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Abstract

It is shown that the sample paths of Poisson shot noise with heavy-tailed semiexponential
distributions satisfy a large deviation principle with a rate function that is insensitive to
the shot shape. This demonstrates that, on the scale of large deviations, paths to rare
events do not depend on the shot shape.
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1. Introduction

Shot noise processes have an extensive range of applications from physics [10], through
electrical engineering [9] and queueing theory [4], [8]. They have also been used, for example,
in risk theory to model the delay in claim settlement [5], [7]. It has recently been shown
that Poisson shot noise (PSN) with independent and identically distributed (i.i.d.) heavy-tailed
semiexponential shot values satisfies a scalar large deviation principle (LDP) with a rate function
that is insensitive to the shot shape [11]. In this note we extend this result, proving that a sample
path LDP holds for this process and, again, the resulting rate function is insensitive to the shot
shape. The insensitivity manifests itself through the LDP having the same rate function as for
a compound Poisson process with similarly distributed increments. Thus, on the scale of large
deviations, the paths to rare events do not depend on the shot shape. The main result of this
note can be viewed as the heavy-tailed counterpart of the sample path LDP for PSN under light
tail conditions [4].

Our proof is inspired by Gantert’s work on the centered partial sums of i.i.d. heavy-tailed
semiexponential distributions [6]. The main novel difficulties stem from a lack of independent
increments in PSN. These are overcome using the regenerative properties of the Poisson process
in conjunction with delicate estimates to create a process with independent increments that is
exponentially equivalent to that under study.

PSN is the following process:

N()
S(t) =Y H(t —Ty. Zy). t>0.

n=1
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Here {N(t)};~0 is a homogeneous Poisson process on (0, co) with intensity A > 0, {7, },>1
are the points of the Poisson process, and {Z,},>1 form a sequence of i.i.d. random variables
taking values in a measurable space (E, &). The shot shape H: R x E — [0, 00) is assumed
measurable and is such that H(¢, z) = Ofor¢ < 0, and, forany z € E, H(¢, z) is nondecreasing
with respect to ¢. Throughout this paper, we assume that the sequences {7}, },>1 and {Z,},>1
are independent, and denote by H (0o, z) the shot value, i.e. the limit of H(¢, z) ast — oo.

2. Sample path large deviations

We will prove that the sample paths of PSN satisfy the LDP in D[0, 1], the space of cadlag
functions defined on [0, 1], equipped with the L; topology induced by the norm || f| =
fol | f(¢)|dz. The idea is first to prove an LDP for the finite-dimensional distributions of the
process and then lift this LDP to a principle for the process in D[0, 1] equipped with the
topology of pointwise convergence using the Dawson—Girtner theorem (see Theorem 4.6.1
of [3]). Finally, we strengthen the L topology by demonstrating exponential tightness and
establishing the upper and lower LDP bounds.

We begin by introducing basic definitions and recalling the scalar LDP for PSN with heavy-
tailed semiexponential distributions as proved in [11]. We say that a family of random variables
{Va}a>0 taking values in a topological space (M, t) obeys an LDP with rate function / and
speed v: [0, 00) +— [0,00) if I: M +— [0, o0] is a lower semicontinuous function, v is a
measurable function such that v(«) — oo as ¢ — oo, and the following inequalities hold:

1
lim sup ﬁ logP(V, € C) < — 1nf I(x) for all closed C

a—oo VX
and i
liminf ——1logP(V, € O0) > — 1nf I(x) forall open O.

a—oo v(a)

Lower semicontinuity of / means that its level sets, {x € M: I(x) < ¢} forc > 0, are
closed. If the level sets are compact, the rate function / is said to be good. The reader is
referred to [3] for an introduction to large deviations theory.

We write f(x) ~ g(x) if f and g are two nonnegative functions such that f(x)/g(x) — 1
as x — oo and, for a nonnegative random variable X, we define F(x) = P(X > x),
x > 0. Letr € (0, 1) be a constant. We say that F or X is heavy-tailed semiexponential
if F(x) ~ a(x) exp{—x"L(x)}, where a and L are nonnegative slowly varying functions,
i.e. limy_ oo L(tx)/L(x) = 1 for all # > 0 and the same holds for a. As is well known a
semiexponential random variable X has finite moments of all orders, but E[e?*] = oo for all
0 > 0. See, for example, [2] for an introduction to semiexponential distributions.

Theorem 2.1. ([11, Proposition 2.1].) Let a and L be positive slowly varying functions, let
r € (0, 1) be a positive constant, and define p = LE[H (0o, Z)]. If

lim nf
t—00

1
10 logP(H(t, Z) > bt) > —b" forallb >0
and
P(H(oc0, Z) > t) < a(t)exp{—t"L(t)} for all sufficiently large t,
then {S(t)/t};=0 obeys an LDP in R with speed t" L(t) and good, nonconvex rate function
(x=p)" ifx=p,
00

I(ﬂ)(x) — Fx < B

2.1)
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Using this scalar LDP, we first prove that the LDP holds for finite-dimensional distributions.
In doing so, we encounter the primary difficulty when compared to partial sums processes:
the increments of PSN are not independent. This is overcome by the construction of an
exponentially equivalent process with independent increments.

Theorem 2.2. Under the assumptions of Theorem 2.1, for any integer k > 1 and real numbers
0=ty <t <th <--- <ty <1, the family of random vectors {S(at1)/c, ..., S(aty)/a}a=0
satisfies an LDP in RF with speed " L(ct) and good rate function

’’’’ i=l fi = ti-1

k
Xi — Xj_1
It(lﬂ) (X Xi) = Z(ti - ti—l)rl(ﬁ)<;>,

where xog = 0 and the function I'P is defined in (2.1).

Proof. We divide the proof into five steps.

Step 1: an approximation with independent increments. Let0 =ty <tj<thp <--- <t <1
be fixed. Fori =1,...,k, let {ND (1)}, be i.id. copies of the Poisson process {N(#)};~0,
and let {Z,S”}nzl be i.i.d. copies of the process {Z,},>1 that are independent of the Poisson

processes {N(i)(t)}. ForO<s<t<1landi=1,...,k, wedefine
ND(s)
sOs,y="Y" Ha—T1D,zD).
n=1

By the regenerative property of the Poisson process and the i.i.d. property of the sequence
{Z,}n>1, the following equality in distribution holds:

(S(t1), S(t2), - .., S(1x))
2 (SO, 1), SV, 10) + SP — 11,0 = 11), ..., SV (11, 1)
+85Pt -t —1)+-+ SO — -1, i — 1_1)).
For o > 0, set
SO, 11, ..., 1) = a1 (S(an), S(an) — St), ..., S(aty) — S(@tx_1)),

2@, 11,..., ) =a”! (S<”<at1, an), SP(at — 1), alta — 1))

+ 18V (ar, atr) = SV (arr, an)l, ...,

S© @ty — t—1), oty — ti-1))
k—1

+ Z[S(i)(oz(ti —ti—1), oty — ti—1))

i=1
_ S(i)(ot(li —ti—1), a(tg—1 — Ii—l))]>’

and
2, 11, ..., 15) = a (D, an), SP (@ — 1), alty — 1)), ...,

SOty — tr—1), aty — te-1))).
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Step 2: exponential equivalence. Next we will show that the families of random vectors
{2(2) (a, 11, ..., t)}e>0 and {2(3) (o, t1, ..., 1) }a=0 are exponentially equivalent at the speed
a” L(«). This claim follows if we can prove that, for fixed s < ¢, the following holds:

N (as)
10gP< Z [H(at —T,,Z,)— H(as —T,, Z,)] > a8> = —o0 forall§ > 0.
n=1

lim
a—oo o L(at)

By the Chernoff bound we have, for any 6 > 0,

N (as)

P( Z [H(at — T, Zn) — H(as — Ty, Zp)] > ms)

n=1
N(as)

g0 E[exp{e Z [H(at —T,, Zp) — H(as — T, z,,)]H
n=1

= e 0% exp{)» fw Elexp{0(H (at —u, Z1) — H(as —u, Z1))} — 1]du}.
0

Therefore,

N(as)
logP( Z [H(at — Ty, Zy) — H(as — Ty, Zy)] > a5>
o

n=1

B 08 N
(L(@)/a'=7) o' L(a)

Elexp{0(H (et —u, Z1) — H(as —u, Z1))} — 11du.

Let y > f be arbitrarily fixed. In step 5 we will show that if we take 0 = do’ ' L(«), with
0<d<(y—p) !, then

lim E[exp O(H (ot —u,Zy) — H(as —u, Z1))} — 11du =0, 2.2)
a—00 oer(a)

so that
N (as)

lim sup logP( Z |H(axt — T,,, Z,) — H(as — Ty, Z,)] > otS) < —dé
n=

a—oo o' L(a)

and the claim follows by letting first d tend to (y — 8)"~! and then y tend to 8.

Step 3: large deviations for the family {2(3) (o, 1, ..., t)}a=0. By Theorem 2.1 and the
definition of the slowly varying function, we find that, for any fixed ¢+ > 0, the stochastic
process {S(at)/(at)}q~0 obeys an LDP on R with speed «”L(«) and good rate function
TP (x). Using the contraction principle (see Theorem 4.2.1 of [3]), we find that { S («?) /o } o0
obeys an LDP on R with speed o L(«r) and good rate function " 1) (x/t). Owing to the

independence of the processes (SO, )Y=0 (. = 1, ..., k), it follows from Exercise 4.2.7
of [3] that {2(3) (e, t1, - -, 1) }o>0 Obeys an LDP on R* with speed o L(«) and good rate
function
I(/?.)..,zk(xl, ) Xk) = Z(lz —ti-1)" Iw)(ﬁ) (2.3)
1 b

i=1
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Step 4: conclusion of the proof. By construction, E(l)(oz, Hyoonnty) 2y® (a,t1,...,t)
for all @ > 0. Combining steps 2 and 3 with Theorem 4.2.13 of [3], we deduce that the
family {ZW («, #1, ..., tx)}a>0 obeys an LDP on R* with speed «” L («) and good rate function
f,(lﬁ ) . defined in (2.3). The claim follows by an application of the contraction principle with
the function (x1, ..., xx) — (x1,x1 +x2, ..., X1 + - -+ + xg).

Step 5: proof of (2.2). All that remains is the establishment of the assertion in (2.2). Let
k > 1 be an integer such that r < k/(k 4+ 1), which exists as » € (0, 1). By the inequality

x2 x3 xk+l

et —l<x+ -+ +

cood ———¢* forallx >0
21 3! (k+ 1)!

we have, foralla > 0, t > s >0,and 0 < u < as,

; E[exp{dozr_lL(a)(H(ott —u,Z))— H(as —u, Zy))} — 1]
o' L(x)

d
< —E[H(at —u,Zy) — H(as —u, Z1)]
o
1 1
+ Ed?o/*ZL(oz) E[H*(at, Z)] + -+ Ed"a“‘*l)’*"Lk*l(a) E[H"(at, Z))]

+ = 1)'dk+1akr—(k+l)Lk((x) E[Hk“(ozt, Z])edoz'_lL(a)H(al,Z])].

So

1
o L(x)

fw Elexp{da” ' L(a)(H (at —u, Z1) — H(as — u, Z1))} — 1]du
0

d os
< —/ E[H(at —u,Z)) — H(as —u, Z1)]du
@ Jo

+ %dza"‘L(a) E[H?(at, Z)] + -+ %dka“‘—”(f—%"—‘ (@) E[H" (a1, Z)]

Tk i 1! A H kD LK (o) BLH* (a1, Zp)ede L H @120

By the assumption on the distribution of H (oo, Z;) we have E[H" (00, Z1)] < oo for any

n > 1, so that all the terms in the third line of the above inequality go to 0 as « — oco0. By a
change of variable we deduce that

d as
—/ E[H(at —u,Zy) — H(as —u, Z1)]du
a Jo

1
_ ds/ E[H (a(t — 25), Z1) — H(es(1 — 2), Z)]dz,
0

and this latter term goes to 0 as « — oo by the dominated convergence theorem. Therefore,
we only need to prove that

lim %"~ D k(o) B[H*T (at Zl)eda'*IL(a)H(m,z.)] -0
a—00 ’
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Note that, for an arbitrary fixed T > 0,

E[H"“(ozt, Zl)eda’_lL(a)H(al,Z1)]
— B[H" (at, Z))e®  LOH@Z0 1 (ar, Z1) < T)]
+ E[HM (at, Zp)ed?  LOH@.ZO Y H (a1, Z1) > T)]
< Tk+ledot”1L(oz)T +E[Hk“(at, Zl)edot”lL(a)H(oct,Z|)1{H(at’ Z) > T

Since limy_ o0 @ _lL(a) = 0, the claim follows if we prove that

lim o=V Lk @) B[H (a1, Z1)ed® ' L@H@.Z0(g(ar, 7)) > T) = 0.  (2.4)

o—>00

By the choice of k > 1 we have k(r — 1) + (1 +&)~! < 0 forall ¢ > 0. An application of
Holder’s inequality with conjugate exponents (1 4+ ¢)/¢ and 1 + ¢ yields

E[H* (at, Zy)e®  LOH@ID 1 (ar, 7)) > T}]
< (E[H(k+l)(l+8)/8(at’ Z])I{H(Olt, Zl) > T}])S/(l-‘ra)
x (E[e(1+€)do‘r_lL(O‘)H(M’ZI)I{H(O{I, Z1) > T}])l/(1+8),

Note that
(E[H TV @, ZDUH (a1, Z1) = TY)T O

< BIH®TDIHD/E (00, Z))])*/1H9) € (0, 00).
Thus, (2.4) follows if we show that
lim ak(r_l)Lk(a)(E[e(Hs)d“r_1L(O‘)H(m’zl)l{H(at, Zl) > T}])l/(1+8) —0.
a—> 00 -

This in turn follows if

lim sup E[e(1+8)de’ T L@H@LZD1(H (a1, Z1) > T}] < oo. 2.5)

a—soco o' L(a)

Indeed (2.5) gives, for all large enough o and a positive constant K1 > 0,
(E[e(1+€)d0lr71L(O()H(Oll,Z[)l{H(at’ Zl) > T}])]/(1+8) < Klar/(1+s)L(a)l/(l+€).

Then
lim Supak(rfl)Lk(a)(E[e(1+€)d0(r71L((X)H(Ott,Z|)1{H(at’ Zl) > T}])(1+€)71

o—> 00

< K lim ak(’—1)+r(1+s)—1Lk+(1+8)—|(a)
o—>00

=0,
where the latter equality follows because k(r — 1) + (1 +&)~! < 0 and L is slowly varying.

In the remainder of the proof we establish the veracity of (2.5). Note that, if X is a nonnegative
random variable, z > 0, and 0 < U < oo, we have

o0
E[e**1{X > U}] < / ¥ P(X > 5)ds + eV P(X > U).
U
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Then, for all large enough «,

E[e(l—i-s)da”]L(oz)H(at,Zl)l{H(at’ Z) > T}

o L)
00 B (4&)da" ' L(a)T
< M/ e(lFe)da” 'L(a)s P(H (o0, Z1) > s)ds + c
o T o’ L(x)
Therefore, for (2.5), it suffices to check that
00 nga”lL(a)s
lim sup/ —— P(H(00,Z1) > s)ds < oo forsome T > 0, (2.6)
a—oo JT o

where we set K» = (1 4+ €)d. Note that the sequence

M eKzaHL(a)s
limsup/ —— P(H (00, Z1) > s)ds, M >1,
T o

oa—>00

is nondecreasing with supremum

o—> 00

00 eKza’_]L(a)s
limsup/ —— P(H (00, Z1) > s)ds.
T o

Now, let M > 1 and y > B be arbitrarily fixed and note that, for all « > M /(y — B),

M eKza"—‘L(a)s a(y—pB) eKza’_]L(a)s
/ —P(H(oo,Zl)>s)ds§f —— P(H(00, Z1) > s)ds
T o T o

00 nga’_lL(a)s

Sf ——  P(H (00, Z1) > s5) ds.
T o

Taking first the limit as « — oo and then the limit as M — oo, we deduce that

00 eKza’_lL(oz)s
lim sup/ —— P(H(00, Z1) > 5)ds
T o

o—>00

= lim sup P(H(oc0, Z1) > s)ds.

o—>00

/a(y—ﬂ) ekaa ' L(@)s
T

We will show that, for large enough 7',

lim sup P(H(o0, Z1) > s)ds =0, 2.7

oa—> 00
and (2.6) follows.
Proving (2.7) follows exactly as in Proposition 2.2 of [11] from Equation (18) to the end of
the proof of part (ii). To make the current exposition self-contained, we provide these details
here. For a fixed ro € (0, r), by Theorem 1.5.4 of [1] we have L(y)/yl_’ ~ Y1(y) and
a(y)/y"™ ~ vn(y), where yr; and v, are nonincreasing functions. So, for any ¢’ > 0, there
exists y.s such that, for all y > y,/, we have
a(y)

L
yl(f,) <1 +&Hyi(y) and o <0 +eNa (). (28)

/a(y—ﬂ) ekoa  L()s

a

(1 =&y <
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By assumption, the tail of H (oo, Z;) is bounded above by a(z) exp{—t"L(¢)} for all large
enough ¢, say forall ¢ > 7. In the following we take T > max{y,s, f}. By the upper bound on the
tail of H (o0, Z1), T > t, and the change of variable z = s /[a(y — B)], setting K3 = K»(y — B)
we have

a(y=p) oKoo'~'L@)s
/ —————P(H(oc0, Z1) > 5)ds

T
1

<(y-8) a(za(y — B))
T/[a(y—P)]

x exp{Kza" L(a)z — (za)" (y — B) L(za(y — B))}dz. (2.9)
Since T > y,/, by (2.8) and the monotonicity of yr|, we have, for all z € (T /[a(y — B)], 1),

L(za(y — B)) - 1—¢" L(a(y —pB))
za(y = B = 14¢ [aly — I’

and so the right-hand side of (2.9) is less than or equal to

1

=8 a(za(y = B))
T/le(y=p)]

_ =11 _ o _
(y—p) 1—¢& Ly ﬁ))_l}z}dz.

X exp{—Kga'L(a)[ % Ty L@

(2.10)

By the choice of d we canselect & > 0 sufficiently small that (y—B)"~! /K> > 1. Consequently,
we can choose ¢’ sufficiently small that

1—¢ 2 _ r—1
Ko= (=) 0P o,
14¢ K>
Since L is slowly varying in correspondence of ¢’, there exists ¢’ = '(y, B, &') such that, for
alla > ¢, L(a(y — B))/L(a) > (1 —¢')/(1 4+ ¢’). Thus, using (2.10), we have

a(y—p) oKoa' ' L(a)s
/ —— P(H(00, Z1) > s)ds

T
1
== ﬁ)( sup a(za(y — ﬁ))) / e Kse' L@z 4,
z€lT/(@(y=p)),1] T/[a(y—B)]
— Ke(e— Ko L@ _ —Kse'L@) SUP, [T/ ((y—p)). 11 4 (2 (y — B))
= Ke(e e )
o' L(a)

for all large enough o, where K5 = K3K4, K¢ = (y—B)/Ks,and K7 = K5T /(y — ). Owing
to the slow variation of L, Kg(e—K7¢' L@ _
(2.7) follows if

e~ Ksa'L(@)) converges to K¢ as ¢ — 00. So

i SUPzelT/@o-p) 1 4EeG =B
a—00 o’ L(x)
Since T > y,, by (2.8) and the monotonicity of i, we have, for all z € (T /[x(y — B)]. 1),

a(za(y = B) < (I +&)lzaly — HI"Y2(za(y — B) < (1 +eNla(y — HI Y (T).
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So
SUPzei7/(@(-p), 1142 = B)) (1 + &)y = B Ya(T)

o' L(a) - a7 (o)

and this latter term goes to 0 as « — oo owing to the slow variation of L and the choice of rg.

)

Armed with the finite-dimensional LDP in Theorem 2.2 we now complete the programme of
proof by establishing that the sample path LDP holds in the topology of pointwise convergence
and thenin the L topology. As a simple transformation of the rate function in question coincides
with that for the centered partial sums of i.i.d. heavy-tailed semiexponential random variables,
we can appeal to the results in [6] to assert its goodness.

Theorem 2.3. Under the assumptions of Theorem 2.1, the family {S(«-)/a}y>0 obeys an LDP
on DI0, 1] equipped with the topology of pointwise convergence with speed o" L(a) and good,
nonconvex rate function

J(ﬂ)(f) —

Y@ = fa) if f € DglO, 1], 2.11)
0

otherwise,

where the sum is taken over all the points of discontinuity of f and

DP10, 1] = {f € D[O, 1]: f is linearly increasing with slope B between jumps,

which are nonnegative}.
Proof. For k > 1, define the set of indexes
Te={(t1,....,.tx):t0=0<t;1 <--- <t <1}

By the Dawson—Girtner theorem, it follows from Theorem 2.2 that {S(«-)/a}y~0 obeys an
LDP on DJ0, 1] equipped with the topology of pointwise convergence with speed o L («v) and
good rate function

IOy fan= sp LD (fe)... fw).  (212)

k=1, (et €Tk

By the contraction principle with the map f(¢) — f(¢) — Bt, {S(x-)/a — B-}o=0 satisfies an
LDP in D[0, 1] equipped with the topology of pointwise convergence and a rate function J©
as defined in (2.12). This rate function coincides with the rate function /7 defined in [6] for
the centered partial sums of i.i.d. heavy-tailed semiexponential distributions. In Lemma 4 of
[6] it was established that J(© coincides with J© (I on page 1358 of [6]) defined in (2.11).
Thus, the identification of J® with the J® follows from another application of the contraction
principle with the map f(z) — f(t) + Bt. As this rate function mimics that found in [6], its
goodness in the L; topology is proved in Lemma 8 there. The lack of convexity can be seen
by noting that if J#)(f) < oo and J#)(g) < oo, then, for any y € (0, 1),

JPWfF+U =)=y TP+ A=) TP ) > yIP(f)+ U1 —y) TP ().

In order to strengthen this LDP from the topology of pointwise convergence to the L
topology, we prove exponential tightness and use this property to directly prove that the upper
and lower large deviation bounds hold in this topology. Exponential tightness alone is not
sufficient to establish the LDP in the L; topology as, when equipped with the topology of
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pointwise convergence, D[0, 1] is not Hausdorff. For exponential tightness, we must establish
the existence of compact sets {K }1~¢ in the L topology such that

1 S(a-
lim sup logP< @) KE) <L, (2.13)
o

o—>00 OlrL(O[)
where K§ denotes the complement of K. For L > 0, consider the sets
KL = {f € D[O, 1] Var[()yl](f) < Ll/r +ﬁ},

where varo 17(f) is the total variation of f on [0, 1]. Compactness of K, is shown in Lemma 5

of [6]. Note that
P<S(a.) € Ki) < P<—S(a) > L' +ﬂ)
o a

and, thus, (2.13) follows from an application of Theorem 2.1. Using the sets {K }1~0 again,
note that, for any closed set C in the L topology, we have

P(S(“') c C) < P(S(“') Sels KL> +P<M c K{).
o o o

As C N Ky is closed in the topology of pointwise convergence, we can apply the LDP upper
bound in that topology in addition to the identification of J® with J® and the exponential
tightness to obtain the LDP upper bound

lim sup
a—oo o'L(a)

S(a-) ~inf J®
logP< a eC>§ }gfcj f).

To prove the LDP lower bound,

lim inf
a—oo o L(w)

S(a-
ogP( @) 0) > — inf JB(F)
o feo
for any open set O in the L topology, it is enough to show that

ogP(S(“') e 05(f)> > —JB )

lim inf
a—oo o L()

o

for all f such that J# (f) < oo and

1
Os(f) = {gi /0 | f() — g(®)|dt <8}.

For n > 0, consider the following set:
) . k k
0"V (f) = { g nondecreasing: |g| — | — f| —
n n

For sufficiently large n, 0(”)(f) C Os(f). To see this, define the intervals I; = [0, 1/n] and
Iy = (k= 1)/n,k/n] fork =2,...,n. As g € O™ (f) and f and g are nondecreasing, on

the interval I; we have
k k—1 2
If(t)—g(t)lif(—)—f( >+—,
n n n
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and so

1/ [k k — 2
/If(t)—g(t)ldl§—<f<—>—f< 1))+_2.
Iy n n n n

Thus,

1 n
/ |f() —g@®)|dt = Z/ [f(t) —g@®)|dt
0 k=171

2l G)-(5)

2 1
= -+ -(f) = f(0).
n n

IA

As the right-hand side is decreasing in n, we have O™ (f) C O;(f) for sufficiently large .
As §(t) is nondecreasing almost surely, for sufficiently large n

P(S(“') e 05<f>> > P(% e 0(”’(f)).

o

To prove the LDP lower bound and complete the proof, we note that, by Theorem 2.2, it follows

that

(1]
(2]

(3]
(4]

(6]
(71
(8]
(9]

[10]
(1]

fim inf — 1ogP<S(“')eo<n>(f)>
o

a—oo of (o{)

liminf;logPQM —f<ﬁ>‘ < 1, k € {1,...,n}>
o n n

a—oo o L()

B

- inf L jn o,y K15 o5 Xn)

(1o xn) €] Ty (f (k/m)=1/n, f (k/n)+1/n)

) ()

—JP(f).

v

v
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