define

, i oifje My,
|l = e
if j ¢ M.

Observe that {|aj|x} jem, = M. Then by definition of N, we have

(3.4) Zi = (=)™ [T lajle = (-1 T j.

JjEMy JEMy

By comparing (3.3) and (3.4), we obtain (~1)N« = a = (%) [ |

As in [FKRS12, Prop. 2.17]), Lemma 3.5 and Proposition 3.9 yield the next result.

Corollary 3.11  Let E/Q be a subextension of F/Q and let o4 be a generator of
Gal(F/E) for some0 < i < £-2. Then ST (Jac((Cyx)g)) is generated by ST (Jac((Cx)r))
and y'.

3.3 Equidistribution Statements

Our next goal is to prove the generalized Sato-Tate Conjecture for Jac(Cy ), roughly
speaking, the equidistribution of the Frobenius conjugacy classes on ST (Jac(Cx))
with respect to its Haar measure.

Let us first recall the paradigm of Serre to prove results of equidistribution. Let G be
a compact group and let X be the set of its conjugacy classes. Let P denote an infinite
subset of the set of primes of a number field, and let {p; };>1 be an ordering by norm
of P (there are in principle many such orderings, but equidistribution statements do
not depend of fixing a particular one). Assume an assignment A:p € P - x,, € X is
given. If p: § - GL, (C) is a representation of G, write

La(p,s)=]] det(l—p(xp)Np_S)_l.

peP

Theorem 3.12 ([Ser68, p. I-23]) Assume that for every irreducible nontrivial repre-
sentation p of G the Euler product L4 (p,s) converges for R(s) > 1 and extends to a
holomorphic and nonvanishing function for R(s) > 1. Then the sequence {xy, }i»1 is
equidistributed over X with respect to the projection on X of the Haar measure of G.

Returning to our case, let E/Q be a subextension of F/Q. Denote by G the group
ST(Jac(Cx)E) and let X be the set of conjugacy classes of Gg. For g a prime of E,
we define a conjugacy class x,, of G using the isomorphism G ~ G x Gal(F/E).
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Indeed, set

. di ](kal,al)(p) ](kul,al)(ﬁ)
Xp = | tn, 1ag( N UNg

](ka, N )(p) ](ka, Ay )(E) )
P , bk ,Frob, | € X,
VNp VNp ) i

where ay, ... a,, is a complete system of representatives of My /Wy, and p is a prime
of F lying over p.* Now let {p;};»1 be an ordering by norm of the set of primes of
good reduction for (Cy)g. Define the assignment

Ap{pition— Xg,  pi— %,

Conjecture 3.13 (Generalized Sato-Tate) The sequence xg := {Xy, }i»1 is equidis-
tributed on Xg with respect to the image on Xg of the Haar measure of Gg.

3.4 Equidistribution Over Q({,)

Theorem 3.14  Assume that (¢, k) is non-degenerate. The sequence xp := {xp, }i»1 is
equidistributed on XF; i.e., Conjecture 3.13 holds for Jac(Cx ) .

Proof Note that the group G is isomorphic to U(1)x ., x U(1). The irreducible
representations of U(1)x .. x U(1) are the characters

Tk
(B35)  Poynt, U)X L xUD) —C*, Py g, (215000520) =[] 20

i=1

where by, ..., b, € Z. By Theorem 3.12, we have to prove that for any by,..., b, € Z,
not all of them zero, the L-function

- ](kal,m)(pi)bl ~--](ka,k,u,k)(¥3i)b"‘ Np=* -
\/N—pib1+~~+b,k b

is holomorphic and nonvanishing for 93(s) > 1. But, up to a finite number of local
Euler factors, this is just the L-function L('Y, s) of the unitarized Gréssencharakter

VY= ](kul,al)( ’ )bl c ](ka,k,a,k)( ) )b'k .

\/mbﬁ---»ﬂark

By unitarized we mean that it takes values in U(1) ¢ C* and not just in C*. Hecke
[Hec20] showed that the L-function of a nontrivial unitarized Grossencharakter is
holomorphic and nonvanishing for 9R(s) > 1. Therefore, it only remains to prove that
the Grossencharakter ¥ is nontrivial. Suppose it were, and let B := (by +--- + b,, ) /2.

i>1

30ne may give an explicit matricial description of X by making use of the results of Briinjes [Brii04,
Prop. 11.4].
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For every prime p of F, reindexing the b;’s on the set M/ Wy, for notation simplicity,
we have that (2.3) implies

. (Utp)bjEk(_t_lj)
OF:\II(]J)OF:H J Mk/WkU .
teG ( ‘P)

It follows from Artin’s Theorem on independence of characters that for every ¢ € G,
we have 3 cpr, jw, bjEx(=t'j) = B. But this implies that det(Dy) = 0, which is a
contradiction with the assumption of (¢, k) being non-degenerate. ]

The proof above extends naturally to the case of an absolutely simple abelian variety
with complex multiplication (see [Fit15, §3.5]).

3.5 Irreducible Representations of U(1)x x. xU(1) x G

In Subsection 3.6 we will prove the generalized Sato-Tate Conjecture for Jac(Cy ) over
Q when (¢, k) is a non-degenerate pair. Thus, we are led by Theorem 3.12 to the study
of the irreducible representations of Gg ~ U(1)x .",. x U(1) » G, where the action of
a generator g of G on U(1)x ."x. x U(1) is given by the rule

tnk(g diag(wus, ..., urk,ﬁfk)) = Yin, ( diag(uy, uy, . .., u,k,ﬁ,k)) y
To shorten notation, we will write
Go :=U(1)x "% x U(1), G:=GyxG.

We now follow [Ser77, §8.2], where the irreducible representations of a semidirect
product by an abelian group are characterized. For any character ¢y,,...,», 0f So asin
(3.5), let Hy,,...p,, S G be the subgroup such that

.....

,,,,,

(3.6) Brroooby (U tty) = by, (M1, 0r,)

for every h € Hy,

..........

3.6 Equidistribution Over Q

In this section, we write = to indicate equality of L-functions up to a finite number of
local Euler factors.

Theorem 3.15  Assume that (€, k) is non-degenerate. The sequence xg = {Xp, }is1 is
equidistributed on Xqj; i.e., Conjecture 3.13 holds for Jac(Cy).

https://doi.org/10.4153/CJM-2015-028-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-028-x

Frobenius Distribution for Quotients of Fermat Curves of Prime Exponent 377

Proof Letf = Ind%{(x ® Pp,,...,b,, ) be as in Subsection 3.5. We have to show that

Zsy -1
Lay(0,s)= T det(1-0(xp,)p;*)
i>1,piCZ
is holomorphic and nonvanishing for S3(s) > 1. Let us first consider the case y = L.
Write n := |Hy,,_p,, |. By the Artin formalism, we have that

= LAQ(?I Ind%{ ¢b1,~-~,brk’s) = LAQ(Q,S)H.

The second equality follows from (3.6). But in the proof of Theorem 3.14, we have
seen that L, (¢s,,....b,,»5) = L(¥,s) is holomorphic and nonvanishing for R(s) > 1,
from which the desired result follows. For the general case (y not necessarily trivial),
let )y be a character of G such that xu, b, = X (the existence of ¥ is guaranteed by
the fact of G being cyclic). Then

0 =Ind{ (Y ® P, ) = ¥® Indg (¢p,...0,,)-
The cyclicity of G additionally implies that

n6 = Y@ Indg ¢, =Ind3 du,,_s

.....

from which L(¥,s) = L4, (6,s)" follows again. [ |

We have thus shown that Conjecture 3.13 holds for E = F and E = Q. The choice
E = Q in Subsections 3.5 and 3.6 was made only for the purpose of simplifying the
exposition; the proof of Theorem 3.15 can be immediately generalized for an arbitrary
intermediate extension E/Q of F/Q.

4 Vanishing of the Determinant of a Demjanenko Matrix

For non-degenerate pairs (#, k), one may explicitly determine the limiting distribu-
tions of the coefficients of the normalized local factors attached to Gy from the results
of Section 3.

In Section 5, we will describe an alternative method to compute these limiting dis-
tributions. The interest of this method relies on the fact that, for a degenerate pair
(2, k), there still exist some residue degrees exhibiting a “non-degenerate behavior”
As a consequence, we will be able to compute the limiting distributions when we re-
strict to primes of such residue degrees. These residue degrees f may be character-
ized by the fact that the rank of Dy ; is maximal, where Dy is a generalization of the
Demjanenko matrix Dy.

The goal of this section is to provide the technical results for the method that will
be presented in Section 5 (essentially Theorem 4.10, see below). To a certain extent,
it is an independent section and for the reader exclusively interested in determinants
of Demjanenko matrices, it should suffice to review (2.2) and Definition 3.1, and skip
everything else from the previous sections. Conversely, the reader exclusively inter-
ested in equidistribution questions concerning quotients of the Fermat curves may
just look at Definitions 4.1 and 4.2, assume Theorem 4.10 and Proposition 4.9, and
ignore the rest of the section at a first reading.
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Definition 4.1  Let Ey be as in Definition 3.1. For a divisor f of £ -1, let H be the
subgroup of G of order f, and for a € G let

Ek,f(a) = Z Ek(ah).

heHy
Define also Wy := {w € G | Ex s(a) = Er s(aw),Va € G} and let n; s denote its

cardinality.

We will use the following notation: for every subset X ¢ G, we will denote by [X]
the element Y. x[x] € Z[G]. Observe that

(4.1) Wis = {weG|[HAM)([w] - [1]) = 0in Z[G]},
since we have the following equalities:
[H (M) ZéEkf =i HAM] ZGEkf( i w)lil
Je je

Definition 4.2 The generalized (k, f)-Demjanenko matrix is

— -l f
Dyf = (Ek,f(_c a) - 5) c,aeMy/ Wiy
-1

We will denote the size of Dy ¢ by ry 7 := anf

Remark 4.3 Observe that Ex; = Ex, W1 = Wy, Dx1 = Dy, g1 = Hg, Th1 = Tho
Hf c Wk,f, and that Ek,f(—a) = f — Ek,f(a).

Lemma 4.4 Adivisor f of £ —1is even if and only if Wy ¢ = G. In this case, we have
Dy =0.

Proof Since f is even, -1 € Hy, but this means that [H][M'] = %[G], from which

one implication of the lemma is clear in virtue of (4.1). For the other implication, first

note that
|[Hpn Mi|= 3 Ex(h) = Ex (1), |Hfn=My|= 3" Ex(=h) = Egz(-1).
heH; heHy
If Wk’f = @G, then Ek)f(l) = Ek’f(—l), and thus |Hf N Mk| = |Hf N —Mk|. It follows
that f = |[Hy 0 My| + |Hy 0 =M is even. [ |

Before proceeding to prove Theorem 4.10, we need four auxiliary results: Propo-
sitions 4.5, 4.7, 4.8, and 4.9. We first introduce some notation. For an abelian group
A, let X(A) denote the group of characters of A. For every odd divisor f of £ -1, let
X7 (G) (resp. X -(G)) denote the set of odd (resp. even) characters of G that are

trivial on Wy r. Write simply X, (G) and X[ (G) when f = 1.

Proposition 4.5 Forl1<k <{¢-2and f an odd divisor of £ — 1, we have

det(Dkf) ( 2f) ! H Z )((61) = (%)”‘J H Z X(ﬂ)

XeX;; (G) aeMy /Wi of XeX; ;(G) aeMy
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Proof We will apply the Dedekind determinant formula (DDF)*, following the strat-
egy considered in [Haz90], [Doh94], or [SS95]. Let us write

1 ifaeMk,
1) =
k(@) {—1 if a ¢ My.

Note that by Lemma 4.4, X} f(G) is non-empty and thus there is a bijection between
Xi.,7(G) and X -(G). Choose @ € X; (G). Observe that the function F(a) =
Yher, w(ha)dk(ha), for a € G, is well defined on G/ ({£1} Wi, s ), since w(a)dk(a) =
w(-a)dr(-a) and

F(a) = w(a)(f —2Ek,f(a)) = w(wa)(f— 2Ek,f(wa)) =F(wa)
for every w € Wy ¢. Then we have

[T X x@= I X x@-w@= [] > xa) w(a)d(a)

XeX;; ;(G) acMy xeX; ;(G) aeMy xeX; (G) aeMy

- TI Y %ly(a)-F(a)

yeX(G/({£1} Wy,5)) aeMy /Wy, 5 f

Nk, -
= det( Tf?(ab 1)) a,bEMk/Wk»f

= ( %) Tk, f det( w(ab‘l)(zEk,f(—ab‘l) — f)) abeMe/ Wey”

Multiplying the a-row of the matrix by w(a)™! and the b-column by w(b) for every
a,b € My/Wj s cancels out the factor w(ab™") without changing the determinant.
|

Kubota [Kub65, Lem. 2] showed that the rank of Dy is the number of characters
X € X; (G) for which the sum ¥ ;cpr, /w, x(a) is nonzero. We will now show that an
analogous statement holds true when we consider Dy s. To this end, we will extend
Ribet’s proof [Rib80, Prop. 3.10] of the result of Kubota. Define the map

Ok Z[G/ Wi, g] —> Z[G] Wi,f],
®; (([a]) = [H[M' [a]l = Y. Exgp(-c'a)[c].

ceG/ Wy s

Note that @ . is well defined precisely because of the definition of Wi .
Lemma 4.6  The rank of @} (Z[G/Wis]) is tk(Dy,f) + 1.
Proof The proof goes exactly as in Lemma 3.3. ]

Proposition 4.7 The rank of Dy, s is the number of characters y € X f(G) for which
the sum ¥ ,ep, jw, , X(a) is nonzero.

4Recall that for a finite abelian group A and F a function on A, the DDF establishes that

det(F(ab™))apea = [ X w(a)F(a).

yeX(A) acA
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Proof Consider the basis vectors vy := Yceqw, , X(c)[c] of C[G/Wj,s], where y
runs over the set X(G/W; ) ~ X, ¢(G). Observe that

o ;(v) = f( 3 x(@)) vy

aeMy

And one concludes by noting that the only even character for which

> x(a)#0

aeMy /Wy ¢

is the trivial one. |

Proposition 4.8 Fory € X, (G), one has

_L a :& ! - !
i 2O e T vm)

Here, By, = % .2 w(a)a stands for the first generalized Bernoulli number.

Proof From a theorem of Stickelberger, Greenberg [Gre80] derived the equality
1

(4.2) > [a7]= E( (1] + [k] = [1+K]) 3 (a)[-a™"]

aeMy acG

of elements in Z[G]. By evaluating it at an odd character ¥ of G, he obtained

1 1
43 Zv@ =B )

from which the statement of the proposition follows immediately. Nevertheless, we
would like to present an alternative proof of (4.3) by generalizing the method used by
Leopold [Leo62] to deal with the case k = 1. We will write the nonzero number £B,
in two different ways. First, using that ((k + 1)a) = (a) + (ak) for every a € My, we

obtain

(4.4)€By, = ZI\;I y((k+1)a)((k+1)a) + ZA;I y(-(k+1)a)(-(k +1)a)
=2 21\24 y((k+1)a)((k+1)a) -y(k+1) 21\:4 v(a)e
:ZW(k+1)( Z]\:/I y(a){a) + ZA;I 1/’(“)(’“’)) -y(k+1) 21\24 v(a)et.

Second, we have

5By = Y w(a)a) - Y w(a)(e-(a) =2 ¥ w(a)(a)- Y wla)e.

aeMy aeMy aeMy aeMy

51t is well known that By,y # 0, due to the Analytic Class number Formula (see (4.10) in the proof
of Proposition 4.16).
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Subtracting equation (4.5) y(k + 1) times from equation (4.4), we obtain

(1=p(k 1)) eBry =20k +1) 3 p(a)(ak) - W > y(ak)(ak)
_y(k+1)

e (€BLy +y (k) %w(a)e)

~ w(k+1) .
= EBI,W+w(k+1)€u§4k1//( ).

This yields

1 1
2@ =By - ) "

Proposition 4.9  For€ >3,1< k < £-2, and every odd divisor f of €1, the following
statements are equivalent:

() Taem, ¥o(a) =0, where yo denotes a generator of X(G);

(i) k¥ +k/ +1=0(mod®) and (k +1)7kf = -1(mod?);

(iii) Hy ¢ Wy r.

In this case, k € Wy y, Wy, s is generated by Hy and k, and Wy ¢| = 3f.

Proof Assume that (i) holds. By (4.3), we have that
Lo, ]
wik+) (k)

But it is a trivial fact that if w is a root of unity, then w + 1 is a root of unity if and

(4.6)

only if w is a primitive cubic root of unity. Thus, taking w = 1/ %f (k), equation
(4.6) is equivalent to the assertion that 1//5 (k) is a primitive cubic root of unity and
w{(k + l)wg(—k) = 1. The injectivity of y, implies (ii).

Now assume (ii). Note that k, k* ¢ H (otherwise k*/ +k/ +1=3 (mod ¢)), while
k® € Hy (since k*/ =1 = (k/ -1) (k¥ +k/ +1) (mod ¢)). We will show that k € Wy,
equivalently by (4.2) that

@) A = (HA( + (K= k() (-a7)

is invariant by multiplication by [k]. Observe that for every b € G, we have
[H1([6] + [-8])( Tla)-a) - [Hf](eaezc[aJ) -fexlal

Thus, taking b = k + 1, the right-hand side of (4.7) is equal to

(48) (Hy)() + (K] + (k= 1)( X da)[-a™]) - e 3 [al

Observe that for every a, b € G, we have [a][H/] = [b][H/] < ab™" € Hy. We claim
that k*(—k —1)™' € Hy. Indeed, first note that (k +1)>/ = -1 (mod ¢), and then
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observe that
(K(-k-1)") =,k (k+1) = k¥ =1 (mod ¢).
Thus, (4.8) is equal to

(H(W) + [+ (R]) ( X (a)=a7]) = f¢ K [a)

for which it is clear that each of its two terms is invariant under multiplication by [k].
Finally, assume (iii). For w € Wy , one has, by definition,

(M 1THf[w] = [Mi ][ Hy)-

Evaluating this equality at v, !, we obtain that

Y vo(a) = (X yo(a) )po(w ™).
aeMy aeMy
Hence, if w ¢ H, then yo(w™)/ #1,and .y, vo(a)’ = 0.
We still want to see that | Wy, ¢| = 3f for an f as in the statement. Then 3 f does not
satisfy (ii), and thus by (iii) we have Wy 35 = H3z. From the inclusions

Hp ¢ Wi, s © Wi 35 = Hsp,

we obtain that Wy r = Hsy. [ |

Let Fy denote the set of (odd) divisors f of £ — 1 such that Wy s = Hs (or equiv-
alently the set of odd divisors f such that any of the conditions (i), (ii), or (iii) of
Proposition 4.9 hold).

Theorem 4.10 For £ >3 and 1< k < £ -2, the following conditions are equivalent:
(i) det(Dy) = 0;

(ii)  k is not a primitive cubic root of unity modulo € and F is non-empty;

(iii) if v denotes the 3-adic valuation and ord denotes the order in G:

(a) k is not a primitive cubic root of unity modulo ¢;
(b) ord(—k? - k) and ord(k) are odd;
(c) v3(ord(k)) > v3(ord(-k* - k)).
In this case, g is exactly the set of odd divisors of € — 1 that are multiples of N /3 but
not of N, where Ny := lem(ord(—k? - k), ord(k)), and thus rk(Dy,) = %(1 - Nik) .
Proof If det(Dy) = 0, then by Proposition 4.5, there exists an odd divisor f of £ — 1
such that Proposition 4.9(i) holds. Moreover, k cannot be a primitive cubic root of
unity, since Proposition 4.9(ii) would not then hold.
If k is not a primitive cubic root of unity, then #n; = 1by Lemma 2.7. Then if Fj is
non-empty, Proposition 4.9(i) implies that det(Dy ) = 0 by Proposition 4.5.
Note that the two equations of Proposition 4.9(ii) can be replaced by the following
three:

(49)  k/#1 (mode), k¥ =1 (mode), (-k*-k)/ =1 (mod ¢).
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Clearly, there exists an odd divisor f of € —1 satisfying (4.9) if and only if (a), (b), and
(c) hold. Moreover, in this case, an odd divisor f verifies (4.9) if and only if f is an

odd multiple of
ord(k
fo:= lcm( ord(-k* - k), %)
that is not a multiple of 3 f,. Since the set of such f’s is in bijection with the set

{1§m§€f_1| (m,6) =1},

0

-1

the number of such f’s is O ZN—_:. But by Proposition 4.7, this number is precisely

dim(Ker(Dy)). [ |
The following result tells us that the rank of Dy is “asymptotically non-degenerate”.

Proposition 4.11  For € prime, we have

k(D

lim tk(Dx) -1
£—o00 Tk

1<k<e-2

Proof When ¢ is non-degenerate, the quotient rk(Dy)/rx = 1, and there is nothing
to prove. Since when (¢, k) is degenerate, one has ry = %, by Theorem 4.10 it is
enough to show that Ny — co when € — oo (the existence of infinitely many degener-
ate primes is ensured by Remark 3.4). Given an integer Ny > 0, we want to show that
there exists a prime €y > 0 such that for every € > ¢, and every 1 < k < € — 2, one has
that Ny > Ny. This immediately follows from the claim that for every Ny, the set Sy,
of degenerate primes ¢ such that Ny = Ny for some 1 < k < £ -2 has finite cardinality.
Indeed, set f := No/3 and define the polynomials

Tyt
w ¢ Z[x].
x*+x+1
Clearly, Sy, is a subset of the set of primes dividing the resultant Ry, of ps(x) and
qgf(x), and therefore it suffices to show that Ry, is nonzero. This may be deduced
from the fact that the roots of p(x) are unrepeated roots of unity, whereas g ¢(x) has

neither double roots nor roots of finite order. |

pr(x)=x +xf 41, qr(x) =

Remark 4.12 We claim that Ny > 27. This implies that
25 ¢-1

k(Dy) > — - —,

tk(Di) 2 2 —
which is a slightly better bound than the one computed in [Mai89]. This bound is
sharp, since Ny = 27 for € = 271 and k = 32. Recalling the notation of the previous
proof, to show that Ny > 27, it is enough to observe that Sg = S15 = S; = @. This
follows from the fact that

Ry =3%, Ri5=5", Ry =7",

and none of 3, 5, or 7 is degenerate. Note that R,; = 3 - 271° and thus S,; = {271}.
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We will say that a divisor f of £~1is a k-degenerate residue degree if det(Dy,r) = 0
and that f is non-k-degenerate otherwise (however, to simplify the terminology, we
will drop the k from now on). By Lemma 4.4, if f is even, then f is degenerate. For
a degenerate pair (¢, k), let F; denote the set of odd divisors f of £ — 1 such that

V3(f) > V3(Nk).

Proposition 4.13  Let f be an odd divisor of € — 1.

(i) If (& k) is degenerate, then f is a non-degenerate residue degree if and only if
f € Fo U F1. Moreover, in the case where f € J, we have Wy ¢ = Hy, whereas in
the case where f € Fo we have Wy s = Hsy. If f is degenerate, then Wy s = Hy.

(ii) If (€ k) is non-degenerate, then f is non-degenerate. Moreover, Wy, ¢ = Hsy if k
is a primitive cubic root of unity and v3(f) = 0, and Wy 5 = H otherwise.

Proof To shorten notation, let us write ¢ for 3" ., ¥o(a)’. Assume that (¢, k) is
degenerate. If f € J1, then no multiple of f lies in F. Thus, Wy, s = Hrand Xy # 0
for every multiple f’ of f. Then Proposition 4.5 yields det(Dy, ) # 0. If f € F,
then Wy s = Hsy. Since 2 # 0 for every multiple f* of 3f, Proposition 4.5 yields
det(Dy,r) # 0. If f ¢ To U T, then v3(f) < v3(N) and f is not a multiple of Ny /3.
Since f ¢ Fo, we have Wy s = Hy. Note that there exists a multiple f’ of f in J,. Then
Proposition 4.5 yields det( Dy, ¢) = 0.

Assume that (¢, k) is non-degenerate. Let f be an odd divisor of £ - 1. If k is not a
primitive cubic root of unity, then Wy is trivial. Then by Proposition 4.5, det(Dy) # 0
implies that f is non-degenerate. In this case, Wi s = Hy. Suppose now that k is a
primitive cubic root of unity. If v3(f) > 0, then Wy ; = Hy and for every multiple f’
of f we have Xy # 0. Thus, f is non-degenerate. If v3(f) = 0, then Wy s = H3¢ and
for every multiple f* of 3f we have X # 0. Thus, f is also non-degenerate. [ |

The characterization of non-degenerate residue degree and the description of ny ¢
given in the introduction follow from the previous proposition.

Example 4.14 If (¢,k) = (67,6), then det(Dy) = 0. Since Ny = 33, we have
that det(Dy 3 ), det(Dyg 11), and det( Dy 33) are nonzero; that is, 3, 11, and 33 are non-
degenerate residue degrees. Similarly, if (¢,k) = (163,10), then det(Dy) = 0, but
det(Dy,27) and det(Dy g;) are nonzero, since Ny = 8L.

Remark 4.15 In Proposition 4.13, we have characterized the divisors f of £ —1 for
which det(Dy, ) vanishes. It is easy to see that, in this case,

I’k(Dk)f) = 627}1(1— I\i{f):

where Ni, ¢ := lem(ord(-k* - k), ord(k), f).

Finally, we would like to give formulas of det(Dy,¢) in terms of the relative class
number (for k = 1, similar formulas are given in [Haz90, SS95, Doh94]).

Proposition 4.16 Let f be an odd divisor of £ — 1. Set Fy s := FWes, let w5 be the
number of roots of unity contained in Fy s, and let hj , be the relative class number
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of Fx,r. One has

h; by Tk,

SERfr f f 1 1
det(Dg s)=——=(——) , where Pyy:= -1- .
! Wk, f ( ﬂk,f) 4 WGXI}(G)( y(k+1) y(k) )

Proof Since f is odd, Fy,r is a CM field and the Analytic Class Number Formula
(ACNF) states that

_ -1
(4.10) Wi = Wi s I1 —Biy
yeX~(Gal(Fif/Q))

(see [Lan78]). Since X (Gal(Fx,7/Q) = X~ (G/Wg,f) = X ((G), we obtain the state-
ment combining ACNF with (4.3) and Proposition 4.5. ]

Remark 4.17  One can show that the rank of the image of @} is the dimension of
the Mumford-Tate group of Ay := Jac(Cx) (see [Yul5]). One thus has that rk(Dy) =
dimHg(Ag). For1 < k, k" < €—1,let Ay s := Jac(Cx) x Jac(Cys) and one has anal-
ogously that dim Hg(A, k) = rk(Di|Dyr) < &2 If we choose k, k" in order that A
and Ay are nonisogenous and of non-degenerate type (we can do this in virtue of
Theorems 2.3 and 4.10), this yields an example in which

Hg(Ax,x) ¢ Hg(Ax) x Hg(Aw ), L(Agxr) = L(Ag) x L(Ap).

In particular, the Algebraic Sato-Tate Conjecture, which holds for A (resp. Aj/)
taking the algebraic group TL(Ag) (resp. TL(Ag/)), does not hold for Ay - taking
the algebraic group TL(Ag k).

5 Computing Distributions Explicitly

As mentioned in Section 4, the results of Section 3 suffice to determine the distri-
butions of the coeflicients of the normalized local factors attached to C; when (&, k)
is non-degenerate. Nonetheless, in this section we will present an alternative direct
method to compute them, which works independently. It is based on an accurate
description of the local factors L,(Cy, T), and we emphasize that it can be applied
without the necessity of computing the Sato-Tate group. We will compute distribu-
tions restricting to primes of a fixed residue degree in F. We encounter a curious
phenomenon: even in the cases in which the pair (¢, k) is degenerate, the method of
this section permits one to describe the distributions once one restricts to either even
or non-degenerate residue degrees (i.e., the necessarily odd residue degrees f such
that det(Dy,¢) # 0).

5.1 Local Factors of Jac(Cy)

We will describe the local factors of Jac(Cy ) in terms of the subgroup Wy s € G, where
fisadivisor of £ - 1.
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Lemma 5.1 Let p be a prime of F of residue degree f|€ —1 and coprime to £. For any
a € G, we have

Wk,f = {W €G | ow(](ka,a)(p)) = ](ku,a)(p)}'

Proof By[Gon99, Lemma 3.2], the right-hand side of the above equation coincides
with
{weG|™(Jikaa)(P)OE) = J(kasa) (P)OF} -
Now the lemma follows from
* (Jkaray(P)OF) = J(kaay (0)Op <= [ “pmsrai)
jEG/Hf

— H ajpEk,f(—wujfl) . ]
jGG/Hf

Proposition 5.2 Let p # € be a prime of residue degree f in F. For any prime p of F
lying over p, one has
ng,f

Lp(ek)T): H (I_I(ka,a)(p)Tf) .

aeG /Wy s

Proof In terms of local factors, Lemma 2.10 states
-1
Ly(Co, T) ' = Lp((C)r TV) 7.
But, by Lemma 5.1, we have

L((@)n )7 =TT (1-gan®T) ™7,
aeG /Wi s

"k, f
Since L, (Ck, T) and [Tyeq/w, , (1= J(ka,a) (P) T/)77" both have constant term equal
to 1, the proposition follows. ]

From the previous proposition, we can deduce an alternative proof of a lemma of
[GR78].

Corollary 5.3 (see [GR78, Lemma 1.1]) If p # £ is a prime of even residue degree f
in F, we have that

Ly(Co, T) = (14 p=T/)F .

Proof By Lemma 4.4, if f is even, then Wy ; = G. Therefore, by Proposition 5.2, it
suffices to show that J(; 1) (p) = —pf/?. Since -1 ¢ Hy © Wy s, we have that ] 1y (p)
is fixed by complex conjugation and thus real. Then || J(x,1)(p)| = p/, leaves the two
possibilities J(x,1y(p) = ep’ /2, with ¢ = 1. To solve the ambiguity, we will compute
the number of F,-rational points of

Covt = u(u+1)F1,
One the one hand, this number is

Gk (F )| =1+ p/ —ep?(£-1).
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On the other hand, the number of F s -rational points is = 3 (mod ¢). Indeed for any
ug # 0, -1, there are £ possibilities for an affine point of the form (1, v); there are the
two affine points (0, 0) and (-1,0), and there is the point at infinity. Since pé = -1
(mod ¢), we obtain 3=2 — ¢ (mod ¢), which yields ¢ = -1. [ |

Recall that Fy, 7 is the subfield of F fixed by Wy, r. Let I, ,(£) denote the group of
fractional ideals of Fy s that are coprime to £. Consider the map

\Ij(ka,a),f:IFk,f(e) - F]:,f> \P(ka,u),f(m) = H ](wka,wa)(moF)'

weWy, ¢

Proposition 5.4  The homomorphism ¥y, 4) 5 is a Grossencharacter of infinity type

2

> "j;fEk,f<—aj-l>m € Z[G/Wi 5]
j€G[ Wi, r

and weight ni)f. If ng,z > 1, the conductor of ¥(ka,q), 5 is |, where Lis the prime of Fy s
lying above €. For every prime B € Ig, (£), one has

2
e f

(51) \P(ka,a),f(f‘p)oFk,f = H Ur(m) 4

teG /Wi s

Ek,f(—ll[_l)

Moreover, for every prime p € Ir(£) of residue degree f and* := p n Op, ,, one has

s
¥ (kara),f (B) = Jika,a)(P) 7 -

Proof Fora € Fy suchthata ="1 (mod %), by (2.4), we have

-1 koS o1
\P(ka,a),f((xOFk,f) = H Hm(a)Ek(_wat ): Hot(“) ! A

weWy, ¢ teG teG

2
= T (e B,
l’EG/Wk’f

Equality (5.1) follows from a similar calculation. To compute the weight, use

nif nif
T’Ek,f(a) + T’Ek)f(—a) = nlzc,f'

If p € Ip(€) has residue degree f and B := p N OF, ,, then by definition of Wy s, we
have

",

kS f
\P(ka,a),f(m): H UW](ka,a)(‘BOF): H ](ka,a)(p) ! :](ka,a)(p) .

weWy s weWy s

Since (1- {¢)*OF is a modulus for J(ka,a) (see $2.2) and [OF = (1~ ;)" O, we have
that [is a modulus for W(x,a), 7 if ng,r > 1. [ |
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Theorem 5.5 Let f be an (odd) divisor of € — 1 such that det(Dy,¢) # 0. Let {p; }is1
be an ordering by norm of the primes of F of residue degree f. Set

_ (hkal,al)(pz) f(ka,k,f,aw(pi))
Vp; = se e ,

>

52 .
G2 Np; Np;

whereay, ..., a,,  isasystem of representatives of My | Wy, r. Then the sequence { v, } ix1
is equidistributed over U(1)x ™/ x U(1).

Proof Observe that replacing v, by

2
2 n
"f k.f

J(kar, ran ) (Pi)

‘V,,Z(](kal)al)(pi) 7 o )
p'l nk,f nk,f
Np; / Np; /

in the statement of the theorem yields an equivalent statement. Set B; := p; N OF, .
By Proposition 5.4, the tuple v;,, is exactly

( Pk (Br) Yk pan 0./ (F1) )

n? n?

NCURERG A

Let us now make a change of notation: {*J3; }»1 is an ordering by norm of all of the
primes of Fy s. Let Froby, € Gal(F/Fy s) be the relative Frobenius at B;. Then the
theorem follows from the claim that the sequence

\P(kal,al),f(mi) \P(ka,k’f,urk’f),f(;pi)
— e — , Frobgp,
VNE" V"

is equidistributed over U(1)x ™! x U(1) x Gal(F/Fyf). For (by,..., b, ) € Z™s
and y € Gal(F/Fy,,), let us write

i1

b
Y= \,I]hl ..... v "kf .
(kay,ar),f (k“'k,f’“’k,f)’fx

By Theorem 3.12, we have to show that

Y(B:) . -1
g(l_ \/N—gn(b1+"-+b,.k,f)n’2(,f le )

is holomorphic and nonvanishing for R(s) > 1, unless y is trivial and all the b;’s
are zero. Artin reciprocity guarantees the existence of an ideal ¢ of Fy, ¢ (divisible by
precisely the primes that ramify in F) such that for all & € Fj ; satisfying a =™ 1
(mod ¢), x(aOF,,) = 1. This means that ¥ is again a Grossencharacter,® and by
Hecke’s result all we have to check is that it is not trivial unless y is trivial and all the
b;’s are zero. Suppose that ¥ is trivial and write B := (by + -+~ + brk)f)ni’f/Z. Then

6 At this point the importance of Proposition 5.4 becomes apparent. It permits to reduce an equidis-
tribution problem about eigenvalues of Grossencharacters of the field F to an equidistribution problem
about eigenvalues of Grossencharacters of the field Fy r, where the primes of residue degree f can be
detected by means of another Grossencharacter.
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reindexing the b;’s on the set My/Wj y, for every prime *F of O, , with Froby = 1,
equation (5.1) implies

,nivf e N
OFk,f :‘P(%)OFU = H H "t(sp)hf 7 Ees(~t7j)-B

JEMy [ Wy g teG /Wy ¢

It follows from Artin’s Theorem (applied to the set of characters on the monoid gen-
erated by prime ideals ‘B of O, ; with Frobgs = 1) that for every t € G/W, ¢, one

has B
>, biEks(-t7)) - Tf =0.
JEMy Wi s Mie,f
Since det(Dx, ) # 0, all the b;’s are zero. Then ¥ = y, and y is also trivial. [ |

We can now deduce Theorem 1.3.

Proof of Theorem 1.3  Let {p; };»1 be the ordering by size of the rational primes of
residue degree f in F, and define the assignment
(pitis1 — U(D)x %1 xU(1) 24 [-2,2]77 /&
pi — Vpi — (Sl(pi)’ e :Srk,f(pi)) >
where vy, is as in (5.2), p; is any prime of F lying over p;, and
S(p) _ _](ka,-,a,-)(pi) B ](ka,-,a,-)(ﬁi) .
’ VNp; VNp;

Note that this assignment is independent of the choice of p; over p;. By Proposi-
tion 5.2, we have

rk,j’

Tk, f "k f

LPi(ek’T/\/p_i):H(l+5j(Pi)Tf+T2f) T
j=1

Observe that the image of the Haar measure of U(1)x ™%/ x U(1) on [-2,2]"%/ /&

"k,f
by the map proj is
rllﬁ[f l dx,-
i-1 T\ f4—x2
One concludes by applying Theorem 5.5. ]

5.2 Explicit Distributions

For every p + ¢, define a;(p), for i = 0,...,€—1, to be the ith coefficient of the
normalized local factor of Cy at p

-1
Ly(C, T/\/P) = ;ai(pﬁi-

Note that a;(p) € I; := [—(el_.l), (ZZI)] and that a;(p) = a,-1-;(p). Let a; denote the
sequence {a;(p)} pt¢, where the primes are ordered by size. In this section, from The-
orem 1.3, we will describe how to compute, in the case where (£, k) is non-degenerate,

the measure y; over I; with respect to which a; is equidistributed for i = 0, ..., %
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Let a; ¢ be the subsequence of a; made up of those a;(p) such that p has residue de-
gree f in F. Denote by u; s the measure over I; with respect to which a;  is equidis-
tributed. Then

Ui = Z M/;i,f and M,[y;]= Z M1VIn[.”i,f]>

1<fle-1 ¢-1 1<fle-1 €-1

where ¢ is the Euler function, and M, [¢;] (resp. M, [p;,¢]) stands for the #-th mo-
ment of y; (resp. u; 5). We now show how to compute y; r and M, [u;, ] when f is
even or non-degenerate (this covers the case (¢, k) non-degenerate).

Case f even. For p # ¢ with residue degree f in F, Corollary 5.3 implies that if i = 0
(mod f), then

e-1/f )

a,-(p):( e-1/f ) and thus Mn[[/li,f]:(e_l_i/f

e-1-i/f

Ifi #0 (mod f), then a;(p) = 0 and M, [u;,¢] = 0. Note that this is independent of
(k, €) being degenerate.

Case f non-degenerate. Using Theorem 1.3, it is a straightforward computation to
obtain the first moments M, [¢;, ]. In Table 2 we have listed the first moments M,, [ ;]
for some non-degenerate pairs (¢, k).

6 Examples and Numerical Data
6.1 Examples

In Table 1 we show ST (Jac(Cy)) for several non-degenerate pairs (¢, k). We also write
the set My, the subgroup Wy of G, and a generator g of G. We use the following nota-
tion. We denote by U a random element in the connected component ST (Jac(€Cy))°
and by y a generator of the group of components. For u; € U(1), write

N T 0
)

We denote the characteristic polynomial of a random element in ST(Jac(Cx))%y’ by
P,i(T), and write s; := u; + ;. For every nontrivial divisor d of £ -1, in Table 1 we
show P,i(T), for some y’ having order d. For the case d = 1, it is clear that

Pei(T) = (ﬁ(TZ +siT+1)"

i=1
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Table 1: Some Sato-Tate groups ST (Jac(Cx)).

(&.k) | My Wi | g (g8 187,87}
(5,2) | {13} ay |2 {2,4]3,1}
0 L U 0
U VA U=lo w
Po(T)=(T*+1)°, Py(T)=T"'+1
(7,2) [{1,2,4} [ {1,2,4) [ 3] {3,2,6]4,5,1}
0 ]2 0 U1 0 0
Y= 0 0 ]2 U = 0 U1 0
Jo 0 0 0 0 U
Ps(T) = (T*+1)°, Pa(T) =T+ (ui +u)T°+1, Py(T)=T°+1
(7,3) [{1,3,5} [ {1} [3] {3,2,6]4,5,1}
0 J» O U, 0 0
Y= 0 0 Iz U= 0 Uz 0
Iz 0 0 0 0 U3
Py(T)=(T*+1)°, Ppa(T) =T+ (muatis + mitius) T° +1, P(T) =T +1
(1,1) [{1,2,3,4,5} | {1} [ 2] {2,4,8,5,10(9,7,3,6,1}
0 L 0 0 Uy 0 0 0 O
0 0 J, 0 0 0 U, 0 0 0
y=l0 0 0 ], 0 u=l0 0 Us 0 0
00 0 0 | 0 0 0 U 0
L 0 0 0 0 0 0 0 0 U
Pys(T) = (Tz + 1)5, Pyz(T) = Tlo + (ulﬁzﬁgmﬂs + Hlu2u3u4u5)T5 +1,
P(T)=T" +1
(13,2) [ {1,2,3,4,7,8} | {1} [ 2] {2,4,8,3,6,12]11,9,5,10,7,1}
0L, 0 0 0 O© Uu 6 0 0 0 0

0 0 Lb 0 0 0
0 0 0 b 0 0 0 Uz 00 0 0
1o 0 o0 0 5 o U=l0 0 0 U 0 0
0 0 0 0 Us 0
¢ 0 0 0 0 L 0 0 0 0 0 Us
L 0 0 0 0 0
Py (T) = (T% +1)°,

Py4(T) = (T6 + (ulﬁ3ﬂs +Hlu3u5)T3 + 1)(T6 + (uzﬁ4ﬁﬁ +ﬁzu4u6)T3 + 1),
Ps(T)=(T"+1)°, Po(T)=(T°+1)°, P(T)=T"+1
(13,3) [ {1,2,3,5,6,9} | {1,3,9) [ 2] {2,4,8,3,6,12[11,9,5,10,7,1}
0 ., 0 0 0 O Uy 0 0 0 0 O
0 0 L 0 0 0 0 U, 0 0 0 0
o o o J. 0 o uf0 0o w0 0 0
Y o o 0o o L o “lo o o u, 0o o
00 0 0 0 J 0 0 0 0 U o
L 0 0 0 0 0 0 0 0 0 0 U

2 6 6 3 —3 3 6 3 -3 3
P(T) = (T +1)°, Pu(T)=(T"+ (uy +u)T" +1)(T" + (uz +u3) T +1),
Ps(T)=(T"+1)°, Pa(T)=(T°+1)’, P(T)=T"+1
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Table 2: First moments of the measures y;. For i and n odd, M,,[¢;] = 0, and we do
not write these moments on the table.

(& k) | Ma[pu] M ] M ] Ms[ ]
(5,2) 1 9 100 1225
(7,2) 3 81 2430 76545
(7,3) 1 15 310 7455
(1,1) 1 27 1090 55195
(13,2) 1 33 1660 106785
(13,3) 3 243 24300 2679075
(&k) | Mi[p] Mo (o] Mo ] M [po ]
(5,2) 1 3 10 41
(7,2) 2 18 207 2646
(7,3) 1 5 35 321
aL1) 1 9 133 2873
(13,2) 1 1 206 5781
(13,3) 2 60 2610 130842
(& k) | Ma[ps] M [ps] M[ps] M [43]
(7,2) 28 7860 2575810 893661020
(7,3) 6 822 184860 48884710
(11,1) 24 73176 406662720 2941907232600
(13,2) 39 287391 4433856900 93962238664175
(13,3) 487 12209463 398722297600 14560811533839655
(&k) | Mifpa] Mo [p4] Ms[p4] M [p4]
(1,1) 1 54 4588 497236
(13,2) 3 139 20267 4480911
(13,3) 10 2142 712107 266575698
(&:k) | Ma[ps] M [ps] M| ps] M| ps]
(1,1) 72 934332 22782049800 725020102732940
(13,2) 236 22587768 | 4493470904960 1230243879356591400
(13,3) 5004 | 1604318076 | 675819691911360 | 319107416394892272084
(6, k) | Mifpse] M [ps] Ms[ps] Ma[ps]
(13,2) 4 334 93100 38562182
(13,3) 16 6678 4147390 2893450202

Table 3: Some moment statistics of normalized traces for x = 2%7.

(f, k) Ml,x MZ,x M3,x M4,x MS,x M6,x M7,x M8,x
(5,2) | -0.000 | 1.010 | -0.002 | 9.084 | -0.030 100.877 | -0.366 1235.171
(7,2) [-0.000 | 2.999 | -0.000 | 80.984 | -0.009 | 2429.414 0.674 76523.229
(7,3) | 0.000|0.999| 0.000| 14.979| 0.011 309.265 0.722 7428.375
(11,1) | -0.000 | 0.999 | -0.007 | 26.907 | -0.203 | 1080.500 -3.930 54274.737
(13,2) | -0.000 | 1.001 | 0.004 | 32.948| 0.376| 1646.380 | 43.571| 104860.429
(13,3) | -0.000 | 3.002 | -0.026 | 243.122 | -2.262 | 24306.084 | -199.309 | 2679022.039

https://doi.org/10.4153/CJM-2015-028-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-028-x

Frobenius Distribution for Quotients of Fermat Curves of Prime Exponent 393

6.2 Numerical Data

Recall the notation of Subsection 5.2, for which a; denotes the sequence of normalized
Frobenius traces of Jac(Cy ) and y; the measure on I; = [ —(e;l), (‘q;l)] attached to it.
For x > 0, let

1 |@k(]Fp)|—P—1)n
Muri= 2 pz( N3 ’

where 71(x) denotes the number of primes of good reduction p for G such that p < x.
Theorem 3.14 implies that, for every n > 0, we have

M, [l’ll] = xlgIolo Mn,x-

In Table 2, we display the first values of M,,[p;], for1 < i < 6 andeven2 < n < 8,
following the procedure described in Subsection 5.2. In Table 3 we show the first
values of M,, , for x = 2%7.

Acknowledgments Thanks to Santiago Molina for helpful discussions, to Anna So-
moza and Joan Sanchez for computer assistance in the elaboration of Table 3, and to
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