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A DISCRETE ANALOGUE OF OPIAL'S INEQUALITY 

James S. W. Wong 

In a number of papers [ l ] - [7], successively simpler 
proofs were given for the following inequality of Opial [ l ] , in 
case p =' 1 . 

THEOREM 1. If x(t) is absolutely continuous with 
x(0) = 0 , then for any p >̂  0 , 

(i) / a \X'(t)^(t)\àt<^ / a j x ' ( t ) | P + 1 d t ; 
o P o 

Equality holds only if x(t) = Kt for some constant K . 

Proof. Let z(t) = J |x f (s ) |ds and note that z(t)> |x(t) | 
o 

for all t :> 0 . Observe that 

/ a |*<t)«P(t>|dt< / a z-(t)zp(t)dt = ^ a i . 
o 

o 
By Holder1 s inequality, we have zP (a) <C a f jz f( t ) | dt , 

from which (1) readily follows. 

We remark that a proof of (1) for p a positive integer is 
given in [7], but the same proof fails for general p . The purpose 
of the present note is to prove the following discre te analogue of 
( i ) . 

THEOREM 2. Let u. be a non-decreasing sequence of 
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n o n - n e g a t i v e n u m b e r s . Then for p >. 1 , we have 

(2) S ( u . - u . . ) « ? < & £ I ( u . - u . „ ) P + \ 
. - 1 1-1 1 — p+1 . . 1 1-1 
1=1 c 1=1 

w h e r e u = 0 . 
• o 

i 
Proof . Le t x. = u. - u . : then u. = S x . w h e r e 
— — i i i - l i . . j 

x. :> 0 . We m a y now r e w r i t e (2) as 

n * / . J \ P
 n

 *A 

(3) 2 x. ( 2 x . ) ? < i S J l L 2 X P « . 
i= i 1

 j = i J ~ P + 1 i= i 1 

We sha l l p r o c e e d to p r o v e (3) by induc t ion . C l e a r l y (3) ho lds 
wi th n = 1 . Now we a s s u m e (3) holds for n t and o b s e r v e 

n + l i / . A \P n 

(4) S x. ( 2 x . ) P < ^ - { Z x P + 1 + (p+1) x* P x +H } 
. , i . . J ~ p+1 . , i n+1 n+1 J 

1=1 j = l ^ i= l 

w h e r e x^ = ~r S x . . By Young1 s inequal i ty , one e a s i l y s e e s 
i= l 

* p p+1 * p+1 
tha t (p+1) x , x < x.^ M + p x , . Using Holder 1 s 

n+1 n+1 — n+1 n+1 

inequa l i ty , we m a y show tha t 

< * \ / + 1 < -77 "= 1" • 
n+1 — n+1 . . j 

Subs t i tu t ing t h e s e e s t i m a t e s into (4), we find 

2 x . ( 2 x . ) P < ^ { 2 x P + 1
+ ^ - 2 x ? + 1 > 

i= l 1 j = l J ~ P + 1 i= l X n + 1 i = l * 

1=1 

which i s wha t we w i s h to p r o v e . 

REMARK 1. Inequa l i ty (3) fa i l s to hold for p < 1 . 
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Consider p = T* , n = 2 , u = 1 , and u = 2 . 

REMARK 2, From the above proof, one readily sees that 
for all p > 1 , strict inequality in fact holds in (2). In case p = 1 
equality occurs only when u. = Ki for some constant K]> 0 and 

for all i = 1, 2, 3, . . . . 

REMARK 3. To see that (2) is indeed a useful inequality, 
set x. = 1 for all i = 1, 2, 3, . . . in (3) and obtain for all p > 1 

S kP< (n±i£s < (n+l)^1-! = r»+i ^ 

k=l P + 1 P + 1 1 

which shows that (2) yields a better estimate than that obtained 
by simply comparing areas. In case p = 1 , (3) reduces to the 
familiar identity 

z k=stolL . 
k=l 
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