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Stratifications with respect to actions of
real reductive groups

Peter Heinzner, Gerald W. Schwarz and Henrik Stotzel

ABSTRACT

We study the action of a real reductive group G on a real submanifold X of a Kéahler
manifold Z. We suppose that the action of G' extends holomorphically to an action of the
complexified group G€ and that with respect to a compatible maximal compact subgroup
U of G® the action on Z is Hamiltonian. There is a corresponding gradient map pp: X —
p* where g = €@ p is a Cartan decomposition of g. We obtain a Morse-like function
Ny = ||upl|* on X. Associated with critical points of 7, are various sets of semistable
points which we study in great detail. In particular, we have G-stable submanifolds Sg
of X which are called pre-strata. In cases where p, is proper, the pre-strata form a
decomposition of X and in cases where X is compact they are the strata of a Morse-type
stratification of X. Our results are generalizations of results of Kirwan obtained in the
case where G = U and X = Z is compact.

1. Introduction

In this paper we continue our study of actions of real reductive groups on Kéhler manifolds [HS07a,
HS07b]. Roughly speaking, we extend Kirwan’s results on actions of complex reductive groups
[Kir84a] (see also [Nes84] for the projective case) to the real reductive case. We also obtain new
results in the complex reductive case.

Let G be a closed subgroup of the complex reductive group H. We say that G is real reductive
if there is a maximal compact subgroup U of H such that K x p — G, (k,3) — kexpf, is a
diffeomorphism. Here K := G N U is a maximal compact subgroup of G and p := g N iu where u
denotes the Lie algebra of U and g the Lie algebra of GG. The Lie algebra § of H is the direct sum
u @ iu. We also say that G is compatible with the Cartan decomposition H = U® = Uexpiu of H.
In this paper we fix U and the real reductive subgroup G C H.

Assume that H acts holomorphically on a complex Kéahler manifold Z, that the Kéhler form w
is U-invariant and that there is a U-equivariant moment mapping p: Z — u*. For { cuand z € Z
we set u&(2) = (u(2),€) := u(z)(€). The inclusion ip < u induces by restriction a K-equivariant
map fip: Z — (ip)*. Using a U-invariant inner product on h we can identify (ip)* and p, so we view
Mip as a map fip: 4 — p. For B € p let ,ug denote ;. Then grad ug = [z where (37 is the vector
field on Z corresponding to 6 and grad is computed with respect to the Riemannian metric induced
by the Kéhler structure. We call p, the G-gradient map associated with p.
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For the rest of this paper we fix a G-stable locally closed real submanifold X of Z. We may
consider j, as a mapping jp: X — p such that

grad up = fx

where the gradient is now computed with respect to the induced Riemannian metric on X. Since
X is G-stable we have (z(z) = fx(z) for z € X. Using the inner product on p C iu we define
np(2) == 3lup(2)||?, 2 € X. Let C, be the set of critical points of 1, and By := 11,(Cy) C p.

A strategy for analyzing the G-action on X is to view 7, as a generalized Morse function in
order to obtain a smooth G-stable stratification of X and to study its properties, as follows. Let ¢
denote the flow of the vector field gradn,. For 3 € By consider the set Sj; := {x € X | ¢4(z) has a

limit point in C, N ,u; 1(K - ) as t goes to —oo}. From the Morse theoretical point of view, the set
S’ﬁ is a candidate for a Morse-stratum associated with 7,. Difficulties arise, since C, is almost never
smooth, the flow ¢; may not exist for all ¢ < 0 and if it exists a limit point might not be unique.

We get around these difficulties by defining the relevant sets, which we call pre-strata, in terms
of semistability. Set M, := p, ' (0) and Sg(M,) == {z € X : G- zNp, '(0) # 0}, the (open) set of
semistable points in X. If 5 = 0 € By, then we define Sg = Sy = Sg(M,). We define Sg for any
B € By in a similar way, as follows.

For 3 € p let GB+ := {g € G : limy_,_ o exp(tB) g exp(—t3) exists}. Then G+ is parabolic with
Levi component the centralizer G? of 3. Note that G® = K expp”® is compatible with the Cartan
decomposition of UC. Let X? denote the set of zeros of the vector field Bx. This submanifold
is stable with respect to the action of G” and we have a shifted gradient map @: X8 — pP,

x +— pys(z) — B, whose set of semistable points is So={reXP:G0F zn ,up_ﬁl(ﬁ) # 0}. Set
P+ = {z € X : limy__ooexp(tf) - z € So}. Then S+ is GP+-stable. We call Sz == G - S5+ the
pre-stratum associated with 3 € Bj.

Let G xG™ 8+ denote the quotient of G x S8+ with respect to the GP+-action which is given
by q-(9,5) = (9¢",q-s) for g € G, s € S5+, ¢ € GB+. In §5 we obtain our main results concerning
pre-strata.

SLICE THEOREM. The pre-stratum Sy associated with (3 is a locally closed submanifold of X and
the natural map
G x@F §f 5,

induced by the G-action on X is a diffeomorphism.

The G-action on a pre-stratum has properties similar to those of G-actions on a set of semistable
points. The role of the zero fiber of the gradient map is taken over by the set My (K-3) := YK-B).
Our second result (Theorem 5.4 and the subsequent discussion) is the following.

QUOTIENT THEOREM. Let 3 € By.

(i) The topological Hilbert quotients (see §3) S+ /G” and Sg//G exist and are isomorphic and
parameterize the closed orbits.

(ii) The inclusions Mpg(ﬁ)ﬂ55+ C S8+ and M, (K -B)NSs C Sp induce isomorphisms (Mys(B)N
SP+) /KB =2 S8+ JGP and (M, (K - 8) N Sp)/K = S5//G.

(ili) The set of minima of n,|Sg coincides with My(K - 3) N Sg.
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The content of these results can be summarized as in the following commutative diagram.

Ms(B) N 8P+ M, (K - )N Ss
SP+ </ [ \ Sp /
(Mya(B) N S%+) /K7 + (My(K - 5) N Sp) /K

SP+ ) GB = Ss/G

We also show in §5 that a pre-stratum Sg only depends upon K - 3.

STRATIFICATION THEOREM (Theorem 5.5). Let 3, G e By.
(i) If S5N S5 # 0 and Sz # S5, then [|B] > |18]-
(ii) The following are equivalent:
(a) K-B=K-p;
(b) Sp=S5s;
(c) SgN SB # 0.

If p1p: X — p is a proper map, then we show in § 7 that for 5 € By, the Morse-theoretical stratum
Sé coincides with the pre-stratum Sgz. Moreover, we prove the following.

THEOREM (Theorem 7.3). If puy: X — p is proper, then X = JzS3 where 3 runs through a
complete set of representatives of K-orbits in By,.

In §8 we obtain the following.

THEOREM (Corollary 8.5). If X is compact, then there are only finitely many pre-strata.

If X = Z is compact and G = U, then most of the above is proved in [Kir84a]. This holomorphic
and compact case has been studied quite intensively. For example, the strata Sg are smooth analytic
subsets of Z which are open in their closure with respect to the analytic Zariski topology, there is
only one open pre-stratum Sg, (if X is connected) and its complement is a closed analytic subset
of X. Also, the open pre-stratum Sg, is connected and is minimal in the sense that [y is a closest
point to zero in p,(X) C p. Many of these results about open pre-strata hold more generally for
meromorphic actions of complex reductive groups on compact Kéhler manifolds (see [Fuj78, Som75]).

Important applications noted in [Kir84a] are the Morse equalities in equivariant cohomology in
the holomorphic compact case. Morse inequalities also hold in our setup for general real reductive
group actions on compact manifolds. We illustrate in §9 with simple examples that equalities are
almost never valid for actions of real reductive groups.

The simplest interesting situation where our results apply and that is not covered by previously
known results is the real projective case. Here X C P(Vr) where Vi is a representation space of
an algebraic semisimple real group G and X is G-stable and closed. In this setup we may choose
Z =P(V) where V = Vg ® C and P(V) is given the Fubini-Study metric.

The special case X = P(Vg) and G real semisimple is treated in [Mar01l]. However, there is an
error in the proof of Marian’s Theorem 1: the assumption on the bottom of p. 783 of [Mar01] that
one may assume that ky = ko9 = e is incorrect.
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Still in the projective setup we have the following result of Schiitzdeller [Sch06] which is new even
in the case that G = U and which generalizes results of Kostant [Kos73], Atiyah [Ati82], Guillemin
and Sternberg [GS82], Mumford (see the Appendix of [Nes84|), Kirwan [Kir84b] and O’Shea and
Sjamaar [OS00].

Let a, be a positive Weyl chamber for the K-action on p. Let Y be a semi-algebraic closed
G-stable subset of P(V') which is irreducible (in a suitable sense). Then p,(Y) N a4 is a convex

polytope.
The proof of this convexity result makes essential use of the stratification obtained here.

Another related interesting simple case is where X = Z is U-homogeneous and G is a real
form of UC. Our results applied to G and also to the complex reductive group K€ imply Matsuki
duality [BL02, Mat82, MUV92| (see Corollary 6.14) and may be viewed as a generalization thereof.

Most of our results in the holomorphic non-compact case are new. In this setup G is a complex
reductive group and X is a Kéahler manifold. The relevant maps are holomorphic and the quotients
discussed above are Kéhler spaces. In particular, a pre-stratum Sg is G-equivariantly and biholo-
morphically identified with a holomorphic G-bundle over the compact complex manifold G /GP+.

Also, in the general real case, a pre-stratum S fibers over the G-homogeneous compact manifold
G /GP+ which now is a K-homogeneous Riemannian manifold. The open pre-strata are of special
interest. In many situations, including the case where p, has closed image, there is a minimal pre-
stratum Spg, in the sense that f is a closest point to zero in p,(X). This pre-stratum is always open
and usually serves as a good substitute for the set of semistable points which quite often is empty.

In principle there could be many different minimal pre-strata and also other open pre-strata
which are not minimal in the above sense. We do not know any example of a connected manifold X
where this is indeed the case. Any such example would imply that 1,(X)Nay is not a convex subset
of ai. In situations where the convexity result of Schiitzdeller applies, the minimal pre-stratum
is unique. The uniqueness of the minimal pre-stratum holds in complete generality if X = Z and
G = U®. In this case very general convexity theorems are available [HH96].

Another interesting extreme situation occurs when there is a maximal pre-stratum Sg. By this
we mean that 5 € p,(X) and || ]| > [|up(2)|| for all z € X. In this case the function 7, is constant on
Sj and we explain in § 6 that the general theory implies that S5 = My(K - 3) = p, ' (K - 3) and that
B+ = M, (B) = ,up_l(ﬁ). Every G-orbit in Sj is a K-orbit and every G”-orbit in S+ is a KP-orbit.
Moreover, SP+ = M, (B) is a union of connected components of X # and the Slice Theorem gives a
K-equivariant diffeomorphism K x K" M, () = Sp. These considerations generalize an old theorem
of Wolf [Wol69] (see Corollary 6.16) which says that a real form G of a complex semisimple group
acting on a generalized flag manifold has a unique closed G-obit.

2. Compatible subgroups and gradient maps

Let U be a compact Lie group. Then U has a natural real linear algebraic group structure, and we
denote by U® the corresponding complex linear algebraic group [Che46]. The group U is reductive
and is the universal complexification of U in the sense of [Hoc65]. On the Lie algebra level we
have the Cartan decomposition u® = u + iu with a corresponding Cartan involution 6 : u® — u®,
£+in— € —in, £, n € u. The real analytic map U x iu — UC, (u, ) — uexpé, is a diffeomorphism.
We refer to the decomposition U = U exp(iu) = U x iu as the Cartan decomposition of UC, and

we fix it for the remainder of this paper.

Let G be a real Lie subgroup of UC. We say that G is a compatible subgroup of UC if it is
compatible with the Cartan decomposition of U, i.e. if

Kxp—G, (k) kexpp,
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is a diffeomorphism where K = GNU and p = g Niu. In particular, G is a closed subgroup of U®
if and only if K is compact.

Let Z be a smooth holomorphic UC-space, i.e. Z is a complex manifold with a holomorphic
action UC x Z — Z. We assume that Z has a Kéhler form w which is U-invariant. We also assume
that we are given a U-equivariant moment mapping p: Z — u*. By definition we then have

dut = 16, W
where ué is p followed by evaluation at € € u and £ is the vector field on Z with one parameter
group (t,z) — expté - z.

Now let G be a compatible closed subgroup of UC. We have the subspace ip C u and a corre-
sponding mapping pip: Z — (ip)* where pujp, is just p followed by restriction to ip. The map piy is
the correct analogue of ; when one is considering the action of G rather than the action of UC.
In order to simplify notation we replace consideration of p;, by that of yp: Z — p where

p (2) = up(2), B) = 1, (2).

Here (-,-) denotes a K-invariant inner product on p C iu. The map py, is called the G-gradient map
associated with p since the equation dué = 1¢,w is equivalent to grad ,ug = (B for all 8 € p. Here the
gradient is computed with respect to the Riemannian metric (-,-) on Z given by (v, w) = w(v, Jw)
for all z € Z and v,w € T,(Z) where J denotes the complex structure on 7'(Z).

For the rest of this paper we fix a G-stable locally closed submanifold X of Z. Of course, a
special important case is where X = Z. From now on we also denote the restriction of i, to X by
p. We have

grad iy = fx
where grad is computed with respect to the induced Riemannian structure. Similarly, L denotes
perpendicularity relative to the induced Riemannian metric on X. We have the following two
elementary results (see [HS07a, Lemmas 5.1 and 5.4]).

LEMMA 2.1. Let x € X and 8 € p. Then either fx(z) = 0 or the function t — ,ug(exptﬁ - x) Is
strictly increasing.

For a subspace m of u® and 2 € X let m- 2 denote the subspace {8x(z) : 3 € m} of the tangent
space T, (X).

LEMMA 2.2. For all z € X we have ker duy(z) = (p - ).

We use ||-|| to denote the norm functions associated to (-,-) and (-,-). The critical points of the
norm square function n,(z) := §||up(2)||* will be of central importance in the rest of this paper.

LEMMA 2.3. Let v € X and 3 = pp(x). Then grad ny(x) = Bx ().

Proof. This follows from dny(z)(v) = (8, dpy(z)v) = d,ug(a:)(v) = (v, Bx(x)). O
COROLLARY 2.4. Let v € X and set (3 := py(z). The following are equivalent:
(i) Bx(x) =0;

(i) dpsf () = 0;
(iii) dny(z) = 0.

Let x € X and let 8 € p, := {f € p : fx(x) = 0}. Differentiating the action of G, on T,(X)
gives rise to a linear action of g, on T, (X). Since elements of iu, act as selfadjoint operators on

T,(Z) relative to the induced Riemannian structure, our element [ acts on 7,(X) as a selfadjoint
operator dfx (z) and has real eigenvalues.
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PROPOSITION 2.5. Let v € T,(X) be an eigenvector of 3 € p, with eigenvalue \((3). Let v(t) be a
smooth curve in X with v(0) = z and 24~(0) = v. Then:

(i) iz (p ©7)(0) = Aol
(ii) Ifx is a critical point of n, and (3 := up(x), then
d2
72 (1 07)(0) = AB)0l? + lldpp () (0)]>.
Proof. We have
G800 = (590,05 0))

where (-, -), denotes the inner product on 7,(X) at z € X. There is a neighborhood U of x € X and
a local diffeomorphism ¥: U — T, (X) where ¥U(z) = 0 and d¥(z) = Id. Using the local coordinates
given by ¥ we have (-,-),¢ = (-;+)z + t(-,+); where (-,-); is a bilinear form on 7,(X) depending

smoothly on t. From Bx(v(t)) = t- dBx(z) - £7(0) + t2Ro(t) = tA(B)v + t>Ro(t), where Ry(t) is
smooth, we obtain

G0 o0 = (0.8x00)) +¢( FrO8x00)

t

<CZ (), tA(B)v + tzRO(t)>r + t(%fy(t),t)\(ﬁ)v + t2R0(t)>

t

- (50060 + 2R

This implies part (i).
If B is as in part (i), then py(y(t)) = B+t - duy(z) - v + t>Ra(t). Hence,

5020 = {1 (0) 0 (0))
d. s d 2
= 205 090 + iy ) A0 iy o) 0 + Rl

and part (ii) follows. O
If m is a subspace of a Lie algebra [ and 8 € [, set m% := {¢ ¢ m: [£, 3] = 0}.

LEMMA 2.6. Let 8 := py(x) and assume that 3 € p,. Let ¢ € €. If (x(x) is the sum of positive
eigenvectors of 3, then ¢ € 7.

Proof. Let ~(t) := expt( - x. Proposition 2.5 implies that 0 < %(uf o v)(0). Since py is
K-equivariant and the K-action on p is by linear isometries we have
72 My ©7)(0) = —5| (exp(t¢) - pp(@), B) = ([C, [, AI], B) = —I[¢, Bl < 0
0
This shows that [¢, 3] = 0, i.e. ¢ € €. O

3. The slice and quotient theorems

In this section we recall for the convenience of the reader some results from [HS07a, HS07b]. For
any Lie group G, a closed subgroup H and any set S with an H-action we denote by G xS the
G-bundle over G/H associated with the H-principal bundle G — G/H. This is the orbit space of
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the H-action on G x S given by h-(g,s) = (gh~!,h-s) where g € G, s € S and h € H. The H-orbit
of (g,s), considered as a point in G xS, is denoted by [g, s].

Let G = K expp be a compatible closed subgroup of UC. For 5 € p set My (B) = up_l(ﬂ) c X
and set My, := M;(0). Let + € M,. Then G, = K,expp, (see [HS07a, Lemma 5.5]). Since the
G -representation on T,(X) is completely reducible [HS07a, Corollary 14.9], there is a G,-stable
decomposition T,,(X) = g-x & W. Now the slice theorem for Z (see [HS07a, Theorems 14.10 and
14.21]) pulls back to the following slice theorem for X.

THEOREM 3.1 (Slice Theorem). Let x € M,. Then there exists a G,-stable open neighborhood

S of 0 € W, a G-stable open neighborhood €} of x € X and a G-equivariant diffeomorphism
U: G x% S — Q where ¥([e,0]) = x.

Actually, we have a slice theorem at every z € X. Set 8 := py(z) and let G ={geq:
Adg- 8 =} denote the centralizer of 3. Then we have a slice for the action of G, as follows.

The centralizer G is a compatible subgroup of U® with Cartan decomposition G# = K7 exp(p?)
where KP = KNGS and p? = {¢ € p : ad(€)3 = 0}. The group G is also compatible with the Cartan
decomposition of (U®)? = (U”)® and f3 is fixed by the action of U” on w?. This implies that the
w’-component of ;1 defines a UP-equivariant shifted gradient map fys: Z — u?, Hys (2) = pys(z)— 0.
The associated GP-gradient map is given by @: X —pf, /T\p,@(z) = pps(2) — (3. This shows that the

—

slice theorem applies to the action of G# at every point € (1p5)~1(0) = Mys(3). In particular, if
(@ is commutative, then we have a slice theorem for GG at every point of X.

For H a subgroup of G, M a subset of Z and Y an H-stable subset of Z, we define the saturation
Sg(M)(Y)tobe {z€Y :H-2NM # (}. Here H - z denotes the closure of H - z in Y. In general,
Sy (M)(Y) is a proper subset of Sy (M )(Z)NY . However, in the case where Y is closed in Z these sets
agree. The set Sg(M,)(Y) is called the set of semistable points of Y with respect to p,. In [HSO7b]
it has been shown that Sg(M,(3))(Z) is open in Z for every 3 € p. For a closed G-stable subset Y’
of Z this implies that Sg(M,(3))(Y) is open in Y. Inspecting the proof in [HS07b] one can more
generally show that Sg(My(5))(X) is open in X for any locally closed G-stable submanifold X
of Z. Since we have fixed X, we usually write Sq(M,(5)) for Sg(M;(3))(X). The set of semistable
points plays a major role in [HS07a]. One reason for this is the quotient theorem which we now
formulate.

Let Y C Z be G-stable and let x, y € Y. We define a relation ~ on Y where x ~ y if and only if
YNG-2NG -y #0. If this relation is in fact an equivalence relation we denote the corresponding
quotient by Y/G and call it the topological Hilbert quotient of Y by the action of G.

THEOREM 3.2 (Quotient Theorem [HSO07a]). Assume that X = Sg(M,). Then the topological
Hilbert quotient X /G exists and has the following properties.

(i) Every fiber of m contains a unique closed G-orbit. Any other orbit in the fiber has strictly
larger dimension.

(ii) The closure of every G-orbit in a fiber of m contains the closed G-orbit.
(iii) Every fiber of m intersects M, in a unique K-orbit which lies in the unique closed G-orbit.

(iv) The inclusion M, — X induces a homeomorphism M,/K = X G.

As in the case of the slice theorem, we have local versions of the quotient theorem. For any 3 € p
we have the open subset of semistable points Sgs (Mp,@ (6)) in X, and we can apply the quotient
theorem for the action of GP.
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4. Fixed points and parabolic subgroups

Let 8 € p. We have a vector field fg whose one-parameter subgroup is given by (¢,y) — exp(t3)y
exp(—t3). Then

GP={yeG:pBaly) =0} ={y € G:exp(tB)yexp(—tf) =y for all t € R}.
We have the parabolic subgroup

GP+ = {y eqG: tligl exp(tf)y exp(—tp3) exists}
with unipotent radical
RA+ .= {y €qG: tlir_n exp(tB)y exp(—tfB) = e|}.

Then Gﬁ+ is the Semi—direct product Of G/G Wlth Rﬁ+ and we have the projection 7T/8+ : Gﬁ+ — Gﬁ’
74 (y) = limy_, _ o exp(tB)y exp(—t3).

LEMMA 4.1. For every 3 € p we have G = KGP+.

Proof. The adjoint orbit O of U through § € iut 2 u can be considered as a Kahler manifold endowed
with a holomorphic UC-action. In particular, G-acts on O. In [HS07b] it is shown that G- 3 = K - 3.
Since G - # = G//GP+ this proves the claim. O

We introduce submanifolds of X analogous to G and G?+. For 3 € p we have the corresponding
vector field Bx on X whose one-parameter subgroup is given by (¢,y) — exp(t(3) - y. We have the
set

XP={ye X :Bx(y) =0}
which is the set of fixed points {y € X : exptf -y = y for all ¢t € R}. The set X? is GF-stable and
is a subset of the GP+-stable set

XP+ = {y e X: tlim exptf -y exists}.
——00

The map pP+: XP+ — X8 pft(y) = limy_._o expt3 - y is well defined, G-equivariant, surjective
and its fibers are R%+-stable.

In the following we fix 8 € p, ||8]| = 1 and discuss, in the spirit of this paper, the relevant
properties of the action of the group I' := expy on X where v := Rf3. Note that I" is a closed
compatible subgroup of U®. As an abstract Lie group I' is just the additive group R. The T-
gradient map on X is given by . (y) = ,ug (y)B and in the following is identified with ,ug: X —R.
The isotropy group 'y, of I' at every point © € X is compatible with the Cartan decomposition of
UC. Since I' = R, we have that either I', = {0} or ', = I'. The slice theorem applied at z € X \ X*
gives the existence of an open I'-stable neighborhood €2 of z, a closed submanifold S of Q2 with x € .S
such that the map ¥: I' x S — Q, (g,s) — g - s is a diffeomorphism.

In the case that 2 € X7, the slice theorem gives a linearization of the I'-action near z, as follows.
The linearized vector field dfBx (z) acts on T, (X) as a selfadjoint operator, also denoted by 3, and
W := T,(X) is a direct sum of one-dimensional eigenspaces. We define W5+ := W8 @ W where
W is the sum of the eigenspaces of 3 with positive eigenvalues and W7 is the zero eigenspace of 3.
By the slice theorem there is an open I'-stable neighborhood S of zero in T,,(X) and a I'-equivariant
diffeomorphism ¥ which maps S onto an open neighborhood €2 of x in X. Since S is I'-stable, it
contains (S N W?) @ WT. Now ¥ identifies S N W5+ with QN X+ and S N W# with QN X7,
Moreover, (p* )1 (SNWP) = V((SNWFH) @ W) is closed in .

Remark 4.2. The slice theorem applied to I" at = € X7 shows that, for y near x, the limit expt,(-y
exists for some sequence t,, — —oo if and only if lim; ., exptf -y = .
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We summarize our discussion as follows.

PROPOSITION 4.3. Let 3 € p, I' = exp R and let X%+ be as above.

(i) The set X? is a closed submanifold of X.
(ii) The set X+ is a locally closed G®+-stable submanifold of X.
(iii) The tangent space of X%+ at x € XP is W5+,
(iv) The map p’+ is a GP-equivariant strong deformation retraction.
) The énap pP+ is GP+-equivariant where the action of GP+ on XP is via the quotient mapping
to G”.

(v

Remark 4.4. In addition to the properties in Proposition 4.3, we have that the map p®+ is a smooth
locally trivial fibration which realizes X” as the topological Hilbert quotient of X%+ with respect
to the action of T'. Each fiber Fiit := (pP+)~H(x) of pP+ is (GP),-equivariantly diffeomorphic to a
(GP),-representation W (x) which, up to isomorphism, depends only on the connected component
of 2 in X#. Furthermore, the map G? x (6"« F/*+ —, (p*)~YGP ), [a, 2] — a-z is a GP-equivariant
diffeomorphism.

Remark 4.5. If G = KC for some compact subgroup K of U and if X is a complex submanifold of Z,
then the manifolds discussed in Proposition 4.3 are complex analytic and the maps are holomorphic.

Of particular interest are the connected components of X” on which ,ug = (up, ) is constant.
For any S €pand r € R let XP := {y e XP: (p(y), B) =r} and let X/ = (PP L(XP).

PROPOSITION 4.6. Let 8 € p.

(i) The function ,ug : X — R is locally constant. In particular, XP is open and closed in X?.

(i) We have ,ug(y) >rfory e X2+ and equality holds if and only if y € xP.

Proof. For v € T,(X) and y € X7, d,ug(y)(v) = (Bx(y),v) = 0. Hence, ,ug is locally constant on
X? and we have part (i).

Let y € X/*. Then ,ug(exp t6-y) = limy o uf(exp t3-y) = r. Note that x°(y) = r if and only
if exptf-y =y for all t € R (Lemma 2.1), i.e. y € X?. This establishes part (ii). O

Remark 4.7. By replacing  with —f one obtains analogous results for

XP- = {y € X: lim exptB-y exists}.
t—-+o0

Let B € p and let g% = €7 4 p” denote the Cartan decomposition of the Lie algebra g® of the
centralizer GP. For r € R let H,.(8) := {¢ € p° : (3,¢) = r}. In the following it is important to
note that H,.(8) is a hyperplane in p? if and only if 3 # 0. If 3 # 0 we have the corresponding
half-spaces H(3) := {¢C € p? : (8,¢) > r} and H-(B) := {¢ € p? : (B,¢) < r}. These sets are also
defined in the case where 5 = 0 but then they are either empty (r # 0) or all of them coincide with
p? (r=0).
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COROLLARY 4.8. Let 8 € p. Then:
(i) ppo (X7*) € HF (B);
(i) o (X77) € Hy (B);
(i) X7 = X7 0 X7 =l (H(8) N X

Remark 4.9. For fixed r the manifold X,«ﬁ * is defined only in terms of the group I' := exp R3. This
means that XE * remains unchanged for any compatible subgroup G of U® which contains I and
stabilizes X. Note that Xrﬁ is GP-stable.

5. Critical points, slices and quotients

Let pyo: X — p? denote the gradient map associated with the moment map Hys: 4 — u? (see §3).
Recall that M,s(f3) is the zero fiber of the shifted gradient map fu,5 = j1,8 — f.

For 8 € p we set S7 := Sga(Ms (ﬁ))(XfE”Q), i.e. S5+ is the set of GP-semistable points in ngng

with respect to the shifted gradient map pys — 5. The set Sp := G - SP+ is called the pre-stratum
associated with (3.

Remark 5.1. The set S+ is a locally closed submanifold of X since it is an open subset of X7+,

Remark 5.2. As we already noted (see Remark 4.9), the set Xf 5”2 only depends on the group
I' = exp(R3). However, in general, S%+ depends on G°.

Let Cp denote the set of critical points of n,: X — R, ny(z) = 3|up(2)||* and set By = 1,(Cp).
Since 7, is K-invariant the sets Cp and By are K-stable.

We now formulate our main general results.
THEOREM 5.3 (Slice Theorem for Pre-Strata). Let 3 € By, and let Sz be the pre-stratum associated
with (3.
(i) The pre-stratum Sg is a locally closed submanifold of X and S+ is a GP+-stable locally closed
submanifold of X.
(ii) The natural map G x GO 5P+ Sp is a diffeomorphism.

(iii) The natural map K x K7 gb+ Sp is a diffeomorphism.

The following is an analogue of the quotient Theorem 3.2 for semistable points in the context of
pre-strata. Here My (K - 3) := Y(K - B) plays the role of M,, in Theorem 3.2 and the case where
B =0 is just Theorem 3.2.

THEOREM 5.4 (Quotient Theorem for Pre-Strata). Let § € B, and let Sg be the pre-stratum
associated with (3. Then the topological Hilbert quotient Sg//G exists. Let TSt Sp — S3//G denote
the quotient map.

(i) Every fiber of Ts, contains a unique closed G-orbit. Any other orbit in the fiber has strictly
larger dimension.

(ii) The closure of every G-orbit in a mg,-fiber contains the closed G-orbit.

(iii) Every fiber of ms, intersects My(K -3)NSp in a unique K-orbit which lies in the unique closed
G-orbit.

(iv) The inclusion My(K - ) NSg — Sz induces a homeomorphism (M, (K -3)NSg)/K =2 Sg//G.
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Note that we can apply Theorem 3.2 to the set of semistable points S+ = S (Mys (ﬁ))(ng'|2 ).

In the following discussion it will turn out that the quotients S5+ /G? and S3//G are isomorphic
(Proof of Theorem 5.4) and that M,,5(3)N SB+ C My(K -B)N Sz (Lemma 5.6 and Proposition 5.8).
We may summarize all of this in the following commutative diagram.

) N §PC )NS5
SB+ C L \ /
(Mys (8) 11 895) I e (M (K ) 1 85)/K

/ /
S0+ ) GB Ss//G

We also see that M,,s(3) NSP+ is the set of minima of 7,|S?+ (Lemma 5.12) and that M, (K -3)NSg
is the set of minima of 7,|S3 (Proposition 5.13).

/

THEOREM 5.5 (Pre-Stratification Theorem). Let 3, § € By.
(i) IfS53NSs+# 0 and K - B # K - 3, then || 3] > |-
(ii) The following are equivalent:
(a) K-B=K-p;
(b) S =Sz
(c) Sgn SB # 0.
Now we give additional information about the pre-strata which will lead to the proofs of the
theorems.
LEMMA 5.6. For any (3 € p we have:
(1) Mp(B) N X7 = My(58) NGy
(i) My(8) N XP = Mys(8) N XP;

(i) Mps (8) N X7 = Mys(8) N X[

Proof. The first part is a direct consequence of Lemma 2.3. Since p is exp(iRj3)-equivariant, on
X7 it takes values in (u*)” and py, takes values in p”. This implies part (ii). Part (iii) follows from
Corollary 4.8. O

Remark 5.7. Lemma 5.6 implies that S%+ (equivalently Sg) is nonempty if and only if 3 € By. This
is the only reason why Theorems 5.3 and 5.4 are formulated for 8 € By, and not for 3 € p.

As in §4 we let p?+: XB+ — X denote the GP-equivariant map p*+ (y) = limy__ oo exptf - y.

PROPOSITION 5.8. For every 3 € B, we have the following:

(i) S = (p7) 71 (Sgs (Mps (B))(X7));

(ii) S8+ is GP+-stable;

(iil) Mys(8) NS+ = Mys(8) N XP;

(iv) SGﬁ( (ﬁ))(Xﬁ) is a GP-equivariant strong deformation retract of SP+.
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Proof. Let y € XP+ and set © = pP+(y). Since p+ is GP-equivariant and fixes X? and since z
lies in GB -y, we have that 0 # G8 -z XP N M,s(B) if and only if () # GP.ynXPn M5 (B).
Hence, the equality in part (i) follows from Lemma 5.6. Invariance of S5+ with respect to the G5+-
action follows from parts (i) and (iii) follows from Lemma 5.6(iii). The deformation of S$”+ onto

SGg(Mpg(ﬁ))(Xﬁ) is given by (¢,y) — expt( - y. O
COROLLARY 5.9. For all 3 € B, we have Sg = K - 5B+,

Proof. This follows from G = KGS+ (Lemma 4.1), the GP+-stability of S%+ and the definition
Sﬁ =G - 90+, O

By Theorem 3.2 the topological Hilbert quotients Sgs(M,s (B))(XP))GP and SP+JGP exist.
Proposition 5.8 implies that the inclusion Sgs(M,ys (8))(XP) — S8+ induces an isomorphism of
these quotients. Note that for z,y € S% we have GB -z NGB -y N SO+ £ if and only if GB+ -z N
GP+ -y N 8P+ £ () by Proposition 4.3. Therefore, the quotient S%+/GP+ exists and is not only
isomorphic to but also equal to S+ /G®. We summarize this discussion in the following commutative
diagram.

id s,

S (M,s(8))(XP) ¢ Sh+ Sh+

| T

Sas(Mps (0))(X7) ) GF == $P+ | GF == 5P+ )G+

Recall that by Theorem 3.2 each fiber of the quotient S+ — S5+ /GB contains a unique closed
GP-orbit which is the unique orbit of minimal dimension in that fiber. We now show the analogous
fact for the action of GB+ on S%+. We make use of the following remark.

Remark 5.10. Let H be a Lie group acting on a manifold Y. Then for alld e N, {y € Y | dim H -y
> d} is open.

PROPOSITION 5.11. Let GP - & be the unique closed GP-orbit in a fiber F of the quotient S+ —
SP+ JGB. Then GP+ -z is the unique closed GP+-orbit in F and every other G%+-orbit in F has
strictly larger dimension.

Proof. Since p°+(x) € GP - x, we must have that 2 € XP. To simplify notation let Q denote G°+.
Let z € F and set y := p%+(2). Then y € F N X°.

Assume that @ -z # @ - y. We show that dim@ - z > dim@ - y. Let qj be a subspace of g
complementary to ¢,. Since an exp(R/)-invariant neighborhood of y in X A+ can be identified with
an exp(R/3)-invariant neighborhood of 0 in the tangent space Ty(Xﬁ+) (see §4) and since g -y = q-y
is exp(R3)-stable, there is an exp(R/3)-invariant locally closed submanifold N, of X A+ with y € N,
and T,(XP+) = dy -y ® Ty (Ny). This implies that the map ®,: qj x Ny — X+ (€,w) = exp(€) -w,
is a local diffeomorphism near (0,y). Since @ - z intersects every open neighborhood of y and
since exp(qg) C @, we may assume that there is a 2’ € @ - z such that 2’ € N, and such that
dimqj - 2’ = dimgqj - y. Since Q - 2 # Q -y, 2’ ¢ XP and 0 # Bx(2') € T.(N,) does not lie in qy - 2.
Thus, dim@Q - 2’ > dim g +1 > dimQ - y.

It now suffices to show that dim Q-y > dim Q- if Q-y # Q-x. We have that dim G”-z < dim G”-y.
Since p*+ (x) = 2 the GP-equivariance and R%+-invariance of p™+ imply that dim Q-z = dim G® -z +
dim R%+ - z and similarly for y. Since we may assume that y is arbitrarily close to x, we have that
dim RP+-y > dim R%-z. Thus, dim Q-y = dim G®-y+dim R%+-y > dim G%-z+dim R%+-z = dim Q-x.

We have shown that the orbit ) - x is of minimum dimension in F'. It remains to show that it is
the unique closed orbit. Suppose that 2’ € Q - = where Q - 2’ # @ - 2. Then dimQ -z > dim Q - 2.
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However, this contradicts the fact that dim Q -z < dim Q-2’. Hence, @Q -z is closed. By the definition
of topological Hilbert quotient there are no other closed orbits in the fiber F. O

LEMMA 5.12. Let 3 € By, and z € SB+. Then np(2) = 1||B|1> and equality holds if and only if

Proof. We have ||up(2)|| = [|pys(2)]| = [|8]| by Corollary 4.8. If equality holds then py,s(z) = 3 and
z is a minimum of np,@\Gﬁz. Therefore, it is a critical point of 7,s and we have z € M,s(3) N XP =
M, (B) N XP by Corollary 2.4. O

PROPOSITION 5.13. Let 3 € By and let Y be a G-stable closed subset of Sz and ?ﬁ its closure in X.
We have np|Ys > 1||8||* and the set of z € Y3 where ny(z) = 3||8|* coincides with My (K - 8) N Yy
and is non-empty if Yy is non-empty.

Proof. We have Y3 = K - YA+ where YA+ := Y31 S% (Corollary 5.9). For z € Y3 we have z = k -y
where k € K and y € YA+ C SP+. Then ||uy(2)|| = |lup(y)l| = [|B]. If we have equality then
pes(y) = Band y € X# (Lemma 5.12). Now Y4+ is closed in S%+. Therefore, y € M,(8) N YA+ and
2 € My(K-B)NYa.

Finally, M, (K - 8) NYj is non-empty since G - y intersects Ms(8) N XPB for every y € YB+ C
Sh+. O

COROLLARY 5.14. The closure of every G-orbit in S intersects M,(3) N X5.

We now work towards the proof of the slice theorem for pre-strata.

LEMMA 5.15. Let 8 € By. The identity SP+ — SP+ induces a diffeomorphism ¢: K x K% gB+
G xG™* B+

Proof. Since G = KG%+, KNGP+ = KP and g = ¢+ g%+, ¢ is a one-to-one onto submersion between
manifolds of the same dimension, hence a diffeomorphism. O

In the following we fix 3 € By, and define ¥: G x G §B+ Sg by U([g,s]) =g-s.
LEMMA 5.16. The map V¥ is an immersion.

Proof. First we show that ¥ is an immersion at any z € My(8) N SP+. Since g = £+ g+ and
gf+ -2 C T,(S%) it is sufficient to show that ¢ € € and (x(x) € T,.(S%+) implies that ¢ € €5 C g°+.
This is a consequence of Lemma 2.6 since T),(S”+) is the sum of the eigenspaces with non-negative
eigenvalues of the isotropy action of 3 on T, (X). Since every GP-orbit in S+ intersects every open
neighborhood of M, (8) N S#+ and V¥ is G-equivariant it follows that ¥ is an immersion. O

ProrOSITION 5.17. Let w, € G xG™ SB+ be a sequence such that W(w,) converges to z €

Mp(B)NX 8. Then the sequence w, has a convergent subsequence and every convergent subse-
quence converges to [e, z|.

Proof. Let w, = [kn,Sy| where k, € K and s, € SP+ (Lemma 5.15). We may assume that k,
B+

converges to k € K. This implies that lim,, oo W (k, [k, 85]) = lim, oo 5, = k7 Loz € SF+ C X

oy 18112
From |uy(k~1 - )| = ||up(z)|| = ||8]] and k~! - 2 € SB+ we obtain that k~lz € M,(3) N XP
(Lemma 5.12). Since also x € M,(8) N X we conclude that k € K and that lim,_.co[kn, sn] =
[k, k=t 2] = [e, 2]. O

COROLLARY 5.18. The map V is injective.
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Proof. We first show that for every x € M,(8)NX # there exists an open neighborhood Q of z € X
such that U|¥~1(S5 N Q) is injective. If U|U~1(S5N Q) is not injective for O sufficiently small,
then there are v,,w, € G xG** §B+ such that Up # W, Y(v,) = Y(wy,) and lim,—oo ¥(v,) = .
Since ¥ is an immersion (Lemma 5.16) its restriction to some open neighborhood W of [e, z] in
G x G 8B+ g injective. We may assume that lim, o v, = lim,, .~ w, = [e,z] (Proposition 5.17).
This contradicts the injectivity of W|WV.

Since every G-orbit in Sg intersects each neighborhood of a point of M, (8)NX? (Corollary 5.14)
and since U is G-equivariant, every G-orbit in Sj intersects an open subset 2 of X non-trivially
such that W[ ~1(S5 N Q) is injective. Hence, W is injective. O

Proof of Theorem 5.3 (Slice Theorem for Pre-Strata). We first show part (i). It follows from Propo-
sition 4.3 that S5+ is a locally closed submanifold of X. Let x € My(B)N X f# and choose an open

neighborhood W, of [e,z] € G x G’ S+ such that V(W) is a submanifold of X (Lemma 5.16).
Then there is an open neighborhood €, of = in X such that Q, N Sz C Y(W) since otherwise
we could use Proposition 5.17 to arrive at a contradiction. The open sets g - §2, cover Sz (Corol-

lary 5.14) and the open sets g - W, cover G xG’* SB+ where g € G, z € M,(8) N XP. Since
g-QNSgCV(g-Wy)=g-V(W,) we have (i).

Part (ii) follows from part (i), Lemma 5.16 and Corollary 5.18. Lemma 5.15 and part (ii) imply
part (iii). O

Proof of Theorem 5.4 (Quotient Theorem for Pre-Strata). Recall that the topological Hilbert quo-
tients S%+ JG” and S8+ JGB+ exist and coincide. Theorem 5.3 (the slice theorem for pre-strata) im-
plies that S/ G exists and that the inclusion S%+ C S induces an isomorphism S%+ JGA+ = S5 //G.

By Proposition 5.11 every fiber of the quotient map 7gs, : SP+ — S8+ JGB+ contains a unique
closed GP+-orbit G7+ -2 and every other orbit in that fiber has strictly larger dimension. Assertion (i)
then follows from Theorem 5.3 (the slice theorem for pre-strata).

Assertion (ii) follows from the definition of the topological Hilbert quotient and assertion (i).
Let g € Sg//G and set Fy := (ws,) "' (¢g). Then Fy;N SP+ is a fiber of mgs, and intersects Ms(3)
in a unique KP-orbit K#.x where = € M (8) NX?A and GP - is the unique closed orbit in FqﬂSﬁ+.

Hence, G - z is the unique closed orbit in F, and K -z is the intersection of Fj, with M, (K - 3) and
we have assertion (iii).

Assertion (iv) follows from assertions (i) and (iii) and Theorem 3.2. O

Proof of Theorem 5.5 (Pre-Stratification Theorem). Let y € S_g N Sﬁa Then G -y contains a point

x € My(3) (Corollary 5.14 applied to $3) and is contained in Sg. This implies that ||3] > |8 and
equality holds if and only if K - 3 = K - 3 (Proposition 5.13). Hence, we must have ||3] > |||,
proving part (i).

We now show part (ii). Assume that part (ii)(a) holds and choose k € K such that 3 = k- 3. Then
SB+ = k. §P+ implies that S5 = Sg. Hence, part (ii)(a) implies part (ii)(b). Obviously part (ii)(b)
implies part (ii)(c). Assume that part (ii)(c) holds and let z € Sz N S5. If part (ii)(a) fails, then
part (i) shows that ||| > ||8|| and that ||3|| > ||5||, a contradiction. O

6. Consequences and special cases

In this section we point out special cases and several consequences of the results obtained in the
previous section.

176

https://doi.org/10.1112/50010437X07003259 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07003259

STRATIFICATIONS

First note that for 3 = 0 the pre-stratum Sg coincides with SP+ and is the set of semistable
points Sg(Mp). Theorem 5.3 (the pre-strata slice theorem) is trivial in this case and Theorem 5.4
(the quotient theorem) is just Theorem 3.2. If G = GP, in particular if G is commutative, then
Sz = SP+ coincides with the set of semistable points S¢(M, (ﬁ))(ngHQ).
For Morse theoretical considerations the following should be noted.

LEMMA 6.1. Let 3 € By. Then C, N Sg = My(K - 3) N S;.

Proof. We have M, (K -38)NSs = K-(My(B8)NXP) C Cy by Corollary 2.4. Conversely, if z € CyNSg,
let (3 := pp(2). Then 2 € M,(6) N X" C Sj. Since x € 53N S, we have K - 3 = K - (3, and hence

COROLLARY 6.2. If X = Sg(My), then x € X is a critical point of n, if and only if ny(x) = 0, i.e.
the critical set of n, coincides with M.

Fix B € By. The first two theorems in § 5 contain precise information about the structure of the
G-action on Sg and the quotient map 7g,: Sg — Sg//G. We now wish to apply Theorem 5.3 (the pre-
strata slice theorem) for the action of GP on SP+. To simplify notation, let us assume that X = Sg
and let Y denote S%+. We have an artificial G5+-action on Y7 defined by (g,y) — g +y := 77+ (g)-v,
y € YP g € GB+. The mapping p°+: Y — Y7 is equivariant with respect to the given action on
Y and the artificial action on Y?. Here we use the notation introduced in §4. Note that the GP+-
isotropy group at y € Y? is the semi-direct product H, := (G )y X RP+. Applying Theorem 5.3
(the slice theorem) we obtain the following.

PROPOSITION 6.3. Let x € M,5(8)N XP C YP. Then there is a (G?),-stable submanifold Yy of Y
containing x such that G?-Yy = G+ «Y} is open in Y? and such that the natural map G*+ x =Y, —
GP+ Y} is an isomorphism. Let Y1 := (p+)~*(Yy). Then Y] is an H,-stable submanifold of Y,

GB+ wHa Y, — G+ ‘Y1
is an isomorphism and GP+ - Y, is open in Y. Moreover, G - Y; is open in X and
G <O (P xHe ) G
is a G-equivariant isomorphism.

Remark 6.4. The entire construction can be carried out in a manner that is compatible with the
various Hilbert quotients associated to the G-action on X. That is, we can arrange that G° - Yy is
saturated with respect to the quotient map Y% — Y7 / GP and that G?-Y] is saturated with respect
toY — Y/GP, etc.

Remark 6.5. The fiber F of 7gs: Y — Y/GP through 2 € Mys(8) NY is GP-isomorphic to

GP x(@)= F, where F, is a closed (GP),-stable subset of the (G?),-stable subspace W5+ (see §4)
of T(X). In this identification every (G#),-orbit in F, contains 0 € W+ in its closure. Since F' is
also a fiber of 7 s, , the (GP),-space I}, is equipped with a topological action of H, = (G?), x R+,

Before we discuss open pre-strata for general X we need to compute the Hessian of n, at critical
points.

PROPOSITION 6.6. Let x € C, be a critical point of n,: X — R and let Sg be the associated
pre-stratum. Let H,(n,) denote the Hessian of n, at x. Then:

(i) Hy(ny) =0 on T,(K - x);
(ii) Hy(ny) >0 on p? - 2 + 7+ - 2, where v+ is the Lie algebra of R°+;
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(ili) Hy(np) =0 on Tp(Sp) = g -z + Tp(SP+) =t a + T, (S%);
(iv) Hy(np) <0 on Ty(Sp)t = (g-2)t NT,(SP+)L = (8- 2)t N T, (SP+)*L.
Proof. The K-invariance of 7, implies assertion (i). The other assertions follow from (g - z)* C

(p- ) = ker duy(z), Proposition 2.5, Proposition 4.3(iii) and the fact that dfBx(z): T,X — T, X
has strictly positive eigenvalues on t7+ - z. ]

Remark 6.7. We have a tangent space decomposition T;(G - z) = Tp(K - x) @ p® - 2 @ %+ . 2. This
follows from the decompositions G = K - GB+, GP+ = GP - RP+, the identity K N GP+ = KP and
the fact that G acts on X# whereas R+ acts on the fibers of p™+ (see §4). Thus, the behavior of
Hy(ny) on T (G - x) is precisely described by Proposition 6.6(i) and (ii).

COROLLARY 6.8. If 8 € B, is such that ||3||? is a minimum value of 2n,, then the corresponding
pre-stratum Sg is open in X and coincides with Sq(My(f)).

Proof. Let z € Cy such that py(z) = 8. By Proposition 6.6, Sg is open in X. It contains M,s(3) N
XP = My(B)NXP = M,(B) since ||3||? is a minimum. However, S¢:(M,(/3)) is the smallest G-stable
open set containing My(3), so that Sg(M;(3)) C Sz. On the other hand,

Sg =G - Sgs(Mys(B) N XP)(XF+) € Sa(My(B)). O
The argument in the proof shows the following more general result.

COROLLARY 6.9. Let x be a local minimum of n,. Then x € C, and the union of the connected
components of the corresponding stratum Sg which intersect K - x non-trivially is an open subset
of X.
COROLLARY 6.10. Suppose that X = G - x where x € Cy and [ := py(x). Then:

(i) GB+ . = Sﬁ+;

(i) Sgs(Mps(B)(X7) =G7 -
(iii) K7 2= My(B);

) Cp =K -x.

(iv

Proof. In the homogeneous case Theorem 5.3 (the slice theorem for pre-strata) gives us a G-
equivariant isomorphism G x G’ 88+ _ . and therefore a G-equivariant map p: G-z — G/ GP+
with G+ -z = p~1(GP+) = SP+. This shows part (i).

Let 2 = ¢-x € S% where ¢ € G?+. Then limy ., o exp(tB) - q -z = h -z where h =
lim;_. _ o exp(t3)qexp(—tB) € GP. Hence, we have part (ii).

From part (ii) we obtain that M,s(3) NXP = KB 2. This implies part (iii). Now part (iii) gives
Mp(K - B) = K -z and part (iv) follows from Lemma 6.1. O
COROLLARY 6.11. Let « € Cy. Then z is a global minimum of ny|¢.,.

COROLLARY 6.12. If ny|G - « has a local maximum at x, then G -2 = K - x.

Proof. If x is a local maximum of 7, then it is a critical point of 7,. However, every critical point
of ny on G - x is a global minimum. This implies that the set of critical points, which is a K-orbit,
is open in G - x. Since K intersects every component of G, we have K - = = G - x. O

COROLLARY 6.13. If a G-orbit G - x in X is compact, then G-z = K - x.

In Corollary 6.12 we have a special case of the existence of a maximal pre-stratum Sg. By
this we mean that ||3]| > ||up(2)| holds for every z € X. In this case 1,|S3 is constant and f
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maps Sg equivariantly onto K - 3. This implies that every G-orbit in S is a K-orbit, hence closed.
More precisely, we have Sg = M,(K - 8) N S5 and P+ = M,s(B8) N SP+ = M,(3) N XP. Note
that this implies that S%+ coincides with a union of connected components of X?. Also since
S = K x K° (Mys(B8) N X7) we have that S is compact if X8 is compact or Ly is a proper map.

As an application, we show how our results imply Matsuki duality.

COROLLARY 6.14. Assume that X = Z is U-homogeneous, i.e. a generalized flag manifold, and
assume that G is a real form of U®. Then each G-orbit and each KC-orbit intersect Cp in a unique
K-orbit (Matsuki duality). If v € Cy, then K - x is the set of global minima of n, on G - x and of 1
on K€ .z. Thus, G-z N K® .2 = K - z. Moreover, K€ - z (respectively G - x) is open in X if and
only if G-z = K - x (respectively K€ -z = K - z).

Proof. We have T, X = T,(G - z) + T,(K® - ). We may assume that the decomposition u® =
Edit@ip®p is orthogonal with respect to a U-invariant inner product on u®. Then 3||u[|? = ne +np
where ng := %H pe||?. Since Z is U-homogeneous this function is constant and 7 is the negative of p
up to a constant. In particular, the set of critical points of ne equals Cp. Using the behavior of the
Hessian of 7, (respectively n¢) described in Proposition 6.6, we get that each G-orbit (respectively
KC-orbit) is open in the G-pre-stratum (respectively K C—pre—stratum) in which it is contained.
Therefore, each G-orbit and each KC-orbit intersects Cp in a unique K-orbit. If z € Cy, then K - o
is the set of global minima of 7, on G - z and of ne on K© - z. Again, since ||u|® is constant, we
have G-2NKC .z = K - z. The last statement follows from the identities G -2 N K® -z = K -z and
T.X = T,(G-x) + T,(K® - x). O

Remark 6.15. Matsuki duality does not depend on the choice of the moment map, as follows.
Assume that we are given another U-equivariant moment map fi: Z — u*. Let 7, := %H fip|? and
let C~p denote the set of critical points of 7j,. If there is an zg € C, where x¢ ¢ ép, then, by Matsuki
duality, there is an z; € KC- 29N ép with 1 ¢ C, and ny(x9) > ny(x1). Again, by Matsuki duality,
we obtain an 3 € G - x1 NCy with 25 ¢ Cp and ny(x1) > np(w2). Inductively we obtain a sequence
Ty, in Cp with ny(zy,) > 1y (2n41). However, Cp consists of finitely many K-orbits so K -z, = K -z
for some ng > 0, which contradicts the inequality (o) > 1p(2n, ). Hence, Cy = Cy.

We can also easily obtain an old result of Wolf [Wol69].

COROLLARY 6.16. Assume that X = Z is U-homogeneous and that G is a real form of U. Then
there is exactly one closed G-orbit in X.

Proof. 1f G- x is a closed orbit in Z it equals K - x by Corollary 6.13. Then we may assume z € Cy.
By Corollary 6.14 the dual orbit KC - z is open. Since KC is complex and acts holomorphically on
Z there is only one open orbit. ]

7. Proper moment maps

In this section we consider what happens when py,: X — p is a proper map. In this case n,: X — R
is a proper non-negative function, i.e. an exhaustion of X. Note that properness of 7, implies that
X is a closed G-stable submanifold of Z.

Let (t,2) — ¢¢(x) denote the local flow of the vector field grad n, on X. Properness of p, implies
that ¢; exists for all negative ¢. By Lemma 2.3, the flow ¢; is along G-orbits. Note that 7, (¢ (z))
is strictly increasing unless x is a critical point of 7,. For z € X let £(z) denote the set of points
y € X such that y = limy_, ¢, (2) for some sequence ¢, which goes to —oco. Since we assume that
Hp is proper we have the following.
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LEMMA 7.1. Let z € X. Then L(z) is non-empty and for every open neighborhood V' of L(z) there
exists a ty € R such that ¢(z) € V for every t < ty.

Proof. Let Iy == {t € R: ¢t < 0and ¢, (2) € X \ V}. Since V contains £(z) the properness of n,
implies that Iy is compact. For ¢y := min{t € Iy} we have p;(z) € V for all ¢t < tg. O

For 8 € By let Cp(K - 3) denote Cp N My (K - 3) and set Cp(]|5]]) = Cp N np_l(%HﬁHQ). If we set
B = pp(x) for some = € L(2), then x € Co(K - B) = Co(K - B) N Sg C My(K -B)NSs. Itis a
consequence of Lemma 7.1 that £(z) is connected. Then 7, is constant on £(z) and we have

L c |J G5 =clsl)
1Bl=ls

We need the following technical result whose proof we give at the end of this section.

PROPOSITION 7.2. Let z € X and choose (3 € By such that L(z) N Cy(K - ) # 0. Then there is an
open neighborhood Q of C,(K - 3) and a smooth function p: Q — R such that:

(i) p=0;
(i) QNSg={2€Q:p(z) =0}
(ili) dp(grad(ny))(z) <0 for all z € Q.

The proposition has the following consequence for the flow ;.

THEOREM 7.3 (Stratification Theorem). If u,: X — p is proper, then X = Uﬁ Sz where 3 runs
through a complete set of representatives of K-orbits in By. The union is disjoint, each Sg is a
locally closed submanifold of X and

S5 C SpuU{Sy: vl > 11811}

Proof. Let z € X and 8 € By such that £(z) NCy(K - 3) # 0. Choose an open neighborhood 2 of
Cyo(K - 3) which has the properties given in Proposition 7.2.

Let €y be an open neighborhood of C,(K - 3) which is relatively compact in 2 and let @ :=
Qo NCy(||B]])- Since Cy(]|B]]) \ @ is compact and (Cp([|3]]) \ Q) N 'Sz = O there is an open relatively
compact neighborhood V” of Cy(||8]|) \ @ in X such that V/ N S = 0. Then the set V := V' Uy is
an open neighborhood of £(z) C Cy(||8]]). Let r := min{p(y) : y € V' N Q}. Since V' N Sz = 0 we

have p(y) > 0 on the compact set V' N Qg and therefore r > 0. The set Q; := {y € Qo : p(y) <}
is an open neighborhood of C, (K - 3) such that Qi NV c.

Since L(z) N Cy(K - 3) # O there exists a to with ¢, (z) € Q. By Lemma 7.1 we may assume
that @i(z) € V for all t < ty9. We claim that ¢y(z) € @ for all ¢ < ty. It suffices to show that
Ig, :={t e R:t <ty, pi(2) € Q1} is connected since it is not bounded from below. If this would
not be the case then we would find a connected component Iy = (aj,t1) = {t € Io, : a1 <t < t1} of
I, where a; is possibly —oco and t; < tg. Then ¢y, (2) € V N (21 \ Q1), ie. plpy, (2)) = 7, and
plpi(z)) < r for all t € I;. This contradicts a1 < ¢ < to, since t — p(p—_¢(2)) is defined
and increasing for all ¢ in a sufficiently small open interval which contains ¢;.

Now assume that z ¢ Sg. Since p(¢¢(2)) > 0 for all t <ty and t — p(¢—¢(2)) is increasing there
isnox € L(2)NCy(K - ) C Sg with p(x) = 0. This contradiction proves that z € Sz and shows that
X = Up Sp- The union is disjoint and we also have Ss C SgU{Sy: |Ivll > l1BII} by Theorem 5.5
(the pre-stratification theorem). O

In the proof we have seen that z € Sg if L(z) NCy(K - 3) # 0. Since L(z) C Cy(||5]|) we obtain
the following.
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COROLLARY 7.4. Let z € Sg. Then L(z) C Cy(K - ).

Remark 7.5. The map ¢: (—00,0] x Sz — S, (t,z) — ¢(x) extends to a continuous map
@: [—00,0] xSg — Sg. Then ¢ is a K-equivariant strong deformation retraction of Sz onto Cy (K - 3)
which stabilizes closures of G-orbits. In particular, the set £(z) consists of one point. For the proof
one uses a result of Marle [Mar84] and Guillemin and Sternberg [GS84] which states that there
exist local coordinates at any z € Z in which the moment map p is real analytic. Applying this to
points z € C,(K - 3) one obtains the existence of ¢ as in [Nee85| (see [Sch89]) using an inequality
of Lojasiewicz.

If pp is not assumed to be proper, one can prove that ¢ realizes Mj as a strong deformation
retract of a neighborhood of M, in Sy = Sg(M,). Here the same method applies since in [HS07b] it
is shown that there exist relatively compact neighborhoods of points in My, which have the property
that they contain ¢;(z) for all ¢ < ¢y if they contain ¢y, (2).

We have the following characterization of Sg.
COROLLARY 7.6. Let p, be proper and (3 € By. Then
Sy =1{z € X: B € up(@2) and || < llp(g - 2)| for all g € G}
= {z € X: tEI_noogpt(z) €Cp(K - ﬁ)}

Remark 7.7. In general we have Sg C {z € X: 3 € up(G - 2) and ||B|| < [|up(g - 2)|| for all g € G}.

We now work towards a proof of Proposition 7.2.
As in §2, if x is a zero of a vector field ¢ on X, then d({(x) denotes the corresponding endomor-

phism of T,.(X).
LEMMA 7.8. For x € Cy and 3 := py(x) we have:
(i) dgradny(x)-v = (dBx(x)) - v+ (dpp(z) - v)x (z) for all v € T,(X); and
(ii) the linear map L: T(X) — Tp(X), v — (dup(x) - v)x (x) maps T,(Sg) into itself and is zero

on Tm(Sﬁ)J‘.
Proof. Let v be a smooth curve through = € C, such that 7(0) = = and set
d
= — t).
vi= o 07( )

We have grad 1, (7(£)) = pp(v(£))x (v(£)) = grad u» "D (y(1)) and gy (7(£)) = (@) + - dpry () -0 +

t2R(t) for a continuous map R(t). Since gradn,(v(t)) = grad ju,° (w)(fy(t)) + tgrad ug“" (m)'v(fy(t)) +
t? grad ,uf(t) (v(t)) we have dgradny(z) - v = dfx(x) - v+ (dup(x) - v)x (x) proving part (i). We also

have part (ii), since g- 2 C Ty(S5) and ker duy(z) = (p - z)*. O

Proof of Proposition 7.2. Let )y be an open neighborhood of Sg in X which is diffeomorphic to
the normal bundle T(S5)*|Ss of S in X such that Ss corresponds to the zero section. Using
this identification we define p: Qy — R, p(v) = (v,0)r(,) Where 7: T(Sz)*t|Ss — Sz denotes the
canonical projection and (-, +)x(,) denotes the inner product on Ty, (X). Then we have p > 0 and
QN Sg={yeo:ply) =0}

For zg € Cp(K - 3) there exists an open neighborhood Uy of g in Qg which can be identified with
R™ x R™ where z( corresponds to 0, Sz corresponds to R x {0} and the normal space T (Sg)*
corresponds to {x} x R™ for z € Uy N Sg. Furthermore, this identification can be chosen such that
p has the form p(vi,v2) = ||va]|? on R™ x R™,
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Expressing the content of Lemma 7.8 in these coordinates we obtain
grad gy (v1,v2) = dfx (0)(v1,v2) + L(v1) + O([Jur[* + [[vz]|*)

where L is a linear mapping from R" to R™.

Since dfx (0) has only negative eigenvalues on R, the quadratic form vy — (ve,dBx (0) - v2) is
strictly negative definite. Furthermore, dBx (0) preserves Tp(Sg) and Ty(Sg)*, so we have

dp(grad ) (v1,v2) = (v2,dBx (0) - v2) + O(|[vr[|> + [[vz*).
Thus, after possibly shrinking Uy we can find a ¢ < 0 such that dp(gradny)(v1,v2) < ¢ p(vy, v2) for

(v1,v2) € Up.
Since zg € Cy(K - ) was arbitrary we find a neighborhood €2 C Qg of C,(K - 3) in X such that
dp(gradny)(z) < 0if z € Q. O

8. Compact manifolds

In this section we show that for a compact G-stable submanifold X of Z there are only finitely
many pre-strata. Let a be a maximal subalgebra of p and A = expa the corresponding subgroup
of G. Note that A is compatible with the Cartan decomposition of UC. Since the corresponding A-
gradient map i, is locally constant on the smooth compact manifold X4 we find that V := pq(X A)
consists of finitely many points.

In [HSO07b] the following is established.

LEMMA 8.1. Forz € X the image uq(A-x) is an open convex subset of the affine subspace jiq(z)+ax
of a where a; := {3 € a; (o, 8) = 0 for all a € a,} denotes the orthogonal complement of a, in a.

PROPOSITION 8.2. Let C' C X be compact and A-invariant. If the image j14(C') is convex, then it is
the convex hull of a subset of V. In particular, it is a polytope.

Proof. Since pq(C) is compact and convex it is the convex hull of the set of its extreme points. Let
[ be an extreme point and let x € C' with p4(x) = 8. Since C contains A - z, Lemma 8.1 implies
that 3 lies in an open subset of 5+ aj which is contained in 14(C'). However, § is an extreme point
SO af = {0}. Therefore, a, = a and consequently = € X A, O

COROLLARY 8.3. Let X be compact and x € X. Then the image (A - x) is the convex hull of a
subset of V.

COROLLARY 8.4. Let X be compact and 3 € B, Na. Then (3 is the closest point to zero in the
convex hull of finitely many elements of V. In particular, B, N a is a finite set and By, consists of
finitely many K-orbits.

Proof. Let © € C, such that uy(xz) = (3. Note that z is also a critical point for 7. Applying
Proposition 5.13 to the group A and Y3 := A -z, we obtain that ||3]| < ||(]| for all ( € pa(Y}p). Since
1a(Y3) is the convex hull of images of A-fixed points, 3 is the closest point to the origin of a subset
of V. O

COROLLARY 8.5. If X is compact, then there are only finitely many pre-strata.

In the case where X is compact we call a pre-stratum Sg a stratum.

9. Morse inequalities

Let G be an arbitrary Lie group and Y a topological G-space. The G-equivariant cohomology
HZ(Y) of Y is by definition the ordinary cohomology H"(EG x“Y’) where EG is the total space of
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a universal G-bundle p: EG — BG and EG x“Y is the quotient of EG xY by the diagonal action
of G.

We define the G-equivariant Poincaré series to be the power series PE(Y) := Yo% (#" dim HZ(Y)
where cohomology is computed with respect to a field K which we omit in the notation. If G = {e}
is the trivial group, equivariant cohomology coincides with ordinary cohomology and we write P,(Y")
for PE(Y).

Now assume that X is an orientable connected compact G-invariant submanifold of Z and that
G is a closed connected compatible subgroup of UC. Consider the finite decomposition X = U 3 Sg
(Theorem 7.3 and Corollary 8.4). If Sg,, denotes the union of the connected components of Sz
which have codimension m in X, then X = 8.m Sp.m is again a decomposition of X with closures
of strata having the properties analogous to those in Theorem 7.3. In the following, cohomology is
computed with coefficients in Q if all of the strata Sg are orientable submanifolds of X and with
coefficients in Zg = 7Z/2 otherwise.

Standard considerations in equivariant topology show that we have the following.
MORSE INEQUALITIES. There exists a series R(t) with non-negative integer coefficients such that

> 4" PE(Spm) — PR(X) = (1+ H)R(1)
B,m

where (3 runs through a complete set of representatives of K-orbits in By.

Since K is a strong deformation retract of G and the strata are G-stable the Morse inequalities
are also valid if one replaces K-equivariant cohomology by G-equivariant cohomology.

The following result of [Kir84a] is useful for computing equivariant cohomology.

REsSULT (Kirwan [Kir84a]). Let Z be compact and K compact and connected. Then PKX(Z) =
P,(Z) - P,(BK) where BK is the base space of a universal K-bundle.

In [Kir84a] it is shown that in the case where X := Z is compact and G = K is complex
reductive the Morse inequalities are equalities, i.e. R(t) = 0. Furthermore, the strata Sg are complex
and therefore orientable in this case. In our general situation where G is not complex reductive,
there may exist non-orientable strata.

Ezample 9.1. Let X := Z := P3(C) be equipped with the standard action of SL3(C) and with
the moment map induced by the Fubini-Study metric. Then for G = SL3(R) there are two strata,
namely Py(R), which is not orientable, and its complement.

We end with an example which shows that, in our situation, the Morse inequalities are not
necessarily equalities, even in the case that X = Z.

Ezample 9.2. Let U® = SLy(C) act on X := Z := P;(C) by g - [2] := [g2z]. Then the moment map
with respect to the Fubini—Study metric is given by

I3 P :(f-z,z>
B = S

where (-,-) is the standard Hermitian product on C?. Let G = SLy(R). Then K = SOy(R) = S!
and p is the set of real symmetric matrices of trace zero. One can show that P;(C) decomposes into
two orientable strata, namely Sg(M,) = G- [1,i]]UG-[1,—i] and S := G- [1,0] = K - [1,0] = S'.

For S', a universal bundle is given by p: S — P, (C) where S := lim,, o, S*"*1, P, (C) :=
lim,, oo P,,(C) and p is induced by the projections S?7+1 — §2n+l /Gl >~ P (C) where St acts by
multiplication on §?"*t c C"+1.
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We have
PE(PL(C)) = P,(Py(C)) - P,(BK) = (1+ ) 2" =142 20,

n=>0 n>1
Since [1,i] (respectively [1,—i]) can be realized K-equivariantly as a strong deformation retract of
G - [1,i] (respectively G - [1,—i]), we have
P (Sa(My)) = PR(G - [Li]) + PF(G - [1,—i]) = 2+ B(EK xx [L,1])
=2-P(BK)=2-» "
n=>0
For the second stratum we get
PE(S) = P,(EK) = 1.

Finally we obtain the Morse inequalities

2 PF(Sa(My)) +t' - PE(S) = PR (P1(C)) =2) > +1 - <1 +2 ZR“)

n=0 n=>1
=1+1.

Thus, R(t) =1 # 0.
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