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CHROMATIC SUMS FOR ROOTED PLANAR
TRIANGULATIONS, IV: THE CASE ) = «.

W.T. TUTTE

Summary. The chromial P(M, N\) of a planar near-triangulation M has
the leading term \**", where v (/) is the number of vertices of M. The prob-
lem of finding the number of rooted planar near-triangulations of a given
class .S, all supposed to have the same number of vertices, can be regarded as
a special case of the problem of finding chromatic sums. We can sum P (M, \)
over the members of .S, divide by the appropriate power of A and let A — 0.
We thus get the sum of the coefficient of the leading term of P (M, \) for all
M € S, that is we get the number of members of S. This is why we classify
such enumerative problems under “‘the case A = . We adopt this point of
view in the present paper while enumerating certain kinds of rooted planar
triangulations and near-triangulations. Some of the results have been published
before.

In an extension of the theory we sum the coefficient of \*®) =1 in P(M, \),
this coefficient being minus the number of pairs of adjacent vertices in M.
Since our triangulations and near-triangulations may have multiple joins the
number of such pairs is not necessarily equal to the number of edges. We give
a formula for the average number of such pairs in rooted planar triangulations
of 2n triangles.

1. On chromials. The chromial P(G, \) of a connected graph G of #(G)

vertices can be written as
(@)—1

(1) P@G,\) = 2 A",
7=0

where the 4, are integers. In the theory of chromials it is shown that 4, is
non-zero (if G is loopless) for each integer j satisfying 0 < j < v(G) — 1.
Moreover the coefficients 4 ; alternate in sign, and 4, = 1. (See for example

[2] or [4)).

It is sometimes convenient to replace the above polynomial P(G, \) by

2(G)—1

2) QG, ) = Z;) A,

=
If we write p = 1/\ we can relate P(G, \) and Q(G, u) as follows
(3) Q(G, u) = NP (G, N).
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This formula becomes meaningless if u = 0; but in that case Q(G, u) takes
the value 4, = 1, by (2).

If G is the graph of a planar map M it is usual to write P(G, \) = P(M, \).
Correspondingly we write Q(G, u) = Q(M, u).

We introduce the generating series
(4) g =g(Xr Y! Zrﬂ)

— ; Xm(]ll)y”(M)zl(M)Q(M, #),

in analogy with Equation (1) of I [5]. The sum is over all rooted near-triangula-
tions M. We now write

(5) §=q¢X,Z,n) =3X,1,Z,p).

We also write [ = [(Y, Z, u) for the coefficient of X? in g, and we put
h=h(Z, u) =11, Z, u). Evidently % is the coefficient of X? in g.

We proceed to relate the newly defined series to the series g, ¢,  and % of L.
The number of faces of M is clearly {(M) + 1 and the number of edges is
Bt(M) + m(M))/2. Applying the Euler polyhedron formula we find that

(6) v(M) =1+ (m(M) + t(M))/2.
Let w be a square root of A. Then by (3)

P(M,\) = \Nw™D+HIDO(M, u).
Thus

g = Z xm(M)yn(M)Zt(M)P(M’ )\)

M

N3 @)™y wn) QM w).

Il

Let us write
(7) X=wx, Y=y, Z=uwz
Then we have
(8) g, 3,5\ = X, Y, Z p)
and therefore
9) g, 2, \) = M(X, Z, p).

Now I(y, 2, ) is the coefficient of x? in g(x, v, 2, \), which is \ times the
coefficient of X? in g(x, y, z, A\). Hence, by (8),

(10) Iy, 2,\) = MUY, Z, p),
(11) iz, \) = Nh(Z, ).
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Substituting from these formulae into the chromatic equation, Equation (13)
of I, we obtain

wIXgh = wo X VA — 1) + \Vw'Zgg

+ Yw 1 Z(\g — w2X2\2]) — w3X2V2Z A (AR),
that is

(12) Xg=(1—-wX?Y+ YZgg+ YZ(g — X?) — pX2YV?Z A ().

Since ¥ = y there is no need to reinterpret the operator A.

2. The case up = 0. We now put u = 0 in (12). This has the great advantage
of eliminating the term in A (g). We find

(13) Xg=XY+ YZzg+ YZ (g — X?I).
Putting ¥ = 1 in this we obtain
(14) Xg = X*+ 2¢* + Z(q — X*h), Z¢* + (Z — X)§ + (X? — X*Zk) = 0.

This equation resembles those for I(y, 2, 7 4+ 1) and I(y, 2, 3), encountered
in IT and III [5]. We can solve it in the same way. Thus

(15) (223 + Z — X)* = D,
where
(16) D= (Z —X)? —4ZX3 4+ 47°X%.

In analogy with the two other cases we can show that there is a power
series ¢ in Z such that

17) 22q(¢,Z2,0) + Z — £ = 0.
We then have
(18) {D}x_t = 0, [0D/3X]x=t = 0.
Equations (18) are equivalent to the two following:
(19) Z? — 27t + £ — AZE 4 4Z%%h = 0,
(20) —Z+Et—6282 44220 = 0.
Eliminating % we find

2t —Zg+ 228 =0
or, since Z is not identically zero,

(21) Z =1 —28).
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Substituting this result in (20) we find that

- 1= 352
(22) h = -———(1 TR

Substituting for Z and % in (16) we find that
(23) D = g(1 —2£)? — 261 — 28X + X?
+ 482(1 — 3E) X2 — 4£(1 — 2£2) X3,
D= (1-28)(X —§£)2(1 — 2 — 4£X).
We can now solve (15) for g.

_=X—s+253i<X—s)(1—252){1_ 44X }
T7 2e1 — 289 2t(1 — 28%) 1—2¢

X (X—s){ _[ X ]}
_1_2£2+ 2% 1 1 1_222 .

The negative sign is chosen to avoid negative powers of Z when the expression
is expanded in terms of X and Z.
It is convenient to make use of a function v (¢) defined by

(24) v(t) =14 ty2(),

and having no singularity at¢ = 0. It can be expanded by Lagrange’s Theorem,
or by the Binomial Theorem, as follows.

. 2 (2n)! J
(25) v = ,; [n!(n-l— l)lt )

Formula (24) can be rewritten as

1= (1 — 4t
(26) 1) = =5
Hence our equation for § is equivalent to the following:
X XX -8 [ £X ] _

(27) 9—1_252'*" 1_22271_252, (u = 0).

3. The coefficients in %2(Z, 0) and §(X, Z, 0). Writing § = £2 in (21) and
(22) we find
(28) Zh = § — 362,
(29) d(Z%h)/do = 1 — 66,

Z2
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Applying Lagrange’s Theorem we deduce that

7= S AL B e L)

3

- 2 {‘Zni' _(sz_e)n_l{(l —20)2"—‘ a —220)2"}]o=o}'
-5 G PR e
- 5 =],

@ i- £ latoeryl ¢-0

For n > 0 the coefficient ks, of Z?* in k is the number of rooted planar
triangulations with 2z faces, or dually the number of rooted non-separable
trivalent planar maps with 2z vertices. Formulae equivalent to (31) appear
in [1] and (3].

An application of Stirling’s Theorem to (31) gives

_ z 27\
- o= () B o,
Formulae (31) and (32) can be used in determinations of averages. Thus if
we wish to find the average number of 3-colourings for rooted planar triangu-
lations of 2% faces we have only to divide the ks, of 111, § 4, by %a,. This gives
the average exactly. If we need only an asymptotic approximation we can use
Formula (33) of I1I with Formula (32) of the present paper and obtain

124/3(16,/27)".

It seems likely, though it has not yet been proved, that the average number of
3-colourings for unrooted planar triangulations with 2# faces is given
asymptotically by the same expression.

We now turn to the study of §, with 4 = 0. From (25) and (27) we have

Xt +{ X Xt } 5 { (2n)1X"g" }
=1 =28 1=28" a-=-2) 4 W+ DI -2
The coefficient of X in this formula is found to be zero, and the coefficient of

X?is

(I —38)/(1 — 282,

in agreement with (22). For larger values of #» we can write the coefficient g,
of X” in § as follows:

23 o @n — 4)1"° _ @2n — 2)1"
B3) =T Hm S DI =2 T = Dinl(d — 28
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Using (21) and writing = £2 as before we rewrite this as

34) o @n — 412" _ ©2n — 212"
= =2 = DIA = 20077~ n— Dnl(l — 20)7
To eliminate 6 we require the expansion of (1 — 26)~*, where k is a positive

integer, as a power series in Z. We use (30) in an application of Lagrange’s
Theorem and obtain

a-wr = £ LGSR L

ot S 2"GBm Ak — D12
(35) (=20 = km:O m!(2m + k)]

Using (34) and (35) we find that for n > 2 the coefficient of X"Z"*?7 in g,
where j may take all integral values from —1 upward, is

or

(2n — 3)1277(3j 4 21 — 1)! 2020 —2)12°3j + 20 — 1)!
=2 —DIG+DICi+ 2 - 1) m— DI — 112+ 2r)!"
If j = —1 the second quotient is to be interpreted as zero. This formula can

be written more simply as

27 (2n — 3)1(3] + 2n — 1)!
(n —2)ln — 2)!1(G + D!2n + 2j)!°
We now rewrite this formula more in accordance with the conventions of I,
first noting that it is valid also when # = 2, by (31). Let ¢, ; denote the coeffi-
cient of Z'X ?*+2 in g. By Equation (16) of I this coefficient can be non-zero
only if 0 £ k = t/2. We substitute £ — 1 for j and ¢t — 2k + 2 for n, thus
obtaining

(36) o 2"(2t — 4k + 2)1(2t — B)!
Qo =2k — 28 + DRI — 2 + 2)1°

An equivalent formula was given by R. C. Mullin in [1].

4. The chromatic sum / in the case u = 0. We go on to consider the sum
I(Y, Z,0). The author does not know of any earlier treatment of this in the
literature. For u = 0 the coefficient I, s of Y*t1Z* can be interpreted, provided
t > 0, as the number of rooted planar triangulations with ¢ faces and with a
root-vertex of valency s. It seems likely that this coefficient will sometimes be
needed in determinations of averages, though the author has no immediate
application of this kind in mind. We therefore find an exact explicit formula
for this coefficient.

In what follows ¢ = 0. We obtain an equation for by modifying the method
of III, section 5. First we rewrite our Formula (13) as

37) (X —YZ§g—YZ)g = X3V — X*VZI.
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We introduce a power series 5 in Y and Z defined by the following equation
(38) n— YZi(n, Z,0) — YZ = 0.

The coefficients in 5 can be found, using (36), by equating coefficients for
successive powers of Z in (38). Thus the coefficient of Z° is zero and the
coefficient of Z'is Y. Thus the formal power series 7 is well defined. From (37)
and (38) we find

(39) n = ZI.

By substituting » for X in (14) we obtain

(40) 2¢*(n, Z,0) + (Z — n)g(n, Z,0) + (n* — n*2Zk) = 0.
Elimination of g(n, Z, 0) between (38) and (40) gives

Z(1 = Y2 + YZ(Z = n)(n — YZ) + V22 — nZh) =
Y2Zpd + (1 — ¥V — V2Z2h)p2 — YZ(1 — Y)n = 0.

|
L

Since 7 is not identically zero it follows from (39) that
(41) vz 4+ (1—Y — V2R — YA —Y) =0, (u=0).

This equation can also be written in the forms

(42) vzl —-n+QQ-v)(I-Y) =0, (k= 0),
and
(43) A () =1/Y222 —1/YZ22, (n = 0).

Now let us write the equation in terms of the parameter 8. We have
V291 — 20)22 + (1 — ¥V — Y20(1 — 39))] — Y(1 — ¥) = 0,
that is
(44) {2V20(1 — 20)2l +1 — ¥V — Y29(1 — 30)}% = Dy,
where
(45) D, =0—-Y—Y¥9(1 —30))2+ 4731 — YV)o(1 — 26)2
Other forms of the last equation are

Dy =1—2Y + Y2(1 — 20 + 662)
+ V3(60 — 2202 + 166°) + Y*(—460 + 176> — 220 + 96%),
(46) Di=(1—Y+0V)((1 — oY) — 401 — 20) V).

Since

1—-Y—-600-380)Y2=(1—-06YV)1—-Y+06Y)—20(1 —20)Y?
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we can deduce from (44) and (45) that
jo 200 =20 (- V4 6Y)(1 - oY) {_1 N [1 4601 — 20)1/2]%}
T 291 — 20)°Y° 20(1 — 26)°Y” (1 —0Y)* :
We choose the sign to avoid negative powers of ¥ in the final expansion of /.
We may now write
L1 (1 —Y4e1) {0(1 —29) V2L
(47) =T =% == " Ua=ery "

with of course u = 0.
As a partial expansion of (47) we have

o1 a1 1—9l & S @) —20)“1/2"}
b=zt {1—01/ 1—20},; {n!(n+1)!(1—ey)2" )

This formula gives the coefficient of Y? in [ as zero, which is correct. It gives
the coefficient C, of Y+, where s = 0, as the coefficient of Y*t! in

2 ) | 1 — 20" (20 + )Y
5 5 |

Ms

= = i+ 1)! (2n)'r!
Q-8 —20"'Cn—1+ r)!()'Y’”"}}
@2n — )Ir! ’
that is in
2, & (1 —20)" %2 — 1 + r)ly'”") }
PIRDY {( o + D)irl (r =200+ 1)

From this we infer that

[s/2] _ n—1,s—n 1 [(s+1) /2] _ n—1,541—n ! -
C.= Z{ (1 —20""s! | )> {(1 26)"70 siis + 1 — )l

nl(n + 1) — 2n)!f —2 = nl(n 4+ DI 4+ 1 — 2n)! f

n=0

[s/21 { sz }
48) Co= 2 \uln T DIG = 2n)i(d = 26)50
[(s+1) /2] S'Z2s—2n+2(s —n + 1)
-2 { r 23—3n+3}
nl(n + I — 2n + I — 20)

The coefficient of Z27=28+2 in (1 — 20)~25+3—1 ig non-zero only if j — s +
n = 0. It is then

n=0

(3j — )12 (25 — 3n 4+ 1)
G=—s+m)!2—n+ 1"
by (35). Similarly the coefficient of Z2/—2s+2*=2 in (1 — 26)—2s+3—3 ig
(3 —s — D725 — 3n + 3)
(J—s+n—112f—n+ 1)

ifj—s+4+#n—1 =0, and is zero otherwise.
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We may now deduce from (48) that Iy, ,, the coefficient of Y*+1227 in ], is
given by the following formula.

49) I, = [ { s1(3j — s)1277°7"(2s — 3n + 1) }
2j,s nln 4+ DI —20)1(F — s+ n)1(2f —n + 1)!

gy { I3 — s = DI Q25 — 3n 4+ 3)(s —m + 1) }
mn+ DI —2n+DIG—s+n— 1)@ —n+ DY

n=max(0, s—j)

n=max(0,s—j+1)

5. Derivatives at u = 0. Continuing our study of the function gat u = 0
we apply the operator A to (37).

X —-23—2)N @) — (Zg+ 2)g = X3 — X2Z] — X2Z A\ (]).
Hence, by (37),
(X —Zg—2)X —YZ§g—YZ) A (§) — (Z§g+ Z)(X3Y — X2V ZI)
=X —-YZg— YZ2)(X® — X2Z] — X2Z A (])),

xX*x — ZI)
X —27—2)X —YZ7— YZ)

(50) A =
X*ZAQ0)
T &-zi-2z) (®=0.

Formula (12) is valid for all u. Let us denote derivatives with respect to u
by primes. Differentiating with respect to u and then setting 4 = 0 we obtain

Xg = -XV+YZ@7 +89 + YZ(@E@ — X) — X*V2Z A (2),
(1) (X — YZq — YZ)§ = —X?Y + YZgg — X2VZI — X2V*Z A (3),
(u = 0).

Now let us write ¥ = 1 in some of the foregoing equations. From (37),
(52) X — 23— 2)] =X*(X —2Zh), (u=0).
From (43) we have
(53) (A Dyyer = = 1)/2%h,  (u=0).
From (50) and (52),

(@ yn = LXK = 28) _ gCZIA D)y
g)iv=1 X4(X _ Z}_L)2 XQ(X — Zh)
& XZG—1)
XX - Zh) | XZhX — Zh)
g’zh — gXh 4 3X
XZh(X — Zh)
_ k(=2 — X’ + X"Zh) + X
B XZh(X — Zh) ,

by (53),

https://doi.org/10.4153/CJM-1973-099-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1973-099-9

938 W. T. TUTTE

by (52). Thus
g — X'k

(54) (A@r =155 w=0).
From (51) and (54),
(55) (X — 223 — 2)§ = —X* — X221 — X (7 — X*h)h-1,

223+ 7z — X)§ = X*Zl + X(q/h),  (u = 0).

In this equation we substitute the parameter ¢ for X and apply (17). We
find

I

0 = &2k + £(¢ — Z)/2Zh,
o= —28/283(1 — 382), (by (21) and (22)),
(56) W= —(1 =38 (u = 0).

Using (55) and (56) we can express ¢’ in terms of X and ¢ as follows.
From (23) and the ensuing resolution of the ambiguity of sign we have

22+ Z —X = — (1 — 2 (X — g)[l - —(1—4_%57)}
But
_— e =X —28Y) X (1 — 28
XZl + X (g/h) = a — 36 + 0 =) 7
XA = 28X (X —§) [ X ]

R T T P
2¢(1 — 38 (1—21)"

Hence, by division,

- L_XQ=2) | ax |7
67 7= 951 — 38) {1 [1 (1— 252)] }

for p = 0.

The author has not investigated I'(Y, Z, 0) in detail. It can however be
expressed in terms of known functions by substituting the parameter 5 for
X in (51). The expression on the left then vanishes. The expression g(y, Y, Z, 0)
occurs in the resulting formula. However this can be counted as a known
function, for it can be shown by an application of I'Hospital’s Rule to (37)
that
‘ . n'(2n — Y — YZ)

(58) g(’?, Yy Z, 0) = Z(l _ Y+ 772Y) .

The effect of substituting #» for X in A (g(X, Y, Z,0) can be determined
from (50).

6. Pairs of adjacent vertices. There is a graph-theoretical interpretation
of the derivatives #’ and ¢’ at u = 0, given by the following theorem.
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(6.1) Let G be any loopless graph. Then the coefficient A1(G) of \"9~1 in
P(G, \) is minus the number of pairs of adjacent vertices in G.

Proof. If G is edgeless P(G, \) = A®, and the theorem is trivially true.
Assume as an inductive hypothesis that the theorem holds whenever the
number ¢(G) of edges of G is less than some positive integer j, and consider
the case ¢(G) = j.

Let 4 be any edge of G. Let G’ 4 be the graph obtained from G by deleting 4,
and G"', the graph obtained from G by contracting 4 to a single vertex.

Suppose G to have a second edge joining the ends of 4. Then the deletion
of 4 changes neither the chromial nor the number of pairs of adjacent vertices.
Since the theorem is true for G’4 by the inductive hypothesis, it is true also
for G.

We may now assume that A is the only edge joining its two ends in G. By a
well-known and easily proved theorem we have

(59) P(G,\) = P(G'4, \) — P(G"4, \).

We observe that G/, is loopless. The number of pairs of adjacent vertices is
one less in G’ 4 than in G. But v(G) — 1 is the number of vertices of G’ 4, and
therefore the coefficient of \?(®—1 in P(G"' 4, \) is 1. Since the theorem holds
for G’ 4 by the inductive hypothesis it holds also for G, by (59).

The theorem follows in general by induction.

Now for # > 0 the sum over all rooted planar triangulations 7" of 2 faces
of the number K (7") of pairs of adjacent vertices of 7" is the coefficient —%4’s,
of Z* in —k’, with p = 0. But

B =01-3"=(@1-30)"

-5 G 16 it
s 5 B E et [0 s

X (fé)n_l—j{(l ~ 30)? } ]o 0}}

o i "2_:1 §27(n — D@+ — 1)128" " (n —j)!}

I

SR nlits 1 —j>'<zn 1!
_1+221{(2n),2{ - }}
Thus
(60) Wy = (2n)' ]z_: {(2n +Jj - 1)]"(2/3) (n _])}

provided that #» > 0.
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For large # we can use an asymptotic formula derived as follows. From (60)

o 233 — 2)1(2/3) 1T
—n2m =

2n)l(n — 1)!
_32"Bn —2)1J
To@n)!(n— 1)
where
_ 2(n — 1)(3/2) , 3(n — D(n — 2)(3/2)"
S T e Ty T T B2 3 — 3)
4n — 1)(m — 2)(n — 3)(3/2)°
TG 2@ —3)@r—4) T
to » terms.

Each term in the sum J is positive, and less than the corresponding term in
the absolutely convergent series

H=1+4+2-2143.-2"244.234 ...
For large n the sum of the first s terms of J, where s is fixed, can be approxi-
mated asymptotically by the sum of the first s terms of H. Since s may be
taken as large as we please it follows that
J~ (1 —21)"2 =4
4-2"(3n)!
3n-(2n)n!’

N —3/2(5)" _
(61) h 2n ((3’"’)*)7‘ 2 ’ (.u - 0)7
by Stirling’s Theorem.

From (32) and (61) we have

W 81
62) hon 3’ (= 0).

—_ };'2’1 ~

Thus for large #» the average number of pairs of adjacent vertices in a rooted
planar triangulation of 2% faces is asymptotically (8/3)#. Since the number of
edges is 3z we can express this by saying that the average number of edges joining
two adjacent vertices is asymptotically 9/8. It seems likely that the same
result holds for unrooted planar triangulations, but this has still to be proved.
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