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ON THE p-THIN PROBLEM FOR HYPERSURFACES
OF R* WITH ZERO GAUSSIAN CURVATURE

KANGHUI GUO

ABSTRACT. A subset M of R" is said to be p-thin if T € FIP(R") and supp(T) C M
imply T = 0. For a class of smooth (n — 1)-dimensional submanifolds of R”, we obtain
the optimal result for the p-thin problem, which is applied to give the complete solution
to a uniqueness problem of wave equations.

1. Introduction. Let S(R") be the space of Schwartz class functions and S'(R") be
the dual space of S(R"). For 1 < p < oo, let FI’(R") = {T € S'(R™, T € LP(RY)}.
A subset M of R" is said to be p-thin if T € FLP(R") and supp(T) C M imply T = 0.
F. Lust first studied this property ([9]) and showed that, for example, the unit sphere of
R" (n > 2) has the p-thin property if and only if p < "27"1 Domar’s method in [1] implies
that Lust’s result holds true for every smooth (n — 1)-dimensional submanifold of R" with
nonzero Gaussian curvature. For a general smooth (n — 1)-dimensional submanifold of
R", without any curvature assumption, Hormander showed ([5], Corollary 3.3), in our
context, that M is p-thinif p < % A natural question is: Can we improve the index
%’T if M has zero Gaussian curvature?

The purpose of this article is to answer the above question for a class of submanifolds
of R" with the so called constant relative nullity.

DEFINITION. Let U be open in R"! and let F = {(x, P(x)) x€eU } be a smooth

hypersurface of R". If the Hessian matrix of P, (5?:—%), has constant rank n — 1 — v on
U,0 <v <n— 1, then we say that F has constant relative nullityv. A smooth (n — 1)-
dimensional submanifold M of R" is said to have constant relative nullity v, if every
localization F of M has constant relative nullity v.

Since v = n— 1 implies that M is a hyperplane of R", which is not interesting for our
problem, we restrict ourselves on 0 < v < n — 2. Our main result is

THEOREM 1. Let M be a smooth (n — 1)-dimensional submanifold of R" (n > 2)
with constant relative nullity v such that 0 < v < n — 2, then M is p-thin if and only if
2(n—v)
PSS i

n—1-v"

REMARK 1.1. A manifold with constant relative nullity O is just a manifold with
nonzero Gaussian curvature. So from the inequality n—zj‘—l < 5(7"—‘1'/}/ we see that Theorem 1

is a natural generalization of the known result for the manifold with nonzero Gaussian
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curvature. A typical manifold with nonzero nullity is the cone surface x2 = x3 +- - -+x2_,
in R" (except the vertex, where the cone is not smooth), whose constant relative nullity
is 1.

Noticing that the geometric property of the manifold M plays no role in the proof
given in [5], we need a different approach to prove Theorem 1.

It turns out the the methods developed in the study of the so called spectral synthesis
are the desired tools. The interested reader should consult [1], [2], [3] and [11] for infor-

. mation about the subject. Also in differential geometry there is a nice characterization of
the manifold with constant relative nullity, which makes our approach possible.

We organize this article as follows. In Section 2, we state and prove Theorem 2, which
tells that some FL? information of a general distribution supported on a manifold can be
transferred to a nicer distribution supported on the manifold. Theorem 3 will be stated
and proved in Section 3. This theorem says that if yu is a smooth mass density on a
manifold, then some FL? information of p will force p = 0. We prove Theorem 1 in
Section 4 by combining Theorem 2 and Theorem 3. Then we give an example to show
that the constant relative nullity hypothesis in Theorem 2 cannot be removed. At the
end of this section, we apply Theorem 1 to obtain the complete solution to a uniqueness
problem of wave equations (see Theorem 4). In [7], page 331, there is a discussion of
the global unique continuation theorems, to which our uniqueness result is related. If
the potential function V(x) is identically zero, our result is better than the one described
at the bottom of page 331 there. It would be very interesting if one can combine the
spectral synthesis approach here with the approach in [7] to improve the global unique
continuation theorems for a potential V(x), being not identically zero.

Finally we point out that all the results of this article remains true if we only assume
the manifold M to have differentiability up to a certain order.
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student at McGill University, under the supervision of Prof. S. Drury, whose help and
insightful suggestions are appreciated. Also the author is very grateful to Prof. Y. Domar
for his encouragement and criticism of the present work, which led to essential improve-
ment of the main result in this article.

2. Proof of Theorem 2. Let E = {(x w(x)) ;xe U } where U is a bounded open
set in R* !, ¢(x) is a real-valued function defined on U such that ¢ is smooth and the
rank of(a—faa‘%) =n—1—vonU,0 <v < n—2.Define the smooth mapping Son U X R
by S(x,y) = (x5 +¥()).

Given T € S'(R") with supp T C E, we can find Y(x) € C°(U) such that T = YT,
Also it is easy to see that supp(T o S~') C U x 0. So from a result of Schwartz (cf. [1],
page 34), we have for some g a representation

9 .
ToS™'=3"T;®67,
j=0
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where 7; are distributions on R"~! such that supp7; C U, and where 6" are the deriva-
tives of order j of the Dirac measure on R. We can find Y(x) € C3°(U) such that T; = sz
for 0 < j < g. Let B"~! be the open unit ball of R"! and let ¢(x) € CP(B"!). For
h > 0, denote ¢(x) = (%) and Pu(x) = ¢(—x). Then following Domar [1], we
define T, € S'(R") by

(Th.f) = (T o S™Y) % @y f o871, for f € S(R™)

We choose & so small that for each x € supp(7), as a function of o, ¢,(x — o) is
supported in U. It follows that ((7} oS Hx qvﬁh) oS for 0 < j < g are smooth mass
densities on E, vanishing near the boundary of E. This implies that supp(7}) C E. We fix
such a small Ay.

THEOREM 2. Let E, T and Ty, be as above. Then we have

1Twlly < CONTIlp 1 <p <oo.

To prove Theorem 2, we need several lemmas. In the rest of this article, different
uniform constants may appear and will be denoted by the same letter C.

LEMMA 2.1 ([11], COROLLARY 3.2). Iff € Cg"(R"*‘), then

A 1
il < Clsuppfiz[lffl oty
where | suppf| denotes the Lebesgue measure of the support of f.

LEMMA 2.2 ([8]). Let U, Y(x) be as in Theorem 2 and let a(x) € C3°(U). For (n,€) €
R X R, set

Le= /R - e @ g (x) dx.

Then
n—l-v

el < C+[nl+1€)" 7,

forall (n, &) € R", where C is independent of (1, £).

LEMMA 2.3 ([11], THEOREM 4.1). Let U, ¥(x) be as in Theorem 2 and let b(x) €
C°(U). Then

n—l-v

llbe™ Y| gy < CA+ €D,

for all real &, where C is independent of €.

LEMMA 2.4. Let U, (x) be in Theorem 2 and let Y(x) and ¢,,(x) be the functions
used in the construction of Ty,. Set

gnelx) = Y2 (x)e” VW e'i("'”+£“’(”))<j>h0(x —0)do.

Rn—1
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Then we have

(1) /R |8p.cW)| dw < C

(2) Jos lenomldn < €

where C is independent of 1, § in (1) and independent of w, € in (2).
PROOF. Lemma 2.1 and Lemma 2.2 yield

n—l-v

3 O [, T g oy < caelgh

So (1) follows from (3) and Lemma 2.3. To verify (2), let

Heo(0) = ¢4 | 80206, (x — o) di.

67

Then it is easy to check that He () € CP(U) and for n, w € R*™!, £ € R, He (1) =

&5,¢(w). Now (2) follows from the proof of (1). The proof of Lemma 2.4 is complete.

PROOF OF THEOREM 2. Let (1,€) € R*™! X Rand (x,y) € R"! x R. Let X(x,y) =

€+ Then from the construction of 7}, we have

Tho(1,) = (Tho X)
- (Lo doed.xesT)
B if VT B, €70 Y
£
- §,<Tf V@ [ emED g, (x— 0)do ey
:§<T Y @e W f ei("'”’w(””rbho(x—o)da>(i§y'

> (T e VD, e(0)(i€Y

If
MQ

T
o

Il

C§< T, e S0 [ Gncome™ dW>(i§)’

- fR - .<Z<T el(wx~€¢(x))>(l€)1) 60 cw)

=C/ (T, )¢, «(w)dw

=C [, 0, 8,ew)aw

Thus (1) implies || T, |lco < C||T]o-

For 1 < p < o0, from (1) and Jensen’s convex inequality, we have

T @, OF <C) [, 1700, O1F 12,600)| dw
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and hence (2) gives
| fo 1B o dnde < co) [ [ [ 100,017 g,e00)] dwdndg
<CQ) [, [ 1T, O [ 184,00 dndwde
<C@) [, [ 1700 O dw g

The proof of Theorem 2 is complete.

3. Proof of Theorem 3.

THEOREM 3. Let E be as in Theorem 2. Let a be a smooth mass density on E, vanish-
ing near the boundary of E. Assume that o is not identically zero on E. Then a € FLP(R")
if and only ifp > 24

n—1—v*

The proof of this theorem depends on the following Hartman’s result ([4]).

LEMMA 3.1. (¢f. [11], LEMMA 5.2). Let M be a smooth (n— 1)-dimensional subman-
ifold of R* with constant relative nullityv. Then for each my € M, there exists a bijective
affine-linear transform T,,, of R" such that at T (mo) the manifold M = 7,,,(M) has a
chart (X, Q) with the following properties.

(i) Q = B'Q'gl"’ X BY, where 6 is a small positive number, B’g is the open ball in RX
with radius 6 and the center at the origin.

(ii) Forv= (V,v) € Q X(v) € R" = R"'"" x R” x R such that

X0 V' = (a(v') V' bV, () V" + d(v')),

where a is a smooth matrix-valued function, b, ¢ are smooth vector-valued functions and
d is a smooth scalar function.

(iii) For each v), € B '™, the space of vectors normal to M™ at a pointm’ € M’ =
{X(vy, V") : V"' € By} is independent of m'.

(iv) Let T(V' V') = (a(v') V' + b(V), v"). Then T is a C* diffeomorphism from
Q = B% 'V x BY onto T(Q) with T(0,v") = (0,v"). Let x = (X', x") € T(Q). Then
x// — vl/.

(v) If we define Y(x) € C®(T(Q)) by Yo' (v',v") = c(v')-v"'+d(V'), then V1(0,x") =
0 for all X' € BY, and D*{(0,0) is a diagonal matrix with real entries such that
D*(0,0);; =ki #O0fori=1,....,n—1—v, D*0,0);; =O0fori=n—v,...,n— 1.

And there exists &1 > 0 such that det{ G211 > 8 > 0 forall (¢,x") € Q.

PROOF OF THEOREM 3. By a smooth partition of unity and by a bijective affine-linear
transform of R", we may assume that E has the form (X, ) with the properties stated in
Lemma 3.1. Here we used the fact that FL? spaces are invariant under a bijective affine-
linear transform. Also we may assume that the density function A(v',v") of o has the
property that A(Y',v"") € CP(BF 17" x BY) and A(v', V") is not identically zero on Q. For
M1,m2,€) ER"" X R x R = R", we have

“é4) (’j{(nl, m,€) = /V v/B'HAV eii[n'4(”("')'“/*"("'))+’72‘(“(V')"’”+d(v’))+£‘v”]A(vl, v,,) ' dv
5 VP
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Forn = (n;,m) €ER" ' 7" xR=R""andn #£0,let’ = ﬁ" so that n® = (n},n3) €
§"~1=" and 5 = |n|n°. For each n° € §"~'~, denote

() =1 (a0 v + b)), () V' +d()).

Then (iii) of Lemma 3.1 implies that the set {V' € B3 '™, Vg0 (V') = 0} is indepen-
dent of v". Also from (v) of Lemma 3.1, we see that for each v’ € BY, the (n — 1 — v)-
dimensional submanifold F,» = {(a(v’) V" bV, c(V) -V + d(v’)),v’ € Bg;'_”}
is smooth and the Gaussian curvature k,(v') of F,» is away from zero, uniformly for
(vV',v") € Q. It follows that for § small, we may assume that there exists ¢ > 0 such that
for each n° € §"~1-7, either

(5) |Vgyo,s (V)| > €, uniformly for (v/,v") € Bj ™'~ x By.
or there exists one and only one v € Bj; '™ such that
(6) Vgno,v”(v(/)) = O’

where v} is independent of v/ € By.
For the case (5), integration by parts first for v/, then for v’ yields

N
2

% |a(n, &) < CON(L+ |1+ (1] — s®Inl)’]”

where N is any positive integer and s(n°) is some measurable function of 7°.
For the case (6), we apply the stationary phase method (cf. [8], [10], [12]). Let

Im1,m,V") = /B . ¢ iIm- @) VBNV RO g (/1 gy
2

Then as |n| — 00, I(n1,m2,V") = P(q1,m2,V") + E(1,1m2,V"), where P is the principal
term of I and E is the error term. Let

POLE) = [ P12 " v,
[

E(n,§) = /l;" E(m1, 2, v//)e—iﬁw a
8

The formula for P(n;,7m2,v") is well known (cf. [10], page 331). As |n| — oo,
PO, m2, V") is

n=l-v

_l —1 . AT / . AT / _h-l-v
Clp WA, )l () e e g 2

where C(v),V") is a constant, uniformly bounded for all v, € B3; '™ and v € BY. Thus

®) P, &)= c|,7[—”‘£‘" /B ) &M@Y SO OV HOE IR 1) !
'}

where v} is a smooth function of n°, B(v),v") is a smooth function of (v),v”) and is not
identically zero.
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For small ||, from the definition of P(171, 72, V") and P(n, £), it is easy to see
©) |P(n,&)] < CV)(1+ &)~ for any integer N > 0.

Hence from (8) and (9), we have
N
2

[+ (le] — an))’)

where #(n°) is some measurable function of 7°. Also there is a solid cone S in R"™” with
the vertex at the origin such thatforn € §, £ € R”

n—l-v

(10) [P(n, O] < CN)(L + [0~

N
n=l-v 3

) |P(n, )] m CY(1 +|n)™F* [1+ (|€] — t)nl)*] 7

Moreover a detail calculation in the stationary phase method yields

n—

= -t

where u(n°) is some measurable function of n°.
From (7), (10) and (12), we have

(12) |E(m, ©)] < can( + [0~

o 1601 © < N+ 1+ (1e] ~ vOal)’) ¥,
where (1, £) € R" and v(5°) is some measurable function of 7°.

And (7), (11) and (12) yield for (,€) € S X R,
(14) 6. )] & O+~ [1+ (Ig] = vl

It follows from (13) and (14) that & € L(R") if and only if p > 3{"%’5
This gives the proof of Theorem 3.

COROLLARY OF THEOREM 3. Let E and Ty, be as in Theorem 2. If T), # O, then
Th, € FLP(R") only ifp > 224,

PROOF. Suppose that Tj,, € FLP(R") forsome p,1 < p < %5";—}3, we need to show
that T,,, = 0.

Since supp(T},) C E, which is bounded in R", we can find §(x) € CJ(R") such that
Ty, = [Ty,. Noticing that {3 is a nice function, we see that Ty, € FL* by Holder’s
inequality. This again implies that T}, € FLP(R") for p > 222

Let (91,72,€) € R*'"V x R x R” as in Theorem 3. From the construction of T}, and
Theorem 3, we have

N q .
Thy(n1,m2,8) = > Fi(ni,m2, E)(imaY,
=0

where F; € FIP(R") if and only if p > 3{";—:’3
When g = 0, Theorem 3 can be applied directly. When ¢ = 1, Tho(m,nz,ﬁ) =
Fomi,m2, €) + Fi(m1,m2, €)(in2), 50 Fi(ny, 12, €)(ima) € FLP(R) for all p > 224 since
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both Tho(m, 12, &) and Fy(n1, 12, §) do. But from the proof of Theorem 3, we see that
if F) is not identically zero, then Fi(11,72, £)(in2) & FLP(R™) for some py > ,2,{”1_—‘2",/
Hence we must have F; = 0.

The induction argument deals with a general q. We have therefore finished the proof
of this corollary.

REMARK 3.1. For the measure « in Theorem 3, the well-known asymptotic estimate
n=l-v

given in [8] is |&(n, &)] < C(1 +|n| +|&)~ 2 , which does not give the precise FL?
information of a as our Theorem 3 does.

4. Proof of Theorem 1.

PROOF OF THEOREM 1. Theorem 3 implies the only if part of the theorem, so it
remains for us to show thatif T € FIP(R"),1 < p < %’% and suppT C M, then
T = 0. For any 3 € Cz°(R"), we have

18T \|rr < CIBI e 1Tl Fr < CT|Frrs

so we may assume that supp 7 is compact. Since supp 7 is compact, by a smooth partition
of unity, we may assume that M is of the form E as in Theorem 2. Thus we can find T},
such that

2n—v)

(15) il < COINTp, 1<p < ———.

From the construction of T}, it is easy to see that for T # 0, we can always find such
Ty, # 0. On the other hand, (15) and corollary of Theorem 3 force T, = 0 for any such
Ty,, so we must have T = 0.

This finishes the proof of Theorem 1.

The constant relative nullity hypothesis in Theorem 1 seems to be the right one, as we
can see from the following example, which shows that in Theorem 2 this hypothesis is
necessary.

EXAMPLE. Letx = (x1,x;) € R* and xo € R? with |xo| = 3. Let Uy = {x; |x| < 1},
Up={x;lx—x| <1}L U ={x;|x < 3}and Uj = {x; |x — x| < §}. Let
U = {x; |x| < 5} and choose a(x) € CP(U) such that a(x) = 1 on Uj U U} and
a(x) = 0 on U\(U; U U,). Define ¢(x) € C(U) by letting ¥(x) = (2 — |x]2)%a(x) for
x € Up, ¥(x) = (2 +3)2a(x) for x € Uy, P(x) = 0 forx € U\(U; U Uy).

LetE = { (x, w(x)),x evU }, then E is a smooth 2-dimensional manifold of R®, which
contains a sphere-piece E; = {(x, (2—|x|2)%) s x € Uj } and a cone-piece E; = {(x, |x]) ;
x € Uj}. Choose a nice measure T on E with the smooth density function contained in
the piece of the sphere. Then from Theorem 3, T € FIP(R®) for p > 3. In particular, T €
FL*(R?). If Theorem 2 would be true for E, then we could construct T}, as in Theorem 2
such that

1 Tigla < ClIT]]4.
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We can apply Theorem 2 several times to make T}, to be such a distribution on E that
it does not vanish on the piece of the cone. Choose ¢(x) € C8°(R3) such that ¢T}, is
contained in the piece of the cone and is nonzero as a distribution. Since T}, € F L*(R3)
implies #Ty, € FL*(R®), and 4 = 32(3] -, Theorem 3 forces ¢ T}, = 0, which contradicts
the fact that ¢}, is a nonzero distribution. We have therefore shown that for the above
manifold E, Theorem 2 is false.

Now we consider an application of Theorem 1.

THEOREM 4. Let u be a solution in the distributional sense of the equation:

o%u d%u d%u d%u
(16) _a?%.'_....f.a_xg__ygﬂ ..... a_x%_o’

where n > 3 and a is an integer such that 1 < a < n — 1. Then
(i) u€ LP(R"), 1 < p < 2=V implies u = 0.
(ii) For each p > 2(" 1) there exists a nonzero solution u of (16) such that u €
LP(RM).

PROOF OF THEOREM 4. From (16) and by taking the Fourier transform of u, we see
that supp(d) C M = {(&1,...,6,) 5 24+ €2 = €2, +- -+ £2}. To show the main
idea, we only prove the theorem for the cases of a = 1,n >3 anda =2,n = 4.

For a = 1, it is easy to check that except at origin, the cone surface M is smooth
and has the constant relative nullity 1. Denote & by 7. Then we know that supp7T C M
and T € FIP(RY), 1 < p < 22U Forany o € CP(R" \ {0}), let To = aT. Since
| Tall, < C()||T]|,, we can apply Theorem 1 with v = 1 and n > 3 to T to yield that
T, = 0. So it is only possible that suppT C {0}. It follows from an elementary result
(cf. [6], page 46, Theorem 2.3.4) that there exists an integer k > 0 such that

T= Zlalgkaaaa((S).

In this case, it is easy to see that the assumption that T € FLP(R"), 1 < p < 2—%"52‘—)
implies that a, = O for all «. Thus T = 0 and hence u = 0. This verifies (i) of the
theorem. To verify (ii) of the theorem, we choose any smooth mass density x on M such
that its density function o € C(M \ {0}). Then one sees that /i is a C* solution of (16)
by differentiation and that /i € LP(R") for p > 2=1) from the if part of Theorem 3.

Forn = 4,a = 2, we denote M* = {({1,...,54) ;€4 = (§%+§2—§3)i ; §,+§2 > 53}.
Without loss of generality, we may assume that i is supported on M* and the boundary
of M*: OM* = {(€1,...,€4) 5 €3 + €3 = €3,&4 = 0}. A routine calculation shows that
M* is a smooth 3-dimensional submanifold of R* with the constant relative nullity 1, so
an application of Theorem 3 gives (ii) of the theorem. Furthermore Theorem 1 and the
argument used above for the case a = 1 lead to that i = 0 on M™*. Hence the task of
verifying (i) is reduced from a 3-dimensional submanifold of R* to a 2-dimensional cone
dM* in R®. Noticing that 2‘4 1) < 2(33 21), we may apply Theorem 1 again to £ on dM* to
yield that 4 = 0 since a = 1 for oM™,
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For the general case, the geometric meaning of the constant relative nullity helps one
to figure it out that except some lower dimensional submanifold(s) of M, M is a smooth
(n—1)-dimensional submanifold of R” with the constant relative nullity 1. Then one uses
the inequality 23’%}“ < 251”7‘32) for n > 4 and induction on the dimension ~.

This is the end of the proof of Theorem 4.

REMARK 4.2. Hormander’s general result in [5] implies that if u is a solution of (16)
andu € P(R")for1 <p < ,,ZT", then u = 0. Our Theorem 4 is not a general result, but
it does give the complete solution of the L” uniqueness problem for the wave equations.
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