J. Appl. Prob. 50, 323-343 (2013)
Printed in England
© Applied Probability Trust 2013

FROM HERMITE POLYNOMIALS TO
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Abstract

We consider a class of multifractional processes related to Hermite polynomials. We
show that these processes satisfy an invariance principle. To prove the main result of this
paper, we use properties of the Hermite polynomials and the multiple Wiener integrals.
Because of the multifractionality, we also need to deal with variations of the Hurst index
by means of some uniform estimates.
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1. Introduction

Hermite processes have attracted a lot of attention for many years because they have
nice properties and generalize fractional Brownian motion [7], [14], [17]. Let m € N* and
H e (%, 1). The Hermite process W,, g of order m and Hurst index H can be defined in terms
of Wiener-It6—Dobrushin integrals [6] by

Wm,H: t— Wm,H(t):/ fm,H(-xlv"'axlnﬂt)dé.X] déxm (1.1)
R’n

with the function f;, y given for every 7 in R and almost every (x1, ..., X;) in R” by

exp(ir(x1 + -+ 4+ xp)) — 1
(01 = )y -y | GH =2 2m?

Sm a1, X, t) = C(m, H)i

where C(m, H) is a normalizing constant and dB is a complex Gaussian measure such that
(1.1) defines a real process. Note that, for m = 1, the Hermite process Wy g is the fractional
Brownian motion with Hurst index H. Moreover, for every integer m > 2, the Hermite process
Wy, m and fractional Brownian motion share many properties. For instance, W, g is self-
similar with parameter H: for every a > 0, the process {W,, g (at)};>0 is equal in distribution
to {a Wy, (t)};>0. It is also a basic model for long-range dependence: the sequence of its
increments §Wy, g = {Wiu 51 (j) = Wi,z (j + 1) — Wi 5 (j)}jen is stationary and satisfies
the long-range property

E8Win, 11 (0)8 Wy, 1 (j)] ~

Cm,H .
> as j — oo,

j —2H

where ¢, g is a positive constant.
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The invariance principle [5], [7], [16], [17] is one of the most important properties of Hermite
processes for applications. It can be stated as follows. Let X = {X;};en be a Gaussian
stationary sequence of centered random variables with variance 1. We assume that there exists
a positive constant ¢ such that X satisfies the long-range property

E[XoX;] ~ as j — oo. (1.2)

C
j20=H)/m

We consider a real-valued function ¢ satisfying fR qb(x)ze’xz/ 2dx < oo and with Hermite
rank equal to m. Roughly speaking, this means that there exists a sequence of real numbers
{¢}j=m suchthat ¢, # Oand ¢ = Z?im ¢; P, where, foreach j > m, P; is the jth Hermite
polynomial. We define the sequence of processes {S év HINeN by

1 [Nt]
Sp.u(®) =~ D $(X)) (1.3)

j=1
for every t > 0 and N € N. The invariance principle states that, as N goes to oo, the finite-
dimensional distributions of S g converge to those of a Hermite process Wy, gy defined by
(1.1) with a suitable constant C’(m, H). This is a remarkable property because it means that
Hermite processes can be universal self-similar models in many applications of probability
when long-range dependence arises. For instance, they have recently been used, in [10], to

describe random media with long-range correlations for the study of wave propagation.

A limitation of Hermite processes and other fractional processes is the strong homogeneity
of their properties as self-similarity, which are governed by the Hurst index H. In order to
generalize fractional processes to less homogeneous processes, multifractional processes, as
the class of multifractional Brownian motions [2], [13] for instance, have been introduced.
Multifractional processes have locally, but not globally, the same properties as fractional
processes. These properties are governed by a function A substituting the constant H in a
suitable sense. For instance, multifractional processes satisfy the so-called local self-similarity
property [2], [13].

As fractional Brownian motion and other Hermite processes, some nontrivial multifractional
Gaussian processes satisfy invariance principles. From [4], we have the following result (see
also [9] for a multidimensional version). Let {X;(H)}(j m)eNx(1/2,1) be a Gaussian field
satisfying some long-range assumptions related to (1.2): roughly speaking, there exists a
continuous and symmetric function R: (Hy, H») — R(H;, H>) such that

E[X j (H) Xk (H)] ~ R(Hy, Ho)lj — kI FR72 s | j — k| — oo (1.4)
uniformly in (Hj, Hy). Let h be a continuous function taking its values in (%, 1). We define
the sequence of processes {S,]lv }NeN by

[Nt]

X;(h(j/N
sy = S (1.5)
j=1

forall# > 0 and N € N. Then, as N goes to 0o, the finite-dimensional distributions of S,iv
converge to those of a centered Gaussian process S; whose covariance is given for all ¢ and

s > 0 by

t Ky
ELS) (1S ()] = f a0 f do R(h(6), h(0))|6 — o 'O+, (16)
0 0
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where R is the continuous function derived from (1.4). The process S}, is locally self-similar.
If the function 4 is constant then the process Sy, is a fractional Brownian motion. This result is
then a generalization of the invariance principles presented above for ¢ = Id: x — x. It also
defines a class of multifractional Gaussian processes, which satisfies invariance principles.

In this work we generalize the invariance principles presented above. We study the
asymptotic behavior of a sequence generalizing both (1.3) and (1.5). In particular, this sequence
is defined by a Gaussian field {X;(H)}; p satisfying the long-range properties in (1.4), a
function ¢ such that fR ¢ (x)ze_"z/ 2 dx < oo with Hermite rank equal to m € N*, and a Hurst
function A taking its values in (%, 1). We get as a limit a multifractional process S, » that
depends on the integer m and the function /. If the function is a constant H then the limit
process is the Hermite process with Hurst index H and Hermite order m. If the integer m is
equal to 1 then the limit process is a Gaussian multifractional process of the class obtained in [4].
Moreover, as Hermite processes, Sy, ; is Gaussian if and only if m = 1. Our result then defines
a class of multifractional processes, which can be Gaussian or non-Gaussian. Because these
processes satisfy invariance principles, they can be suitable models when local self-similarity
arises.

In contrast to what occurs in [4], the processes we study can be non-Gaussian. Hence, our
work cannot be based only on second-order moments as in [4]. To prove our result, we use the
convergence of multiple Wiener—It6 integrals and some properties of the Hermite polynomials.
Moreover, to deal with multifractionality, we prove some uniform estimates to control the
fluctuations of the Hurst index.

The paper is organized as follows. In Section 2 we recall some definitions and preliminary
results about Hermite polynomials and multiple stochastic integrals, which are used throughout
the paper. In Section 3 we establish the main results of the paper. Section 4 is devoted to the
proofs.

2. Preliminaries

In this section we make precise some definitions and recall some results about Hermite
polynomials and multiple stochastic integrals we use throughout this paper.

2.1. Hermite polynomials

For each positive integer m € N, the mth Hermite polynomial P, is defined by

dm
Pu(x) = (—1)'"6)62/2—d ne—x2/2
x'

for every x € R. The family of the Hermite polynomials {P,,, m € N} is an orthogonal basis
of the space Lz(e_xz/ 2 dx) defined by

Lz(e_)‘z/2 dx) = {¢: R — R, ¢ measurable and f((;&(x))ze_"z/2 dx < oo}
R
endowed with the inner product (-, -) defined by
() (@1, 62) > (@1, d2) =f¢> (Da(re 2
) (é1, 2 1, 92 A 1 2 ok

The norm corresponding to (-, -) will be denoted by || - ||. For every (nonzero) function
¢ € Lz(e’)‘z/2 dx), there exists an integer mg such that (¢, P,,) # 0 and (¢, P) = O for
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everym =0, . Mg — 1. The integer m is called the Hermite index of the function ¢. Hence,
for every ¢ € Lz(e_x /2 dx),

o o0
P
m=0
where the convergence of the series holds for the norm || - ||. If X and Y are two Gaussian
random variables with mean O and variance 1 then, for all j and k in N*,
KU(EXYDF ifk =],
E[P;(X)Pc(Y)] = g 22)

0 ifk # j.

2 . . .
As a consequence, for every ¢ € L?(e™* /2 dx) and every Gaussian random variable X with
mean 0 and variance 1,

— (¢, P)?
Ellg0Py = 3 8l o 2.3)

m!
m=0

2.2. Multiple Wiener-Ito integrals

Many notions of multiple Wiener—Itd integrals [6], [8] with respect to Brownian motion have
been introduced and have been used to define processes as Hermite processes [7], [17]. Here
we have chosen to use the so-called multiple Wiener—It6—Dobrushin integral defined in [6]. In
this subsection we give a brief description of this integral, using its properties throughout the
paper. We refer the reader to the seminal paper [6] for a complete construction and a detailed

study.
For every d € N*, we denote by iz(]Rd) (iz(R) when d = 1) the space of square-integrable
functions f: RY - C satisfying, for every (x1, ..., xq) € R4,
F&, o xg) = f(=x1, ..., —xa),
and, for every permutation o on {1, ..., d},

f&x, oo x0) = f(Xo@)s - -5 Xa(@))-

Let B be a real Brownian motion. We define the random measure B by
B = [ i@ as;
R

forevery ¢ € L2(R), where v is the Fourier transform of ¥ and the integral of the right-hand
side is the classical Wiener-Itd integral in dimension one. We also denote by fR Y(x) dB, the
random variable B(w) Because ¢ € LZ(R) B(lp) is a real Gaussian variable with mean O
and variance [, [ (x)|*dx. Letd € N¥, and consider a function f € L2(RY). A multiple
random integral of f is defined in [6] from B by an approximation of f with step functions
in L2(R?). This is the so-called Wiener—Ito—Dobrushin integral of f, which we denote in this
paper by [pa f dB® or

df@h“qx@d&r~déw.
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It is a real random variable with mean O and variance

2
E[( fd1§®d) }:d!/ Lf(xt, .. x> dxy - - dxyg (2.4)
R4 R4

and is Gaussian if and only if d = 1. The following Fubini-type formula is one of the most
important properties of this integral [6].

Lemma 2.1. Let P; be the Hermite polynomial of rank d. For every { € f,z(R) satisfying
JrlW@Pds =1,

Py (/ ¥ ) déx> = f Y)Y a) dBy - dBy,. @5)
R R
The following lemma states a change-of-variable formula. It is due to the self-similarity of
Brownian motion [6].

Lemma 2.2. For every ¢ > 0, we have the equality in distribution

~

/ f(x1,....xq)dB,, ---dB,, = em/zf f(exi, ..., exq)dB,, - - dBy,. (2.6)
R4 R4

The following lemma gives another change-of-variable formula. It is a direct consequence
of Proposition 4.2 of [6].

Lemma 2.3. Let 7: R — C be a bounded and measurable function satisfying z(x) = z(—x)
and |z(x)| = 1 for every x € R. Then, we have the equality in distribution

A

/d f(x1,...,xq)dBy, ---dB,, = /d Fx1, .. xa)z(x1) - - z2(xg) dBy, - --dBy,.  (2.7)
R R

By using the linearity of the integral, (2.4), and the bounded convergence theorem, we can
prove the following lemma.

Lemma 2.4. Let {fy} NeN be a sequence of functions in iz(Rd). We assume that there exist
two functions f and f* in L>(RY) such that, for almost every x € R, limy_, oo fn(x) = f(x)
and supy, | fx (¥)| < £*(x). Then

2
lim E[(/ deé@’d—/ fdé®d> }:o.
N—oo R4 R4

Finally, we can generalize (2.4) to every moment by using hypercontractivity arguments
(see, for instance, [11] or [12]).

Lemma 2.5. Let p € N*. There exists a constant C = C(d, p) > 0 such that, for every
feL2®RY,

2p p
E[(/ fdé®d) }sc(d,p)</ |f<x1,...,xd>|2dx1---dxd>.
R4 R4
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3. Main results

We fix m € N*, and define

1
b=1-—.

2m
We consider the Gaussian field X = {X,,(H)}@, H)eNx®,1) defined by

X, (H) = [a exp(inx)g(H, x)|x|"/*~H dB, (3.1)

foralln e Nand H € (b, 1), where a € (0, 27t/ m), B is the Fourier transform of the random
Brownian measure, and g: (b, 1) x (—a,a) — C is a measurable function. The right-hand
side of (3.1) is a stochastic integral defined as in Section 2.2. We assume that the function g
satisfies the following properties.

e Forevery (H,x) € (b, 1) x (0,a), g(H, x) = g(H, —x). This property ensures that the
field X is real.

e Forevery H € (b, 1),
a
/ lg(H, x)[*x|"* dx = 1, (3.2)

—a
sothat E[X,(H)?] =1

e The function g is twice continuously differentiable on (b, 1) x (—a, a). Then, for every
(H,x) € (b, 1) X (—a, a), we define

go(H) = g(H.0) and g1(H,x) = /0 .6 de,

so that g = go + g1 and
lim sup <|g1<H 0l + ‘ (H, )D
x—=>0pgeck

for every compact set K of (b, 1).

The assumptions above ensure that the covariance function satisfies the uniform long-range
property of [4]. More precisely, Lemma A.1 (see Appendix A) states that, for every compact
set K C (b, 1),

lim  sup |(j — P HTREX(H) Xk (Ho)] — R(Hy, Ha)| = 0, (3.3)
J=k=00 (h Hyyek?

where
R(Hy, Hy) = go(H1)go(H>) fR exp(ix) x| T H2 dx (3.4)
for every (Hi, H>) € (b, 1)2

We consider a function ¢ € L?(e™* 22 dx) with Hermite rank equal to m € N*. Note that ¢
then satisfies the centering condition

f b ()e /2 dx = 0.
R
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We consider a continuously differentiable function 4 : [0, co) — (%, 1) and set

~ h—1
h:=14+——:[0,00) — (b, 1).
m

Forallt > 0 and N € N*, we define

Wil 6 (X (hY))
N o JN
Sy =" —G (3.5)
j=1
where, for every j € {1, ..., [Nt]},
h(j/N)—=1 (]
N _ — 2
hY =1+ ” _h(N .

For every (x1, ..., xm, t) € (R*)™ x [0, 00), we set

t m -
fm,h(xlv ooy Xms t) = / exp<19 Z'xl>g(9)|xl o 'xmll/z_h(g) d07
0

=1

where
(00 ).

- (D, Pn)
8= ,

m
For every t > 0, we define

A

Sm,h(t) Z/ fm,h(xlv ces X, 1) déxl o 'dem~
Rm

Forallf,u > 0and ¢ € (0, 1), we set

Sm,h(t + eu) — Sm,h(t)
Tni,h,t(“) = eh(0)

and ”
exp(iu ) ;_;x1) — 1 A~ N
o im0 L gp o ap,
R ALy X)Xy - - -y [POT12

Ton i (u) = (1)

For any real interval 7, &D (/) is the space of cadlag functions on / with the Skorokhod topology
(see [3, Chapter 3]) and C(I) is the space of continuous functions on I with the uniform
topology on each compact set. For a real continuous function w and a point ¢ in the domain of
definition of w, the local Holder exponent of w around 7 is denoted by «,,(#) and defined by

oy (t) = sup{a € (0,1]: lim M < oo}.

s—>1 |t _sla

The two main results of this paper can now be stated. The first result concerns an invariance
principle.

Theorem 3.1. The process Spmn = {Sm.n(t)}i>0 is continuous (up to a modification) and
S¢1>V,h = {Sg,h (t)}1>0 converges in distribution to Sy, j, in D ([0, 00)) as N — oo.
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The second main result deals with sample path properties (local self-similarity and local
Holder exponent) of the limit process Sy, j.

Theorem 3.2. Let t > 0. The process Trfl ={T; . ,(W}y=>0 converges in distribution to
Tt = {Tm.ntW)}uso in C([0, 00)) as ¢ = 0 Moreover the local Holder exponent of Sy, i
around t is equal to h(t).

Theorems 3.1 and 3.2 establish that sequences of processes defined as in (3.5), in particular
from a function ¢ in L2(e=*"/2 dx) of Hermite rank m and a Hurst function /, converge to a
multifractional process S, , with Hurst function 4 and represented as a multiple integral of
order m. Therefore, because the process S, is defined as the limit of an invariance principle,
it can be a universal model when local self-similarity and long-range dependence arise in a
Gaussian or non-Gaussian framework.

Theorem 3.1 generalizes the results of [7] and [17] to a multifractional setting. Indeed, if we
assume thath = H € (%, 1) then Theorem 3.1 is the main result of [7] and [17]. In particular,
the limit process S, g can be written as Wy, g in (1.1) with the constant

C(m, H) =

@, Pn) v _ (85 Po) ( R(H, H) )'”/2
;80 i€ £ (121 ’
m! Jpei€lE[1-2A dg

m!

where

- H-1
H:=1+ € (b, 1).

Theorem 3.1 is also an extension of the main result of [4] (Theorem 2) to a non-Gaussian
framework. Indeed, if we assume that ¢ = Id: x — x then m = 1 and the limit process is
S1.n, which is a centered Gaussian process of covariance

t s
(t,8) > E[S1.4(t)S1.1(s)] =/ dQ/ do R(h(0), h(0))|0 — o |"O+h(@)=2
0 0

with R defined by (3.4).
To conclude this section, let us note the connection between our work and [15]. Let ¥}, =
{Y(t)}:>0 be the process defined for every ¢ > 0 by

t 9 -
Y,,(t)—ﬁ/(fo ;T,ﬁgylfz )dB(y), (3.6)

where dB is a complex Gaussian measure and R stands for the real part. This process is
called integrated fractional white noise and has been introduced in [15] as an alternative to
multifractional Brownian motion. An advantage is the fact that it is a multifractional Gaussian
process without undesirable oscillations that multifractional Brownian motion has (see [15]).
Note that if we let go = (m!/(¢, P,,))'/™ then, for m = 1, the process S1,n has the same
distributions as Y;,. Therefore, Theorem 3.1 states that Y}, is the limit of an invariance principle.
This is another interest of Y. Moreover, for every m > 2, the process S, is a natural
generalization of Y, to a non-Gaussian framework.

4. Proofs

In this section we prove Theorems 3.1 and 3.2 and we proceed as follows. In Subsec-
tion 4.1 we establish a technical lemma. We prove the convergence of the finite-dimensional
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distributions of S¢ ;, in Subsection 4.2. The regularity properties of S, ; are established in
Subsection4.3. Finally, we deal with the tightness for the Skorokhod topology in Subsection4.4.
Throughout this section, for every set E and every subset A C E, we denote by 14 the function
defined on E suchthat 14(a) = 1ifa € Aand 14(a) =0ifa € E — A.

4.1. Technical lemma

In the following lemma we prove, for every T > 0, the existence of a function f7 that is
useful in the sequel to establish uniform bounds.

Lemma 4.1. For every T > 0, there exists a function fT e L*>(R™, R) such that, for every
t € [0, T], every H € [min h, max h], and almost every (xy, ..., x,) € R™,

exp(ir Y )Ly xp) —
X1 xm |12 3700 X

Proof. We fix T > 0. We define L(x1, ..., x,) = (I + |In|x1 ---x,|))? and
fT(xl""vxm)
— > T2y =y +H 25 a2 e w1

lx1-- 'xmle_l

(L4 [In|x1 - - x| < fr(x).

L(x1,...,Xm).

H=min ,max h
We have

1 1 1

max =<
,xm|2H—l

He[min h,max /] xq - -

— + —.
|x1 _,_xm|2m1nh—l |x1 _,_xm|2maxh—l

Then, for every ¢t € [0, T],

. 2
exp(it Y /L, x) — 1 L(x1,...,%xm) 5
o max W_ff‘(xls-“’xm) .
Zl:] X1 H [min h,max h) |x1 X |

It is then enough to prove that, for H € {min ﬁ, max ﬁ}, the function

2 -2
T 1y, i<y 4225 ™ gy s

X1y oves X)) > L(x1,...,x

( 1 m) |xl ~-xm|2H—1 ( 1 m)

is integrable. We successively make the substitutions y; = x; + --- + x; for every
jef{l,...,m}, zx = yi/yr41 forevery k € {1,..., m — 1}, and z,, = y,, to get

T2y i<y + 400 72 s e
/ 1 =l I=1 US>l Y dxy -y

|y - - |2H

:/ T2 1y, 11} + 4ym| 2y, 1> 1)
B 112 — y1) - O — Y1) [PHT

:/ T? iz, <1y + 4lzm|” 1{|z,,,\>1}d / dzm_1 "
R |Z |2m(H D+1 R“_Zm 1|2H71|Z 1|2(m71)(H71)+1

dzy
x/ TR ey <1_[Zk (1—21)n1k,.. (1 — zm— 1)zm>

L(y1,y2=Y1s-+»Ym — Ym—1)dy1 -+ -dym
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The right-hand side above can be bounded by a finite sum of terms of the form

T21yz, <1y + 4am | 721z, 15 1) dz,, dzm—1 L
R |Z |2m(H H+1 |1 —mel|2H—1|Zm7]|2(m_1)(H_1)+1
dz;
X In|ze||*|In|1 = z;]|", 4.1
/Ru—znw—wznw—l' el #1011 = 251 @1

where k, j, i, and v are integers. The terms of the form (4.1) are finite since H € (1—1/(2m), 1)
and by Bertrand’s test. This concludes the proof.

4.2. Convergence of the finite-dimensional distributions
First, we deal with the sequence {S h}NeN defined by

S P (X (hY))

N —
SPm»h(t) - Z Nh(]/N)
j=1

forall 7 > 0 and N € N. From now on, we denote by dB®" the product [/, dB,, when
x = (x1,...,Xxq).

Lemma 4.2. For every N € N, the process S gm’ 5, 1S equal in distribution to the process S ,Ir\[ n

defined by
S ijx x| N
SN (t):/ B®m ex ( ) (hl.v,—>|x1|1/2hi
mh (=Na,Na)™ ]2;11_! JUN

foreveryt > 0.
Proof. Using (2.5), we obtain

Pty = [ | [ Texpime sl d,
(Ca.a)™ 1

almost surely. We then have
LN1]

1 A “ .. 1/2—hY
YOEDS Wf( v dBE™ [ Texpljxng . x| Nx, |70
- =1

j=l
Making the substitution x — x/N and using (2.6), we obtain
LNt]

m ..

A 17X N Xl 1/2—nY

SN 24 / dB®™ exp( ) (h )|x1| J.
Pmah Z ( Na, Na)’" X 1_[ N

=1
This concludes the proof by the linearity of the multiple integral.

‘We now aim to prove the convergence of {S,, sN 0 (t)}nenin L?(2, R) for every t. Weintroduce
the sequence of functions { £V} ycn defined by

N[0, 00) x R™ — C,

INt] m
g, xi/N)
([ x) = 1( Na, Na)m(x)_ Z 1_[ (ljxl>#’

N_12
j=11=1 |5 Y

and we establish the following lemma.
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Lemma 4.3. Foreveryt > 0, there exists a function f;* € L2(R™, R) such that, for all x € R™
and N € N,
1Y@ 01 < £ 00

Proof. We have

iz;nzl xi/N
1 —exp(—i)_ /., x;/N)

N %) = 1 enaNag ()

[Nt] .. Lo
% Z eXp(l] Z;nZI .X]/N)'— e’:p(l(] B 1) Z;n:l XI/N) Gy(x),
= 1) x
where N
m
g, xi/N)
N _
GYo =T] i
=1 x|
We write
Ny = Ve x) - N2 x)
with

.
. 1> x/N
(e, =1 1
f(t, x) (—~Na,Na)(X) 1 —exp(—i Z;n:] x1/N)
LN?]

LT lzl ~(are(eo(i é V)

_ Gy_l(x)<exp<i(j -0y %) - 1))
=1

_, " iy x/N « )exp(iLNtJ S x/N)—1
R ey YL DI
and

N,2 —
f (t,x) = 1(7Na,Na)(x)1 _ exp(—i Z;n:l x1/N)

§ “VZJ Xp(it) = 1) S, 0/N) -
121:1 X1

(GN( ) — GV (x)).
j=1

First, we deal with fV-1. Because g is bounded, there exists M; > 0 such that, for every N
and almost every x,

exp(i| Nt | Zl 1 X1/N) — 1
et - " =172 payia 1xl
Then, by Lemma 4.1, there exists a function f,yl € L2(R™, R) such that

exp(i|Nt] D)% xi/N) — 1

N
|y - - X |10 ]/22;":1)61

LN, 0l < My

< fin(x),
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so that we get 3
LN, )] < My fig(x). (4.2)

We now deal with fV-2. By Taylor’s formula we obtain
1GY (x) = G} ()

max |7'|
<

- N He[min i, max /]

—Infxg - xpl ﬁ
Jxp - xp [A12 1

1 g Xk " X/
+—z(—(H,—)) [l o)
H—-1/2
[X1 X Pt oH N I=1. Itk N

Since g and dg/d H are bounded, there exists a constant M, > 0, which depends only on % and
g, such that, for almost every x and every N,

[Nt] ..
|fN,2(t x)|<%z |exp(1(]_1)2;ﬂ:1xl/N)_1| max 1+|1n|x1xm”
- N = |Z;n=1xl| He[min h,max i) |x1 "'xmlH_l/2

As in the case of f N1 by Lemma 4.1, there exists a function fm € L2(Rm, R) such that, for

all N and j and almost every x,

exp(i(j — 1) 3L, x1/N) — 1
DX

L+ Injxy--xmll
~ ~ H71/2 S ft,2(x)~
H €[min h,max h] |x1 -+ X

We then get 3
V2001 < Ma fro ). 43)
Hence, taking f, = M, ft,] + M f;,z and combining (4.2) and (4.3) completes the proof.

The convergence of {Snj\f nineN can now be established.

Lemma 4.4. Foreveryt > 0, as N — oo, S'n];/’h(t) converges in L*(2, R) to Sooh (t) given by

m

l ~
Suon(0) = /R dBy" fo exp(ie Zx;)go(h(e)y"m~-.xm|1/2—h<9> do.

=1

Proof. We fix t > 0. By Lemmas 2.4 and 4.3, it suffices to prove that, for almost every x,
t, x) converges to t, x) defined by
N, x) (¢, x) defined b

m

t ~
o x) = / exp<i9 Zx,>g0(ﬁ(9))m Iy - | V21O g,
0

=1
We let

1/2—hY

GYo() = go)"1x1 - x5 and - GV (x) = G (x) = G0,

where G ;V (x) is defined as in the proof of Lemma 4.3. We also consider the same decomposition
fN = N1 £N.2 a5 in the proof of Lemma 4.3 and we let

N _ ¢N1O _ £N,11 N2 _ ¢N20 _ (N2l
o= —f and f77=f -
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where, for « € {0, 1},

iYL u/N
—exp(—iy ;L xi/N)

exp(ilN7| > jL, xi/N) — 1
DY

SN ) =1 cvana (0 Gy ()

and

o 205 xi/N
5Ly t’ = 1 — 1
f (t,x) =1 Na,Na)(x)l —exp(—i Y /L, x1/N)
[Nt]

exp(i(j — 1) 272 x/N) — 1
) Z 1271:1 X1

(GY () =GV ().
j=1

Because i and gg are continuously differentiable, we get, for almost every x,

exp(it Y /Ly x) — 1
i|xl . .xmlh(l)71/2 Z;nzl xl

Jim N0, x) = go(h(n)™

and
Texp(f Y Lyx)—1-, 9 H)"
lim fN’z’O(t,x)zf exp(llzrzn_1 x1) h/(e)—( go( )H 12> a0,
No>oo 0 1Zl:1x1 OH \ |x1 -+ xp |1/ H=h(0)
so that

lim (fY100,x) = Y200, x0) = £, 2).
N—o00
We now deal with V11 and fN-21. We write G;VI (x) as

m m
2—hY Xk _ X1
G;‘\{l(x):|xl"'xm|l/ i E gl(hj-v,ﬁ>g0(h;.v)k ! l_[ g(hjv,ﬁ>
k=1

I=k+1

Then, by I:emma 4.1 and because gg and g are bounded, there exist a constant M3 > 0 and a
function f; 3 € LZ(R’”, R) such that, for almost every x,
Xk
H, —
8 1< N)

so that limN_)o(z f N *1*1(1‘, x) = 0. Similarly, by Lemma 4.1, there exist a constant M4 > 0
and a function f; 4 € L%(R™, R) such that, for almost every x,

0

381 x|\,

oH N

H 25| +
gl H.5

lim (fV5,x) — V2, x)) =0,
N—o0o

’

Y01 = Mafis() Y sup

k=1 H€[min /1, max fl]

Y21, )| < My fra(x) Z Sup (

k=1 H€[min fl,max fz]

Therefore, limy_, oo fV-21(¢, x) = 0 and

which concludes the proof.
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The following lemma states that the convergence of {S h} NeN can be reduced to the
convergence of {SN p, .niNeN and, as a consequence of Lemma 4.2, to the convergence of

(SN pinen.

Lemma 4.5. For everyt > 0,

2
ngnQQE[(Sg,h(t) — %ng,hao } =0.

Proof. By (2.1) we have

p 2
E[(Sﬁ,hm— . >Spm,,( )) }

[Nt] 00

! (9, Py) 2
:E[(ZW Z n—!Pn(Xj(h;V))>}

n=m+1
[Nt] [Nt] 0o

(. P)?
=3 i L BB O ) ) P (XY )

j=1 k=1 n=m+1
By (2.2) and (3.2), we obtain, for everyn > m + 1,
B[P, (X (hY)) Py (Xi (i )] = n' BIX ; (W) Xi ()] < n! [ELX (W) X (O™

2
E[(Sﬁh(r) . B )Sth(t))}

( i <¢,Pn>2) “VZ”LN’J ELX; (hY) X () )1+

N1G/N)+h(k/N)

so that

<

n!

n=m+1 j=1 k=1

Let n > 0. By (3.1) and (3.3), there exists N,, € N* such that, for |j — k| > N, and N € N*,
IBLX ; (1)) Xk (h)]1] < 7. Therefore,

W IV R X ; (hé-v)xk(h/iv)]|m+1

Z h(j/N)+h(k/N)
j=1 k=1 N
R SIS L [ELX; (h) X ()™
= 2} kz NG/ RGNy T Zl ; (Li=K1=1) ™RGN ThETN)
J = J

There exists Ci(n) > 0 such that
[Nt] [Nt]
Z Z L j—ki<Ny) - Ci(m)
NhG/N)+h(/N) — N2minh—1°
j=1 k=1

Moreover, by (3.1) and (3.3), there exists a constant C > 0, which is independent on 7, such
that, for all j, k, and N,

N_3N_
ELX ; (hY) Xk (O] < Calj — k|" %2, 4.4)
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We then obtain

S S ELX G () X (D1

Z h(j/N)+h(k/N)
j=1 k=1 N
Nt| [N N_jN_
5 C1(n) CgL JLtJl _km(h +hp —2)
= N2minh71 Z Z {lj—k|=1}
j=1 k=l
Hence, for every n > 0,
. N (¢, Pw) on 0\
lim sup E S¢h(t)— Sp @)
N—o00 ’ m! "
o (¢, Pa)
h(0)+h(o)—2
5;702( > - )/ / 10 — o] do do.

n=m+1
The constants Y oo .| (¢, Py)?/n! and fot fé 10 — o |"O+h(©)=2 49 do are finite by (2.3) and
because min i > %, respectively. This concludes the proof.
We conclude this subsection with the following lemma.

Lemma 4.6. As N — o9, the finite-dimensional distributions of Sg , converge to those of
Sm.n, which can be defined by

t, x1,...,%m) déxl . -df)’xm

Sm,h(t) =

foreveryt > 0.

Proof. Wefixn e N, (t1,...,t,) € [0, 00)", and a Lipschitz bounded function ¥ : R” — R.
We define ¢, = (¢, Py,)/m!. We have

IBLW (S} (1), - S 4 ()] = BIW (S (1), -, Swn ) < EY + EY . (45)
where
= [E[W (S (1) - s S (1)) — Wb S, 411, - G Sp, 4 E)]]
and
= BV ($n S 111 G SD, 1t = EI¥ (Smn (1), - .. S ta)]]-

Because W is Lipschitz and by the Cauchy—Schwarz inequality, there exists C1 > 0 such that,
for every N,

¥ <03 JEISY ) — duSY, )2,
=1

Then, by Lemma 4.5,
lim EY =o0. (4.6)
N—oo
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By Lemma 4.2 we have

R. MARTY

EY = [E[W($nSpy (1) - -+ dmSpy 4 (1)) = W(Spn (1), -, Smn(ta))]].

Thus, as in the E {V case, there exists C2 > 0 such that, for every N,

<CZZ\/JE[<¢m 1) = Suat)?].

As a consequence, by Lemma 4.4,
lim EY =o.
N—o0

Combining (4.5), (4.6), and (4.7) completes the proof.

4.3. Continuity, local self-similarity, and local Holder exponent of the limit

4.7

In this subsection we first prove the convergence of the finite-dimensional distributions of
{T o (Je>0 for every 7. Then, we prove the continuity of Sy, j, and the tightness of {7, {T? ., Je>0
in C([0, 00)) to deduce the local self-similarity property. Finally, we deal with the local Holder

exponent of Sy, p.
Making the substitution 6 — €0 + t, we obtain, for every u > 0,

m
T,fi)h),(u)=/ exp( Zx>¢](t,u,x,e)déxl..-déxm,

=1

where
u m B
Y1t u, x,6) =g "0 f exp(ie@ Z)q)g(g@ Ol - x| V/2REOHD g,
0 =1
By (2.6) and (2.7), we have
(T 1. W}uz0 = {/ Yot u, x,€)dB,, - - xm}
u>0
with

u - - m -
1!/2(t, u, x, 8) — /. 8m(h(€9+l‘)*h(t)) exp( 0 le>g(80 + t)|.x1 . 'xm|1/27h(89+t) de.
0

=1
For all # and ¢ and almost every x,
exp(iu Y Ly x) — 1
)y x)lxg - - x [HO=1/2

lin% Vo(t,u,x,e) = g(1)
E—>

By an integration by parts,
exp(iu 32y x1) — 1
Q0L x)lxy - -xm|fl(su+t)—l/2

e /-u Em(ﬁ(89+t)_ﬁ(,)) exp(if Z;”:l x) —1
0 i(anzl X |X] - - - Xy | EOHD—1/2

wZ(tv u,x, 8) = 8m(ﬁ(€u+t)7ﬁ(t))g(8u + t)

x {8'(e0 + 1) + h' (66 + 1)§(0 + t)(In(e™) — In |x7 - -
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As a consequence of the identity above and because of Lemma 4.1, there exists a function
Y3.1u € L>(R™, R.) such that, for every x € R”,

|1ﬂ2(t» u,x, 8)' S ¢3,t,u(x)-

Because 3, is square integrable and by Lemma 2.4, this proves the convergence of the
finite-dimensional distributions of 7)Y , .
To prove the continuity of S, ,, we use the Kolmogorov lemma. Let 7 > 0. As previously,

by Lemma 4.1 again, there exists C > O such that, forall0 <s <t < T,

EL(Smp (1) — Sp.n(s))*] = m! (t — 5)*") f (Wa(s, 1, x, 1 — )% dxy - - - do
]Rm
< C(t —5)*h®), (4.8)

which concludes the proof of the continuity of Sy, j.
Moreover, in a similar way, we prove that, for every compact set U C [0, 00), there exists a
constant Cyy > 0 such that, for all ¥ and v in U such that |u — v| < 1, we have

2
E[<Sm,h(t + eu) — Sy n(t + Sv)) } < Culu — v,

PI0)

This proves the tightness of the family {T}fl. it }e=01n C([0, 00)) by the Kolmogorov lemma [3],
and then the local self-similarity property of Sy, 5.

Finally, for each #p > 0, we deal with the local Holder exponent of S,, ; around fy, which
is denoted by as,, , (fo). By (4.8) and Lemma 2.5, for every p € N*, there exists C;, > 0 such
that, for all s < ¢ in a neighborhood of 7y,

E[(Sp.n(t) — Sun(s))?P]1 < Cp(t — 5)>P0lsnh,

By the Kolmogorov lemma, this implies that a,, , (10) > h(fo). Using the local self-similarity
of Sy 1, and proceeding as in [1], we prove that s, , (10) < h(fo), which gives a,, , (f0) = h(to)
and concludes this subsection.

4.4. Tightness

Because of Theorem 15.6 of [3], it is enough to show that there exist C > 0 and y > 1 such
that, for all 11, 12, 13 € [0, T] satisfying 11 < o < t3 and 13 — 11 < 1, we have

LIS}, (t3) = S 4 ()18}, (22) = S, )1 < C13 — 1), 4.9)
First, we assume that 13 — ¢t < 1/N. Hence, | Nt;] = | Ntz] or [ Nt,] = | Nt3], which gives
E[IS) 1 (13) = Sp 4 )18, (12) = S5, (1)1 = 0. (4.10)

Then, we assume that 1/N < 3 —t; < 1. By the Cauchy—Schwarz inequality, we have
E[1S) 5, (13) = S5, ()15, (1) — S5, )]

< JEIISY ,(3) = S) ) P1EISY (1) = SY, ()21, (.11

Consequently, it is enough to prove that there exist C > 0 and y > 1 such that, for (s, ) =
(11, 12) or (12, 13),

EIISy (1) = Sy 4 ()IP1 < Ct3 — 1) . (4.12)
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Proceeding as in the proof of Lemma 4.5, we obtain

E[1S) 5, (1) = 8§ ()]

X (g, P\ X EX () X))
(T XY S @

n=m Jj=INs]+1k=|Ns]+1

Because of (4.4), there exists C; > 0 such that

g X EIXG ) Xk ()OI

Z Z N1G/N)+h(k/N)

j=LNs]+1k=|Ns]+1

N N
3 [Nt3] |E[X0(h§\7)2]|m [N13] |] _ k|m(hj +hy —2)
= NAG/N)+h(/Ny T 1 NAG/N)+h(k/N)
J=INt]+1 J.k=[Nt|+1, j#k
[N13] . 2minh—2
[N#3] — [Nt Cy J—k
SOty L N ’ @.14)
jk=|Nt]+1, j#k
where Cy = MaxH c[min h,max /] |E[X0(H)2]|’”. We have
[Nt3] — [Nt 3 — 1 1 2 min k
N2minh = N2minh—1 N2minh =2t —1n) (4.15)
because 1/N < t3 — t;. Moreover,
[N13] . 2minh—2 t t
1 —k 3 .
— == < 03/ def do|f — g|?minh=2
Jok=INt1]+1, j#k s n
Ca(tr — t 2minh
3(f3 —11) 4.16)

~ 2minh — D) minh’

where C3 > 0 does not depend on (N, ¢, f3). Combining (4.16), (4.15), (4.14), and (4.13), we
get (4.12). Because of (4.11) and (4.10), this concludes the proof of (4.9).

Appendix A. Technical lemma

This section is devoted to the proof of a lemma that deals with the asymptotic behavior of a
covariance function.

LemmaA.l. Let X = {X,(H)}n, 0)eNx(b,1) be a random field as defined by (3.1). For every
compact set K C (b, 1),

lim  sup [ TTRE[X, (H))Xo(H2)] — R(Hy, Hy)| = 0,
n—0o0 (H],HZ)EKZ

where, for every (H{, Hy) € (b, 1)2,

R(Hy, Hy) = go(Hl)go(Hz)/ eXp(ix)|x|1_H1_H2 dx.
R
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Proof. Let K be a compact setin (b, 1). We fix (H, H») € K2 and n € N*. We have

E[X,(H1)Xo(H)] = / exp(inx)g(Hy, x)g(H, x)|x|' ~H1=H2 dx

—a
na X X
= nH‘+H2_2/ exp(inx)g(H1, —)g(Hz, —> |x|1=HI=H2 g
—na n n
Setting
V1 (¥) = g(Hi, y)g(Ha, y) — go(H1)go(Ha)
for every y € R, we prove hereafter that

na
lim  sup |go(H))go(Ha) exp(ix)|x|' =M= dx — R(H|, Hy))| =0 (A1)
=00 (H\, Hy)ek? —na
and na
lim  sup / exp(ix)le,Hz(f)uﬂ”'”z dx| =o0. (A2)
=0 gy Hy)ek? | J—na n

By an integration by parts, we have

1 na o0
—</ exp(ix)|x|1_H‘_H2 dx—f exp(ix)|x|1_H‘_H2 dx)

2 —na —00

o
= —/ cos(x)x ! TH—H2 gy
n

a

o
= sin(na)(na)' """ 1 (1 — Hy — Hy) / sin(x)x M= gy,
na

Hence, we get

na

go(H)go(Ha) | exp(ix)|x|'" =" dx — R(H), Hp)

sup
(Hi,Hy)ek? —na
o0
<2 sup (2’0(1"11)5,'0(1'12)(lnall_H‘_H2 +/ x|~ H1—H2 dx) )
(Hy,Hy)ekK? na

which implies (A.1) because K C (%, 1).
Now we prove (A.2). Again by integration by parts, we obtain

na
/0 exp(ixX)VH,, m, <£>x1H1H2 dx

. 1 na .
=i(1 — ") Yu, m,(a)(na)' ~H1—H2 — %/0 (1 - e”)%ﬁf/z(x)le'Hz dx

n
na . x
+i(H + Hy — 1)/ (1 - eIX)lle,Hz(—>x—H1—H2 dx. (A.3)
0 n

Obviously, we have

sup  |i(1 — ey, p, (@) (na)! ~HI— 2

(Hl,H2)€K2
<2 sup  [Ym.m@| sup  [(na)' TR
(Hl,Hz)EKZ (H],Hz)EKz
—0 asn— oo. (A4)
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By a change of variable we get

i na . X
- / (1 - ey, H2<—>x”"H2 dx
0 ’ n

sup
(Hy.Hyek? [T
a
/ \—H—H |—H —H
< sup / Y, g, ()X T2 dx sup  |n T
(H\,H2)ek? 1 J0 (Hy1,Hy)eK?
— 0 asn — oc. (A.5)

It remains to prove that

lim sup
"0 (Hy, Hy)eK?

=0. (A6)

na .
(Hi + H, — 1)/ (1 —e™) ¥, m <f>x”'H2 dx
0 n

By the assumptions on g1, for almost every x € R,

) . X _H,—
lim 1) (x)(1 —e")  sup (H1 + Hy — DYu, 1, (—)x Hi—H| _ .
n—00 (Hy,Hy)eK? n

Moreover,
. X _H, —
Lonay@x)(1 =€) sup  |(H| + Hy — 1)1/fH1,H2<—)x =
(H\,Hy)eK? n
<(1—e%)  sup [(Hi+ Hy— Hx = sup W, ().
(H],HQ)EKZ (Hl,Hg,y)esz(O,a)

The function x — (1 — ™) supy, myex? |(Hi + Hy — Dx~ #1712 is integrable. Then, by
the dominated convergence theorem we obtain (A.6). Combining (A.3), (A.4), (A.5), and (A.6),

we obtain
: " X\ 1-H—-H
lim  sup / e Yo, m | = Jx T T dx| =0.
"% (Hy, Hy)ek? 1 JO n
Similarly, we obtain
0 X
lim sup / e Vu, (—)xl_Hl_Hz dx| =0,
" (Hy.Hy)ek? | J—na n
which proves (A.2).
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