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Abstract

We study in R3*! a system of nonlinearly coupled Klein-Gordon equations under the null condition, with (possibly
vanishing) mass varying in the interval [0, 1]. Our goal is three-fold, which extends the results in the earlier work
of [5, 3]: 1) we want to establish the global well-posedness result to the system that is uniform in terms of the
mass parameter (i.e., the smallness of the initial data is independent of the mass parameter); 2) we want to obtain a
unified pointwise decay result for the solution to the system, in the sense that the solution decays more like a wave
component (independent of the mass parameter) in a certain range of time, while the solution decays as a Klein-
Gordon component with a factor depending on the mass parameter in the other part of the time range; 3) the solution
to the Klein-Gordon system converges to the solution to the corresponding wave system in a certain sense when the
mass parameter goes to 0. In order to achieve these goals, we will rely on both the flat and hyperboloidal foliation of
the spacetime and prove a mass-independent L2—type energy estimate for the Klein-Gordon equations with possibly
vanishing mass. In addition, the case of the Klein-Gordon equations with certain restricted large data is discussed.
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1. Introduction
1.1. Motivation and review of the classical results

The study of nonlinear wave equations, nonlinear Klein-Gordon equations and their coupled systems
has been an active area of research for decades, and the question ‘what kind of quadratic nonlinearities
lead to global-in-time solutions?’ has attracted special attention from researchers. In addition to the
mathematical interest and challenges, such studies are also motivated by the Einstein equations, the
Einstein-Klein-Gordon equations, the Yang-Mills equations, the electroweak standard model and many
other important models from mathematical physics. Recall that, on the one hand, wave equations in
R3*! with null form nonlinearities were proved to admit global-in-time solutions independently by
Klainerman [14] and Christodoulou [2] (and Klainerman identified the class of null forms); see also the
generalizations of null condition to the weak null condition in [19, 20] and to the non-resonant condition
n [22], for instance. On the other hand, it was shown by Klainerman [12] and Shatah [23] that Klein-
Gordon equations with general quadratic nonlinearities in R>*! admit small solutions. In addition, the
global well-posedness results for different types of coupled wave and Klein-Gordon systems, with or
without physical models behind, were obtained; see, for instance, [1, 6, 5, 7, 9, 10, 11, 15, 16, 17, 18,
21, 27].

It is well known that (linear) Klein-Gordon components decay +~1/2 faster than the (linear) wave
components in R"*! (n > 1) and that the presence of the mass term allows one to control the L?~type
energy of the Klein-Gordon components by their natural energy. Both of these make it less difficult
to study nonlinear Klein-Gordon equations in R3*!. When it comes to the study of nonlinear wave
equations, we can utilise the scaling vector field, which makes it easy to apply the Klainerman-Sobolev
inequality, and we can rely on the conformal energy estimates to obtain L’>—type energy estimates for
wave components (with no derivatives). Thus, we can see from the simple comparisons above that
different features help to study pure wave equations and pure Klein-Gordon equations.

Concerning the fact that Klein-Gordon equations become wave equations when the masses are set
to be 0, a natural interesting question is that for Klein-Gordon equations with varying mass in [0, 1],
what kind of quadratic nonlinearities can ensure small data global existence results that are uniform in
terms of the varying mass parameter? Our primary goal is to prove that all kinds of null nonlinearities
can uniformly guarantee global existence results for systems of Klein-Gordon equations with mass
varying in [0, 1]. Such results are known to be valid at the end points 0, 1, which correspond to wave
equations and Klein-Gordon equations with fixed mass, respectively. But more is involved if one wants
to get global existence results uniform in terms of the mass parameter in [0, 1], because, for instance,
we cannot use the scaling vector field, cannot obtain mass-independent L’>—type estimates by the mass
term or by the conformal energy estimates, and so on. The main difficulties arise when the mass is
close to 0, which is why we refer to this problem as the zero mass problem of the Klein-Gordon
equations.

In addition, the study of the Klein-Gordon equations with varying mass (especially when the mass
goes to 0) is also motivated by the study of mathematical physics. We briefly recall in [5] that when
studying the electroweak standard model, there appear several Klein-Gordon equations with different
masses, and physical experiments have verified that some of the masses are extremely small (close to
0 but still positive) compared to others. Thus it is important to obtain results that are uniform in terms
of the small masses for Klein-Gordon equations. Since the cases of m = 0, 1 have been well studied,
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we will only focus on Klein-Gordon equations with one single mass m € [0, 1] to capture the most
interesting feature instead of coupling with Klein-Gordon equations with masses 0, 1.

1.2. Model of interest

We will consider the following system of coupled Klein-Gordon equations with varying mass m € [0, 1]:
—ov; +m?v; = N5 Qo(vj,vi) + M P Qp (v, vi), (1.1

with initial data prescribed ont =7y =2
(v 0rvi) (t0) = (vio, vit)- 1.2)

In the above, O = 77"'3 Oqp is the wave operator, where n = diag(-1,1,1,1) is the metric of the
spacetime, and the Einstein summation convention is adopted. We note that Qo (v, vk) = dav;0%vi
and Qg (v}, Vi) = 0av;0gvi — 0oviOgv; are classical null forms of Klainerman. The indices i, j, k €
{1,---, No} with Ny the number of equations (also the number of unknowns), and we use a, b, c,--- €
{1,2,3} and a, B, v, - -- {0, 1, 2,3} to denote the space indices and the spacetime indices, respectively.
Throughout the paper, we will also use A < B to indicate A < CB, with C a generic constant
(independent of the mass parameter m).

Atthe end points of m = 0 and m = 1, the small data global existence result (as well as other properties
of the solution) for the system in equations (1.1)—(1.2) is well known, and the proofs are conducted
depending on the different features of the pure wave equations and the pure Klein-Gordon equations.
Here we want to establish the global existence result and explore the properties of the solution for the
system in equation (1.1), which are uniform in terms of the mass parameter m € [0, 1], by which we
mean the smallness of the initial data is independent of m. In addition, we derive the unified pointwise
decay result for the equations, by which we mean the pointwise decay result unifies the wave and
the Klein-Gordon equations with explicit dependence on the mass parameter m. In addition, it is also
interesting to show that the solution to equation (1.1) converges to the corresponding wave system when
m — 0. Since some features of the pure wave equations or the pure Klein-Gordon equations cannot be
relied on when obtaining the uniform result, the analysis of the proof is more subtle and requires new
insights.

1.3. Difficulties and new observations

When studying the Klein-Gordon equations, the most well-known difficulty is that one cannot use
the scaling vector field because the scaling vector field does not commute with the Klein-Gordon
operators. However, more difficulties arise in studying the Klein-Gordon system with possibly vanishing
mass.

First, in order to apply Sobolev—-type inequalities to obtain pointwise decay results for the Klein-
Gordon components v = (v;) or to estimate the null forms, we need to bound the L>~type norm for
vi, which is supposed to be mass-independent, and this is the most difficult part. On the one hand,
the presence of the mass term in the Klein-Gordon equation does not seem to help obtain the L>—type
energy estimate. That is because what we can get from the mass term is only

m|v|l;2 < B, ie. |[vll2 <m™'B,

'which is mass-dependent, and very unfortunately, the bound for ||v||;2 blows up when m goes to O;
and in the above, B represents some bound from the energy estimates. On the other hand, the conformal
energy estimates allow one to get the L2—type estimates for wave components (i.e., the cases of m = 0),

1m~! is interpreted as +co when m = 0.
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but they can no longer be applied due to the presence of the mass term, which means we cannot obtain
L*—type estimates for v; using the conformal energy. Second, the solution to the system in equation
(1.1) does not decay sufficiently fast. In general, we can expect solutions to Klein-Gordon equations
with fixed mass to decay like r~3/2 in R**!, but due to the possibly vanishing mass m € [0, 1], the best
we can expect for the Klein-Gordon components v; is the (mass-independent) wave decay

|Vi| < lil’

and the (mass-dependent) Klein-Gordon decay

lvi| < m™'732.

In addition, the null form of the type 0“v;0d,vi does not seem to decay sufficiently fast. It is not
consistent with the Klein-Gordon equations since we lack the scaling vector field to gain a good factor
of t~! from A%V ;0. Last but not least, there are some difficulties in gaining the factor #~! from the
null forms Qo(v;, vk), Qep(v;, vk) in the highest-order energy estimate, which again is due to the lack
of the conformal energy estimate.

In order to tackle the problems caused by the presence of the possibly vanishing mass term, we will
rely on the following key observations and insights. First, we will use the hyperboloidal foliation of
the spacetime to prove the (uniform) global existence result for the system in equation (1.1), which is
developed by Klainerman [12], Hormander [8], LeFloch-Ma [16], and so forth. We will take advantage
of the fact that the null forms (Qo, Q o) can be decomposed as sums of products of good components
in the hyperboloidal foliation setting (see Lemma 2.4); this is true even for the highest-order energy
estimate. As a consequence, we are able to obtain the mass-dependent pointwise decay result

|vi(t,x)| <m 32,

Next, we will move to the usual flat foliation of the spacetime to show the unified pointwise decay result,
which is the most difficult part. To achieve this, we will obtain the mass-independent L’>—type norm
estimates for the solution v = (v;) by using tricks from the Fourier analysis. To be more precise, we
write the Klein-Gordon equation in the Fourier space and solve the corresponding ordinary differential
equation to get the solution in the Fourier space, and then obtain the mass-independent L?—type norm
estimates for the solution v = (v;) (see Proposition 3.1). However, according to Proposition 3.1, in order
to get sufficiently good L’>—type estimates for the solution, we need to gain the extra factor ¢! from the
null nonlinearities. For the null forms of type O ,g, we easily have

1
|Qap(vivi)| < ;(|FVj||aVk| +[Tvi]|dvj]), I € {04, Qab> La},
and for the higher-order case, the following observation (from [11]) helps

Qap(vj,vi) = 0a(v;Ogvi) — p(daviv;),

thanks to the hidden divergence form of the null nonlinearities Q ,g. For the null forms of type Qy, at
first glance, it does not seem to be possible to gain the factor ~! from the null form Qg because we do
not have good control over the scaling vector field. But we observe that a nonlinear transformation will
help, which transforms the quadratic term Q to the sum of cubic terms and quadratic terms with a good
factor m? in front. These observations allow us to obtain the mass-independent L?—type estimates, and
hence the mass-independent pointwise decay result for the solution

|Vi(t’x)| < t_l

can be obtained with the aid of the Klainerman-Sobolev inequality in Proposition 2.6. More details
follow. We will divide the solution into several parts and analyse each part according to its features. For
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the parts where we can gain ¢~! factor from the null form or the nonlinearities are cubic, Proposition
3.1 will be sufficient to obtain the mass-independent pointwise decay. For the part with quadratic
nonlinearities with the good factor m?, we will carefully study the m-dependent relation of the norms
of the nonlinearities and try to gain the factor m to cancel the one appearing in the energy.

1.4. Main theorem
Now we provide the statement of the main result.

Theorem 1.1. Consider the system of Klein-Gordon equations (1.1) withmass m € [0, 1], andlet N > 6
be an integer. There exists small €y > 0, which is independent of the mass parameter m, such that for
all € < €y and all compactly supported initial data that are small in the sense that

Viollgn+t + [lvitllg~y < €, for all i, (1.3)

then the Cauchy problem in equations (1.1)—(1.2) admits a global-in-time solution v = (v;). In addition,
the unified decay of the solution is obtained

1
|v1-(t,x)| S iR (1.4)

In the proof of Theorem 1.1, we will always assume m € (0, 1] unless specified since the result for
the case of m = 0 is well-known and classical. We will also assume the initial data (v;o, v;1) are spatially
supported in the unit ball {(x, ) : t =ty = 2, |x| < 1}, but the results in the theorem still hold for all of
the initial data prescribed at any t = constant with compact support; see the remark in [6] that is below
the main theorem there. We note that the compactness assumption implies

vitllzssrsy S vitllezweys

and this will be used when applying Proposition 3.1.

It can be seen from Theorem 1.1 that the global existence result and the pointwise decay result
are both consistent with the cases of m = 0 and m = 1, which are the usual wave equations and the
usual Klein-Gordon equations (with fixed mass). It is worth mentioning that the unified decay result
in equation (1.4) shows that the solution decays more like a wave component (with no m dependence)
as t~! in the time range t € [to, m~2), while it decays more like a Klein-Gordon component (with m
dependence) as m~'173/? in the rest of the time range (if non-empty). In addition to the results contained
in Theorem 1.1, we have the following convergence result, which tells us that the solution to the system
in equation (1.1) converges to the solution to the corresponding wave system (i.e., the system in equation
(1.1) with m = 0) in a certain sense. Let

p(m m € [0, 1],

denote the solution to the system in equation (1.1) with mass m, and we can now demonstrate the
convergence theorem.

Theorem 1.2. Consider the system in equation (1.1), and let the same assumptions in Theorem 1.1 hold.
Then the solution to the system in equation (1.1) with mass m converges to the system in equation (1.1)
with m = 0, in the sense that (with0 < 6 < 1)

00" L7 (v —vO)|| 5 +m||o LT (v v )|, s mP™e, [+ <N (L5)

We note that Theorem 1.2 indicates that the solution v(™ tends to v(?) at the rate m> when m — 0
on each fixed slice t = constant, but the bounds for the energy of the difference v — v blow up as
t — +oo for each fixed m.
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The study of the zero mass problem of the Klein-Gordon equations is a new subject. We recall that
such studies have appeared in earlier work [5, 3], where the zero mass problem for Dirac equations (we
note that Dirac equations can be transformed into Klein-Gordon equations) and Klein-Gordon equations
with divergence form nonlinearities were investigated. In this paper, we extend the earlier work to be
able to treat quadratic nonlinearities satisfying the null condition, which is a big step forward. It is
also natural to deal with null forms as they frequently appear in the field of wave and Klein-Gordon
equations. Of great mathematical interest, the zero mass problem for the Klein-Gordon equations with
more types of nonlinearities, as well as in the low dimension cases, is to be studied, which also seems
very promising and challenging.

1.5. Further discussions

The goal of this part is to discuss one way to show global existence for nonlinear Klein-Gordon equations
with some restricted bounded large data. For general bounded large data, our method does not apply.

For simplicity, we consider the Klein-Gordon equation with m € (0, 1] (note we exclude m = 0 with
no harm)

— Ou+m?u = 8,udu,

1.6
(1,8,0) (1 = 0) = (g, ) = (0,0). (o

From Theorem 1.1, we know there exists € independent of m, such that for all compactly supported
initial data satisfying the smallness condition

luollr7 < eos

the Cauchy problem in equation (1.6) admits a global solution with pointwise decay

1
u(t,x)| § ——.
(2. %) t+mr3/?

We introduce the new spacetime variables
(T, X) = (mt, mx)
and define the function
U(T,X) =u(m™'T,m™'X) = u(z,x).

A simple calculation shows that U(T, X) solves the nonlinear Klein-Gordon equation with fixed mass
1, which reads

OrdrU(T, X) — Za: OxadxaU(T, X) + U(T,X) = —(6r U(T, X))* + zal (AxaU(T, X))7, .
(U(T, X), 00 U(T, X))(T = 0) = (Up(X),0),
in which
Uo(X) = uo(m™'X).
We observe that

105 Uoll 2 g3y = m**  oxuollaesy. 111 <7.

https://doi.org/10.1017/fms.2022.22 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.22

Forum of Mathematics, Sigma 7

Clearly, for any chosen non-zero small initial data (up,0) for equation (1.6), we can always pick
m € (0, 1] sufficiently small so that the initial data for equation (1.7) is large: that is, satisfying

[Uollr > €

for any given large constant C;, > 1. This means the nonlinear Klein-Gordon equation (1.7) with fixed
mass 1 admits a global solution even if the size of the initial data is large (but restricted).

1.6. Outline

The rest of this paper is organised as follows: In Section 2, we revisit some notations, Sobolev—
type inequalities and basic results on the Klein-Gordon equations. Next, we provide the key result of
obtaining the mass-independent L?> norm estimates for solutions to the Klein-Gordon equations with
possibly vanishing masses in Section 3. Then we prove the global existence result in Section 4. Finally,
the proof for the mass-independent decay result and the proof for the convergence result are illustrated
in Section 5 and Section 6, respectively.

2. Preliminaries
2.1. Basic notations

We work in the (3 + 1) dimensional spacetime with metric n = diag(—1,1,1,1). We write a point
(2%, x%) = (t,x%), and the indices are raised or lowered by the metric . We use

aa: X a=0,1,2,3,
Qup = Xa0p — Xp04g, a,b=1,2,3, anda < b,
Ly, =x,0; +10,, a=1,2,3

to denote the vector fields of translation, rotation and Lorentz boosts, respectively. For convenience, we
use 0, , L to represent a general vector field of translation, rotation and Lorentz boost, respectively;
and with the notation

V= {aa/s Qub, La}»

I' is used to represent a general vector field in V.

When it turns to the hyperboloidal foliation of the spacetime of the cone I := {(t,x) : t > 19 =
2,t > |x| + 1}, we use Hs = {(£,x) : t> = |x|* + s*} to denote a hyperboloid at hyperbolic time s with
s > so = 2. We note that throughout we will only consider (unless specified) functions with support
in K, since the solution to equation (1.1) is supported in K. We emphasize here that for all points
(t,x) € KN Hs (s = 2), the following relations hold:

s<t<s? x| <t .1

In order to adapt to the hyperboloidal foliation of the spacetime, we first recall the semi-hyperboloidal
frame introduced in [16], which is defined by

9, =0, d = Ta =04+ —0. (2.2)
We can also represent the usual partial derivatives d, in terms of the semi-hyperboloidal frame by
0=y Gu=-"t0,+0, 2.3)
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We denote the Fourier transform of a nice function u by

u) = /R} u(x)e 27x€ g

We recall some properties regarding the Fourier transform, which will be used in the analysis. The
partial derivatives are reflected by Fourier multipliers

Oqu(&) = 2mi& u(§), 2.4)
and the Plancheral identity connects the L> norms between the function and its Fourier transform

lull2 sy = [Jil] g, - 2.5)

2.2. Estimates for commutators and null forms

Estimates for commutators
We first demonstrate some well-known results regarding the commutators of different vector fields,
which can be found in [26, 16].

Lemma 2.1. Let u be a sufficiently regular function with support IC, and denote the commutator by
[[L,I] =TT’ —T'T; then we have

’[aﬂ/’ Ltl]u| + |[aa/, Qab]u| < Z |aﬁu|,
B

i[Lc’ Qab]u| + |[Laa Lb]ul S Z |Ldui’
d
|[Las (s/0)]u| 5 |(s/t)ul, (2.6)
(Lo Las (s/0)1u] < |(s/0yu] + > |(s/0)Leul,

|[Qa’ Lb]ul S Z |ch|
c

Next, we recall the following result from [26], which tells us that the null forms acted by a vector
field still give us null forms.

Lemma 2.2. For all nice functions u, w, we have

0aQo(u, w) = Qo(dau, w) = Qo(u, dow) =0,
3yQaﬁ(”» w) = Qaﬁ(a)/”» w) — Qaﬁ(“v 67W) =0,

LaQO(u7 W) - QO(LaM, W) - QO(Ms Law) =0, (27)
iLuQaB(uv W) - Qaﬁ(Lau’ W) - Qaﬁ(uv Law)| < Z |Q(1’ﬁ’(u’ W)i
o p

Estimates for null forms
We first recall the classical estimates for null forms of the type O .z, which can be found in [26].

Lemma 2.3. We have for sufficiently regular functions u, w with support in K = {(t,x) : t > to,t >
|x[ +1}

|Qap(u, w)| < = (ILulldw| + |0u]|Lw]). (2.8)

~ | —
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In addition, following from [17] of the hyperboloidal setting, we also have the following estimates
for all types of null forms.

Lemma 2.4. It holds for smooth functions u, w with support in IC = {(¢,x) : t > to,t = |x| + 1} that

10014, w)] + Qg w)| < (s/0)21Budw] + )" (18 ,ud 2wl +10,,wd ul). 2.9)

Proof. We revisit the proof for Q¢(u, w) only, from [16], for readers who are not familiar with the
hyperboloidal foliation method.
Recall the semi-hyperboloidal frame

X,
at = QO’ 6a = _TQQO +Qa’

and we express the null form Qg (u, w) in the semi-hyperboloidal frame to get
5? Xq
Qo(u,w) = _t_zéouéow - T(Qouéaw + Qowéa”) + Qa”QaW-

Then the fact |x| < ¢ concludes the estimates. O

2.3. Sobolev-type inequalities

Klainerman-Sobolev inequality

In order to obtain pointwise decay estimates for the Klein-Gordon components, we need the follow-
ing Klainerman-Sobolev inequality, which was introduced in [13]. We need the following version of
Klainerman-Sobolev inequality because it will not need to rely on the scaling vector field Ly = 19; +x“0,
(which is not consistent with the Klein-Gordon equations), and this feature is vital in obtaining the mass-
independent pointwise decay results for the Klein-Gordon components.

Proposition 2.5. Assume u = u(t,x) is a sufficiently smooth function that decays sufficiently fast at
space infinity for each fixed t > 2; then for any t > 2, x € R, we have

lu(t,x)] <t™'  sup ||r’u||L2(R3), L eV={Lagda Qap» =xp —x"8,}. (2.10)

0<#'<2¢t,|I1<3

We will use a simplified version of Proposition 2.5 where we do not need to use the rotation vector
field because we only need to consider functions supported in /C = {(¢,x) : ¢t > 2,¢ > |x| + 1}.

Proposition 2.6. Assume u = u(t, x) is a sufficiently smooth function with support K; then for any t > 2,
x € R3, we have

lu(t,x)| <! sup ||6’LJuHL2(R3). (2.11)

to<t’ <to+2t,|I |[+|J | <3

Proof. The Klainerman-Sobolev inequality in equation (2.11) can be obtained from equation (2.10),
the commutator estimates, and the fact that

DU 1Qapwl £ Y ILawl

a<b a

holds for all nice functions w with support K. O

Sobolev-type inequality on hyperboloids
We now recall a Sobolev-type inequality adapted to the hyperboloids from [16], which allows us to get
the (mass-dependent) sup-norm estimates for the Klein-Gordon components.
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Proposition 2.7. Let u = u(t, x) be a sufficiently nice function with support {(t,x) : t > |x| + 1}, then
forall s > 2, one has

sup|i*Pu(t. 0 < 3 IL ullz o . (2.12)
Hs l71<2

where the symbol L denotes the Lorentz boosts.

The Sobolev inequality in equation (2.12) combined with the commutator estimates gives us the
following inequality:

sup st u(r,x)| < Y I/ ullz2 - (2.13)
Hs 171<2 '

Hardy inequality on hyperboloids
Proposition 2.8. Let u = u(x) be a sufficiently smooth function in dimension d > 3; then it holds

(r=lx|)

”r_l””LZ(Rd) = CZ ||8a”“L2(Rd)' (2.14)
a

The Hardy inequality can also be adapted to the hyperboloidal setting; see, for instance, [16, 17].

Proposition 2.9. Assume the function u is sufficiently regular and supported in the region KC; then for
all s > 2, one has

-1
It llzz (o) Z 10, 2llzz (30,)- (2.15)

As a consequence, we also have

-1
I g2 gy, < Z 10l (3, (2.16)

Sobolev embedding theorem
We recall the following type of Sobolev embedding theorem.

Proposition 2.10. Ler u = u(x) € L%5(R3); then it holds that

u
e e, Ml @.17)

in which A = V-A = v-0,0%.

2.4. Energy estimates for Klein-Gordon equations

Given a function u = u(¢, x) supported in /C, we define its energy &,,, following [16], on a hyperboloid

H, by
Ents) = [
— 2 2 2.2
_/H,. (((s/t)[),u) +Za:(éau) +mu )dx (2.18)

= / ((Qﬂ)2 + Z ((s/1)8qu)” + Z (' Qupu)” + mzuz) dx,

s a<b

((6,u)2 + Z (6au)2 +2(x?/)0;udqu + mzuz) dx

https://doi.org/10.1017/fms.2022.22 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.22

Forum of Mathematics, Sigma 11

in which 8 | := 8, + (x“/t)d, is the orthogonal vector field. The integral L?E (Hy) is defined by

lal?, ., | = / |ul? dx = / (52 + [x P, x)[ dx. (2.19)
7 (Hs) 2, R3
We note that it holds
1/2

”(S/f)a”“L; M) T Z ”Qa”HL} (Hy) S Em(s,u) 2,

which will be used frequently.
Next, we demonstrate the energy estimates in the hyperboloidal setting.

Proposition 2.11 (Energy estimates for wave-Klein-Gordon equations). For m > 0 and for s > so (with
so = 2), it holds that

Em(s,)' 1 < E(s0,u)'? +/ | - ou +m2”“L§.(H ,ds’ (2.20)
2 £}

for all sufficiently regular functions u, which are defined and supported in K, 1 = U <5 <5 Hs'-

The proof of equation (2.20) can be found in [16, 17].
In comparison with &,,, we use E,, to denote the usual energy on the flat slices # = constant, which
is expressed as

E,(t,u) = / |6ui2 +m*u® dx.
R3
Similarly, we have the following energy estimate:

t
En(t,u)'? < Ep(t9,u)'? +/ || —Ou +m2u||L2(R3) dt’. (2.21)
2

3. Mass-independent L> norm estimates for Klein-Gordon equations

We will rely on the following key proposition to obtain the mass-independent L’>—type energy estimates
for the solution to the system in equation (1.1). A similar result was previously obtained in [3], and we
now provide an enhanced version of it. We note that the improvements compared with the results in
[3] mainly include the following: 1) the norm for the right-hand side source is taken to be || - || 65 (g3
in Proposition 3.1 instead of the previous weighted |||x| - ||;2(g3) of [3], which allows us to benefit
from more decay rates in many cases; 2) the norm for the right-hand side source is without r-weight in
Proposition 3.1 compared with the result in [3], and this is expected to treat the non-compactly supported
case where it is much better to get rid of the r-weight in the region r > t.

Proposition 3.1. Consider the wave-Klein-Gordon equation
—0u +m?u = f, (u, Opu) (t0) = (o, ur),
with mass m € [0, 1], and assume

Nluoll 2 r3y + lurll2 ey rois @3y S Cros N Lo msy < Crpt'¥4,
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for some numbers Cy, and Cy. Then we have

Ct0+Cftq, q >0,
||u||L2(R3) < CIO +Cf 10g t, q= 0, (3.1)
Clo + Cf, qg <O.

Proof. We first write the equation of u in the Fourier space (t, &)
6[ 6[ ﬁ + f ,Znﬁ = f
and solve the ordinary differential equation to get the solution

u(t, &) = cos (t&p)up + Sinf(—fm)ﬁl + ;—m /IOI sin ((7 - t’)gm)f(t’) dr’,

with the notations defined by

o = uo, up =u, Em = AT E2 +m? > €]

Next, we take the L? norm in the frequency space to obtain

i, | 2 )

e Sin tg —~ 1 d . ’ o ’
< || cos (tfm)u0||L2(R3) n H ém m)-m 22k5) + “a/t sin ((r — 1)) f(¢') dt .
¢ 0
_ 1 . ! 1 ~ ’ ’
< ||“0||L2<R3>+HE“1 ot /to PR e

which in the physical space reads

u
||u(l‘, ')||L2(R3) 3 ||u0||L2(R3) + “Xl

’

1)
A

L2(R3)

+/l’0
LZ(R3>
“lthl‘ \ 6(16 .

Then by the Sobolev embedding theorem in equation (2.17), we admit

t
Jue(z, ')||L2(R3) S “”0||L2(R3) + ||u1||L6/5(R3) "'/t ||f(t/)HL6/5(R3) dr’,
0

and the simple result of the integral

t
/ t/—1+q dt’
)

implies the desired result of equation (3.1). O

We note in the proof that to obtain the L?—type energy estimates for the solution, we transformed the
original equation to the Fourier space, solved the corresponding ordinary differential equation and then
conducted the analysis. It is worth mentioning that we find such procedures to bound the L?~type norms
for Klein-Gordon equations (with possibly vanishing mass) can also be applied to pure wave equations,
especially in the low dimension where the conformal energy cannot bound the L? norm of the solution;
see, for instance, [4].
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As a consequence, combined with the Klainerman-Sobolev inequality in equation (2.10), we also get

Cpt '+ Cpt714, g >0,
lullLorsy S Coot™' +Crr'logt, g =0, (3.2)
Cot™ ' +Crt7l, g <0,

if additional information for higher-order energy is true (with I € {9, Q, L})

||F1u(t0)||L2(R3) + ||Flatu(t0)||L2(R3)mLG/S(R3) < Ct07 “r1f||L6/5(R3) < Cf [—1+q, |I| < 3.

4. Proof for the global existence result
4.1. Initialisation of the bootstrap method

In this section, we aim to prove the uniform global existence result for the system in equation (1.1) via
the hyperboloidal foliation method.

As usual, we will rely on the bootstrap method. The local well-posedness result allows us to assume
(for all i)

Em(s,0"LIv) 2 < Cre, |1+ |J| <N, @.1)

for all s € [sg, s1) with 51 > s¢. In equation (4.1), C; > 1 is some large constant to be determined, and
€ > 0 is the size of the initial data satisfying Cie <« § < 1, and s is defined by

s1 :=sup{s : s > 59, equation (4.1) holds}. 4.2)

If 51 = +o0, then the global existence result is done. So in the following proof, we first assume s; < +oo
and then deduce contradictions to assert that s; must be +oo.
By recalling the definition of the energy &,,, we easily have the following estimates.

Lemma 4.1. Assume equation (4.1) holds; then for all s € [sg,s1) and |I| + |J| < N, we have the
following estimates:

/000" L vil 2 5y +mll0" L7 vill 2 5 + > lla o L'vill2 0,y 5 Cres
a

“4.3)
||(s/t)aILJav,~||L} o t Z ”aILJQaVi”L% ) S Cie.
~ :

Combined with the Sobolev—-type inequality on hyperboloids in equation (2.12), the following point-
wise estimates are valid.

Lemma 4.2. For all |I|+|J| £ N - 2, we have

(/180" LY vi] + m|o L vi] + 3" |0,0" LY vi| 5 Crer™", 4.4)

In addition to the estimates above, we also introduce estimates obtained by using the Hardy inequality
in equations (2.15)—(2.16). They will not be used in the current section but will be used in Section 5.

Lemma 4.3. The following estimates are valid:

1oLy, < Cie, I <N,
[l v “L}(HS) s Cie 1 +1J] < @5

|0'L7vi| < Crer™ %, I+ |J] < N-2.
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4.2. Improved energy estimates and global existence result

We now want to show the improved energy estimates for the solution v = (v;) and conclude the global
existence result.

Proposition 4.4 (Improved energy estimates). Let the assumptions in equation (4.1) be true; then for
all s € [sg, s1), it holds that

Em(s,0"L7v)? < e+ (Cre)?, 1] +]J] < N. (4.6)

Proof. When the vector field 8/ L7 with |I| + |[J| < N acts on the model equations in (1.1),
we get

~0d" L' vi +m*d" L7 v; = N/*0T L Qo(v,vi) + MI* PO LY Qop (v, vi).

According to the commutator estimates in Lemma 2.2, we can bound the right-hand side as
follows:

N oL Qo(vyvi) + ML Qup (v vi)|
< > (I20(@" L7v,, 62 L7vi)| +]Qap (8" L1y, 0217wy ).

Jik,a.p
L+ <]+ 2 <

Then the estimates for null forms in the hyperboloidal setting in Lemma 2.4 yield

Nl.jkalLJQo(vj, Vi) + MijkaBBILjQwﬁ(Vj, vi)|
< > ((s/t)2|a,a’1Lfl V0,02 L vy
i k,a,a

J
i+ L] <]+ T2 <

410,01 L7v;0,0" L7 vy 419,07 17v4d,0" Lv,]).

We rely on the energy estimates for Klein-Gordon equations on hyperboloids in equation (2.20)
to get

Em(s, 8" LT vi)'?

S ) .
< Em(so,alLJvi)l/2+/ INZ€0" L7 Qo (v, vi) + MI* P! LY Qup (v vi)|| 2 ) 457
S0 s s
A
Se+ > / (/00,01 L1 ;8,07 L vy
j.k,a,a So
ISTARINVARNARN
+18,0"Lv;8 0" L vi| +1]8 07 L"vid 0" L7y | o '
FATEs
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We thus have (since? N > 6)

Em(s, 0" L v)'?
A
s 5 [ (s maan ),z o,
S0

J.k,a,a
[ [+[J1| <N, L |+ 2| <N -2

s /na,0" L 2
f

(S,/t)a’alzl‘hvk”L}“(Hﬂ)

(t/5)0,0" L vi ||
f

(Hy/)” (HS’)

10,077, 0 1000k, ) 05

N
Se+ (C16)2/ 67372 467125 Ly, A7 S €+ (Cr)*.
S0

Hence the proof is done. O

As a consequence of the improved energy estimates in Proposition 4.4, we conclude the global
existence result of the system in equation (1.1).

Proof of the global existence result. We choose C; large and € small such that
2 1
C(E+ (Cre) ) < ECle,
in which C is the hidden constant in equation (4.6), which thus leads us to the improved estimates
1
Em(s, 0" L7 v)'1? < SCie, 1| +|J| < N.

If s; > s¢ is some finite number, then the improved estimates above imply that we can extend the
solution v = (v;) to a strictly larger (hyperbolic) time interval, which contradicts the definition of s; in
equation (4.2). Hence s; must be +oco0, which implies the global existence of the solution v = (v;) to the
system in equation (1.1). O

5. Proof for the uniform pointwise decay result
5.1. Decomposition and nonlinear transformation
Our task in this section is to show the unified pointwise decay estimate in equation (1.4)

1

i"i(t’x)| S t+m3?

which corresponds to the usual wave decay and Klein-Gordon decay with m = 0, 1, respectively. This
is the bulk of the paper.
Recall the system in equation (1.1):

ik ik
—av; +m*v; = N/“Qo(vj,vi) + M! P Qap(vj,vi),
(vi» 0rvi) (t0) = (vio, vi1)-

In order to arrive at equation (1.4), it suffices to show

it x)| s 17", (5.1

2Actually, N > 4 is enough to ensure the global existence result.
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which is because we already obtain

|v,~(t,x)‘ <m 32

in Section 4. To achieve equation (5.1), we first do a nonlinear transformation fromv; toV; = v,-+Nl.j ky iVk
and then decompose V; into pieces

Vi= Vc,i + Vm,i + Vn,i- (5.2)

For clarity, we note that we use V. ; to denote the decomposition with cubic nonlinearities, use V,, ;
to denote the decomposition with nonlinearities with m-dependent factors and use V,, ; to denote the
decomposition with null nonlinearities of the type Q o5. The functions Vs are solutions to the following
(linear) Klein-Gordon equations:

—-aV; + m*V; = Mijka'BQ(,B(vj, Vi) — mle.jkvjvk

jk
+N/ Vi (N;anO(me Vn) + M;nna'BQaB(Vms Vn))

14

jk
+ N,j Vj (N]ianO(Vma V) + M]l:m(lﬁQaf,B(Vm, Vn)),

(Vi, 8:Vi) (10) = (Vio, Vi1) = (vio + N[jkvjovko, Vil + Nijk(VjOVkl +V1vk0))s

(5.3)

ik
—OVei +m*Ve i = N/ vi (NP Qo (Vs va) + Mjm"“ﬁQaﬁ(vm, Vi)
+ N/ (N Qo (Vs i) + M P Q s (Vs V), (5.4)

13

(Ve.ir 8:Ve i) (10) = (Vio, Vi),

—OVin,i + mZVm,i = —m2Nl.jkvjvk, (5.5)
(Vm,i, 8tvm,i)(t0) = (Oa 0)7 .
as well as
—DV,,,,' +m2Vn’i = M{kaﬁQaﬁ(vj’vk)’ (56)

(Vi,is 0: Vi) (10) = (0, 0).

In addition to the decomposition above, we find it helps to utilise the divergence structure of the null
forms of the form Q . if we further decompose the V,, ; part as

Vi = Vo +0,V) . (5.7

We use Vrf i V,Z ; to denote the decomposition with 0 nonlinearities and divergent nonlinearities without

dy, respectively. Similarly, V2

n,i’

VZJ. are solutions to the following (linear) Klein-Gordon equations:

5 25—
-av,;+m°V, =0,

5.8
(Vﬁ,iﬁzVii)(to) =(0,0), (5.8)

_I]Vli + szrZi = MiikYBVjaﬁVk _ Mi/'k(lyvjaa‘)k’ .
(V) 10V ,) (t0) = (0,0).

5.2. The mass-independent L?> norm estimates

Recall that our goal is to obtain the following mass-independent L? estimates for functions Vs, and we
will rely on the bootstrap method one more time to achieve it.
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Proposition 5.1. For all |I|+ |J| < N — 1 (and for each i), we have

10" L (Veis Viniis Viin V) ||L2(R3) +i7°%\|6" L7 oV, ||L2(R3) < Cse, (5.10)

and for all |I| + |J| = N, we have

6" L7 (Ve iy Vinis Vg M| 2 sy + 1721107 L7 0V | 2 sy < Caes (5.11)
in which C3 > C, > C| are some constants to be determined.

We have the following results, which are a consequence of the pointwise decay estimate
|o" L’ dv,00" L'v| < Cret™, 1| +]J| < N -2,
obtained in Section 4.
Lemma 5.2. We have for all |I| +|J| < N — 2 that
En(1,8"L7W)'? < Cret®?. (5.12)

Since we are proving energy estimates for linear equations, we know the solutions already exist. We
first prove the energy estimates for the low-order cases. By the continuity of the energy, we assume the
following bounds are valid for all 7 € [z, 11):

llo" L ( Vcl,le,Vn,,VS Wiz 17000 L0V ooy < Coe M+ <N =3, 513
I J -8\l 1J 41/ )
0" L7 (Veis Vinis Vi M| 2 sy + 1721107 L7 0V il o sy < Coe, 11+ 11 < N =2,
Similar to the definition of s; in Section 4, #; is defined by
ty :=sup{t : t > ty, equation (5.13) holds}. (5.14)
A direct result from the bootstrap assumption in equation (5.13) is the following.
Lemma 5.3. Forallt € [tg, 1), we have
16" L7 V]| 2 g3 S Cae, 1| +]J| <N -3, 515
107 L7V, 250 S Co€t®, NI+ I =N -2,

Proof. Forall |I| +|J| < N — 3, we first have

10" L7V 2 s, < Caes

which simply follows from the relations
Vi=Veit+Vii+Vain  Vai=Vo,+0,V) .,
and the commutator estimate in Lemma 2. 1
|[8. L]u| < |0ul.

Next, we recall it holds that

jk
= Vi - sz ViVik.
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Thus we get
2. o vill
[|+]J|<N-3
s 2 o'Vl + D 10 vilaw, D 10T il
[I|+|J|<N-3 |[T|+|J|<N-3 [I|+|J|<N-3

and the pointwise estimate obtained in Lemma 4.3 yields

Z ||61LJViHL2(R3) < Z ||aILJvi||L2(R3) +Cret™? Z ||aILJv,~||L2<R3),
[|+]J]<N-3 [I|+]J|<N -3 1+ J]<N =3

and the smallness of Cje allows us finally to obtain

DO A D Y 020

[+ [<N-3 [+ J[<N-3

The bound for the case of |I| + |J| = N — 2 can be derived in the same way; hence the proof is
complete. O

We are going to derive the improved estimates under the bootstrap assumption of equation (5.13),
and we first provide the improved estimates for low-order cases.

Proposition 5.4. Let the estimate in equation (5.13) be true; then for any t € [ty, t), we have

16" L7 (Ve i Vim,is Vit Vi o)l
6" L7 (Ve.is Vin,i, Vi) ;)

+170010" L7 V) [ o g5y S €4 (C20)%, N+ <N =3,

+17%|o" L7 oV n,l.HLz(R}) < e+ (Cre)?, [I]+]J| < N -2.
(5.16)

L2(R%)

||L2(R3)

Proof. In terms of the features of each term, we estimate them one by one.
Estimate for ||0” L V,,,i||, > - We start with the easy one, and the energy estimate for the 8” L7V, ;
equation gives

(R3)

t
En(t,0"L'V,y)'? < Em(to,a’LJVm,,-)l/%/ 16" L7 Fy,, il 2 e, s
1y
with
Fy, . = -m*N/ ViVi
Recall the m-dependent pointwise estimate
m|81LJV| < Clet_S/2
and we get
I7J 1/2 IrJ 17J ’
En(t,0"' L Vi)' < e +m / 107 Loy ) 0 LIV g

‘o \I|+|J|<N -2 [ |+]J|<N =2

t
< m’e+ mC16C26/ /7378 4t < mCreCae.

0]

https://doi.org/10.1017/fms.2022.22 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.22

Forum of Mathematics, Sigma 19

Hence the definition of the energy E,, implies that

10" L7 Vins 20, < CreCae.
: IyJy . IjJy. . 17Jy5
Estimates for ||6 L VCJ“LZ(J}@)’ ||(9 L Vn,,”Lz(R@), ||a L'v; “LZ
same when estimating these three solutions, we gather the proof here
For the equations with fast-decay nonlinearities, which is the situation now, we rely on Proposition
3.1 to obtain the m-independent L? norm bounds. Thus it suffices to estimate ||nonlinearities|| L6/5(R3)-

We find for estimating ||61 L’ Ve.i

(R3)" Since the procedure is the

H L2(®3) it suffices to show that

jk
o727 (N7 vk (N Qo (v ) + MY P Q (v v)
[ |[+|7|<N-2

+ N;'ik‘}j (N]zanO(Vm’ V) + M]r:maﬁQaﬁ(Vm, Vn)))
2
D DR (G40 20 D DR Ay s
|[T|+|J|<N-2 [T|+|J|<N-2
cqat Y a0y oL
|[I|+]J|<N-2 [I[+|J|<N-2
$ C2€(C16)2t_4/3+25,

L5/5(R3)

in which we used the estimate in equation (5.12).

Similarly, in order to estimate Hﬁ’ L7 Vi H we need to demonstrate that

L2(R3)’
ik
o' L (M] “BQQ,B(VJ,Vk))||L6/5(R3)
1|+ TT<N-3

<t Z “aILJv“LZ(R3) Z ||661LJV||L3(R3)

|[I|+]J|<N-2 |[I|+]|J|<N-3

D YN L2 D S V2R A

[I|+]|J|<N-3 [I|+]J]<N-3

< szClet_4/3+6.

The estimate for ||61LJV2J.||L2(R3) with |I|+|J| < N —2 is trivial according to Proposition 3.1, since
the equation is homogeneous.

Estimate for ||<3'1LJ(9V3’1.||L2
[I] +|J| < N —2to get

(r3)- We utilise the energy estimate for the equation of d'L’ 9V, with

En(1,0' L7V )12 < / 6" 27 (M]* 7P ;3pvic = MT 70004 || 2 gy 1
[ 10 Loy > 11007 V] s,
0 |I|+|J\<N -2 [T+|J]<N -2

< / Cret’®Cret’™" dt’ < CreCret®.
o

By the definition of E,, and the commutator estimates, we deduce

0" L7 V) [l 2 55y s CoeCrer®, I +1J] < N =2.
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According to the refined bounds in Proposition 5.4, we easily know that the estimates in equation
(5.13) are true for all ¢ € [£g, +o0) after carefully choosing C, large enough and € sufficiently small (we
might shrink the choice of € in Proof 4.2 if needed, and nothing else is affected).

The Klainerman-Sobolev inequality in equation (2.11) together with equation (5.13) provides the
following mass-independent results

0727|235 < C2e, M+ I <N =3,
[0 L V]|, 255y < Coet®, U+ =N -2, (5.17)
||a’L’v||Lm(R3) < Cret ™!, 1] +|J] <N -6,

which are valid for all 7 € [¢¢, +0).
Next, to proceed to prove the bounds of high-order energy in Proposition 5.1, we make new bootstrap
assumptions for ¢ € [#g, t2) (and for all i):

6" L7 (Veis Vinis Vs Va Ml 2y + 170 N0 L7 0V oy < Cie I+ <N -1,
077 (Ve Vi Vi + N0 LV oy < Coes Ml <N, O
Similar to the definition of 71, , is defined by
ty :=sup{t : t > ty, equation (5.18) holds}. (5.19)

Recall that C3 > Cj is to be determined.
We have the following refined estimates for high-order cases.

Proposition 5.5. Assuming the estimate in equation (5.18) is true, then for all t € [to, t2), we have
e+(Cye)%,  |I|+]|J|<N-1,

€+ (Cze)?, 1]+ |J] < N.
(5.20)

L (G A PR

+17000" L7V, | ey

A

||(91LJ (Vc,is Vm,ia Vn,i’ Vr?,i) ||L2(R3)
16" L7 (Ve.is Vi, Vr?,i) ||L2

N

(&)

The proof for Proposition 5.4 also applies to Proposition 5.5, so we omit it. Also, similarly, we can
choose C;3 large enough, and € sufficiently small (we shrink it further if needed), so that we can improve
the estimates in equation (5.18) with a factor 1/2 in front of the original bounds. And this indicates that
the estimates in equation (5.18) are valid for all ¢ € [fg, +0).

The proof for Proposition 5.1 follows from the established estimates in equations (5.13) and (5.18),
which are valid for all ¢ € [f, +c0).

5.3. The mass-independent wave decay for the solution

With the estimates built in Proposition 5.1, we have the following results for the original solution
v =(vi).

Lemma 5.6. For all t € [ty, +), we have

[0"L7v| 25, < C3e, I+ <N -1,

(5.21)
0" L7v]] .

@ S Cset®. I+ |J|=N.

The proof for Lemma 5.6 follows from the proof for Lemma 5.3.
Next, we apply the Klainerman-Sobolev inequality in equation (2.11) to arrive at the mass-
independent pointwise decay results.
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Proposition 5.7. It holds that

< Czet™, [I|+]J| < N -4,
< Czer™ 149, [I|+]J| =N - 3.

lo" 27 v]]
lo"Z7v]]

®) ~ (5.22)

(R3) s

We now establish equation (1.4) in Theorem 1.1.

Proof of equation (1.4). From Proposition 5.7, we obtain the mass-independent pointwise decay result

vl <17,

while the estimates in Lemma 4.2 give us the mass-dependent Klein-Gordon decay

-1

|v,-|sm 17312, m e (0,1].

Combining these two kinds of decay bounds, we are led to

1

‘Vi’ <
But we see equation (5.23) is obviously true for the case of m = 0 (because it is just the case of wave
equations), and hence the proof for equation (1.4) is complete. O

6. Proof for the covergence result

With the global existence result and the unified pointwise decay result prepared in the last two sections,
we now want to build the convergence result when the mass parameter m goes to 0.

(m) ©

Proof of Theorem 1.2. We take the difference between the equation of v,
have

and the equation of v;

( (m) _ (0)) (m) _ (0))

+m (
=y ® £ NFEQo(v ™) O ) 4 IO im0
+ MijkaﬁQalg (vj.m) — v}o), v]((m)) + Ml.jkaﬁQQB(v;O), v,((m) - VIEO)) = F(m),
with zero initial data

(V,(m) - vEO),Btvfm) - azvl@)(’O) = (0,0).

The vector field 3/ L’ with |I| + |J| < N — 2 acts on the equation vf m _ (0) , and then the energy
estimates give

t
En(t,0'L7v"™ — ' L'V ? < (10,0 L™ — 8" L7 v(?)'? +/ 07 L7 FO| 2 g ',
fo

and by the fact |6c’)1 LJV| < Cret !, we further have
IyJ, (m) I7J (0))1/2
Ep(t,0"L7v;™ —8"L'v;”)

t
< m?Cyet +Cie Z / t’flEm(t’,GILJvfm) —BILJVEO))I/ZCII'.
[ |+]J|sN-2 Y1
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In succession, we apply Gronwall’s inequality to obtain

En(t,0" L™ =" L7\ 0)' 2 < m2Cer'+CCre, 6.1)
[I|+|J|<N -2
with C a generic constant.
Thus by choosing € sufficiently small such that CC1e < §/2, we complete the proof for the cases of
[ +|J] < N=2.
Based on the estimates obtained and the Klainerman-Sobolev inequality in equation (2.11), we obtain

Z ”aalLJVlgm) —aalev,@)”Loo
[ |+|J|<N=5

2 5/2.
g3y S m Cret®s;

then for || + |J| £ N with N > 6, we can bound

t t
/ ||31LJF(m)“L2(R3) dx < m*Cet" 92 + Ce / t"lEm(t’,alLJvl?m) _ aILJvl(o))l/z dr',
1) fo

[|+]J|<N
which further yields
Epn(1,0'L7v™ — 0! L7y
[|+lT|<N
t
< m2C1€t1+6/2 +Cie Z / l‘,_lEm(l‘,,aILJVEm) _ aILJVEO))l/Z dr’.
[|+[J]<N Y70

Again, Gronwall’s inequality deduces that (by letting e sufficiently small)

En(t,0"L7v™ =o' L7 v ) < m2Crer™, 6.2)
|I|+|J|<N

Now the proof is complete. O

Acknowledgments. The author is grateful to Philippe G. LeFloch (Sorbonne University) for introducing the problem of ‘The
vanishing-mass problem for wave—Klein—Gordon systems’ to him and for many discussions. The author also would like to thank
Siyuan Ma (Sorbonne University) and Chenmin Sun (University of Cergy-Pontoise) for helpful discussions. The author owes
thanks to Xu Yuan (The Chinese University of Hong Kong) for finding typos. The author is grateful to the anonymous referee for
valuable comments.

Conflict of Interest. None.

Funding statement. This research was partially supported by the China Postdoctoral Science Foundation, with grant number
2021M690702.

References

[1] A.Bachelot, ‘Probleme de Cauchy global pour des systemes de Dirac-Klein-Gordon’, Ann. Inst. Henri Poincaré 48 (1988),
387-422.

[2] D. Christodoulou, ‘Global solutions of nonlinear hyperbolic equations for small initial data’, Comm. Pure Appl. Math. 39
(1986), no. 2, 267-282.

[3] S.Dong, ‘The zero mass problem for Klein-Gordon equations’, Preprint arXiv:1905.08620, to appear in Commun. Contemp.
Math.

[4] S. Dong, Stability of a class of semilinear waves in 2+1 dimension under null condition, Preprint arXiv:1910.09828.

[5] S. Dong, P. LeFloch, and Z. Wyatt, Global evolution of the U (1)Higgs Boson: nonlinear stability and uniform energy
bounds, Ann. Henri Poincaré 22 (2021), no. 3, 677-713.

[6] S. Dong and Z. Wyatt, ‘Stability of a coupled wave-Klein-Gordon system with quadratic nonlinearities’, J. Diff. Equa. 269
(9), 7470-74917.

https://doi.org/10.1017/fms.2022.22 Published online by Cambridge University Press


https://arxiv.org/abs/1905.08620
https://arxiv.org/abs/1910.09828
https://doi.org/10.1017/fms.2022.22

Forum of Mathematics, Sigma 23

[7] V. Georgiev, ‘Global solution of the system of wave and Klein-Gordon equations’, Math. Z. 203 (1990), 683-698.

[8] L. Hormander, Lectures on nonlinear hyperbolic differential equations, (Springer Verlag, Berlin, 1997).

[9] A. D. Ionescu, B. Pausader, ‘On the global regularity for a Wave-Klein-Gordon coupled system’, Acta Math. Sin. (Engl.
Ser.) 35 (2019), no. 6, 933-986.

[10] A.D. Ionescu, B. Pausader, The Einstein-Klein-Gordon coupled system: global stability of the Minkowski solution, (Annals
of Mathematics Studies, 213, Princeton University Press, 2022).

[11] S. Katayama, ‘Global existence for coupled systems of nonlinear wave and Klein-Gordon equations in three space dimen-
sions’, Math. Z. 270 (2012), 487-513.

[12] S. Klainerman, ‘Global existence of small amplitude solutions to nonlinear Klein—-Gordon equations in four spacetime
dimensions’, Comm. Pure Appl. Math. 38 (1985), 631-641.

[13] S. Klainerman, ‘Uniform decay estimates and the Lorentz invariance of the classical wave equation’, Comm. Pure Appl.
Math. 38 (1985), no. 3, 321-332.

[14] S.Klainerman, The null condition and global existence to nonlinear wave equations: Nonlinear systems of partial differential
equations in applied mathematics, Part 1 (Santa Fe, N.M., 1984), Lectures in Appl. Math., vol. 23, (Amer. Math. Soc.,
Providence, RI, 1986), pp. 293-326.

[15] S. Klainerman, Q. Wang, and S. Yang, ‘Global solution for massive Maxwell-Klein-Gordon equations’, Comm. Pure and
Appl. Math. 65 (1), 21-76.

[16] P.G. LeFloch and Y. Ma, The hyperboloidal foliation method for nonlinear wave equations, (World Scientific Press,
Singapore, 2014).

[17] P.G. LeFloch and Y. Ma, ‘The global nonlinear stability of Minkowski space for self—gravitating massive fields. The wave—
Klein—Gordon model’, Comm. Math. Phys. 346 (2016), 603-665.

[18] P.G. LeFloch and Y. Ma, The global nonlinear stability of Minkowski space. Einstein equations, f(R)-modified gravity, and
Klein-Gordon fields, Preprint arXiv:1712.10045.

[19] H. Lindblad and I. Rodnianski, ‘Global existence for the Einstein vacuum equations in wave coordinates’, Comm. Math.
Phys. 256 (2005), 43-110.

[20] H. Lindblad and I. Rodnianski, ‘“The global stability of Minkowski spacetime in harmonic gauge’, Ann. Math. 171 (2010),
1401-1477.

[21] T. Ozawa, K. Tsutaya, and Y. Tsutsumi, ‘Normal form and global solutions for the Klein-Gordon-Zakharov equations’, Anna.
de 'LH.P, section C, tome 12, n°4 (1995), 459-503.

[22] F. Pusateri, J. Shatah, ‘Space—time resonances and the null condition for first-order systems of wave equations’, Comm.
Pure Appl. Math. 66 (2013), 1495-1540.

[23] J. Shatah, ‘Normal forms and quadratic nonlinear Klein—-Gordon equations’, Comm. Pure Appl. Math. 38 (1985), 685-696.

[24] T.C. Sideris, ‘The null condition and global existence of nonlinear elastic waves’, Invent. Math. 123 (1996), no. 2, 323-342.

[25] T.C. Sideris, ‘Nonresonance and global existence of prestressed nonlinear elastic waves’, Ann. of Math. (2) 151 (2000), no.
2, 849-874.

[26] C.D. Sogge, Lectures on nonlinear wave equations, (International Press, Boston, 2008).

[27] Q. Wang, ‘An intrinsic hyperboloid approach for Einstein Klein-Gordon equations’, J. Differential Geom. 115 (2020), no. 1,
27-109.

https://doi.org/10.1017/fms.2022.22 Published online by Cambridge University Press


https://arxiv.org/abs/1712.10045
https://doi.org/10.1017/fms.2022.22

	1 Introduction
	1.1 Motivation and review of the classical results
	1.2 Model of interest
	1.3 Difficulties and new observations
	1.4 Main theorem
	1.5 Further discussions
	1.6 Outline

	2 Preliminaries
	2.1 Basic notations
	2.2 Estimates for commutators and null forms
	2.3 Sobolev–type inequalities
	2.4 Energy estimates for Klein-Gordon equations

	3 Mass-independent L2 norm estimates for Klein-Gordon equations
	4 Proof for the global existence result
	4.1 Initialisation of the bootstrap method
	4.2 Improved energy estimates and global existence result

	5 Proof for the uniform pointwise decay result
	5.1 Decomposition and nonlinear transformation
	5.2 The mass-independent L2 norm estimates
	5.3 The mass-independent wave decay for the solution

	6 Proof for the covergence result

