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Abstract

After reviewing geometric quantisation of linear bosonic and fermionic systems, we study the holonomy
of the projectively flat connection on the bundle of Hilbert spaces over the space of compatible complex
structures and relate it to the Maslov index and its various generalisations. We also consider bosonic
and fermionic harmonic oscillators parametrised by compatible complex structures and compare Berry’s
phase with the above holonomy.
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1. Introduction

In geometric quantisation, quantum Hilbert space is constructed from the classical
phase space (a symplectic manifold) together with a choice of polarisation. An
important question is whether the Hilbert spaces from different polarisations can be
naturally identified. For linear bosonic systems, there is a projectively flat connection
on the bundle of Hilbert spaces over the space of compatible linear complex structures
(see [1]). This identifies vectors in various Hilbert spaces up to a phase.

In [8], parallel transport along geodesics in the space of polarisations was calculated
and shown to agree with the Bogoliubov transformation (see [18, 19]) and other
definitions of intertwining operators (see [11, 14]). The real Lagrangian subspaces are
on the boundary (at infinity) of the space of complex structures. When the geodesic
is extended to infinity, the parallel transport yields the Segal-Bargmann and Fourier
transforms (see [8]).

For linear fermionic systems, prequantisation and quantisation were considered
(see [9, 18]) and the space of compatible complex structures is a compact Hermitian
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symmetric space. The bundle of Hilbert spaces again admits a projectively flat
connection whose curvature is proportional to the standard Kihler form on the
base (see [23]). The parallel transport along the geodesics in the space of
polarisations yields intertwining operators between various constructions of the spinor
representation (see [23]).

In this paper, we study the holonomy of these projectively flat connections and
explore its geometric significance. In the bosonic case, the holonomy along a geodesic
triangle is related to the generalised Maslov index in [11]. When the vertices of
the triangle approach three mutually transverse Lagrangian subspaces at infinity, the
holonomy becomes the composition of three Fourier transformations, which is known
to be related to the triple Maslov index of Kashiwara (see [10]). Thus, we get
interesting formulae for the Maslov index and its generalisation in terms of integrations
of curvature on a surface bounded by three geodesics. In the fermionic case, the
holonomy along a geodesic triangle is related to the orthogonal counterpart of the
Maslov index (see [12]) and we obtain similar results using the holonomy.

We also consider bosonic and fermionic harmonic oscillators whose Hamiltonians
are parametrised by compatible complex structures. As the parameter changes
adiabatically, the energy eigenstates acquire a geometric phase called Berry’s phase
(see [2]), which we study using its relation (see [20]) with the universal connection
(see [13]). We find that Berry’s phase on the vacuum vector is inverse to the holonomy
of the projectively flat connection discussed above. However, the connection
responsible for (nonabelian) Berry’s phase when the energy eigenvalue is degenerate
is not projectively flat.

The rest of the paper is organised as follows. In Section 2, we review the work on
geometric quantisation of linear bosonic and fermionic systems. In Section 3, we study
the holonomy of the projectively flat connection on the bundle of Hilbert spaces over
the space of compatible complex structures and relate it to the triple Maslov index and
its various generalisations. In Section 4, we consider bosonic and fermionic harmonic
oscillators parametrised by compatible complex structures and compare Berry’s phase
with the holonomy in Section 3.

2. Quantisation of bosonic and fermionic systems

2.1. Quantisation of linear bosonic systems. Let (V, w) be a symplectic vector
space of dimension 2n. The prequantum line bundle ¢ — V is a complex line bundle
with a connection whose curvature is w/ V—1. The prequantum Hilbert space 3 is the
space of L’-integrable sections (with respect to the Liouville measure) of £. It can be
identified with L?(V, C) upon choosing a trivialisation of £. A complex structure J on
V is compatible with w if w(J-, J-) = w(:, -) and w(-, J-) > 0. Each such J determines a
complex polarisation: a complex Lagrangian subspace VJI’O of V. The corresponding
quantum Hilbert space is

Hy={y eHo | Vap=0,Yxe V).
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The Heisenberg algebra (generated by V subject to the canonical commutation
relation) acts on JH; by an irreducible representation.

The space J, of compatible complex structures is a noncompact Hermitian
symmetric space isomorphic to Sp(2n, R)/U(n). Fixing Jy € J, and choosing a
unitary basis of V, the space J,, can be identified with a bounded symmetric domain
parametrised by n X n complex symmetric matrices Z such that I/ — ZZ >0. The
subspace le,o is the graph of Z under this basis. The natural Kéhler form on J,, is

0, =— tryo(dJ A dJ) = V-1te((1 -ZZ) " dZ AU, - Z2)" d2).

Since H, is a subspace of H; for each J € J,,, there is a bundle of Hilbert spaces
H — J, whose fibre over J is ;. The trivial connection on the product bundle
dw X Ho projects orthogonally to a natural, projectively flat connection on JH{ whose
curvature is (see [1])

F7* = (0, /2 V=1) idyc = —§ try10(dJ A d])idy, (2.1)

where idg¢ is the section of End(JH) which is the identity operator on }; at J € J,,.
Parallel transport in the bundle J{ identifies, up to a phase, states on the quantum
Hilbert spaces J{; constructed from various polarisations J.

Since J,, is contractible and nonpositively curved, there is a unique geodesic y;, s,
from J; to J, for any Ji, J; € J,,. The parallel transport Uy, ;, : I, — J;, along vy, 4,
was calculated in [8]. For example, the parallel transport of the coherent state

671 (x) = exp[ V-1w(a, x};o) - %w(x, J1x)],

where a € V}I‘O is a parameter and x = x}’lo + x(}’ll € V according to V© = V}I’O @ V?l’l is
(see [8, 23])

Ji+ Jp\ VA
((L’%Jﬂ, )(x) = (det ! 2) R E)

-1
cofofe - (452 -

The operator Uy, , is, up to a rescaling by a positive constant, the orthogonal
projection from 3, to J{(;, in J{y (see [8]). Therefore, U,,;, coincides with the
Bogoliubov transformation defined in [18, 19]. It also agrees with the operator studied
in [11, 14] that intertwines the two equivalent irreducible representations J(;, and I,
of the Heisenberg algebra.

We now include metaplectic correction. Let V — J,, be a vector bundle whose fibre
over J €], is VJI’O. This is a subbundle of the product bundle J,, % VE and the trivial
connection on the latter projects to a connection on V. Its curvature is

FV

—%(a’] ANdd)ly
(2.2)

—(;)(1 -Z20)7YdZ A1 -22) dz( - Z2)7' (4, -2).
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Consider the line bundle X =det V*. The fibre over J € J, is given by X; =
/\"(V}’O)*. The induced connection on X is compatible with the Hermitian structure
and its curvature is FX = \/—_lcw. Since J,, is contractible, there is a unique line bundle
VK — J,, such that (VK)® = K. A half-form on VJI’O is an element of VX;. The
Hilbert space of half-form quantisation (with the polarisation J) is K 1 =H,® VK.
As J varies,A the half-forms form a flat bundle 5 = H ® VXK over Jw- That is, the
curvature F*' = 0 (see [8, 19]). Thus, all the fibres F ; can be canonically identified.
For any J,, J> € J,, there is a natural nondegenerate sesquilinear pairing between
\/_ and /X, and hence between (), and F(;,. The parallel transport U, ;, : F;, —

K 1, 18, in fact, the operator determined by the pairing between them (see [8]).

Next, we consider half-density quantisation. We associate to the vector space VJI’O
a real line |X;| on which a linear transformation A € Endc(VJl’O) acts as multiplication
by |det A|™'. An element of |X,]| is called a density on VJI’O. A half-density on VJI’O
is an element of V|X | which is a line such that (v|X;])®? = |K,| and on which the
linear transformation A acts by |det A|"'/2. The lines |K;| (respectively V|K;[) form
real line bundles |X| (respectively V|X]|) over J,,, which are naturally flat. In a good
open covering, the transition functions of |X| (respectively V|X]) are the norms of
those of X (respectively VK).

For any J € J,,, the Hilbert space of half-density quantisation is H, =3, 0 VK.
The half-densities form a bundle 7 = H ® V|X]| of Hilbert spaces over J,. It has a
natural projectively flat connection with curvature

F=F{=0,/2V-I.

For any Ji, J, €J,, there is a natural nondegenerate pairing between +/|K; | and
VIK,,| and hence between K s, and K 7,- The parallel transport u iy SR L= K 7
is also the operator determined by the pairing between them.

A real Lagrangian subspace L C V is a real polarisation selecting the sections of £
that are covariantly constant along L. Such a section can be identified with a complex-
valued function on V/L. Let X; = A"(V/L)*. We have, respectively, the spaces VK.
and V|X| of half-forms and half-densities on V/L, and the Hilbert spaces F, and
K, of half-form and half-density quantisation. The spaces ﬂ-fL and H; have natural
inner products and are irreducible representations of the Heisenberg algebra. If J € J,,,
then there is a Segal-Bargmann transformation By H, — H; (or B L iJA-CL >R 7)
that intertwines the two equivalent irreducible representations. Let L, L, C V be two
transverse Lagrangian subspaces. Then the intertwining operator Fr, Ho, — Hy,
(or 7:L2L1 IHL] — IHLZ) is a Fourier transformation (see [10]).

The real Lagrangian subspaces in V form the Shilov boundary L, of J, (as a
bounded domain). The rest of the topological boundary consists of polarisations that
are partly real and partly complex. For any Jy € J, and L € L, there is a geodesic {J;}
in J,, from Jy such that lim,_, ., J; = L. We have

. 4 A S
lim Uy, =By,  lim Uy =(BL)
—+00 t—+00
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(see [8] for half-form quantisation. The result for half-density quantisation is then
straightforward). Two Lagrangian subspaces L., L_ € L, are transverse if and only if
there is a geodesic {J;} in J,, such that lim;_, ., J; = L. (see [8]). In this case,

lim (L{J,J,, = 7:1#1‘7, lim ﬂj,jﬁr = TLJ‘J
1—+00 t—+o0

The above limits are taken in the sense of tempered distributions on V (see [8]).

2.2. Quantisation of linear fermionic systems. Let (V, g) be an oriented Euclidean
vector space of dimension 2n. Despite the absence of an honest prequantum line
bundle, the prequantum Hilbert space can be taken to be F(y = A"(VS)*, on which
covariant derivative operators act (see [9, 18, 23]). A compatible complex structure J
on (V, g) is one that is compatible with the orientation of V and such that g(J-, J-) =
g(-, -). Each such J determines a polarisation: a maximally isotropic complex subspace
VJI’O of V. The corresponding quantum Hilbert space is

Hy={yeHo|Vap =0,Vxe Vo).

The Clifford algebra (generated by V subject to the canonical anticommutation
relation) acts on JH; by an irreducible representation. In fact, up to a fermionic
Gaussian factor, J{; agrees with the standard construction of the spinor representation
(see [18, 23]).

The space J, of compatible complex structures on (V, g) is a compact Hermitian
symmetric space isomorphic to SO(2n)/U(n). Fixing Jo € J, and choosing a unitary
basis of V, the complement of the cut locus of Jy in J,, which is an open dense
subset, can be parametrised by n X n complex skew-symmetric matrices Z. Again,
the subspace le,o corresponds to the graph of Z. The natural Kahler form on J, is

Ny
4

0, = tryro(dJ A dJ) =~ V-1te((1 -ZZ) " dZ AU, - Z2)"" dZ).

Since JH; is a subspace of Hj for each J € J,, there is a bundle of Hilbert spaces
H—-] ¢ Whose fibre over J is H;. The trivial connection on the product bundle
d¢ X Ho projects orthogonally to a natural connection on H. Just like in the bosonic
case, the connection is projectively flat and the curvature is (see [23])

F* = (0 /2 V=D)idy = § try10(dJ A dJ)idy. (2.3)

Parallel transport in the bundle J{ identifies, up to a phase, states in the quantum Hilbert
spaces H; from various polarisations J.

Unlike J,,, the space J, is compact and nonnegatively curved. Geodesics from J,
to Jo, where Ji, J € J,, are not unique. However, if J, is not in the cut locus of Ji,
then there is a unique length-minimising geodesic y,,;, from J; to J,. The parallel
transport Uy, 5, : Hy, — H;, along y;, 5, was calculated in [23]. For the coherent state

_. V-1
¢5,(0) = exp| g0}, @) + ——8(116, 0)|,
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where 6 = 91 o4 90 !is a fermionic vector in V and @ € V h is a fermionic parameter,
the parallel transport from J; to J, is (see [23])

Ji+ I\ V00
(U3 500 = (a2 ) s

el el o (252 )]

The operator Uy, is, up to a rescaling by a positive constant, the orthogonal
projection from J;, to 3, in Jy (see [23]). Like the bosonic case, U}, ,, coincides
with the Bogoliubov transformation defined in [18]. It is the operator that intertwines
the two equivalent irreducible representations J{;, and 3{;, of the Clifford algebra.

Metaplectic correction of fermionic systems was introduced in [23]. Consider
the line bundle K~! = det V whose fibre over J € J ¢ is iK;l = A" VJI’O. The natural
connection on K~! is compatible with the Hermitian structure and its curvature is
F< = Vo1 0,. Since J, is simply connected and c¢(X) is even, there is a unique
line bundle VK — dg such that (\/%)@’2 =X (see [23]). The Hilbert space of half-

form quantisation (with the polarisation J) is F J=H;® A /JC;I (see [23]). Notice the
opposite power of X as in the bosonic case. When J varies, the half-form quantisations
form a flat bundle H = H® VK over Jdg, that is, F¥=0 (see [23]). Thus, all the
fibres F(, (that is, the spinor representation spaces from various polarisations) can be
canonically identified.

For any Ji, J> € J,, the natural sesquilinear pairing between /X, and /X, is
nondegenerate if and only if J; and J, are not in the cut locus of each other (see [23]).
In this case, there is a sesquilinear pairing between F 7, and F 7,- The parallel transport
U, : F 5= F 7, along the length-minimising geodesic y,,;, from J; to J; is, in fact,
the operator determined by the pairing between them (see [23]).

Half-density quantisation can also be established in the fermionic setting. Associ-
ated to the vector space VJI’O is a real line Iﬂqll on which a linear transformation A €

EndC(VJl’O) acts as multiplication by |det A|. An element of IKjll is called a fermionic

density of Vl’o. A fermionic half-density on VI’O is an element of |9<;1|. That is, a
line such that (1/|K; 82 = |%; 7 !l 'and on which the linear transformation A acts by

Vldet A|. The lines IiK; | (respectively ICK; ) form real line bundles |X ' (respec-

tively ~/|K"]) over J ¢ Which are naturally flat. For any J € {,, the Hilbert space of
half-density quantisations is

Ty =30 1K

The half-density quantisations form a bundle

H=He IK}
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of Hilbert spaces over J,. It has a natural projectively flat connection with curvature
F=F"=0,/2V-1.
When J; and J, are not in the cut locus of each other, there is a nondegenerate pairing

between ,HJC 7, | and ,/lfK 7, | and hence between K 7, and K 7,- The parallel transport

u i, - S 5= K J, along the length-minimising geodesic y,,,, from J; to J, is also the
operator determined by the pairing between them.

3. Holonomy of the bundle of Hilbert spaces

3.1. Bosonic systems: Maslov index and its generalisation. We recall that if L
is a real Lagrangian subspace of V, then we have a Hilbert space H; from half-
density quantisation. For two transverse real Lagrangian subspaces Li, L, € L,
the Fourier transform operator %,;, : H(;, — H(;, intertwines the two equivalent
irreducible representations of the Heisenberg algebra. The operator TLZLI is also the
limit, in a certain sense, of the parallel transport in the bundle F{ — J,, along a geodesic
in J,, extending to L; and L, (see [8]).

Suppose that there are three mutually transverse Lagrangian subspaces L;, L, L3 €
L. Then we have (see [10])

- ~ ~ —lx .

FriLs © Frsr, © Fron, = €Xp (L, Lo, Ls) fidg, (3.1
where o, (L1, Ly, L3) is the triple Maslov index of Kashiwara (see [10]). It is defined
to be the signature of the quadratic form

w(x1, x2) + w(x2, x3) + W(x3, X1)

on Ly ® L, ® L3, where x;€L; (i=1,2,3). The triple Maslov index takes integer
values in [—n, n] and satisfies the properties (see [10]) that for any mutually transverse
Lagrangian subspaces Ly, Ly, L3, Ly € L,,:

(@)  ow(gli, gla, 8L3) = aw(Li, Ly, L) for all g € Sp(V, w);

(b)  au(L1, Lo, L3) = ot (La, L3, Ly) = =0t (La, L1, L3);

(©) (L, Lo, L3) + o, (La, La, L3) + 00, (L3, Ly, L) + o, (Lg, Lo, L1) =0

The last property is a cocycle condition on .

For each complex structure J € J,,, we have a quantum Hilbert space ;. Given
any two complex structures Jy, J, € J,,, the parallel transport U, ;, : H;, — H,, in the
bundle H — J,, along the geodesic y,,;, from J; to J, is equal to the intertwining
operator between the representations of the Heisenberg algebra on J{; and I,
(see [8]). We can use the same notation Uy, ;, for the latter. For any three complex
structures Ji, J5, J3 € J,,, we have (see [11])

—ln
7/1.11]3 o ﬂ]z]z o w.]’).]] - exp (Xb_)(']l’ J25 J3)]ld%1 B (32)
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where o, (J1, J2, J3) is called the generalised Maslov index. The above formula also
holds for half-density quantisation. Representing J; by symmetric matrices Z; (for
i=1,2,3), we have (see [11])
2 _
x(J1, J2, J3) = ——larg det(l, — Z12>)
n
+ arg det(l,, — Z,Z3) + arg det(l, — Z3Z;)].

(3.3)

Since J, is contractible, the function ‘arg’ can be defined continuously so that
arg det(I, — ZZ') = 0 when either Z or Z’ is zero. We also note that the Bergman kernel
function of the domain can be expressed explicitly in terms of det(l,, — ZZ’) (see [7]).
The generalised Maslov index takes real values and satisfies the properties (see [11])
that for any Jy, J5, J3, J4 € Jo:

(@) au(glig™" ghhg™", gJ3g™") = au(J1, Jo, J3) for all g € Sp(V, w);
(b) x,(J1, J2, J3) = xy(J2, I3, J1) = =, (J2, J1, J3);
©)  xoWJ1, 2, J3) + & (J2, Js, J3) + 0, (J3, J4, J1) + &,(Js, J2, J1) = 0.

The last property means that «,, is a 2-cocycle on the Sp(V, w)-space J,, with values
inR (see [11]).

Our observation is that (3.2) is the holonomy of the projectively flat bundle H —
d. along a loop that consists of three geodesics vy,,s,, ¥s5, and vy, . Using the
curvature (2.1), the holonomy is equal to exp[ V=1/2 fA 0,], where 4 is an oriented
surface bounded by the three geodesics. This implies that

2
xo(J1, J2, J3) = = fﬁw- (3.4)
T Ja

It is clear that the equality holds modulo 8. The additive constant is 0 by continuity
when 4 shrinks to a point. A direct proof of this result is also possible. We write
o, =dd,, where
$o = V=18 - 8) log det(l, — ZZ).

It is easy to show that

b, = —arg det(l, — Z12,) (3.5)

Yiy

using, for example, the transformation of both sides under the symplectic group
(see [6]). Formula (3.4) then follows from (3.3) and Stokes’ theorem. Therefore,
|oe(Jy, J2, J3)| <n by [6]. The properties of «, listed above also follow easily
from (3.4).

We want to establish the analogue of (3.3) for the triple Maslov index
(L1, Ly, L3). A real Lagrangian subspace L € L, being on the Shilov boundary
of J,, is represented by an n X n complex symmetric matrix that is unitary. Two
Lagrangian subspaces L, L, are transverse if and only if their corresponding matrices
71,7, satisfy det(l, — ZZ,) #0. The vanishing of this determinant implies the
existence of a nonzero vector v € C" such that Z;v = Z,v, and hence the existence of a
nonzero vector in L; N L,. The converse is also true.
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When the Lagrangian subspaces L, L, and L3 (respectively parametrised by Z;, Z,
and Z3) are mutually transverse, we claim that

2 _
(L1, Ly, L) = —;[arg det(l, — Z12,)
+ arg det(l,, — Z,Z3) + arg det(l,, — Z3Z;)].

(3.6)

Consequently, the triple Maslov index can be expressed as the limit of the integration
fA 0, when the vertices of A4 approach the Shilov boundary from the interior J,,.
This result, together with its generalisation to Hermitian symmetric tube domains,
appeared in [21, 22]. See also [4] for the case when n = 1 and [5] for the general case.
However, the surface 4 itself (as well as its boundaries and vertices) moves in this limit
procedure.

To show (3.6), we observe that both sides are invariant under the symplectic group
Sp(V, w). Since Sp(V, w) acts transitively on transverse pairs of Lagrangian subspaces,

we can assume, without loss of generality, that L; and L, are represented by Z; = -1,
and Z, = I, respectively. To bring L3 or Z; to a canonical form, we make a Cayley
transform

ZQ=N-1(,-2)1, +2)".

The image of J,, is Siegel’s upper-half space that consists of n X n complex symmetric
matrices with a positive-definite imaginary part (see [15]). The Shilov boundary L, is
mapped to the set of real symmetric matrices plus a stratum of real codimension one
at infinity. For example, the above L, and L, are represented by

Q]Z lim V—l(lln

a—+oo

and ©Q, = 0, respectively. Note that €5 is finite and invertible, since Ls is transverse to
both L; and L,. A symplectic group element

A B
(C D) € Sp(2n, R)

acts on Q by a fractional linear transformation
Q- (AQ+ B)(CQ+ D).

The subgroup that preserves Z;, = 1, or £, and £, consists of elements such that
B=C=0and D="A""!. Using such an element, it is possible to bring Q5 to the form

. 0
0 _In—r

V-11I, 0
0 -V-11,_,)
where 0 < r < n. By a simple calculation, both sides of (3.6) can be seen to be equal to
n-—2r.

or Z3 to the form
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It is possible to express the triple Maslov index «,(Li, Ly, L3) as a generalised
integral over a fixed surface. Let 4 be a surface with boundary in J,. Suppose that
Ly € L, is in the boundary of 4 (when J,, is regarded as a bounded domain). We say
that 4 is admissible at L if:

(a) there are two geodesics y; and y; in J,, which are parametrised by ¢ that is affine
with respect to arc length on each geodesic. In addition, we must have

lim () = lim y,(¢) = Lo;
(—+00 {—+00

and

(b) there exists 7 > 0 such that the boundary of 4 in J,, contains y;(¢) and y,(¢) for
all t > T and such that 4 contains 4y, r = U,>1 v, Here vy, is the geodesic
segment joining y;(¢) and y,(?).

Let Ly, y1(t) and y,(f) be represented by symmetric matrices Zy, Z,(t) and Z,(?),
respectively. Then a straightforward calculation shows that

lim [arg det(l, - Z0Z1(0)) + arg det(I, — Z(1)Z>(1)) a7
+ arg det(l, — Z>(1Z0)] = 0. '

Roughly, this means that as t — +oco, the ‘symplectic area’ of 4y, (despite the lack
of its definition as 4;,, is unbounded) goes to 0. Now let Ly, L,, L3 € L, be three
mutually transverse Lagrangian subspaces joined by geodesics yy,z,, Vi,r, and yr, i,
in J,,. Suppose that 4 is a surface in J,, bounded by these three geodesics, which make
A admissible at L, L, and L3. For sufficiently large ¢, let

AN =4\ AL, VAL, VAL,

Then A4(¢) is a bounded region in 4 whose boundary is the union of six geodesic
segments. Using (3.5), (3.6) and (3.7), we obtain

2
xw(Li, Ly, L3) = — lim Ow-
JT >+ At
In this way, the integration on the right-hand side is over a region 4(¢) that expands (as
t — +00) in a fixed surface 4. Alternatively, we can integrate o, over the part of 4 that
is outside three horospheres that recede to L, L, and L3, respectively, in the limit.

3.2. Fermionic systems: orthogonal analogue of Maslov index. For a fermionic
system whose phase space is the Euclidean space (V, g) of dimension 2n, the space
d, of polarisations is compact. The bundle of Hilbert spaces H — g, admits a natural
projectively flat connection.

Suppose that Ji, J, € J, and J; is not in the cut locus of J; (and vice versa). Let
vy, be the unique length-minimising geodesic from J; to J,. Then the parallel
transport U,,;, along y,,,, is the unitary intertwining operator between the equivalent
representations of the Clifford algebra on J{; and J{;, (see [23]). Suppose that
Ji, b, J5 € Hg are such that J; is not in the cut locus of J; whenever i # j. Then,
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as in the bosonic case (3.2), we have the identity
(L{J]J3 o WJ3]2 © w]z]] = Xg(Jl’ J29 J3)idj—fjl > (3'8)

where x,(Ji,J2,J3) € U(1). This follows from the irreducibility of H; as a
representation of the Clifford algebra. The phase X, itself was constructed in [12]
as a 2-cocycle on the SO(V, g)-space J, with values in U(1). The phase satisfies the
properties:

@)  Xe(8N187", 8/287", gJ387") = X4 (J1, J2, J3) for all g € SOV, g);
(b) X1, J2, J3) = Xe(J2, I3, J1) = Xe(J2, J1, J3) 7
©  xX¢U1, J2, J3)Xg(J2, Ja, J3)Xg (S35 Ja, J1)Xg(Ja, S, 1) = 1
for any Jy, Jo, J3, J4 € Hg such that for i # j, J; is not in the cut locus of J;.

This is the orthogonal or spinorial counterpart of the generalised Maslov index in [11].
We observe that the phase X,(Ji, J2, J3) is the holonomy of the projectively flat
connection on H along the three geodesics vy, s,, v, and y,,;,. Here and below we
can replace H by the bundle H — J ¢ of half-density quantisation without changing the
holonomy.
Since J, is simply connected, there is an oriented surface 4 whose boundary
consists of the three geodesics. Using the curvature (2.3), we get

-
X1, o, J3)=exp[g fA og]. (3.9)

We note that the exponent on the right-hand side is not well defined, as the integration
over 4 changes when 4 is replaced by another surface with the same boundary but
not homotopic to 4. However, the exponential does not depend on the choice of 4.
This is consistent with the fact that o, is a closed 2-form whose periods are in 477
(see [23]).

We can choose Jj € J, such that J;, J, and J3 are in the complement of its cut locus.
Then the phase x,(J1, J2, J3) can be lifted to be real valued, that is,

V-1r
4
where o, (J1, J2, J3) €R depends smoothly on Ji,J> and Js. In addition,
o, (J1, J2, J3) = 0 whenever any two of Ji, J> and J3 coincide. This is because the
complement of a cut locus is contractible. We note, however, that &, does depend
on the choice of Jy. If we further choose 4 as a surface that lies entirely in the
complement and whose boundary consists of the three geodesics joining Ji, J, and J3,

then formula (3.9) for x,(J1, J2, J3) can be lifted to

Xg(Jl’JL J3):exp (Xg(Jl,Jz, J3) ’

2
4

an identity in R that is formally similar to (3.4).
When Ji, J>, J3, J4 € J, are not in the cut locus of each other and we suppose that
they are not in the cut locus of Jj either, we have:
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(@)  (gN187", /287", 81387") = atg(J1, T2, J3) for all g € SO(V, g);
(b)  xe(J1, J2, J3) = g(J2, J3, J1) = —g(J2, J1, J3);
©  og(J1, J2, J3) + (2, Ja, J3) + g (J3, Ju, J1) + xg(Ja, J2, J1) = 0.

In (a), oe(gJ187", gJag™ ", gJ3g™") is defined because gJi1g7!, g/og™! and gJ3g~! are
not in the cut locus of gJog~'.

Using the parametrisation of Ji, J, and J3 by skew-symmetric matrices Z;, Z, and
Zs, respectively, we can write the Kéhler form on the complement of the cut locus as
0, = dd,, where

dg = V=1 - 8) log det(I, — ZZ).

So, log det(l,, — ZZ) is essentially the Kihler potential on the complement of a cut
locus. As in the bosonic case, we get the formula (see also [12])

2 - - _
&o(L1, Lo, L3) = J—T[arg det(l, — Z,2,) + arg det(l,, — Z,Z3) + arg det({, — Z3Z,)].

4. Comparison with Berry’s phase

When the Hamiltonian of a quantum mechanical system undergoes an adiabatic
change, an energy eigenstate of the initial Hamiltonian evolves to that of the new
Hamiltonian, multiplied by a phase. If the change is in a cycle, the phase contains
a dynamical part and Berry’s geometric phase (see [2]). The latter was related to
the holonomy of bundles over the space of parameters (see [16]). Berry’s phase was
generalised to the nonabelian setting when the energy levels are possibly degenerate
(see [17]).

In [20], it was shown that nonabelian Berry’s phase is related to universal
connection (see [13]) in the following way. Let B be the space of parameters of the
system. Assume that an energy eigenvalue varies smoothly over B and its degeneracy
r does not change. This defines a map from B to the Grassmannian of r-planes in
the quantum Hilbert space. Over the latter, there is a universal connection in the
tautological vector bundle (see [13]) and Berry’s phase is the holonomy of its pull-
back along a cyclic path in B (see [20]).

The universal connection is defined by orthogonal projection of the trivial
connection (see [13]). This is mathematically similar to the construction of the
projectively flat connection in the bundle of Hilbert spaces over the space of
polarisations (see Section 2). There is, however, an important conceptual difference.
Although polarisations provide many ways to construct the quantum Hilbert space,
they are not physical parameters of the system. On the contrary, our purpose was
to show that physics is independent of the choice of polarisations by identifying the
Hilbert spaces through parallel transport. However, Berry’s phase is physical and can
be measured experimentally. It occurs when the physical parameters of the system
change, regardless of the polarisation chosen. It is the latter that concerns us now,
even though the physical systems considered below are parametrised exactly by J,,
and g,.
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We start with a linear bosonic system whose phase space is a symplectic vector
space (V, w) of dimension 2n. We fix the quantum Hilbert space J{,. Consider the
Hamiltonian of a harmonic oscillator

Hj = lw(, J) e Sym*(V*),

where J € J, is now a physical parameter. Its quantisation is a positive-definite
selfadjoint operator H, acting on H,, which has a Fock space decomposition as
follows. Recall that the creation and annihilation operators are the quantised linear
functionals on V}’O and V?‘], respectively.

The quantisation f of any polynomial f € Sym(VJl’O)* acts on I, (operator ordering
is not a problem here as the creation operators commute with each other). Let |0); be
the vacuum state of H; and let

HY = Sym (V) 10y, = {£10), | f € Sym*(V}*)}

for any ke N={0,1,2,...}. Each J{(Jk) is an eigenspace of H; with energy k + n/2.
We have dim¢ U{(Jk) = (’”k_l) and, as a Hilbert space,

k
3, = ) 9.

keN

As the parameter J € J,, varies, the eigenspaces U{(Jk) (for a fixed k € N) of H; form
a vector bundle 3 over J,,. Each bundle 3 has a natural connection by orthogonal
projection from the product bundle J,, X H,. This is also the pull-back of the universal
connection from the Grassmannian. Therefore, under an adiabatic cyclic evolution
in J,, Berry’s phase in the kth eigenspace is the holonomy of the bundle H*. Note
that H? is a line bundle whose fibre over J € J,, is spanned by |0); € Hy. Its curvature
is FO = v=1/20,,. Note the opposite sign from (2.1). Therefore, Berry’s phase of the
vacuum state is inverse to the holonomy considered in Section 3.1. The bundle H®
with its connection is isomorphic to VXK. For a general k, the bundle H® with its
connection is isomorphic to Sym*(V*) ® VXK. The latter has a connection induced
from 'V, whose curvature is given by (2.2). In particular, if n = 1, then HWB = geok+1/2)
and therefore its curvature is (see also [3])

F® =k + 1 V-1o,,.

However, unless k=0 or n =1 when H® is a line bundle, the connection on H® is
not projectively flat.

The relation of Berry’s phase of the vacuum and the holonomy of J{ — J, can
be explained as follows. When the parameter J of the Hamiltonian H; varies in J,,
if the polarisation is chosen as J itself, then the wave function (without metaplectic
correction) of the vacuum is c(} =exp(—H,/2), which is real for each J. To be
consistent, Berry’s phase must cancel the nontrivial holonomy of the bundle H. If
metaplectic correction is included, then changing polarisation as above (or in any
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other way) has no effect on the holonomy. However, the wave function is now (:9
times an element of \/UC_J Therefore, with or without metaplectic correction, Berry’s
phase of the vacuum is inverse to the holonomy of the bundle H.

Berry’s phase also appears in fermionic systems. Suppose that the phase space is
a Euclidean space (V, g) of dimension 2n. Let H{; be the quantum Hilbert space. We
consider a fermionic harmonic oscillator whose Hamiltonian is

2
Hy = $g(- ) e \(V),

where J € J, is again a physical parameter. Its quantisation Hj is a selfadjoint operator
on Hy. As in the bosonic case, the creation and annihilation operators are the quantised
linear funf:tionals on V}’O and V?’], respectively. For any f € /\k(V}’O)*, the quantum
operator f acts on H;. Let [0); be the vacuum state and, for any k € Z with 0 < k < n, let

k
fe Aoyl

Then each U-C(Jk) is an eigenspace of H; with energy k —n/2. We have dimc 9{(Jk) = (Z)
and

k
3P = AV 10y ={ 7o)

n
He = P H.
k=0
The eigenspaces Jf(f) (for a fixed k) of A; form a vector bundle H® over J ¢- The
natural connection on H® by orthogonal projection from the product bundle g, x H;
coincides with the pull-back of the universal connection from the Grassmannian.
Therefore, under an adiabatic cyclic evolution in J,, Berry’s phase in the kth
eigenspace is the holonomy of the bundle H®. In addition, H'” is a line bundle
whose fibre over J € J, is spanned by |0); € H;. Its curvature is FO = =1/ 20,. Note
again that the sign is opposite to (2.3). So, Berry’s phase of the vacuum state is inverse
to the holonomy in Section 3.2. This can be explained in a similar way to the bosonic

case. The line bundle H? is isomorphic to V K. For 0 <k <n, the bundle H®

with its connection is isomorphic to /\k(V*) ® \/F , which has a connection induced
from V. In particular, HW = \/% which is a line bundle that is dual to H® and its
curvature is F™ = —v—1 /20,. In general cases (for k # 0, n), the connection on H®
is not projectively flat.
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