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Abstract
We prove new integral representations of the approximation forms in zeta values.
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In the exposition below, s and D are positive integers such that s > 3D — 1, while the
parameter n is assumed to be a positive even integer. The notation

o1
{(s,a) = ; m
is used for the Hurwitz zeta function, so that £(s) = £(s, 1), and d, = lcm(1, 2, ..., n).
In [1] the following approximations are constructed: for any j € {1, ..., D}, take
it —n+1/D)
H;l:o(t + l)s+l

Tnj = ZRn(m + é), where R,(t) = D*P'ps+1-3P 1
m=1

It is shown that

ni=angr > adli D) ()

2<i<s
i=s (mod 2)

with )
dfl“"ai €Z fori=2,3,4,...,sandi=s (mod 2),

d**lay;€Z forje{l,...,D}

n+1
This is an Open Access article, distributed under the terms of the Creative Commons Attribution
licence (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and

reproduction in any medium, provided the original work is properly cited.
© 2018 Australian Mathematical Publishing Association Inc.

372

https://doi.org/10.1017/5S0004972718000503 Published online by Cambridge University Press


http://orcid.org/0000-0001-9551-2903
https://doi.org/10.1017/S0004972718000503

[2] Hypergeometric integrals for zeta values 373

(see [1, Lemmas 1 and 2]), and some further information is provided for the asymptotic
growth of the positive quantities r,; as n — co. (We note that choosing n even
implies that 3Dn + 1+ (s + 1)(n + 1) = s (mod 2) and hence R,(—n — 1) = (=1)°R, ().
This reflects on the parity in the summation in (1)—consideration in [1] is restricted
to the case of s odd.) The approximations are building blocks for linear forms in zeta
values £(i) with i of the same parity as s, with the help of the elementary formula

5428 $ e

valid for any divisor d of D.
The principal goal of this note is to establish the following integral representation
of the approximations r, ; for j € {1,..., D}.

THEOREM 1. The linear forms (1) admit the integral representation

D '3Dn + 1)! Zg_mj .

Tnj = I’l'3D Toms

xl.)”(l —xt’.j)" dx; j“ fOxD"(l —xD)" dx;
=¢"
f (1 _ é‘:mxo xs)3Dn+2 f (1 - X0 - xs)'%Dn+2

0] s+1

where

and & = &p denotes a primitive root of unity of degree D.

Proor. As the rational function R,(7) has zeros at t =m — (D — j)/D form=1,...,n
and j e {l,..., D}, we can write

i : © 3Dn
;= ZRn(m + i) — DSDnn!s+1—3D H (k+ (l+ J)/D) l
D 0 1‘[120(k+n+l+J/D)S+

m=n
n!s+1—3D H;:D()n(l'i'])
" DIy +1+ j/D)s*!

. l s s+l
{3n+i:1:1,...,D}, {n+i}
D D

X s+p+1F 4D .y |
{1+J— /= 1,...,D,j¢l}, {2n+1+i}
D D
(3Dn + j)! \
= Dapogi— i ) ) S ”l_[t”/“ — 4 diy @

01 s+1

https://doi.org/10.1017/5S0004972718000503 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972718000503

374 W. Zudilin [3]

where

i+
{3n+—J; = ,...,D}
fi® =pFp_y o t
{1+—:l=1,...,D,j¢l}

o L= D = (3Dn+]+1)Dktk
- : =y =TT Dk g 1,...,D).
Z J—l) t kz_(; (Dox orJ el }
k

Recall that

P (1 =x)e

and observe that

(3Dl’l+2)j,| xji]f-(xD) _ = (3Dn+2)Dk+J~,1
(-1 i £1™(Dk+ j- D)

Dk+j-1

~ i (BDn+2) , 1 i gma-1)
- I X = D £ (1 _fmx)Ssz‘

=0
[=j-1 (mod D)

Taking 1; = xlD fori=0,1,...,sin the integrals (2), we thus obtain

. D"'(3Dn + 1)! Zé_. m(j—1) [Ti-o xiDn(l _xll?)n dx;
AT (1= &mxg-- - x;)30m+2

0 1]x+l

foreach je{l,...,D}. O

Choosing D =2 and s > 5 odd, we obtain the linear forms

, _2(6n+1)! 3
"n2 —tn1 = T ((I—X()X1"'xs)6n+2

(0,117

S

4 2n 2
_ 2101 — 2" dx;
(1+x0x1-~-xs)6”+2)1:)[x’( x;)" dx;

_ 2%(6n+1)! f [T x7"(1 = x))" dx;

(1 — xoxy -+ - x;)01+2

nlé
yX[0,1]°

in Q+ QL(5) + --- + Q(s) considered previously in [2]. Here the path y C R
for integrating with respect to xg is given by y = 3[0, 1] + 4[0, —1] and the parity
assumption on 7 can be dropped.
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