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CAUCHY’'SPROBLEM FOR HARMONIC FUNCTIONS
WITH ENTIRE DATA ON A SPHERE

DMITRY KHAVINSON

ABsTRACT. We give an elementary potential-theoretic proof of a theorem of
G. Johnsson: all solutions of Cauchy’s problems for the Laplace equations with an en-
tire data on a sphere extend harmonically to the whole space RN except, perhaps, for
the center of the sphere.

1. Introduction. G. Johnsson has given in his thesis [J] a complete solution of the
following problem.
Let I' be a quadratic surface in RN, and consider the following Cauchy problem:

Au:=5N® 0 nearr:
(1.2) { 1o

(%)k(u—f)zo onTl; i=1,...,Nk=0,1;

wherethe“ data” function f isan entire function of N variables. Find the maximal domain
Qin RN (or, CN) to which all solutions of (1.1) extend as real-analytic (or, holomor phic)
functions.

In fact, Johnsson has even solved the problem for all second-order operators that have
the Laplacian as their principal part. Johnsson's work is rather deep, and based on so-
caled “globalizing family” arguments stemming out from the work of Bony and Schapira
[BS] and Zerner [Z], blended with local uniformization of solutions of Cauchy’s problems
pioneered by Leray [L].

Similar and even somewhat more general results based on a set of interesting topo-
logical ideas—R. Thom’s theorem—have been independently obtained by B. Sternin and
V. Shatalov and their school (cf. [SS] and references therein). One of the remarkable corol-
laries of those investigations is the following

THEOREM 1. LetT = {x € RN : |x| = 1} be the unit sphere. The solution u of the
Cauchy problem (1.1) with an entire data f on " extends harmonically to the whole space

RN\ {O}.

Note that a (simple) partial case of this theorem when f is a polynomia has been es-
tablished earlier by the author and H. S. Shapiro in[KS1]. On the other hand, in [KS2] we
have proven the following
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THEOREM 2. Let I be an elipsoidal surface in RN and Q denote its interior. The
solution of the Dirichlet problem

Au=0 inQ

1.2 u=f onl

extends as an entire harmonic function to RV,

The purpose of this note is twofold. First, it is to give a simple proof of Johnsson’s
Theorem 1 (but not his other results!) based on elementary potential theory. Second, and
thisisto some extent surprising, we show that the estimates needed to establish Theorem 1
are essentially those used in the proof of Theorem 2 in case of the sphere, perhaps with
dlight modifications (Lemmas 5, 6).

Throughout the paper we use standard multivariate notations. Py, = Ppn denotes the
space of polynomiasin N variables of degree at most m, and Hy, = Hy is the subspace
of homogeneous polynomials of degree k in P,.. If the functions f, g coincide up to their
first derivatives on asurfacerl (i.e,, (%)k(f —9)r=0,j=1,...,N; k= 0,1), we write
f|r = g|r. Vf denotes the gradient of afunction f. Ay, By, Cy, €tc., denote constants that
only depend on the dimension of the space.

ACKNOWLEDGEMENT. | am indebted to Prof. Harold S. Shapiro for the stimulating
discussions we have had in connection with Lemma 6.

2. Auxiliary lemmas. LetT = {x € RN : |x| = 1} be the unit sphere and f is an
entirefunction. Asin [KS2], writethe Taylor expansion of f asf = Y3 f, wheref, € Hp..
The following lemma is well-known (cf. [KS1] and references therein).

LEMMA 1. fy = Um + ([X|> — )vip on T where uy € Py, vin € Pry_2 are harmonic
polynomials.

Proor. It is well-known (cf., eg., [ABR, p. 76]) that f,, € Hp can be written as a
finite sum f, = h + |X|2hm_2 + [X|*hm_4 + - - -, where hy € H; and h are harmonic. Hence,
onl wehave: f, = Uy := hp+hy 2 +hy g +- -, gradfy, = grad uy, + const(f, — hp)x =
grad{um + const(hm 2 + hm_4 + - - -)(|X|2 — 1)} and the lenma follows.

Let

(2.1 Un=Umo* - +tUmnm;, Vm=Vmot: - +Vmm2

denote the decomposition of uy, and vy, into homogeneous polynomials; thus um;, Vmj are
in H;j and harmonic.

LEMMA 2. The solution U, of the Cauchy Problem
{AUm =0 nearT;

Upn=fn onl
isgiven by
m m—2 2 / Vink
2.2 _ . .
(2.2 Um kz::o Umk = 2 _N—2k \ |X|N72+2k Vm,k) ,
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where Uy and vk are the same asin (2.1) (and Lemma 1). (In trivial cases, m = 0, 1,
Vimk = 0.
Proor (cf. [KS1]). Firgt, note(cf., e.g., [ABR, p. 184]) that if h € Hy and is harmonic,

then M—N'Jm is ahomogeneous harmonic function of degree2 — N — kin RN\ {0}. Thus,
the function in the right-hand side of (2.2) isindeed harmonic. Also,

6/ Vimk >|r amG+(2 N — 2K)X Vink|r

aX] \|X|N 2+2k aX]
and hence,
m-2 2 Vm,k _ 2
(2.3 kgo 2 _N—2k ( |X|N*2+2k - Vm,k) |I' = (|X| - 1)Vm|r-

(2.3) and Lemma 1 complete the proof of Lemma 2.

Now the strategy to prove Theorem 1 israther straightforward: we shall show that the
series % |Um(X)| convergesfor all x € RN\ {0}. Thefollowing series of lemmas provide
the needed estimates.

LEMMA 3 (cf. [KS2]). Let Fy := max{|fm(X)| : x € T}, Gm := max{||Vin(¥)| :
x € I'}. Then (Fm)® — 0 and (G)® — 0.

PrROOF.  Since the proofs of both statements are essentially the same, let us show that
(Gm)n% — 0. (The other statement is also proved in [KS2].) Fix 1 < j < N.Fort € C,
x € I we have

F0) = 3 t7F(X).
0

—(t ) —Zt”“”—m()

ie, %& are the Taylor coefficients of the entire functiont — g—;(tx) on C. The Cauchy-
Hadamard estimate then implies

Ofm max{| o (D]t < T}
o] <
for al T > 0. Hence,
ofm max{| & x| 112 <T}
a3 ) < ™

and

£ (max{| 22 : [ < TH?)’

max || Vim(x)[| < T

Taking the mth root and letting m — oo gives

=l =

1im (G)7 <

for arbitrary T, implying the assertion.
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LEMMA 4. Let h € Py, be any harmonic polynomial, and h = hg + hy + - - - + hy, its
decomposition into homogeneous polynomials. Then,
max |(X)| < Cnk? max|h(®)|, 1<k<m
xel xelr

Also,
Iho(X)| = |ho(0)| < max{|h(x)| : x € I'}.

Thislemmaisfrom [KS2]. For the reader’s convenience we include a proof.

PrROOF. The statement concerning hg is obvious, so suppose k > 1. Without loss of
generdity, suppose max{|h(x)| : x € '} = 1. If do denotes surface measure on I, we
have, since {h} are orthogonal in L%(T", do),

| Indo < [ P do <|r],

where || is the (N — 1)-dimensional measure of I". It follows easily that, if dx denotes
L ebesgue measure in R",

(2.4) S Il dx < A,

where Ay isaconstant depending only on N, B := {x: |x| < 1} istheunitball. Fixy € T.
Then, for 0 < r < 1, |h|?(ry), does not exceed the mean value of |hy|? over the ball B/
centered at ry, with radius 1 — r, giving the estimate

1 .
2.5) Iy < 5 g Il

Since the volume of |B/| = Al (1—r)N, we obtain from (2.4), (2.5) and homogeneity of hy:

AN r
< |-
|hk(y)| = {TZk(l— I’)N
forall 0 <r < 1. Thechoiceof r = 1 — (2k) ! gives the desired estimate.

LEMMA 5. Leét fy = U + (|X|2 — 1)vimOn T beasin Lemma 1. Then,
Vi 1= max{|Vim(¥)| : X € T} < Cn(Gm + MPNFry),

where Fr, 1= max{|fm(X)| : X € T}, Gy 1= max{||Vin(X)|| : X € T} arethe same asin
Lemma 2. Thus, in particular,

lim (Vi)™ = 0.

m—o0

ProOOF. By our hypothesis, for 1 <j < N, wehaveonTl
Ofn  Ounm
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&)1
N
4L nl? = vl < 2|Vl + | V)

onl,ie,forxerl
(2.6) V(9| < C(Gm + [ VX))

To estimate ||Vugy|| on I, recall that um = T o Umk, Where umy are homogeneous har-
monic polynomials of degree k.
The following assertion is perhaps of independent interest.

LEMMA 6. Let h € Hy be a homogeneous polynomial of degree k. Then

max{[|Vh(x)| : x € [} < kv'2max{|h(x)| : x € T'}.

PROOF OF LEMMA 6. Fix X € I'. First note that by Euler’s equation the normal deriva-
tive of h at x equals

oh N oh
a0 = 2% 509 = Kniw,
and hence,
2.7 max[‘g—:(x)‘:xer} = kmax{|h(X)| : x e T'}.

Now, lety : |ly|| = 1 beany vector orthogonal tox € I, i.e., tangent to I" a x. The two-
dimensional plane (x,y) spanned by x,y “cuts’ I along a unit circle T. If (¢, 7) stand for
coordinates on (x, y), the restriction of h|,, isa(homogeneous) polynomial of degree k
in two variables (&, n), and hence, according to Lemma 1 (for N = 2), it coincideson T
with aharmonic polynomial Ho(¢, ), degHo < k. Inparticular, on T Ho := (& cosjé +
bj sinj6) becomes a trigonometric polynomial of order < k, where 6 is the polar angle in
the plane (x, y). Then, invoking classical Chebyshev’s ineguality, we obtain

d
1Dy = [ S200| < kmax{lHo(@)] : 2 T}
<kmax{|h(z)| : ze T},

(2.8)

for an arbitrary vector y at x tangent to I'. From (2.7), (2.8), the lemma follows.

REMARK. Inview of (2.7), the constant /2 may not be sharp: the maximum of normal
and tangential derivatives cannot be attained at the same point. In particular, it would be
interesting to know whether /2 can be replaced by 1. Thisis true, e.g., when h is real-
valued (cf. [S, Equation (12) ff.]).

PrROOF OF LEMMA 5, CONT'D.  From Lemmas 4, 6, and the fact that u,, = fnon I, we
obtainforx e I’

‘ium(x)‘ < i CukP R,
0x " k=0
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and, finaly,

N+4

(2.9 [Vum®)|| < Cymz Fry < CyPVFp,.

Now, (2.6) and (2.9) imply the lemma.

3. Proof of Theorem 1. Fix R > 0. To show that for any x : & < |x| < R, the series
2 5 Um(¥)| < A(R) < +oo, where Uy, is defined by (2.2), it suffices to show that the
series
(I) ZOO OZE“ o |umk(X)|
(”) Z zzk 0 m“):/mk(z)i)er and
(”I) Z k 0 m|vmk(x)|
all converge. Set Fr, = £, where, according to Lemma 3, e, — 0 when m — oo. For
series (1) we have, in view of Lemma4,

) |Unk()] < CukEeMIxk < CRAKmR,

where Ay > lisaconstant that depends on N. Thus,
m

(3.2 2 [umk(] < Cyem Z(ANR)" < Clem(ANR)™,
k=0

and hence,
Z Z lumk(®)] < CRANR Z(EmANR)m <AR) < +oo,
because e, — 0 when m— +oo.
It isworth pausing here to observe the following Corollary (cf. Theorem 2, [KS2]).
COROLLARY 1. Thesolution up := 5 o S o Umk(X) of the Dirichlet problem

Aug =0 inB;
U =f onl

with entire data f extendsto RN (and hence to CN) as an entire harmonic function.

Note that the above argument immediately implies the convergence of series (I11), as
well. Indeed, let Vi := max{|vm(X)| : x € ['} = 6. Then, Lemma5 implies that 6y, — 0
when m — oo, while Lemma 4 provides the estimate

(3.3 Vink (9| < Ck8Mx¥,

which isidentical with (3.1).

Finally, to establish the convergence of (1), wefixx : 0 < % < |X| < R< oo. Without
loss of generality, we can assume |x| < 1, since for |[X| > 1 convergence of series (1) is
implied by that of (I11). Then, (3.3) yields (cf. (3.2)):

"iz [Vink (9| < Cysm Z k2 RV2% < CLsmRV 2(AWR)™ .

= |X|N72+2k o
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Therefore, as above,

Z Z |mG(X)| < A(R) < +00,
oy Y | |N Tw|[N—2+2k
and hence, series (1) converges as well.

From the estimates we have given it follows at once that the seriesu = 57 o Um(X),
giving the solution of the Cauchy problem (1.1) on the sphere converges absolutely ev-
erywhere in CN \ {z : ©-§'Z* = 0}. Thus, we obtain the following corollary also due to
G. Johnsson [J].

COROLLARY 2. The solution of the Cauchy problem for the Laplace equation with an
entire data on the sphere extends as an analytic (multi-valued for odd N) function to the
whole complement in CN of the isotropic cone g := {z € CN : ¥\ Z = 0}.

REMARK. Itisplausiblethat thisway of reasoning can be somewhat modified togive
a proof of Johnsson’s theorem for general elipsoids I := {x € RN : ©Ya 2¢ = 1}.
The singularity set then is the “caustic” I~ := {x e RN, xy = 0, o)\~ ﬁ = 1} (we
assume that a; > ap > --- > an). All the estimates related to the Dirichlet problem
extend to that case mutatis mutandis (cf. [KS2]). The difficulty liesin extending Lemma 2.
Although, in the earlier unpublished joint work with H. S. Shapiro, we have been able to
show explicitly that the analogues of functions Uy, (i.e., solutions of the Cauchy problem
(2.2) with polynomial data on an ellipsoidal surface) do extend to the complement of the
causticT™ in RN, the formulae for those sol utions obtained in terms of ellipsoidal harmonics
seem too complicated to allow establishing a readable analogue of Lemma 5.
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