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The purpose of the present note is to help popularize a 
section of Artin' s "Geometric Algebra" (chapter 1,4; Inter-
science, New York (1957) ) by elaborating on its contents. 
The author will have succeeded when the reader discovers that 
his resul ts a re either presented more simply in Artin ' s book 
or that they are tr ivial corol lar ies of its theorems, in part icular 
of theorem 1.11. 

1. Let V be a finite dimensional vector space over an 
arb i t ra ry field F . The le t ters V , V , . . . denote subspaces 

0 1 
of V. The dimension of V is denoted by dim V . The co-

0 ' 0 
dimension of VA is defined through 

0 & 

codim V = dim V - dim V . 
0 0 

Obviously 
(1) v = V «-> V C V and dim V = dim V . 

The set V" rSV" of all the vectors which lie in both V" 
0 1 0 

and V is a subspace. The sum V + V of V and V is the 

smallest subspace of V which contains both V and V It 
0 1 

consists of all the vectors 
v = v + v where v € V , v € V . . 

2 0 1 0 0 1 1 
If V rSV = 0, this decomposition of v , is unique and the sum 

0 1 2 
V„ + V is said to be direct. We then write 'V + V . 

0 1 0 1 

It is well known that 
(2) dim (V + V ) + dim (V nV ) = dim V + dim V . 
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Hence 
(3) codim (V + V ) + codim (V rSV ) = c'odim Vn + codim V . 

2. Let W be a second finite dimensional vector space 
over F with the subspaces W , W , . . . . The bilinear form 

0 1. : 
f: v,w -*- (v,w) 
maps all the pairs of vectors v € V, w € W onto elements of 
F. If v or w is kept fixed, this mapping is required to be 
linear in w respectively v. Thus e. g. 

*V ' X1W1 + X 2 W 2* = X i ^ v , w i ^ + X2^V,W2^ 
for all v € Vf w € Wf w c W, Xj € F, \ € F. The vector 

1 2 1 2 
spaces V and W are said to be paired. 

Every sub space V of V now determines a new sub space 

V* C W through 
0 & 

V 0 = ^ w l { v o , w ) = ° for aI1 V0 € V * 
Similarly define W CV through 

*WQ = {v|(v,wQ) ="0 for all wQ € WQ). 

We call 
V* = {wj(v,w) = 0 for all v € V} 

the right kernel and 

*W = {v|(v,w) = 0 for all wc W} 
the left kernel of f* 

Obviously 
f VQ C V implie s V*CVj 

( 4 ) J W C W implies *W C *W 
t 0 1 ^ 1 0 

In particular 
(5) V*CV* and *W C *Wrt for all V„, W . 

0 0 0 0 

If v € V, then (v,v*) = 0 for all v* c V*. Thus vc *(V*). 

Hence VC*(V*}. Trivially V ) C V . Hence 

(6) V = * ( V * ) , W = (*W)*. 
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3. We w i s h to ver i fy 

(7) (VQ + V 4 ) * = V*^V* , *(W 0 + W4) = * W 0 ^ * W t . 

It suff ices to d i s c u s s the f i r s t f o rmu la . 

Since V C V + V and V C V + V , (4) i m p l i e s 
0 0 1 1 0 1 

(V + V ) * C V * and (V„ + V ) * C V * . v 0 l ' 0 0 1 - 1 
Thus 

x 0 l ' 0 1 

C o n v e r s e l y let w € V V N V * , v € V + V . Then t h e r e 

a r e v e c t o r s vr t € V , v € V such tha t v = v^ + v . Since 
0 0 1 1 0 1 

w € V'T, we have (v , w) = 0 ; a l s o w € V i m p l i e s (v , w) = 0 . 
0 0 1 1 

Hence 
(v ,w) = (v + v ,w) = (v A ,w) + (v ,w) = 0 + 0 = 0. 

U 1 U 1 

T h i s r e m a i n s va l i d for e v e r y choice of v . Hence w € (V + V ) 
7 0 1 

v J o V j c O ^ + v / . 

T h i s y i e l d s (7). 

If we spec i a l i z e in (7) V = ^W, we obtain on accoun t 
1 

of (6) 

(V + *W)* = V*W*W)* = V*^W v 0 0 0 

o r 

(8) (V + *W)* = V*; s y m m e t r i c a l l y *(W + V*) = *W . 

J, 

In the next t h r e e sec t ions we d e t e r m i n e d im VW . 
0 

4 . If Y i s a p r o p e r subspace of the a r b i t r a r y finite 

d i m e n s i o n a l v e c t o r space Y, then t h e r e e x i s t s a l i n e a r f o r m 
in Y which v a n i s h e s iden t ica l ly in Y but not in Y. Th i s can 
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be r e s t a t e d a s fo l lows: Le t Y be a sub space of Y. If e v e r y 

l i n e a r f o r m which v a n i s h e s iden t i ca l ly in Y a l s o v a n i s h e s 

iden t i ca l ly in Y, t hen Y = Y. 

Apply t h i s o b s e r v a t i o n to the dual v e c t o r space X! of the 

v e c t o r space X and to a s u b s p a c e X' of X ! ( thus Xf con­

s i s t s of the l i n e a r f o r m s in X). Since the space of a l l the l i n e a r 

f o r m s in X' m a y be ident i f ied wi th X, we obta in : 

Le t X' be a s u b s p a c e of the dual space X' of the v e c t o r 

space X. Suppose to each x € X, x 4 0 t h e r e e x i s t s an e l e m e n t 
of X' which does not ann ih i l a t e x. Then X' = X' . 

0 0 

5. We now r e t u r n to ou r b i l i n e a r f o r m f. Le t 

W r \V* = 0. 

Map e a c h v e c t o r v € V onto the l i n e a r f o r m ( v , w ) in W . 

T h u s V i s m a p p e d h o m o m o r p h i c a l l y into the v e c t o r space W 

of a l l the l i n e a r f o r m s in W . By o u r a s s u m p t i o n , t h e r e e x i s t s 

to e a c h w a v such tha t ( v , w ) 4 0. Hence by 4. the i m a g e 

of o u r h o m o m o r p h i s m i s the whole of W . 

The i m a g e of the v e c t o r v , i. e. the l i n e a r f o r m (v, w ) 

v a n i s h e s i den t i ca l l y in W if and only if v € *W . T h u s *W 

i s the k e r n e l of t h i s h o m o m o r p h i s m and V/ rW is i s o m o r p h i c 

to W ' . In p a r t i c u l a r 

c o d i m *W^ = d i m V / * W „ = d i m W . 
0 0 0 

Since a v e c t o r space and i t s dual have the s a m e d i m e n s i o n , we 
therefore have 

(9) codim *\V = dim W^ if W rN* = 0. 
0 0 0 

6. If V * C W . then there i s a W such that W = 
0 1 0 

W + V*; cf. 1. By (8) 
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Hence by (9) 

*W„ = *{W + V*) = *W . 
0 1 1 

5§e 3}e 

cod im WA = cod im WJ = d im W 
0 1 1 

o r 

(10) cod im *W„ = d im W„ » d im V* if V* C W . 
' 0 0 0 

S y m m e t r i c a l l y 

( 1 0 ' ) cod im V* = d im V - d im *W if * W C V . 
x ' 0 0 0 

F ina l ly le t W be any sub space of W. C o n s i d e r the r e ­

s t r i c t i o n of the f o r m f to the p a i r of s u b s p a c e s V, W . If 

w € W is given, then (v ,w ) = 0 for a l l v € V if and only 

if w € V*r\W . Hence (10) i m p l i e s 

(11) codim *W^ = dim W„ - d im ( v V > W J . 
0 0 0 

This fo rmu la con ta ins (9) and (10). 

The c a s e W = W of (11) y i e l d s 

(12) cod im W = d im W - d im V = cod im V . 
Th i s n u m b e r i s ca l l ed the r a n k of f» 

7. If w c W„, then ( * w „ , w j = 0 for a l l *w € *W . 
0 0 s 0 0' 0 0 

Hence w € ( * W ) * and t h e r e f o r e W C ( * W j * . By (5), 

V* C (*W )*. T h i s y i e l d s 

WQ + V * C ( * W Q ) * . 

On the o t h e r hand, * W C * W . Hence by (101 ), (12), 

and (11) 

cod im (*W )"* = d im *W - dim *W 

= cod im W - codim W 
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= cod im V* - d im W + dim (VV\W ) 

= cod im V + cod im W - cod im (V <^W ) 

= c o d i m (V* + W j . 

The p r i n c i p l e (1) t h e r e f o r e i m p l i e s 

(13) (*W )* = W + V*, s y m m e t r i c a l l y *(V*) = V + *W. 

8. The equat ion 

(14) *(WQrSW4) = *WQ + * W i 

need not be t r u e . 

Since W A W C W and W n W C W , we a lw ays have 

*W C * ( W /^W ) and *W C *(W r>W ) 

and hence 

(15) *WQ + *W± C * ( W Q ^ W 1 ) . 

T h u s by (1), (14) i s equ iva len t to 

(16) c o d i m (*W + *W ) = c o d i m *(W ^ W ). 

By (3), (7), and (11) 

c o d i m (*W + *W ) - cod im * ( W ^ W ) 

= cod im *W + c o d i m *W - c o d i m ( * W A * W ) - c o d i m * ( W r \ W ) 

= cod im *W + cod im *W « cod im "(W + W ) - cod im *(W rSW ) 

= { d im W„ + d im W - d im ( W„ + W ) - d im ( W rVW )} 1 0 1 0 1 0 1 n 

- { d i m ( V * ^ W J + d i m ( v V > W ) - d im(V*rMW^ + W )) 
0 1 0 . 1 „ 

« d i m ( V * n W n W )} 

= 0 - { d i m ( V * ^ W + V*rSW ) » d i m ( v V s ( W + W ))} . 

Thus (16) i s equ iva len t to 

(17) d im ( V V N W + vV>W ) = d im (V*r>(W + W )). 
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Obviously 

V W t f + V*^W C V * A ( W A + W ). 
0 1 0 1 

Hence (17) is equivalent to 

(18) V^VSW + V*^W = V*W(W + W ). 

This yields the result that (14) and (18) are equivalent. 

If V * C W , both sides of (18) are equal to V*. Hence 

(14) then holds t rue. 

K 0 0 0 0 

The reader will verify that 

and prove that 

(19) V„ + *Wrt = V <*+ V * A W CV*. 
x ' 0 0 0 0 

9. We have V* = *W = 0 if and only if 

codim "W = dim V, codim V* = dim W. 
The form f is then said to be regular. Formula (12) then 
implies 

dim V = dim W. 

We call f regular in V , W if the restr ic t ion of f to 

V^, W^ is regular . Since the restr ict ion has the kernels 
0 0 B 

*W rSV and V*/^tT, we have 
0 0 0 0 

THEOREM 9 - 1 . f is regular in V , W if and only if 

VVNW,, = *W,/S\T = 0. 
0 0 0 0 

This regularity implies 
(20) dim V s dim W . 

0 0 

We readily deduce by means of (19) 

COROLLARY 9 . 2 . f is regular in V , W if and only if 
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•(21) V„ + *Wr t = V, Wrt + V* = W. 
x ' 0 0 0 0 
Formulas (20) and (21) imply 

COROLLARY 9 . 3 ' . If f is regular in V , W , then 

dim V = dim W^ = codim W^ = c.odim V 
(22) 0 . 0 ^ 0 0 

< codim W = codim V"̂  = rank f. 

10. We call f maximally regular in V , W if f is 

regular in V , W and if equality holds in (22). F rom 

codim *W = codim *W, *W C*W 

we then obtain 

(23) *W = *W; symmetrical ly V* = V*. 

Hence by (21), 

(24) V + *W = V, W + V* = W. 

Conversely, (24) yields on account of (11). and (12) 
that 

codim *W„ = dim W„ - dim (V*rSW) 
0 0 ^ 0 

= dim W = codim V = codim W. 

This implies (23} and (21). This proves 

THEOREM 10.1 . f is maximally regular in V , W 

if and only if (24) holds t rue . 

COROLLARY 10.2 . f is maximally regular in V , W 

if and only if (21) and one of the equations (23) hold t rue . 

By means of (24) we can readily construct pa i r s V , 

W in which f is maximally regular . We only have to choose 

V t W independently of one another such that 

V n * W = 0, dim V = codim *W 
0 0 
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and 

W A V * = 0, dim W = codim V*. 

Obviously, V and W are determined uniquely (mod W) 

respectively (mod V ). 

11. We now assume that V and W are both equal to 
the same vector space E. We then obtain theorems on general 
bi l inear forms f in E. On account of (12), the rank of f 
can be defined through 

rank f = codim E = codim E . 
If rank f = dim E, f may be called regular in E. By corollary 
9 .2 , the restr ic t ion of f to the subspace E of E is regular 
if and only if 

(25) EA + *E n = EA + E* = E. 

Suppose e. g. 

(26) EQ + E* = E. 

Then E^r\E* = 0 and (19) implies E^ + *E^ = E. By (9) we 
0 0 0 0 

have codim *E^ = dim E . This yields E^ + *E^ = E. Hence, 
0 0 ^ 0 0 

THEOREM 11.1 . Formula (26) implies the regularity 
of the res t r ic t ion of f to E . 

We call f again maximally regular in E if (25) holds 

t rue and if dim E = rank f ; cf. (22). By theorem 10. 1, f is 

maximally regular in E if and only if 

(27) E + *E = E + E* = E. 

This readily yields 

THEOREM 1 1 . 2 . f is maximally regular in E if and 

only if 

257 

https://doi.org/10.4153/CMB-1961-028-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1961-028-3


E^r\*E = E^rSE* = 0 

dim E = rank f. 
0 

Finally we show 

THEOREM 1 1 . 3 . There a re sub space s E of E in 

which f is maximally regular . 

Since dim E = dim E''\ this theorem is an immediate 
corollary of the observation that two sub space s of the same 
dimension have a common complement. For the sake of com­
pleteness we include a proof. 

Let e . . . . , e be a bas i s of Er^E'\ By means of 
1 k 

the vec tors 

ei' •••* \ Lv •••' v 
we complete it to a bas i s of E [of E^] . Thus the vec tors 

\co) e , . . . , e , e . *- • . * , e , e , . . . , e 
1 k 1 h i h 

form a bas i s of E + J£T. We complete it to a bas i s 

(29) e . . . . , e , e , . . . , e_ , e , . . . , en , e ' f . . . , e' 
1 k 1 h i h i m 

of E. We wish to show that the vec to rs 
(30) *e , + e* . . . , *e + e* e' . . . , e' 

1 1 h h i m. 
span a sub space E satisfying (27). 

Suppo se 

e = S \\*em + e?) + S > J e I € E rSE*. 

Then 

Z ^ e ! = e - S \ \ * e + e*) c *E + E*. 
J i i 

Hence this vector is a l inear combination of the vec tors 
(28). Since its representat ion as a l inear combination of the 

vec tors (29) is unique, the p. must vanish and we have 

e = S \X(*e + e*). 
i i 

?c.c 
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This y i e l d s 

£ XX*e. = e - S XXef c *Er<E*. 
l i 

i* 
Therefore 2 X è. = 0 and hence 

l 

X s . . . s x s 0 ; e = 0. 

Thus E /*SE = 0 and the v e c t o r s (30) are l inearly independent. 

Symmetr ica l ly E n E = 0. Finally 

dim E + dim *E = (h + m) + (k + h) = k -f 2h + m = dim E. 

This proves (27). 

In concluding the author w i s h e s to thank Dr. Wonenburger 
for her kind help in the preparation of this paper. 

Collin1 s Bay, Ont. 
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