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FUNCTIONAL LIMIT THEOREMS FOR CRITICAL
PROCESSES WITH IMMIGRATION
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Abstract

We consider a critical discrete-time branching process with generation dependent
immigration. For the case in which the mean number of immigrating individuals tends
to oo with the generation number, we prove functional limit theorems for centered
and normalized processes. The limiting processes are deterministically time-changed
Wiener, with three different covariance functions depending on the behavior of the
mean and variance of the number of immigrants. As an application, we prove that
the conditional least-squares estimator of the offspring mean is asymptotically normal,
which demonstrates an alternative case of normality of the estimator for the process with
nondegenerate offspring distribution. The norming factor is n/a(n), where o (n) denotes
the mean number of immigrating individuals in the nth generation.
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1. Introduction

We consider a discrete-time branching stochastic process Z(n), n > 0, Z(0) = 0. It
can be defined by two families of independent, nonnegative integer-valued random variables
{Xui, n, i > 1} and {&, k > 1} recursively as

Z(n—1)
Zimy= Y Xpité&, n=Ll )
i=1

Assume that the X,;; have a common distribution for all » and i, and that the families {X,;}
and {&,} are independent. The variables Xj; will be interpreted as the number of offspring of
the ith individual in the (k — 1)th generation, and & will denote the number of immigrating
individuals in the kth generation. Then Z(n) can be viewed as the size of the nth generation
of the population. In this interpretation A = E X,,; denotes the mean number of offspring of a
single individual. The process Z(n) is called subcritical, critical, or supercritical depending
on whether A < 1, A = 1, or A > 1, respectively. The independence assumption of the
families {X,;} and {£,} means that reproduction and immigration processes are independent.
However, in contrast to the classical models, we do not assume that the §,,, n > 1, are identically

distributed, i.e. the immigration rate may depend on the time of immigration.
Investigations show that the asymptotic behavior of the process with immigration is very
sensitive to any changes of the immigration process in time. For instance, in the critical case, a
change in the mean number of immigrating individuals in time leads to such fluctuations of the
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process that it is necessary to use various functional normalizations to obtain a nondegenerate
limit distribution for the process; see [16, Chapter III] and the references therein. Therefore, a
description of the processes that can be used as an approximation in this situation is of interest.
Conversely, these kinds of functional limit theorem are useful in estimating parameters and in
the study of various functionals of the process.

In this paper we prove functional limit theorems for critical processes for the case in which
the immigration mean tends to oo. It turns out that a suitably normalized process may be
approximated by a Gaussian process with independent increments and with three different
covariance functions depending on the behavior of the mean and variance of the number of
immigrants. The limiting Gaussian process can be obtained from the Wiener process by a
deterministic time change. As an example of the application of functional limit theorems,
we prove that the conditional least-squares estimator (CLSE) of the offspring mean, A, is
asymptotically normal. It is interesting to note that the norming factor depends on the mean
number of immigrants and can be chosen to depend on the rate of immigration.

First approximation theorems of branching stochastic processes have appeared in [5], where it
was demonstrated that a branching stochastic process without immigration can be approximated
by a diffusion process. Lamperti [12], [13] proved that finite-dimensional distributions of
the process with a large number of initial individuals converges to those of some diffusion
processes with two different normalizations. These results were extended to the functional
form in [14] and [15]. The convergence of finite-dimensional distributions of a sequence of
Galton—Watson branching processes with stationary immigration has been investigated in [1]
and [11]. Wey and Winnicki [18] have shown that random step functions of a critical branching
process with immigration converges in Skorokhod topology to a nonnegative diffusion process.
Fluctuation theorems for the sequence of nearly critical branching processes have been proved
by Sriram [17], who obtained a diffusion approximation. In [7] and [8] the authors demonstrated
that Sriram’s result was also valid when the offspring variance tended to O, and that the
centralized process can be approximated by Ornstein—Uhlenbeck-type processes. In addition,
asymptotic normality of the mean-square estimator of the offspring mean was proved with
normalizing factor n3/2. Note that in the latter case the reproduction process will approach
a deterministic multiplication of individuals. The same authors also examined the critical
branching process with varying offspring and immigration distributions in [9]. However, in
contrast to our situation, in [9] the offspring variance tends to 0.

It was known that in the critical or nearly critical case the CLSE of the offspring mean
is not asymptotically normal; see [17] and [18]. When the process is nearly critical and the
offspring variance tends to 0, the results of [7] and [8] have shown that it has a normal limiting
distribution. Our Theorem 4 demonstrates an alternative situation of asymptotic normality of
the CLSE for the process with nondegenerate offspring distribution.

It is known that (see [2], [4], and [6]) in the case of the Bernoulli offspring distribution the
process (1) is an integer-valued, first-order autoregressive (INAR(1)) time-series model with
noise &. In the framework considered here, the process Z(n) can be related to the INAR(1)
model with nonstationary (rising) noise.

In the proofs we follow the approach introduced by Ispany et al. [7], [8], and use some tricks
of the proof of appropriate statements there. Namely, we represent our process in the form of
normalized martingale differences, and use martingale limit theorems to derive our results.

The main results and some examples will be given in Section 2. In Section 3 we prove
several preliminary results which will be used in the proofs of the main theorems. Section 4 is
devoted to the proofs of the main results.
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2. Main results and examples

From now on we assume that A = E X,;; and B = var(X,,;) are finite. We also assume that
a(n) =E§&, < ooand B(n) = var(§,) < oo for each n > 1 are regularly varying functions as
n tends to oo, i.e. they have the form

a(n) =nLg(n),  Bn) =nPLgn),
where a, B > 0, and Ly (n) and Lg(n) are slowly varying functions as n tends to co. Then
A(n) =E Z(n) and Bz(n) = var(Z(n)) are finite for eachn > 1 and, when A =1,

Ay =) ak),  B*n)=A%n)+0’n),
k=1

where
n n
A =BY ab)n—k, o= Bh.
k=1 k=1
For each t € R = [0, 00), we define a sequence of step functions

Z([nt]) — A([nt])
B(n)

Y, (1) =

d . . .
Throughout the paper, 2 >, ‘=, and ‘2 will denote the convergence of random functions in
Skorohkod topology, the convergence of random variables in distribution, and convergence in
probability, respectively.

Theorem 1. IfA =1, B € (0, 0), a(n) — 00, and B(n) = o(na(n)) then Y, (t) 2 W (12F9)
as n — 0o weakly in Skorokhod space D(Ry,R), where (W(t), t € Ry) is a standard
Brownian motion.

In Theorem 1 note that we do not require a Lindeberg-type condition on the offspring or
immigration distribution. In fact, in this case it is satisfied for the immigration process owing
to the normalization by B2(n). However, in the opposite case we need one on the sequence
{&,, n > 1}, which seems natural for the process with inhomogeneous immigration. Thus, we
denote, for each ¢ > 0,

8u(e) = D Bl — a ()’ & — a(k)| > eo (n)].
k=1

o2(n) &

Theorem 2. If A = 1, B € (0,00), a(n) — 00,a(n) = o(n~'B(n)), and 8,(¢) — 0 as
n — oo for each ¢ > 0 then Y, (t) L W@ty as n — oo weakly in Skorokhod space
D[R4, R).

The following theorem is related to the case in which na(n) and B(n) have the same rate.

Theorem 3. I[fA =1, B € (0, 00), a(n) — oo, B(n) ~ cna(n), c € (0, 00), and §,(¢) — 0
asn — oo foreache > Othen Y, (t) — W1 HP) = W(t2+%) asn — oo weakly in Skorokhod
space D(R4, R).
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Remarks. 1. Using Lemma 1, given in Section 3, we can see that the condition f(n) =
o(na(n)) is equivalent to o2(n) = o(A%(n)), the condition a(n) = o(n~1B(n)) is equivalent
to A%(n) = o(o>(n)), and that B(n) ~ cna(n) as n — oo, if and only if 2 (n) ~ 6 B>(n) with
0=d/(d+ 1+ pB)B),whered = c(l + )2 + «).

2. Since B(n)/na(n) is regularly varying with exponent 8 — 1 — « and has a positive finite
limit when B(n) ~ cna(n) asn — oo, we conclude that 8 = o + 1. This explains the equality
W (t'*t#) = W (t**®) in Theorem 3.

Now we consider some examples of the immigration process which satisfy the conditions
of Theorems 1, 2, and 3.

Example 1. Let &, k > 1, be Poisson with mean A(k) — 0o, k — 00, and regularly varying
with exponent «. Then

A*(m)=BY M) n—k).  o*(m)=> rk),
k=1

k=1
and, clearly, o2(n) = 0o(A%(n)). In this case we obtain the following result from Theorem 1.

Corollary 1. If A = 1, B € (0,00), and &, k > 1, are Poisson W]l;l‘h mean A(k) — oo,
k — oo, and ()»(k)),cjil is regularly varying with exponent « then Y, (t) — WY asn — oo
weakly in Skorokhod space D(R4, R).

Example 2. Now }et &, k > 1, have positive geometric distributions with parameter py = kL,
ie. P& =i} = q,l(_lpk, i=1,2,..., gc =1 — pg. In this case

a(k) =k and Bk) =qp;* =k*(1—kh.
Consequently, we have A%(n) ~ Bn3/6 and o (n) ~ n/3. Therefore,

2B%(n)

2 ~
o”(n) Bro

Now we show fulfilment of the Lindeberg condition. Since ES& = ( S — qkS)_l,
0 < § < 1, we find that .
(ES%) =6prgi(1 —qi$)™",

where ¢ denotes the third derivative. Therefore,
E& (& — D& — 2) = 6g¢ p;°
From this we conclude that E |&, — a(k)|?> = O(k?), k — 00, which leads to the relation
n
Cr=:) El&—a®f =00, n— oo.
k=1

Thus, C2/a3(n) =0m Y%, n - oo, ie. the Lyapunov condition is satisfied for &, k > 1.
Now we obtain the following result from Theorem 3.

Corollary 2. If A = 1, B € (0, 00), and &, k > 1, are geometric with parameter py = k=
then Y, (t) 2 W (t3) as n — oo weakly in Skorokhod space D(R,., R).
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Example 3. Let &, k > 1, be such that p = P{§ = k*} =1 —P{& =0}andg = 1 — p.
Then simple calculations give

4 5

B
pn and oz(n) ~ par

Az(n) ~ asn — 00,

and, consequently, A2(n) = o(o2(n)). Since in this case

2, 2,7 3/2
ng_pq(p ;"q nood o3(n) ~ (%) n5/2,

the Lyapunov condition is again satisfied. Thus, from Theorem 2 we find that Y, (¢) converges,
as n tends to 0o, to W (r5) weakly in Skorokhod space D(R+, R).

Now we consider one nontrivial application of our theorems, related to the conditional least-
squares estimator of the offspring mean. Let J(n) for each n > 0 be a o-algebra generated by
{Z(k), k=0,1,...,n}. From (1) we obtain

E[Z(n) | Jn— D] =AZ(n —1) +a®), n>1. 2)

If we assume that the immigration mean, «(n), is known then the CLSE A,, of A must
minimize the sum of squares error

n

> (Z(k) = AZ(k — 1) — a(k))*.

k=1

By standard arguments we find that it has the form

i ZinZ®) —at)Zk — 1)
" S Z2k-1)

3

Using Theorem 1, we shall prove the following result for Ap.

Theorem 4. If the conditions of Theorem 1 are fulfilled then

nam (A, —1) > N, a),
where N(0, a) is a normal random variable with mean 0 and variance

,  (I+a&)(2a+3)°B
a = .
3 + 4

We note that, if « = 0, i.e. the immigration mean tends to co as a slowly varying function,
then the variance of the limiting distribution is 9B /4.

In further publications it will be shown that it is possible to study the CLSE in the case when
the conditions of Theorems 2 or 3 are satisfied. Note that in this case A, may not necessarily
be asymptotically normal.
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3. Preliminary results

We start with two simple lemmas on regularly varying functions. If a sequence (C,)52 | or
function f is regularly varying with exponent p, we write (C,)7°, € R, and f € R,. The
following result is a discrete form of Karamata’s well-known theorem on regularly varying
functions; see [3, Theorem 1.5.11].

Lemma 1. If (C,):° | € R, then, for any 6 € (—p — 1, 00),
+1C
ZkGCk — " asn— o0
9+ +1

and (33_ k?Ci)%, € Rospi1.

Proof. We consider the function f.: [0, 00) > R defined as f.(x) := C|,] for each x €
[0, 00). Here [x] denotes the integer part of x. Owing to Theorem 1.9.5 of [3], f. € R, and is
locally bounded on [0, 00). Applying Theorem 1.5.11 of [3], we have

X 0+1
/ tgfc(t)dt'v x—fc(x) as x — 00,
0 0+p+1

which implies that the function x — f(f 19 f.(¢) dt is regularly varying with exponent 6 + p + 1.
Since C,—1/C,, — o0, we obtain the statements of Lemma 1.

Lemma 2. If A(n) is a regularly varying function with exponent o > 0 then

A(nt)
A(n)

—t* =0 asn— o©

e<t<a
forany (0 < e <a < oo.

The assertion of Lemma 2 is a simple consequence of the uniform convergence theorem for
slowly varying functions.

Lemma 3. If a(n) — o0 as n — oo and regularly varies with exponent a and A(n) =
a(l) 4+ -+ a(n) then, asn — o,

(a) ,
Ba(n)n 02(n) - nB(n)

A2(n) ~—_—,
(a+ D(x+2) B+1

; 4
(b) foreachy >0,

n

n
AV (k) ~ ——— AV (n).
; ) ya+y+1 ()

Proof. To prove part (a), consider

Za(k)(n —k) =nA®n) — Zka(k).

k=1 k=1

If we apply Lemma 1 with & = 0 and 8 = 1, we obtain

A(n) ~ Za_{(_nl), Zk (k) ~ n oz(n)’ asn — oo,
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which implies the first relation in (4). The second relation in (4) is a direct consequence of

Lemma 1.
To prove part (b), we take into account the facts that (A(n))>2 | € Ryy1 and ((A(n))Y);2, €
R41)y forany y € [0, 00). Therefore, again applying Lemma 1 with & = 0, we obtain

> Ay’ ~ mmm))y as 1 — .
k=1

This completes the proof.

Lemmad. [fa(n) — oo asn — oo then, for eacht € Ry = [0, 00),

@ [n1]
nt
B_4(n) var<Z Z(k)) — 0;
k=1
(b)
[nt]
B~*(n) Z EZ%(k) — 0. 5)
k=1

Proof. To prove part (a), we consider

[n1]
var(z Z(k)) =1+ I,

k=1

where
[nt] [nt]—1 [nt]

I =Y Bk). L=2Y > cov(Z(i). Z(j)).
k=1

i=1 j=i+l
It is easy to see that
B([nt][nt]

4
B (n)) < B )

Owing to Lemma 1, B2(n) is regularly varying and

5 N Ba(n)n? nB(n)
B“(n) (a+1)(a+2)+,3+1 asn — oo, (6)

and we find that I;/B*(n) — 0 as n — oo. Since
cov(Z(t), Z(t +n)) = A" var(Z (1)),

recalling that B%(n) = var(Z(n)), we have

[nt]—1
L= )" (Int] - )B*() < B> ((nt)([nt] — ).

k=1

Again taking (6) into account and the fact that «(n) — oo, we conclude that I/ B~*(n) —» 0
asn — oo.
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To prove part (b), we observe that

[nt] [nt] [nt]

Y EZX k) =) var(Z(k) + Y A*(k). (7
k=1

k=1 k=1

As it was just proved, the first sum is o(B*(n)) as n tends to co. It follows, from Lemma 1 and
part (b) of Lemma 3, that

asn — oo. ®)

- 20 LN 5 N na(n)
];A *) 2a+3A @), Al a+1’

From (6) and (8), we find that the second sum in (7) is also o(B*(n)) as n tends to co. This
completes the proof.

Lemma 5. Let Xy; be the random variables given in (1), let X = Xii — 1, and let T (k) =
Zz(k_l) Xyii. Then

i=1

(a)
E[(T (k)* | 3tk — )] = BZ(k — 1); )

(b)
EI(S' X1 Xi)? | Ik — D] =2B2Z(k — )(Z(k — 1) — 1), (10)

where Z/ denotes summation fori, j = 1,2,..., Z(k — 1) such thati # j.

Proof. ]Equatiogs (9) and (10) are a direct consequence of the independence of the random
variables Xy; and Xy;, i # j, and of a simple property of the conditional expectation.

The following technical result is vital in the proofs of the main theorems.

Lemma 6. Forany6 > 0,
E[(T (k) 1r@=0) | Ik — D] < I + b, (11)

where
52
I =Z(k — 1) EIX7) Lz, 120/
4B2 ,  21/2B32 32
b= 5 (Zk = 1)+ = —(Zk = ).

Proof. If we use the simple inequality

Ljerni>ey < Ligi>e/2) + L(ini>e/2) 12)
the left-hand side of (11) can be estimated by R; + Ry + R3, with

Z(k—1)
v2
Ry IE[ Y Xz -0

i=1

_ _ v2 _
Jk — 1)] =Zk—-1) E|:Xll 1{|X11|>9/2}:|’

Z(k—1)
Ry = E[ D Xk V=02
i=1

Ry = E[Z' Xt Xi; Yy (ky=0y | Ik — D],

Ik — 1)],
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where ¥’/ is as dgﬁned in Lemma 5, and 7; = T(k) — Xz;. To estimate R, we use the
independence of Xj; and ty;, the Chebyshev inequality, and (9), and we obtain

Z(k—1) , AB?
Ro< o3 > B[ k- D] = 3 2= D(Z®& = 1) = 1).

i=1

Using the Cauchy—Schwarz and Chebyshev inequalities, (9), and (10), we see that Rj3 is
dominated by

1 _
5(E[<2/xkixk,->2 | 3¢k — )] E[(T (k))? | 3k — 1)])/?

212B3/27(k — 1
- 9( )w/Z(k—l)—l.

This completes the proof.

4. Proofs of Theorems 1-4

We represent our process Y, (t) in the form of a sum of normalized martingale differences,
and deduce our results from a martingale limit theorem. Let M (k) = Z(k)—E[Z (k) | J(k—1)].
Then it follows, from (1) and (2), that

Z(k) —E[Z(k)]=Z(k —1)—E[Z(k—1)]+ M (k).
Subsequent application of this identity leads to the relation

[nt]

M (k)

Vo) =) —2.
= B

13)

To prove Theorem 1, we use the following version of the martingale central limit theorem
from [10].

Theorem 5. ([10, Theorem VIII].) Let {U, ,f k > 1} foreachn > 1 be a sequence of martingale
differences with respect to some filtration {J, k > 1}, such that the conditional Lindeberg

condition
[nt]

S ELUND Lyupise) | 3,10
k=1

holds asn — oo foralle > 0andt € Ry. Then

[n1]
Y up 2 U

k=1
asn — ooweakly, where U (t) is a continuous Gaussian martingale with mean 0 and covariance
function C(t), t € Ry, if and only if
[n1]
Y EWUN? | 31> C) asn— o0 (14)
k=1

foreacht € Ry.
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Proof of Theorem 1. First we prove fulfilment of condition (14) for the sum in (13) with
Uy = M(k)/B(n) and J; = J(k) for all n > 1. Since

Z(k—1)
M@k = > X — 1)+ & — a(k), (15)
i=1
we easily obtain
[nf] 2 [nt]
SoEwp? 1= 2T B N, (16)

TR B £

k=1 =1

From Lemma 4 it follows that the variance of the second sum in (16) tends to O as n tends to co.
Therefore, we just consider

B [nt] B [nt]
—_— ElZk—-1)] = —— Ak —1).
Bz(n); [Z(k — 1)] Bz(n)kzl (k— 1)

Since B%(n) ~ A2(n) as n — oo under the conditions of Theorem 1, appealing to Lemma 3,
we see that the last sum converges in probability to 127¢ as n tends to co. Hence, condition
(14) is satisfied with C(¢) = 1>+,

In our case the Lindeberg condition will be satisfied if, for each ¢ > 0,

[nt]

ZE[(M(]{))Z 1{\M(k)|>8B(n)} | j(k — 1)] i) 0 asn — oo.
k=1

1

100 =B

Taking (15) into account and the independence of the immigration and reproduction processes,
we have
I(n) = 1(n) + L(n), 17)

where
(1]
=—— Y E[T(k)*1 Ik — D],
Bz(n)]; [(T ()" Yympi>eBmy | Itk — D]
[n1]

> ElG — a (k) Ly ey | Ik — D,
k=1

h(n) = B ()

and T (k) is as defined in Lemma 5.
Consider I1(n). Using inequality (12), we see that it can be estimated by the sum /11 (n) +
I12(n), where

[nt]

i) = o= Y BT () Yyrwyi=eBemy2) | Ik = DI,
k=1
[nt]

o) = 2705 Y BT (0) Ljg—ai=eBay2) | Ik — D1,
k=1
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Owing to Lemma 6, we obtain

168 2 [nt] [nt]

Z(k — 1)+ Z(k —1))32,
Zf (k—1)) 833(,1); (k—1))

Y(eB(n)/4
hi(n) < (";2(( ))/ )ZZ(k—l)—i-

2B4( )
where Y, (¢) = E[)_(%l l{p-(11 ‘>8}]. As it was proved, the sum in the first term divided by Bz(n)

converges in probability to £>7* as n tends to co. Owing to (5), the second term converges in
probability to 0 as n tends to co. To estimate the last term we use the inequality

n
];akbk < ];ak sz

We find that this inequality is not greater than

[nt] [nt]

2B 1 1
[ I _ 2 _
— | 50 k§:1j(2(k D2 | gz k§:1 Z(k — 1),

and, therefore, also converges in probability to O as n tends to co. Hence, we have proved that
Ii1(n) % 0asn— oo for any € > 0.

Consider I12(n). Using the independence of the immigration and reproduction processes,
the Chebyshev inequality, and (9), we have

[n1]

> Z(k— DB k).

1 < =
12(n) < 2B n) 2

Taking into account the inequality

[nt]
S EIZ(k — DIB®K) < Ao ([nr)). (18)

k=1

P
we find that /1o (n) — 0 asn — oo.
To estimate I>(n), we take into account the fact that I (113) < o2([nt]) / BZ(n) and, owing to
the condition o2(n) = 0(A%(n)), we conclude that I>(n)—0 as n — oo. This completes the
proof.

Proof of Theorem 2. We again prove fulfilment of the conditions of Theorem 5. Since
BZ(n) ~ o2(n) as n — oo under the conditions of Theorem 2, the first term in (16) tends
to 118 as n tends to oco. Owing to Lemma 3,

[nt]
> EIZ(k — )] ~

k=1

constant

A%(n) asn — oo, (19)

and appealing to Lemma 4, we find that the second term in (16) converges in probability to 0
as n tends to co. Hence, condition (14) is satisfied with C(¢) = !5,
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In the proof of the fulfilment of the Lindeberg condition, convergence in probability to O
of the term I;(n) in (17) will remain true under the conditions of Theorem 2. Consider I, (n).
Using inequality (12), we find that

[nt]
e 1 ( )
hn) < an(i) B Zﬂ(k) P{|T(k)| > ‘ 3k - 1)}. (20)

It follows, from the Chebyshev inequality and (9), that the second term in (20) is dominated by

4B <
m;ﬂ(mza«— 1).

Using (18), we can prove that the second term converges in probability to O as n tends to co.
Consequently, 1> (n)i>0 as n — oo for each ¢ > 0 under the conditions of Theorem 2. This
completes the proof.

Proof of Theorem 3. Under the conditions of Theorem 3, the first term in (16) tends to 0715
Using (19), Lemma 4, and taking Remark 1 into account, we find that the second term converges
in probability to (1 — 0)72t% as n tends to co. Consequently, condition (14) is satisfied with
C(1) = 01" 4+ (1 — o)1+ = 2%,

The fulfilment of the Lindeberg condition can be proved in a similar manner to that given in
the proofs of the previous theorems. Therefore, its proof is omitted. The assertion of Theorem 3
again follows from Theorem 5.

Proof of Theorem 4. From (3) we obtain

. S Z(k—1)M(Kk)  D(n)
Ay —1= - = . 21
S 22— o) -
Rewrite D(n) as D(n) = D{(n) + D3(n), where
n k—1 n
Di(n) = Z ZM(i)M(k) and D(n) = ZA(k — DM (k).
k=2 i=1 k=2
Consider D1 (n). Since
Di(n) = Z ZM(l)M(k) ZM%I«)
k=1 i=1
using the simple identity
n 2 n k
(Z M(k)) =Dim)+ Y > M@HM®K).
k=1 k=1 i=1
we obtain
Diny = 2 )Y2<1> - Z M (k). (22)

k 1
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It was shown, in the proof of Theorem 1, that

[nt]

) ;E[Mz(k) | 3k — D] = 27 asn — oo

for each r € Ry. Using this and the facts that B%(n) ~ A%(n) and A(n) ~ CA(n)/a(n) as
n — 0o, where C is a positive constant, we can prove that

n
—ZMz(k) 50 asn— 00,
K (n) P

where K(n) = A(n)A(n). It follows, from Theorem 1, that Ynz(l) 2 W2(1) as n — oo.
Taking this into account in (22), we find that, as n — oo,

X Di(n) = 0. (23)

Now we consider D, (n). It is not difficult to see that

n

k—1 n—1 n
Dy(n) =" a@Mk) =Y al) Y Mk).

k=2 i=l1 i=1 k=i+1

Therefore, taking (13) into account, it can be written as

1
X Dy (n) = /o (Yo (1) = Y, (1)) dA, (1),

where A, (t) = A([nt])/A(n), n > 1, are nondecreasing functions of ¢.
Now we consider the sequence of functionals ¥, : D(R;,R) — R, n > 1, defined by

1
W (x) =/0 (x(1) —x(r)) dA, (1).

Since A,(t) — 1" as n —> oo uniformly on compact subsets of [0, co), for all
x,xp, € D(R4, R) such that sup [x, — x| - 0, n — oo, we have |V, (x,) — ¥Y(x)| - 0
as n — 0o, where

1
W(x) = (1+ a)f (x(1) — x(£))t* dt.
0

It follows, from Theorem 1 and Lemma 4.1 of [7], that V,,(Y,) 2 U(W () as n — oo.
Hence, we conclude that

Da(n) = n asn — 0o, (24)

K@)
where

1
n=wa—Q +a)/ W@ d,
0
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Now we consider Q(n). It can be written as Q(n) = Q1(n) +20Q>(n) + Q3(n), where
Qi(m) =) A%k — 1),
k=1

Qa(n) =Y Atk — )(Z(k — 1) — Atk — 1)),

k=1

Q3(n) =Y (Z(k — 1) — Atk — 1))*.

k=1
It follows, from Lemma 3, that

01(n) o -1
Jlim nAZn) Qa+3)"". (25)

To estimate Q> (n), we consider

n (k+1)/n
Q) _ <E> f Y, (1) dt.
nkn) — n) Jijn

Now we define the functionals ®,: D(R4,R) — R, n > 1, by

n—1 (k+1)/n
Du(x) = ZAn(g) [ o
k=1 k

/n

It is easy to see that, for any x, x, € D(R4, R) such that sup |x,, — x| — 0, n — 0o, we have
|, (x,) — P(x)] — 0asn — oo, where

1
d(x) = / () dr.
0

‘We have
0x(n)

1
o _/O Ap()Yy (1) At = W, (Yy),

where ¥, (x) := fol A, (t)x(t)dt. Therefore, again using Theorem 1 and Lemma 4.1 of [7],
we conclude that
02(n)
nkKn)

1
2 f 1w 2ty dr. (26)
0

Since A%(n)/K (n) ~ /2 + a)a(n)//B(1 + a) as n — oo, we have

sz(”) 50 asn— oo. 27)
nA+(n)
Now we consider 1
osm) ',
nB2(0) _/0 Y, (t)dt
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It follows, from Theorem 1 and the continuous mapping theorem, that the right-hand side of
the last equality converges in distribution to fol W2(¢2+®) dr as n tends to co. Therefore, taking
(6) into account and the second relation in (8), we conclude that

Q3(n) »

nAZ(0) — 0 asn — oo. (28)

Now from (21), (23), (24), and (25)—(28), we find that, as n — o0,

nJan) (A, — 1) = Qa + 3)1/%77.

Since 1 can be written as n = (1 + o) fol t4(W (1) — W(t3+*)) dr, we have

1 pl
En2 = / / s“t“R(t, s)ds dt,
0JO

R(t,5) = (1 + ) E[(W(1) — W(s*T)(W(1) — W ()]

where

‘We consider

1 pt 1pl
En’ = / / sY1“R(t, s) ds dt +f / sY1“R(t, s) ds dr. (29)
0J0 0 Jt
By a standard technique we find that the first term on the right-hand side of (29) is equal to
L pt
+2

S BI(W (1) — W)X dsdf = ———

/ofo [(W(D) () 2Ga +4)

In a similar way we find that the second term on the right-hand side of (29) is also equal to
(¢ +2)/2(3a + 4). Hence, we have

y  a+2

En = ——,
7 3 + 4

which implies the desired result. This completes the proof.
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