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Abstract

In this paper we establish some generalizations of a weighted trapezoidal inequality for
monotonic functions and give several applications for the r-moments, the expectation of a
continuous random variable and the Beta and Gamma functions.
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1. Introduction

The trapezoidal inequality states that if f” exists and is bounded on (a, &), then

b b— b — a)’
/ F@dx - 222 @+ ron| = S (L1

where || f"llao 1= SUP,euy |f"(x)] < 00.

Now if we assume that I, : @ = xo < x; < --- < x, = b is a partition of the
interval [a, b] and f is as above, then we can approximate the integral fa i f(x)dx
by the trapezoidal quadrature rule Ar(f, I,), having an error denoted by Rr(f, 1),
where

n-1

1
Ar(f, 1) 1= 5 3 S LFCa) + f Gein)ie
i=0
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and the remainder R;(f, I,) satisfies the estimation

n—~1

|Rr(f, I)| < E ).

with; ;= x4y — x; fori =0,1,...,n— 1.

For some recent results which generalize, improve and extend this classic inequal-
ity (1.1), see the papers [2-8].

Recently, Cerone and Dragomir [3] proved the following two trapezoidal-type
inequalities for monotonic functions:

—0

THEOREM A. Let f : [a, b] — R be a monotonic nondecreasing function on [a, b),
then

b
/ f@)dt —[(x —a)f(a) + (b —x)f(b)]l

b
S@G-0fB)-Gx-a)f (@ +f sgn(x — 1) f (1) dt
S@x-alfx) - f(a)] + (b = x)f(b) - f(x)]
[ b—a)+ ][f(b) f@)], (1.2)

x—_—_——

for all x € [a, b). The above inequalities are sharp.

letl, l;(i=0,1,...,n—1)beasaboveandlet§ € [x;, x;. ] =0,1,...,n-1)
be intermediate points. Define the generalized trapezoidal quadrature rule by

n-1
To (f, I, &) = Z (G —x) f(x) + (it = &) [ xipn)].
i=0
We have the following result for the approximation of fab f(x)dx in terms of Tp.

THEOREM B. Let f be defined as in Theorem A, then we have

b
f FGYdx = Tp (f, In €) + Rpfy In £).

The remainder term Rp(f, I,, §) satisfies the inequalities

n—-1 X141
IRp(fy I ) < D [(isa — &) f (i) = i — %) £ (x1)] +Z / sgn(& —1) f (1) dt
i=0
n—1
<Y G- E) - )1+Z<x,+, £) [f (i) — £ ()]
i=0 =0
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n-1
1 Xi + X1
=< sk i~
< ; [2 + ls >

Xi + Xip1

& — 3 ] Lf(b) - f(a)]
=vOLfB) - f(@), (13)

where v(l) ;= max{/;[i =0,1,...,n—1}.

] [f (xiz1) — f(x0)]

i=0,1,...,n—1

< [%v(!) 4+ max

In this paper we establish weighted generalizations of Theorems A and B and
give several applications for the r-moments, the expectation of a continuous random
variable and the Beta and Gamma functions.

2. Some integral inequalities

The following result shows a generalization of the weighted trapezoidal inequality.

THEOREM 1. Let g : [a, b] — R be nonnegative and continuous with g(t) > 0
on (a,b) andleth : [a, b] — R be differentiable such that h’'(t) = g(t) on [a, b].

(@) If f : la, b] = R is a monotonic nondecreasing function on la, b], then

b
/ f)g@)dt — [(x — h(a)) f(a) + (h(b) — X)f(b)]‘

b
< (h®) —x)f(b) — (x —h(@) f (a) +[ sgn (A7 (x) = 1) f(1)g (1) s

a

<@x—h@)[f(F'®) = f @]+ ) —x) [F®) - f(h7' )]

’ h(a) + h(b

for all x € [h(a), h(D)].
(b) If f : [a, b] > R is a monotonic nonincreasing function on [a, b], then

b
/ F)g@)dt — [(x — h(a)) f(a) + (h(b) — x) f (b))

b
< (x — h(a)) f(a) — (h(b) — x) f (b) + f sgn (¢ —h~'(x)) f()g(t) dt
<@ =-h@)[f@ - fE'®)]+ @G -x)[f (A'x) - f)]

b
<[4 [ sar+ e - 2Ol 100y sy -

for all x € [h(a), h(D)].
The above inequalities are sharp.
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PROOF. (a) Let x € [h(a), h(b)]. Using the integration by parts formula for the
Riemann-Stieltjes integral, we have the following identity:

b b b
/(x —h@)df@®)=(x—h@)f@) +/f(t)g(t)dt

b
=/f(t)g(t)dt —[(x = h(a)) f(a) + (h(b) — x) f(P)]. (2.3)

It is well known [1, page 813] that if x, v : {a, b] — R are such that u is continuous
on [a, b] and v is monotonic nondecreasing on [a, b], then

b b
/u(t)d\)(t) 5/ ln @] dv(@). (2.4)

a

Now, using identity (2.3) and inequality (2.4), we have

b
/ f)g)dt — [(x — h(a)) f(a) + (h(b) —x)f(b)]'

b
< f x — ()| dF (1)

b

hYx)
- f (x — h()Af () + /,, (h(t) — X)df (©)

~1(x)

h7l(x) hV(x)
= (x —h(®)) f () +/ f@)g@)dr
b b

- f)g (@) di

h-1(x) h=Y(x)

+ (h(t) — x)

b
= (h(b) — x) f(b) — (x — h(a)) f(a) +/ sgn (h™'(x) — 1) f(Ng(M) dr (2.5)

and the first inequalities in (2.1) are proved.
As f is monotonic nondecreasing on [a, b], we obtain

A (x) A (x)
/ f)g)ydr < f(h"(x))f g@t)dt = (x — h@)) f(h~'(x))

and
b

b
fh ( )f(t)g(t) dr > f(h"(x))/’: )g(t) dt = (h(b) — x) f (™' (x)),
~I(x -(x
then

b
/ sgn(h™'(x) — 1) f(Dg (1) dt < (x ~h(@) f(F7' (X)) + (x = h(B)) f (™' (x)).
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Therefore

b
(h(b) = x) f(b) — (x —h(a))f(a)+/ sgn (h™'(x) —1) f(1)g (1) dr

< (h(b) —x)f(b) — (x — h(a)) f (a)
+ (x = k@) f(h' X)) + (x —h®) f(h' ()
=@x —h@)[f(h'®) - f@]+ Rr®d) —x)[fb) — f(h'®))], (26)
which proves the second inequality in (2.1).
As f is monotonic nondecreasing on [a, b], we have f(a) < f(h~'(x)) < f(b)
and
(x —h(@) [f (A7) = f @]+ () —x) [f(®) — fF(A'(0))]
< max{x = h(a), h(b) —x} [f(A'®)) = f @ + f(B) - f(h7'(D)]

_ [M + ‘x _ MH LF(®) - F(@)]

2 2
1 r? h(b
- [5 / gty dt + ’x - MH LF(®) - f@)]. @)

Thus, by (2.5)—(2.7), we obtain (2.1).
Letg(t) = 1,h(t) =1t,t € [a, b];

0, telab),

o= <

and x = (a + b)/2. Then a simple calculation reveals that

b
/ f@)g@)dt — [(x — h(a)) f(a) + (h(b) — X)f(b)]’

= BB =0T ®) - —h@)f @ + sgn (') 1) FOg0) di
— (= h@) [£ (1)) — £ @]+ (h(®) = ) [£6) = £(n7' ()]
- [% [abg(r) dr + ‘x - ML;"@H [f®) - f@)
b—a
-2

which proves that the inequalities (2.1) are sharp.
(b) If f is replaced by — f in (a), then (2.2) is obtained from (2.1). This completes
the proof. a
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REMARK 1. If we choose g(¢) = 1 and h(t) = ¢t on [a, b], then inequalities (2.1)
reduce to (1.2).

COROLLARY 1. If we choose x = (h(a) + h(b))/2, then we get

f@+fb) /”
2

b
fg)dr — g(t)dt

1 b
= 5Lf ) — f(a)]/ g(t) dt

b
+/ sgn (h" (@—;ﬂ) —-t) fOg(t)dr

1
< 5lf ) - f(a)]/ g()dt, (2.8

\S]

where f and g are defined as in (a) of Theorem 1, and

b
f(a)+f(b)/ 2(1) dt

b
f FOg@)di -

1
< U@~ O] / g(t)di

b
+/ sgn (t —h! (M)) fg)dt

< Y@ - ron / g(t)dr, 29

[\ RN

where f and g are defined as in (b) of Theorem 1.

The inequalities (2.8) and (2.9) are the “weighted trapezoid” inequalities.

Note that the trapezoidal inequalities (2.8) and (2.9) are, in a sense, the best possible
inequalities we can obtain from (2.1) and (2.2). Moreover, the constant 1/2 is the best
possible for both inequalities in (2.8) and (2.9), respectively.

REMARK 2. The following inequality is well known in the literature as the Fejér
inequality (see for example [9]):

b b b
f(a;b)f g(t)dt Sf fgwde < M[ gde,  (2.10)

where f : [a,b] — R is convex and g : {a,b] — R is positive, integrable and
symmetric to (a + b)/2.
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Using the above results and (2.8)—(2.9), we obtain the following error bound of the
second inequality in (2.10):

b b
0 < M/ g(z)dr—f Fg() dr

1

< L) - f@) f g(1)dt

b
+/ sgn (h" <M) - t) ftHg@)dt

1 b
< f[f(b) - f(a)]/ g(r)dt, .11
provided that f is monotonic nondecreasing on [a, b].

Also,

b b
0< i@i—f@/ g(r)dr—f F)g() dt

1 h h(b

< U@ - £ f g dr + / sgn( s (W)) FOg(t)di
1

< U@ = £®) / 2 dt, 2.12)

provided that f is monotonic nonincreasing on [a, b].
3. Applications for the quadrature rules

Throughout this section, let g and 4 be defined as in Theorem 1.

Let f : [a,b] > R,andlet ], :a = xo < x; < --- < x, = b be a partition
of [a,b] and & € [h(x,), h(x,41)] (i = 0,1,...,n — 1) be intermediate points. Put
L :=h(x,1) —h(x;) = f;’*' g(t) dt and define the quadrature rule

n—1

Tp (f. 8. h, 1, §) = Z (& —h(x)) f(x) + (B(xi) — &) f(xien)].

1=0

We have the following result concerning the approximation of fa > f@®g®)det in
terms of Tp.

THEOREM 2. Let v(l) := max{/,|i =0,1,...,n — 1}, f be defined as in Theo-
rem 1 and let

b
/ fF0g@)dt =Tp (f, 8. h. I, 8) + Rp (f, 8. h, I, ). (3.1
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(@) If f is monotonic nondecreasing on [a, b}, then

|Rp (f. 8, h, 1n, )

n-1

<Y L) — &) f () — G = h(x)) f(x)]

=0

n—1 g
+ Z[ sgn (R~ (&) — 1) f(Dg (1) dt
=0 Y*X

n—1
<Y G —hE) [f (@) - fO)]
i=0
n—1
+ Y (i) — &) [Fx) = £ (7 6))]

i=0

[1 h(x,) + h(x,
SZ[EIﬁ‘&—M][f(x.+1)—f(x.-)]
i=0

B h(x;) + h(xiy1)
2

5[%\)(1)-{- max ‘!,-‘,

i=0,1, .,n—1
svOLf®) - f@)]

(b) If f is monotonic nonincreasing on [a, b), then

IRP (f’ g’hv Im E)l

n—1

< D I~ h()) f() = (r(xisn) — &) f(xign)]

i=0

n—1 e
+Z/ sgn (1 — 7' (&) f(0)g (1) dt
i=0 V%

] [f(b) — fl@)]

n—1

<Y G = RG) [FG) - £ (R E))]
i=0
n—-1
+ Z (h(xi) — &) [f (h7' (&) — f (xis)]
i=0

=i h(x;) + h(x;
szoj[imysi—L*z("*—‘)][f(x.)—f(x.»+.>]

o h(x;) + h(xiq1)
0.1...., 1 2

<v(Olf (@) — fB)].

] [f(@) — f(b)]
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PROOF. (a) Apply Theorem 1 on the intervals [x;, x;4,] (i =0,1,...,n— 1) to get

/ ) f@)g@)ydt —[(& — h(xi)) f(x:) + (h(xig1) — &) f(xin1)]
< (h(xig1) — &) f(xiz1) — & — h(x) f(x)
+/ " sgn (h' (&) —t) f(0)g () dt

<E-hE) [ (E)) — f&x)]
+ (h(xip) — &) [f @is) — F (7 ED)]

1 h(x, h(x;
< [5"’* £ -M ][f(x,ﬂ) — £ (W)

foralli € {0,1,...,n—1}.
Using this and the generalized triangle inequality, we have

|RP (f’ gv hv Im g)l
n—1
=2
i=0
n—1
< D [ Geien) — &) fgn) = (6 — h(x)) £ ()]

i=0

n—1 X1
2 f sgn (h™' (&) — 1) f(Dg () dt
i=0 V&

/ - f@®eg@ydt — [(& — h(x)) f(xi) + (h(xipr) — &) f(xiz)]

Xy

n—1
<D E—-hE)[f (R @) - FO)]
i=0
n-—1
+ Y (i) ~ &) [Fxi) — £ (B ()]
i=0
=i h(x,) + h(x;
> [Ezi + ’si LIRS ] LF Goe) — 3]
< [%v(l) +,_max ‘s.- - w ] [F(®) — f(a)]. (33)
Next, observe that
' - h(x;) +2h(Xi+1) < %li (i=01,...,n—1); (3.4
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and then
h(x;))+h(xip)| 1
x| & — — | = zv(l). (3.5)
Thus, by (3.3)3.5), we obtain (3.2).
(b) The proof is similar to that for (a) and we omit the details. ]

REMARK 3. If we choose g(¢) = 1, h(t) = ¢ on [a, b], then the inequalities (3.2)
reduce to (1.3).

Now, let § = (h(x;) + h(xi11))/2 ( = 0,1,...,n — 1) and let Tpw(f, g, h, 1)
and Rp(f, g, h, 1,) be defined as

X+

1 n-1
Tow(f, 800 1) = T (f 8. b 1§ = 5 LG+ £ G [ (00
i=0 X

and

RPW(fv gvh’ In) = RP (f’ gvhv ImS)

Xr+1

b 1 n—1
=/a f(t)g(t)dt—Elz:;[f(xi)+f(xf+1)] /; gt)dr.

If we consider the weighted trapezoidal formula Tpw (f, g, h, I,,), then we have the
following corollary.

COROLLARY 2. Let f, g, h be defined as in Theorem 2 and &; = (h(x;) +h(x;11))/2
(i=0,1,...,n—1). Then

b
/ f)g®)dt =Tew (f,8,h, I) + Rew(f, 8, h, I)

where the remainder satisfies the following estimates:
(a) If f is monotonic nondecreasing on [a, b], then

n—1

1 Xit1
IRew(f, g b I < 53 ( / g(t)dt) [f (i) — f ()]
i=0 i
n—1 Xt ) .
+ g[‘ Sgn (h_l (h(xl) +2h(-x1+l)) _ t) f(t)g(t)dt
1 n—1 Xig1
< 5 Z ([ g(t)dt) [f(xip1) — f(x)]
i=0 X
)
<o) - f @1 (3.6)
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(b) If f is monotonic nonincreasing on [a, b), then

n—1

1 Xitl
Row(f,g.h 11 < 5 ( / g(r)d:) Lf () = fCxian)]

=0

n—1 X4l
3 [ an (1 (M) g0

n—1

1 RIES)
< 52(/ g(t)dt) [fCa) = fxie)]
1=0 X
l
< ”—(2-3 LF(@) = f (®)]. 3.7)

REMARK 4. In Corollary 2, suppose f is monotonic on [a, b],

x,=h"|:h(a)+w] (i=0,1,...,n),
and
b
l; ::h(xi+1)—h(x,)=M=’]—l/ g)dt. (i=0,1,....n—1).
n a

If we want to approximate the integral fab f(®g)ydr by Tew(f, g, h, I,) with an
accuracy greater than ¢ > 0, we need at least n, € N points for the partition /,, where

1 b
ny = [2—/ g () di - |f(b) - f(a)I] +1
& Ja

and [r] denotes the Gaussian integer of » (r € R).

4. Some inequalities for random variables

Throughout this section, let 0 < a < b, r € R, and let X be a continuous random
variable having the continuous probability density function g : [a,b] — R with
g(®) > 0on(a,b),h:[a,b] > Rwith h'(t) = g(t) fort € (a, b) and the r-moment
E.(X) = f: t"g(t) dt, which is assumed to be finite.

THEOREM 3. We have the inequalities
1 b 1

<" —a") +/ sgn (h" (—) - t) t"g(t)dt
2 a 2
1

< E(b’ —da) asr=0 @.1)

r br
Ex0) - £
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and
Ex) - % “ZL | - %(a’ — b))+ /absgn (: s (%)) ¢ o (t) dt
< %(a’ —b") asr <0, 4.2)
respectively.

PROOF. If we put f(¢t) = t" (¢t € [a,b]), h(t) = fa'g(x)dx (t € [a,b]) and
x = (h(a) + h(b))/2 = 1/2 in Corollary 1, then we obtain (4.1) and (4.2). This
completes the proof. O

The following corollary is a special case of Theorem 3.

COROLLARY 3. The inequalities

b— b 1 b—-
< 2a+/a sgn(h‘l (§>—t)tg(t)dt_<_—2—a

hold, where E(X) is the expectation of the random variable X.

E(X)—a+b

5. Inequalities for the Beta and Gamma functions

The following two functions are well known in the literature as the Beta function

i
B(x,y) = / ' A=) 'dt, x>0,y>0
0
and the Gamma function,
I'(x) :=/ e 'dr, x>0,
0

respectively.
The following inequality is an application of Theorem 1 for the Beta function.

THEOREM 4. Let p, g > 0. Then we have the inequality

b
IB(p+1,g+1) —x|<x +f sgn[t — ((p + D)D) P (1 — 1) dt

1
<x+ (;L—] - 2x) [1 - ((p+ Dx)/E*D)

1

1
_ - 5.1
52(p+1)+’x 2(p+1)’ &b

forallx € [0,1/(p + )]
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PROOF. If weputa = 0,b =1, f(1) = (1—1)%,g(t) =tPand h(t) = t**'/(p+1)
(t € [0, 1]) in Theorem 1, we obtain inequality (5.1) forallx € [0, 1/(p +1)]. O

The following remark is an application of Theorem 4 for the Gamma function.

REMARK 5. As B(p+1,9+1) =T (p+1I'(g+1)/ T (p+4g+2),inequality (5.1)
is equivalent to
C(p+Dr@g+1) B
F(p+g+2)

b
x| <x+ [ sgn [t —((p + Dx)/**] P (1 — )7 di

1
=T (P—-l-—l- - 2x> [1 - ((p+ l)x)l/(p+l)]q

1

1
2(p+ 1) 2(p+ 1)
that is,

p+ DI (p+ D@+ 1) —x(p+ DI (p+g+2)

r b
< x+/ sgn[z—((p+1)x)'/<"+”]z"('1—t)"dz] (pP+DI(p+g+2)

<|x+ (—1—— - 2x) [1-(p+ 1)x)'/<"+'>]"] (p+ 1O (p+q+2)
L p+1

<1+
L2

1
x(p+1)—§’:|l’(p+q+2)

andas (p+ )I'(p+ 1) =T(p + 2), we get

IT(p+2T @+ 1D —x(p+ DI (p+q+2)

b
< [x + f sgnft — ((p+ Dx)/@D]er (1 — 1) dt] (p+DHT(p+g+2)
< [x + (EIIT - 2x) [1-p+ 1)x)""’+”]"] (p+ DI (p+q+2)
< [1
=< §+

forany x € [0, 1/(p + 1)].

1
x(p+1)—§ul“(p+q+2)
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