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Abstract

Let n be a positive integer, let 0 < p < p’ < %, and let £ < pn be a nonnegative integer. We prove that if
F,G C {0, 1}" are two families whose cross intersections forbid {—that is, they satisfy |[A N B| # ¢ for every
A € F and every B € G — then, setting 7 := min{¢, pn — €}, we have the subgaussian bound

2
Hp(F) ppr(9) < 2exp ( - m)

where up and p ) denote the p-biased and p’-biased measures on {0, 1}, respectively.
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1. Introduction

Extremal set theory can be traced back to the seminal work! of Erdds, Ko and Rado [EKR61] who
obtained sharp estimates of the cardinality of a family 4 C ([ZJ) that is intersecting; that is, it satisfies
AN B # 0 forevery A, B € A. (Here and in the rest of this paper, ([Z]) denotes the set of all k-element
subsets of the discrete interval [n] := {1, ...,n}.) Since then, it is an active subfield of combinatorics;
we refer the reader to [E122, FT18] for recent expositions of this theory and its applications.

tAlthough published in 1961, the Erd6s—Ko—-Rado theorem was actually discovered much earlier, in 1938.
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1.1. The Erdds—Sos problem and related results

A more challenging problem was posed in 1971 by Erdds and Sés (see [Erd75]); it asks to determine,
for a given triple ¢ < k < n of positive integers, the cardinality of the largest family A C ([Z]) whose
intersections forbid ¢; that is, it satisfies |A N B| # ¢ for every A, B € A. Early significant progress
on the Erd3s—Sés problem was made by Frankl-Wilson [FW81] and Frankl-Fiiredi [FF85]. Somewhat
later, in 1987, a breakthrough was achieved by Frankl and R6dl, who obtained exponential estimates in
the regime where ¢ is proportional to n. More precisely, it is shown in [FR87, Theorem 1.5] that for
every 0 < e < p < %, there exists a constant y (g, p) > 0 such that for every pair of positive integers
¢,n with en < € < pn — en, and every pair of families? F,G C {0, 1}"* whose cross intersections forbid
{ — that is, they satisfy |A N B| # € for every A € F and every B € G — we have

tp(F) p(G) < (1=y(e, )", (1.1)

where 1, denotes the p-biased measure on {0, 1}" — namely, the probability measure on {0, 1}" defined
by setting for every A C [n],

pp({A}) = pMA(1 = p)r~1Al, (1.2)

(For the case F = G, an alternative proof was given by Keevash and Long [KLo16]; see also [KSZ22].)
The work of Frankl and Rodl has proven to be very influential, and it has found applications in a number
of different areas such as discrete geometry [FR90], communication complexity [S99] and quantum
computing [BCW99].

Further progress on the Erd§s—Sés problem was made by several authors, including the very recent
works of Ellis—Keller-Lifshitz [EKL.24], Keller—Lifshitz [KLi2 1] and Kupavskii—Zaharov [KZ24] (see,
also, [KLLLM?23, KL.020] for closely related developments). Collectively, the papers [EKL24, KLi21]

obtain the sharp estimate |A| < (Z:Egﬂ;) for every family A C ([Z]) whose intersections forbid ¢ in

the regime 2¢ < k < (% —&)n with n > no(¢, €) for some (unspecified) threshold function ny(¢, €).
The more recent paper [K724] extends this sharp estimate in the regime £ = [k#] and n = [k?], where
a, B > 0 are positive reals with 8 < % and @ > 1 + 28 and k is sufficiently large in terms of «, 5.

1.2. The main estimate

Our main result provides new estimates of the product of the biased measures of a pair of families with
forbidden cross intersections, and in particular, it bridges the gap between the aforementioned results.

Theorem 1.1. Let n be a positive integer, let 0 < p < p’ < % and let £ < pn be a nonnegative integer.
Also let F, G C {0, 1} be two families whose cross intersections forbid ¢; that is, |A N B| # € for every
A € F and B € G. Then, setting t := min{{, pn — €}, we have the subgaussian bound

2

582 pn

p (F) 1y (9) < 2exp ( = 5— ). (13)
Note that Theorem 1.1 extends the Frankl-Rodl theorem [FR87, "l;heorem 1.5]; indeed, the bound
(1.3) is nontrivial if 80~/pn < £ < pn — 80+/pn uniformly for p > 160

n

Remark 1.2. Theorem 1.1 can be extended to cover the case of all parameters p, p’ in the regime
0 < p < p’ <1-p,and it also has a version for pairs of families F, G that are contained in two,
possibly different, layers of the cube. We present these (standard) extensions in Section 7.

Remark 1.3. The subgaussian bound (1.3) is actually optimal, modulo universal constants, for various
choices of p, p’ and £. We discuss these issues in Section 8.

2We identify every A C [n] with its indicator function 14 € {0, 1}".
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Remark 1.4. Theorem 1.1 also has a supersaturation version, which is in the spirit of [FR87,
Theorem 1.14]; see Section 9 for details.

1.3. Outline of the proof of Theorem 1.1

The proof of Theorem 1.1 follows the general strategy invented by Frankl and Rodl [FR87]. The idea is to
gradually ‘deform’ the given families and eventually arrive at a pair of families whose cross intersections
forbid an initial or a final interval; the measures of these final families can then be estimated by standard
probabilistic tools. This ‘deformation’ is entirely algorithmic, and it is the heart of the proof.

The algorithm in [FR87] takes as an input two families 7, G C {0, 1}" whose cross intersections
forbid an interval of [n], and it starts by using a density increment argument in order to show that the
two sections

Fo={A:n¢AeF} and F :={A\{n}:n€Ae]:}

of F have roughly the same measure. Once this is done, the algorithm proceeds by comparing the
measures of the union Gy U G and the intersection Gy N G; of the sections of G. Again, a density
increment argument is used to ensure that the measures of Gy U G; and Gy N G; are roughly equal,
which in turn implies that the two sections, Gy and Gy, are almost equal. One can then use this structural
information to produce a pair of families whose cross intersections forbid a larger interval, while at the
same time, one keeps control of the product of their biased measures.

While the algorithm of Frankl and R&dl is elegant and efficient, unfortunately it leads to suboptimal
results as p gets smaller, and it hits a barrier® at p = o(1). The reason is rather simple: if p is small,
then having (or not having) density increment for the section .A; of a family .A C {0, 1}" has negligible
effect on the measure of the other section Aj.

We resolve this issue by introducing a new algorithm that also takes as an input two families
F,G < {0, 1}" whose cross intersections forbid an interval of [n], and it starts by seeking for a density
increment for one of the pairs (F1, G1), (Fo, GoUG1) and (Fo U F1, Go). However, the density increment
the algorithm is searching for is not uniform and depends on the specific pair it is looking at (as well as
the parameter p). The particular choice of the density increments is justified analytically: if the algorithm
does not succeed in this search, then this yields a strong lower bound for the product of the measures of
F1 and Gy N Gy, or the product of the measures of Fy N F| and G;. This is the content of Lemma 4.1
(the ‘widening lemma’) in Section 4. With this information at hand, we may proceed as in the algorithm
of Frankl and Rodl. The main novelty (and technical difficulty) of the proof of Theorem 1.1 is thus to
show that this rough outline is actually feasible by appropriately selecting the various parameters.

2. Background material
2.1. General notation

For every pair a, b of integers with 0 < a < b by [a, b], we denote the discrete interval {k € Z :
a < k < b}. Also recall that for every positive integer n and every nonnegative integer k < n,
we set [n] = {1,...,n} and ([Z]) := {A C [n] : |A| = k}; moreover, for every t > 0, we set
[n]S = {A C [n] : |A| < t}, [n]™ = {A C [n] : |A| < t}, [n]?" == {A C [n] : |A| > t} and
[n]7" :={A C [n] : |A| > 1}.

2.2. Families of sets
Let n be a positive integer, and let A C {0, 1}". We say that A is downwards closed if for every A € A
and every B C A, we have that B € A; respectively, we say that A is upwards closed if for every A € A

31t is also not clear if the algorithm works if min{¢, pn — £} = o(pn) and p = ©(1), but the obstacles in this regime seem
somewhat less serious.
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and every B 2 A, we have that B € A. If, in addition, n > 2, then we set
Ay:={A:n¢Ac A} and A :={A\{n}:necAcA} 2.1)
and we view both Ay and A, as subfamilies of {0, 1}*~!.
It is also convenient to introduce the following definition.

Definition 2.1 (Forbidden intersections). Let n be a positive integer, let L C [n], and let 7, G C {0, 1}".
We write (F,G) € Forbid(n, L) to denote the fact that the cross intersections of F and G forbid L; that
is, |[ANB| ¢ L forevery A € F and B € G.

2.3. p-biased measures

Recall that for every positive integer n and every 0 < p < 1 by u,,, we denote the p-biased probability
measure on {0, 1} defined in (1.2). We record, for future use, the following elementary property of
these measures.

Fact 2.2. Let n be a positive integer, let 0 < p < p’ < 1, and let A C {0, 1}". If A is upwards closed,
then ), (A) < up (A); respectively, if A is downwards closed, then p, (A) > pp (A).

2.4. Chernoff bounds

We will need the following standard estimates of the biased measure of the tails of the binomial
distribution (see, for example, [AS16, Appendix A]).

Lemma 2.3. Let n be a positive integer, let t be a nonnegative real, and let 0 < p < 1.

i Ifp < %andpn <t < 2pn, then

>t (t - P”)2
tp([n]7") < CXP(—W)- 2.2)
G Ifp > % andt > pn, then
> __(=pm?
tp([n]?') < exp( (1 - p)n). 2.3)

2.5. Estimates of binomial coefficients

We will also need the following basic estimates of binomial coefficients that follow from a
non-asymptotic version of Stirling’s approximation—see, for example, [Ro55]—and elementary
computations.

Fact 2.4. Let n > 2 be an integer, and let k € [n — 1]. Then we have

24 . n ' n" <n<1' n . n" ) 2.4)
25V2n N k(n—k) kk(n—k)r* (k) Vor N k(n—k) kk(n—kyn-k’ '

[n]
k

in particular, for every F C ('7') we have

Vo, [k =) _#k(f)<@< 25V2r  [k(n—k)
n n

(n) 24 ﬂ%(f") (2.5)
k
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Moreover, if H: [0, 1] — R denotes the binary entropy function®, then

24 n k n 1 n k
. LonH (G < < : LnH () 2.6
35vir \kn-%) K S Vi k- 20

3. Forbidding initial or final intervals

Our goal in this section is to obtain estimates for the product of the biased measures of a pair of families
F,G C {0, 1} whose cross intersections forbid an initial or a final subinterval of [n]. This information
is needed for the proof of Theorem 1.1.

We note that closely related problems have been studied extensively in extremal combinatorics;
see [E122, FT18] and the references therecin. We shall obtain the desired estimates, however, from
the following well-known concentration inequality for the biased measures. As usual, for a family
A € {0, 1}" and a nonnegative real t < n, we set A, := {H C [n] : A € A such that |H A A| < t}.

Proposition 3.1. Let n be a positive integer, let 0 < p < 1, let t < pn be a nonnegative real, and let
A € {0, 1}" such that u,(A) > %

() If0<p< %, then we have
)
up(A) =1 —exp(—m). (3.1
(ii) If% < p < 1, then we have
)
Hp(A) > 1 —exp(—m). (3.2)

Proposition 3.1 follows from the proof of [BHT06, Proposition 2.4] in the work of Bobkov, Choudré
and Tetali, which in turn is based on results of Bollobds—Leader [BL.91], Jogdeo—Samuels [JS68] and
Talagrand [Ta89]. Since Proposition 3.1 is not explicitly isolated in [BHTO06], for the convenience of
the reader, we briefly recall the argument.

Proof of Proposition 3.1. As it is mentioned in [BHTO06], it is enough to prove the result under the
additional assumption that .A is downwards closed. Indeed, Step 1 through Step 4 in the proof of [Ta89,
Theorem 7] carry out this reduction. So, suppose that A is downwards closed with u,(A) > % By
[JS68, Theorem 3.2 and Corollary 3.1], we have

pp(A) > pp ([n] <P (3.3)

that is, the median of the binomial distribution Bin(n, p) is greater than or equal to | pn]. Moreover,
since A is downwards closed, by [BL.91, Corollary 5], we have

tp(Ar) > pp ([n]SLPmI), (3.4)

which in turn implies that
1= pip(Ar) < ap ([n]7 P4 <y ([]2P7). (3.5)

Therefore, if 0 < p < %, then (3.1) follows from (3.5) and (2.2), while if % < p < 1, then (3.2) follows
from (3.5) and (2.3). m]

4Recall that H (0) = H(1) =0, and H (x) = —xlog, (x) — (1 —x) log, (1 —x) if 0 < x < 1.
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Proposition 3.1 will be used in the following form (the proof is straightforward, and it is left to the
reader).

Corollary 3.2. Let n be a positive integer, let 0 < p < 1, let t < pn be a nonnegative real, and let
A c {0, 1}"

2

. 2

(1) IfO<p< %andup(A)>exp(—m), then,up(.Agt)> l—CXp( m)
. 2
(ii) If% <p< landup(A) >6Xp(—m), then,up(Azz) > 1—6Xp( m)

We are now ready to state the main result in this section.

Lemma 3.3. Let n be a positive integer, let0 < p < p’ < 1—pwithp < and let @ < pn be a positive
integer. Also let F,G C {0, 1}".

(1) If (F,G) € Forbid(n, [0, @]), then

2

up(F) ppr(G) < eXP(—Mp(Cly—_p)n)- (3.6)

(ii) If (F,G) € Forbid(n, [pn — @, n]), then

2
pp (F) upr (G) < 26Xp(_24p(?——p)n)' (3.7)

Proof. We start with the proof of part (i). Clearly, we may assume that the pair (F, G) is optimal, in the
sense that it maximizes the quantity in the left-hand side of (3.6); consequently, we may assume that 7 and

G are both upwards closed. Next observe that if 1, (F) < exp (— W) then (3.6) is straightforward.

2
W) By Corollary 3.2 applied for 't = &

we obtain that u,, (Fo) > 1 —exp(— m), where F,, := {H C [n] : A € F with |H A A| < }
Set G := {[n]\ G : G € G}, and note that for every F € F and every G € G, we have that
|F A ([n]\G)| > a. This yields that G N F, = 0, which in turn implies that Hp (G) < exp (-
Finally, since G is upwards closed and p’ < 1 — p, by Fact 2.2, we conclude that

Therefore, we may also assume that p,, (F) > exp (-

aZ
24p(1—p)n)'

2
exp(_mp(f—_p)n) 1p(G) = m1-p(G) > pp () > pp(F) pr(G). (3-8)

We proceed to the proof of part (ii). As before, we may assume that the pair (F, G) is optimal and,
hence, that 7 and G are both downwards closed. Consequently, by Fact 2.2, it is enough to show that

o?
Hp(F) up(G) < ZCXP(—m)- (3.9
Setting
o FPn=% :={AeF:|A|<pn—L},F>P"2 :={AeF:|A>pn- %} and
o GSP"% .= {BeG:|B| < pn- 7} G>P"% :={BeG:|B|> pn- 74

by part (ii) of Lemma 2.3 applied for 11—, we see that

2
max {/Jp(]:épnfi),,up(gépnf?)} < exp(—gp(lam); (3.10)
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thus, if u,(F>P""%) < exp( - W), then the result follows from (3.10). So, suppose that
Up(F7P=3) > exp (- m). By Corollary 3.2 again applied for ‘# = °, we obtain that

2

PP > ] —expl——— b 311
tp(Fa' o ?) eXP( 24p(1__p)n), (3.11)

where ]__anf% = {H C [n] : 3A € F>P"~% with |H A A| < a}. Now note that, since (F,G) €

Forbid(n, [pn — @, n]), for every F € F>P"~% and every G € G*P"~% | we have

|F AG|=|F|+|G|-2|FNG| > a. (3.12)

This observation yields that G>rn=3 N ]-";pn_% = (, and therefore, by (3.11), we obtain that

Up(G7P=5) <exp (- M) Inequality (3.7) follows from this estimate and (3.10). The proof of
Lemma 3.3 is thus completed. O

4. The widening lemma

The section is devoted to the proof of the following lemma. (Recall that for every family A € {0, 1}"
(n = 2) by Ag and Ay, we denote the sections of A defined in (2.1); we also recall that we view A and
A as families in {0, 1}"71.)

Lemma 4.1 (Widening lemma). Let n > 2 be an integer, let 0 < p < p’ < % and let F,G € {0, 1}" be
nonempty. Also let 0 < § < 11—0, and assume that

,Up(]:l):up’(gl) < (1+9) ,up(]:) ﬂp’(g) 4.1

and

max {1 (Fo) sty (Go U G, 1p (Fo U Fi) (G} < (14 72 0) mp (P papr(G)- - 42)

Then we have
max {1y (Fi) pp (G0 01 G1). 1 (Fo 0 Fi) (G0} > (1=0 =250 p (P (O). - 43)

As we have noted in Subsection 1.3, Lemma 4.1 is a crucial ingredient of the proof of Theorem 1.1.
That said, we advise the reader to skip its proof at first reading and return to this section once the basic
steps of the proof of Theorem 1.1 have been properly understood.

We shall deduce Lemma 4.1 from the following, purely analytical, result.

Sublemma 4.2. Let x,x’,y,y’, 2,2/, w,w’, p,p’,6 € [=1, 1] be real numbers with y,w > 0, y',w’ <0,
max{x,x’} < w, max{z,z’} <y 0 < p < p’ < % and 0 < 6§ < . Assume that the following

10
identities
1-2
x' =- p X, w+w =x+x' = px, 4.4)
l-p l-p
’ 1_2 7’
z’=—lf—p,z, y+y'=z+z'=1_—;z, 4.5)
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as well as the following inequalities

(I+x)(1+z2) <1456, (4.6)
(1+x’)(1+y)<1+1’_’p5, 4.7
(1+z')(1+w)<1+11_’p5, (4.8)

are satisfied. Then at least one of the following inequalities
(l+x)(1+y')>1—5—2%62, (4.9)
(1+z)(1+w')>1—6—2%62, (4.10)

must also be satisfied.

We postpone the proof of Sublemma 4.2 to the end of this section. At this point, let us give the proof
of Lemma 4.1.

Proof of Lemma 4.1. Notice, first, that

up(F) = pup(F1)+ (1= p)up(Fo) and pp(G) = p'up (Gr) + (1= p)pp (Go). (4.11)

Next, define the real numbers x, x’, y, y’, z,z’, w, w’ by setting

_F ’
R L pr @) L
Hp(F) Hp(G)
f ’
,up( 0) — 1+, Hp (Go) —1+7,
Hp(F) Hp(G)
Mp(Fo U Fr) Hp(Go VU Gr)
—_— =] +w, - =1 +y,
Np(f) ,Up’(g)
Fon F / N
M:l+w’, Hp(Go 91):1+y,.
llp(f) ﬂp'(g)
With these choices, the result follows from Sublemma 4.2 after taking into account the identities in
4.11). |
4.1. Proof of Sublemma 4.2
First observe that, by (4.4) and (4.5), we have
1-2p’ 1-2
xy +x'y = P i 2 and w'+7w= LA 4 4.12)
1-p’ 1-p 1-p 1-p/
that yields that
1-2 1-2p’
(T+x)(1+y)+ (L +x)(1+y) =2+ — Ly e ——L (140 - 22 (4.13)
1-p 1-p’ 1-p
1-2 1-2p’
A+)(1+w)+ 1+ 4w) =24+ — P+ L, 2 (4.14)
1-p 1-p’ 1-p’
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Combining these equalities with (4.7) and (4.8), we obtain that

1-2 1-2p’
A+x)(1+y) 21— L 642 2P 7P (- 22 (4.15)
l-p 1-p 1—p’ I-p
and
1-2 1-2p’
)+ w) 1L 54 "Ly —2L, 2 (4.16)
1-p 1-p 1-p’ 1-p
Next, observe that since y and w are nonnegative, by (4.7) and (4.8), we have
X< <L s (4.17)
I-p I-p
that yields that
x>»-6 and z>-6. (4.18)
By (4.6), we have that either
(AD) x < g, or
(A2) z< 3.
Claim 4.3. If x < 3, then
y<2-L 5. (4.19)
I-p
However, if z < g, then
s+ s
< %5. (4.20)
1= 1579
Proof of Claim 4.3. First assume that x < g. Then, by (4.7), we have
1+ 26 L5 —-x’ L5+ Lx
l+y< U =l T 4.21)
’ 1+x 1- %x

6 S
Since —m <-0<x< ‘25 < % and the function (-1,1) 3 x “"—Jr"’x is increasing, by (4.21), we

lfl—x
see that (4.19) is satisﬁed ’
Next assume that z < & By (4.8), we have

P P s _ S
1+1_p6_ 1_p5 Z . o+ -7

1-p 1-p
1+w < =1+ = - . 4.22
v 1+z7/ 1+7 1 - -2 ¢ ( )
1-p’

Thus, (4.20) follows from (4.22) using the fact that —15 < -6 < z < § < 55 and the fact that the
2 N -

function (-1,1) 3 z — % is increasing. m]
- Z

-p’ <

We proceed by considering the following cases.
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Case1l:x > 0Oand z > 0.
First assume that x < é Then, since p < 1 by (4.19), we see that lx_y < 2 62 Moreover, since

2’ P
x,z = 0, we have llﬁx + ﬂZ(l +x) > 0 and so, by (4.15), we obtain that
2 S P .
(1+x)(l+y)>l—1—6 21—6 1—6—21—6, 4.23)
- -p

that is, (4.9) is satisfied.
However, if z < g, then we consider the subcases ‘p < 7’ and ‘% < p’. First observe that, by
(4.20) and the fact that 6 < %, we have that w < 260. If 0 < p < % then, since w > 0, this

yields that Zw, < 26% < %6. Using again our starting assumption that x,z > 0, we see that
1 2p 1-2p’

x(l +2)+ =iz 0. By (4.16) and the previous observations, we obtain that
1-2
Q+)(+w)z>1-—L 6 " "Ps_1_s51-6-2-L s (4.24)
1-p 1-p 1-p

in other words, in this subcase, (4.10) is satisfied. Finally, assume that 3 < p 1 . Then observe

that ﬁ %1 -y which in turn implies, by (4.20) and the fact that 6 < 10, that w < 2—6

Therefore, zw < —62 < 2%62. By the previous discussion, (4.16) and using once again the estlmate

<
! 2px(l +2)+ l 2p z = 0, we conclude that
(1+2)(1+w) >1-5—2%52, (4.25)

and so, in this subcase, (4.10) is satisfied.

Case2:x <0Oand z > 0.
Then we have—% > 0and %)ﬁl 20" (1+x) > —x and so, by (4.15) and (4.18), we obtain that
1-2
Q+0)(1+y)21-L s “Ps_1_551-5-2-L 5 (4.26)
l-p l-p l1-p

Thus, in this case, (4.9) is satisfied.

Case3:x >0and z < 0.

It is similar to Case 2. Indeed, observe that — 2 ’ ]1__2;,’ z. Hence, by
(4.16), (4.18) and the fact that = 2P > 122 _2;’, , we obtaln that
1-2p’
(e)(14w)s1--L 5 " "P s 1 52 5 4.27)
1-p 1-p’ 1-p
thus, in this case, (4.10) is satisfied.
Case4: x <0Oand z <0
First observe that ——= > 0. Moreover, since z’ < y, by (4.7),
l4x+7+x7 =(1+x)(1+2) < (1+x)(1+y) <1+ L5 (4.28)
4
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that implies that " + 2’ +x"z’ < 7£-6. Noticing that 122 < 1222 by (4.4) and (4.5),

1-2 1-2p’ 1-2 1-2p", 1-2p'1-
P, p/z(1+x)=— P ,p o4 /p Do
I-p I-p P P p p
l_zp ’ l_zp ’ 1_2]7 7’
> — X — Z — X Z
p p p
1-2 1-2
> P iy Ly (4.29)
P l-p
Hence, by (4.15) and (4.29), we conclude that
1-2
01 +y)21--L 6 —"Ps_1 _551-5-2-L 5 (4.30)
l-p  1-p 1-p

thus, in this case, (4.9) is satisfied.
The above cases are exhaustive, and so the proof of Sublemma 4.2 is completed.

5. The algorithm

In this section, we present the formal description and the basic properties of the algorithm that is used
in the proof of Theorem 1.1; we shall also discuss in more loose terms its main features. (Again, we
recall that for every family A C {0, 1} (n > 2) by A, A; C {0, 1}*!, we denote the sections of A
defined in (2.1).)

For the analysis of the algorithm, we will need the following elementary, but crucial, fact that
originates in the work of Frankl and Rodl [FR87].

Fact 5.1. Let n > 2 be an integer, let 7,G C {0,1}" and let a,b € [n] with @ < b. Assume that
(F,G) € Forbid(n, [a, b]). Then we have

(F1,G1) € Forbid(n -1, [a - 1,b - 1]), 5.1)
(F0,G0 U Gy) € Forbid(n — 1, [a, b]), (FoU Fi,Go) € Forbid(n - 1, [a, b]), (5.2)
(F1,G0 N Gy) € Forbid(n — 1, [a — 1,b]), (Fo N F1,G1) € Forbid(n -1, [a — 1, b]). 5.3)

The algorithm takes as an input

(I1) anintegern > 2,tworeals0 < p < p’ < % and a positive integer £ < pn,
(12) areal 0 < 6 < 15, and
(I3) two nonempty families Fipii, Ginit € {0, 1} whose cross intersections forbid £,

and outputs

(O1) three nonnegative integers a* < b* < m* with m* > 1, and
(02) two families F*,G* C {0, 1} such that

(F*,G*) € Forbid(m*, [0,b"]) or (F*,G") € Forbid(m", [a*,m"]). (5.4)

It also uses six counters Sg,,S4,, Sw,a, b, m that serve different purposes. The first three counters,
Sa,,S4, and S,,, give us the total number of iterations, and they are used for bookkeeping the operations
performed by the algorithm (we shall comment on these operations in due course). The counters a, b
encode the interval that is forbidden for the families F and G. Finally, the counter m keeps track of the
dimension of F and G; in particular, m starts from n and drops by one at each iteration. Thus, we have

Sd1 +Sd2+SW =n-m". (55)
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Algorithm.

Inpl'It: n, P, p/9 59 O < 6 < %’ (]:init’ ginit) € Forbid(n» {f}) Wlth ]:init, ginit * O
Output: a*, b*, m*, F*, G*
Initialize: S;, < 0,54, < 0,8y, < 0,a < €,b « ¢,

m < n, -7: — -Fil’li[s g — gi['lit'

Step 1: If a = 0, then a* < a, b* «— b, m* «— m, F* «— F,G" « G and terminate;
else go to Step 2.
Step 2: If b = m, then a* «— a, b* «— b, m* «— m, F*«— F, G* «— G and terminate;
else go to Step 3.
Step 3: If 11, (F1) ppr(G1) > (1 +6) up(F) ppr (G), then Sy, — Sq, + 1,
a—a-1,b—b-1,me—m-1,F « F|,G < Gy and go to Step 1;
else go to Step 4.
Step 4 If 1, (Fo) s (Go U G1) > (1+ 12:8) p(F) iy (G). then S, = Sy + 1,
mem-—1,F « Fy,G <« Gy UG and go to Step 1,
else go to Step 5.
Step 5: If p1 ), (Fo U F1) upr(Go) > (1 + %6) Hp(F) pup (G), then Sg, « Sq, +1,
mee—m-—1,F « FgUF|,G « Gy and go to Step 1,
else go to Step 6.
Step 6: If 1, (F1) s (Go N G1) > (1 -8 = 272-6%) iy (F) iy (G).
thenS, —« S, +l,a—a-1,m—m-1,F «— F,G< Gy NG
and go to Step 1,
else go to Step 7.
Step7: S, —«Sp+l,a—a-1mem-1,F — FgnNnF,G «— G
and go to Step 1.

Moreover, by Fact 5.1, at each iteration of ‘type’ Sq4, or S, (that is, at each iteration where one of the
counters Sg, or S,, is increased by one), the lower bound a of the forbidden interval [a, b] is reduced
by one; since the algorithm starts with a = ¢, we obtain that

Suy +Sw < L. (5.6)

Next, observe that S, and Sg4, count the number of iterations where we have ‘density increment’.
Note, however, that this increment is not uniform: at each iteration of ‘type’ Sg,, the product of the
measures is increased by a factor (1+¢), while at each iteration of ‘type’ Sy, , the product of the measures
is increased by a factor (1 + %5)- However, if at a certain iteration the algorithm reaches Step 6 and
then moves to Step 1, then the product of the measures of the new families is comparable to the product
of the measures of the previous families by a factor (1 — § — 2%62); in other words, the product of
the measures may possibly drop, but not significantly. Finally, if at a certain iteration the algorithm
reaches Step 7, then the widening lemma (Lemma 4.1) ensures that the product of the measures of
the new families is also at least (1 — & — 2%62) times the product of the measures of the previous
families.

Summing up the previous observations, we arrive at the following basic estimate

Sdz Sw
o (F) by (G > (10050 (1 2o ) ™ (10 = 2020 )™ (Fid) e (G 57

that will be used in the analysis of the algorithm in the next section.
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6. Proof of Theorem 1.1

Let n, p, p’, ¢, F,G be as in the statement of the theorem. Clearly, we may assume that F and G are
nonempty. Notice that (1.3) is straightforward if £ = 0 or € = pn. Thus, we may also assume that ¢ is a
positive integer with £ < pn and, consequently, n > 2; moreover, setting

6:=min{ ¢ ’pn_—ﬁ}, (6.1)
58pn Slpn
we have that 0 < § < 1—10. We will actually show the slightly stronger estimate

1p(F) ppy (G) < 2exp(=pné?). (6.2)

Assume, towards a contradiction, that this is not the case; that is,

1p(F) i (G) > 2exp(=pné?). (6.3)

We run the algorithm described in Section 5 for n, p, p’, £, 6 and the families F, G. Let a*, b*, m*, F*, G*
denote the output of the algorithm. By (5.4), we see that either

(A1) (F*,G") € Forbid(m*, [0, b*]), or
(A2) (F*,G*) € Forbid(m*, [a*, m*]).

The contradiction will be derived by showing that none of these cases can occur.
To this end, we first observe that, by (5.7) and (6.3), we have

p
l-p

N Sw
1> (146)% (1+ 5) “ (1 —5—2%52) exp(—pns?), (6.4)

where S4,,S4,,Sw are the counters used in the algorithm. We will need the following estimates for
Sa,,S4, and S,,.

Lemma 6.1. We have

Sa, — Sw < Spné. 6.5)
1 -
Sa, - Tpsw < 3ns. (6.6)

In the proof of Lemma 6.1, as well as in the rest of this section, we will repeatedly use the following
elementary observation, which we isolate for the convenience of the reader.
Observation 6.2. The following hold.

(i) We have ﬁ =1+ 1% foreveryx # 1.

IS}

(i) We have x — %5 < In(1+x) < x for every x > 0.

In particular, for every 0 < x < 1, we have
2

X X 1 X
ELEN— — (—)< . 6.7
—x 2(1-x2 > "\ =x/S1=% ©.7

We are ready to proceed to the proof of Lemma 6.1.

Proof of Lemma 6.1. We start with the proof of (6.5). Notice first that, by (6.4),

Sw
1> (1+6)5 (1 65— 2%52) exp(—pné?) (6.8)
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or, equivalently,

1> (148)5a=Sw ((1 +8)(1-6- 2%52))5”’ exp(—pnd?). (6.9)
Since (1+6)(1-6-2:% 62) =1- 1+p 62 2% 63 after taking logarithms and rearranging we find that

1

«—— s 1(
w ln(1+6)( w - Lrg
-P

— 2
Sa, — S ngs) + pné ) (6.10)

that implies, by Observation 6.2, that

£Ls% +2:26° ,
Sa, —Sw < Sw o 6.11
@ 6(1-4 1- “”52 2263 g e
p
By (5.6), the fact that £ < pn and (6.11), we conclude that
1+p P
=5 t 27550 1

Sa, — Sw < pné e "l + . (6.12)

(1-9)(1- £2o2 - 2%53) (1-%)

The desired estimate (6.5) follows from (6.12) and the fact that 0 < 6 < 15 and p <
We proceed to show that inequality (6.0) is also satisfied. As before, we ﬁrst observe that (6.4) yields

that
P \SaSw p TN 2
1> (14 —L£0) (1+—L—8)1-5-2-L—6?)|  exp(-pns?). 6.13)
1- 1-p 1-p
However, since 0 < § < 10, we have
p 2 1-2p_ 16 p
1+ 5)(1—5 2—5) |- ——Ps_ 2 P 5 6.14
( 1- 1- 1-p 51-p ( )

that combined with (6.13) yields that

S_Sw 1—2 1
1>(1+1p 5)d2 (1— ps_ 16

P 2\Sv 2
-— 0 —pno-). 6.15
05T, enopns?) (6.15)

Now after taking logarithms and rearranging, we have

1 1
Sy = Sy < ———— (Sw ln( ) + pnéz); (6.16)
In(1+ 1255) e

by Observation 6.2, this yields that

l-p

p6(1 s p)(s)

1- 2P6+16 )4 62
Sdz_Sw< (
1

_12p5 16P62
¥4

pn62) (6.17)
5 1-p
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that can be further simplified to

1-2p , 16
— t350 1 - p)né
Suy = S < S p_ 5 (1-p)n

1-2 16 1-5L2-¢
(1—%5)(1—?{5—?%52) )

(6.18)

However, since p < %, forevery 0 < 6 < % we have

p 1-2p_ 16 p
1- ———5][1- §— — &l =1-4; 6.19
( 2(1-p) )( l-p S51-p (©19)

indeed, after noticing that

4 2
l-——6-———8"=1-6+ §—— 62, 6.20
1-p 51-p 1-p 51-p ( )
the desired estimate (6.19) follows from the elementary inequality
16 2 2 16
P P P sa-5)-—L 22 P 2259 6.21)

_5 + — —
l-p  52(1-p)? 2(1-p)
By (6.18) and (6.19), we obtain that

1-2p 1 1
Sa, = S < Sw (Tp+?66)(1+?06)+(1—p)n6(1+5). (6.22)

We then expand (6.22) to

1-2p 16. 1-2p10_. 1016
”+55 pp36+3?62)+(1—p)n6(1+5). (6.23)

Sdz—Sw<SW(

By (5.6), we see that Sy, < € < pn, and so (6.23) yields that

1- 16 10 10 16
Sa, = —L8, <nélp—=+(1=2p)—+p——d+(1-p)(1+5))|. (6.24)
p 5 9 95
Inequality (6.6) follows from (6.24) and the fact that 0 < § < % and0 < p < % m]

After these preliminary steps, we are ready to consider cases.

Case 1: (F*,G*) € Forbid(m*, [0, b*])

Note that, in this case, the cardinality of the final forbidden interval [0, b*] is b* + 1; however, the
forbidden interval for the initial families F,G was a singleton. By Fact 5.1, the cardinality of the
forbidden interval increases by 1 if and only if the algorithm executes an iteration of ‘type’ S,,. Thus,

b* = S,. (6.25)

Next observe that the initial value of the lower bound a of the forbidden interval is equal to ¢, and it is
equal to O when the algorithm terminates. Using Fact 5.1 again, we see that the counter a decreases by 1
if and only if an iteration of ‘type’ Sg4, or an iteration of ‘type’ S,, is executed. Therefore, we also have
that

Sa, + Sy = L. (6.26)
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By (6.5) and (6.26), we obtain that
¢ 5
SW > E - Epné. (627)

However, since (F*, G*) € Forbid(m*, [0, b*]) and b* = S,,,, by part (i) of Lemma 3.3, we have

. sz,
pp (F*) up (GF) < exp(—24p ) (6.28)

Combining (5.7), (6.3), (6.26) and (6.28), we obtain in particular that
2

S Sw
expl——2 ) > (1+6) v [1-5-2-L_¢& exp(—pnéz) (6.29)
24pn 1-p

that implies, after taking logarithms and using Observation 6.2, that

62 & +2756° , 82
Sw=0(6-5) + 8w | |+ o > 6.30
(S =010 -3 1-6-2.252) " """ 7 2apn (6:30)
Moreover, since 0 < § < 15 and 0 < p < 3, we have
11 o+ 2%(52
S+ —=0"> — -, 6.31
ERE e (©3D
P
which, combined with (6.30), implies that
24pn(2S,, — €)6 — 12pn(2S,, — £)6> + 100pnS,, 6> + 24p*n?s? > §2,. (6.32)
‘We now consider the following subcases.
Subcase 1.1: S,, < 3¢
In this subcase, by (6.27) and the choice of ¢ in (6.1), we have
S 2 S
P o8, <2 and s< =2, (6.33)
2 2 53 pn

indeed, by (6.27) and (6.1), Sy, > % - %pné > f(% - 15T6) > 58pn6(% - 15T6) > %pné. Hence, by
(6.32), (6.33) and the fact that § < %, we obtain that
24 30-4 200 1

S2 < 12pnS,6 +30p*n282 + 100pnS,, 8% < (5 + ot E)52W <$2, (6.34)

which is clearly a contradiction.

Subcase 1.2: S,, > 3¢
By (6.26) and (6.1), we have

Sw 3 Sw
> —_ . (6.35)

<
0 116 pn

<285, —-€<S, and 6 <
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Therefore, by (6.32) and (6.35), we get that
24-3 100-3 1 24-9

—_— —+

116~ 116 10 " 1162

S2 < 24pnS, 6 + 100pnS,, 6 + 24p*n2s? < ( )S%V <S2,  (6.36)

which leads, again, to a contradiction.

Case 2: (F*,G*) € Forbid(m*, [a*, m*])

The proof in this case is slightly more involved. We start by observing that the initial value of the upper
bound b of the forbidden interval is equal to ¢, and it is equal to m* when the algorithm terminates.
Moreover, by Fact 5.1, the counter b decreases by 1 if and only if an iteration of ‘type’ Sy, is executed.
Thus,

<L (6.37)
Combining (5.5) and (6.37), we obtain that
Sa, +Sw=n-2_. (6.38)
This identity together with (6.6) yields that S, > pn — 3pnd — p{ that we rewrite as
Sw = (1 =p)+ ((pn—-1~) —3pnod). (6.39)

Moreover, as we have already noted in the previous case, the cardinality of the forbidden interval
increases by 1 if and only if the algorithm executes an iteration of ‘type’ S,,. Therefore, we also have
that

m*—a*=S,. (6.40)
Next, we introduce the quantity
a:=8, —(1-p), (6.41)
and we observe that, by (6.39), we have the lower bound
a > (pn—{£) —3pné; (6.42)

notice that @ > 0 by the choice of ¢ in (6.1). Also notice that, by (6.40) and (6.41),

a*+(L-m*) = pt -a. (6.43)

However, setting
F={AC[f]: AN [m'] € F*} c{0,1}¢, (6.44)
G:={BC[f]:Bn[m*] €G*}c{01}, (6.45)

by (6.43) and the fact that (F*, G*) € Forbid(m*, [a®, m*]), we see that

(i) 1p(F*) = up(F) and up (G*) = 17 (G), and
(ii) (F,G) € Forbid(¢, [pl — a, (]).
Hence, by part (ii) of Lemma 3.3, we obtain that

2
Mp (F*) ppr(GF) < Zexp(—%ﬂ). (6.46)
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In particular, by (5.7), (6.3) and (6.46), we have that

az p S(12 p Sw
-— 1 1-6-2—+—¢> —pné?). 4
exp( 24p€) > ( + 7 _pé) ( 1) 1—p6 ) exp(—pnd-) (6.47)

As in the previous case, we will show that (6.47) leads to a contradiction.
To this end, it is enough to show that, by the choice of ¢ in (6.1), we have

a? p 54, P S 2
— )< 1++-5 1-6-2-1—5 —pné?). 6.48
eXp( 24p5) ( +1—p ) ( I-p ) exp(=pnd’) (049

After taking logarithms and using Observation 6.2, it is enough to show that

6 +2-L2-62 2 2
2 I-p p p 2 d
pné-+ S —<Sd( o— 6)+ . (6.49)
W1—5—2%52 N1-p  2(1-p)? 24pt
Since 0 < 6 < % and p < % we have
1 3
——— < (1 4+ =6, 6.50
[—6-2.L5 ( 2 ) (6.50)
P
p 3
1+2 G111+ Z6| < (1+49). (6.51)
1-p 2
Thus, by (6.49)—(6.51), it is enough to show that
2 p p’ 2 o
6“+S,6(1+46) <S8 o - o+ , 6.52
pn wo( ) dz(l_p 2(1—17)2 ) 24pt ( )
which is equivalent to saying, after rearranging, that
neds,+ 2 s )a(s, - P s, )o< O (6.53)
TP IS D 1= 2)° S 2ape '

By (5.6), we have S,, < ¢ < pn and, clearly, S4, < n. Hence, by (6.53) and the fact that 0 < p < % it
is enough to show that

2 p o’
6pnd- + (S, — Sa, |0 € —/——. 6.54
pn ( w 1— ) dz) 24P€ ( )
Observe that
K 1
Sw =250, 2V 5y = L (n— £~ 8,) = —— (S — pn+ pl)
I=p I-p I-p
641) 1
= 1—(a+(l—p)€—pn+p€)= (@=(pn-20). (6.55)
-p I-p
In order to verify (6.54), we consider the following subcases.
Subcase 2.1: @ < pn— ¢
By (6.55), we have S,, — %Sd2 < 0, and so it is enough to show that
144p*n*6? < o> (6.56)
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Since 0 < § < é’ 1" p_rf, by the choice of § in (6.1), the estimate (6.56) — and, consequently, (6.54) — follows
from (6.42).

Subcase 2.2: @ > pn — ¢
In this subcase, by (6.55), we have S, — %Sd2 > 0. Hence, using again the fact that 0 < § < %, it
is enough to show that

144
512

24
(pn—07>+ S—I(SW - %Sdz)(pn -0 <a’, (6.57)

which is equivalent to saying, by (6.55), that

144 24 24
— -0+ — -0) < o’ 6.58
(512 51(l_p))om P sty 0 < 6.58)
Since 0 < p < %,it is enough to show that
48
5—1(pn -<a (6.59)

that follows from our starting assumption that @ > pn — €.

Summing up, we conclude that (6.54) is satisfied, and as we have already indicated, this contradicts
(6.47). This completes the proof that Case 2 cannot occur, and so the entire proof of Theorem 1.1 is
completed.

7. Extensions of the main estimate

We start with the following proposition, which is the analogue of Theorem 1.1 for families of sets
contained in layers of the cube.

Proposition 7.1. Ler ¢ < k < m < n be positive integers, and let F C (["]) and G C ([’:fl]) with

k
(F,G) € Forbid(n, {£}).
1) Ifk < % and m < n — k, then, setting t :== min{¢, k — €}, we have
IFl 191 \/k(n—k)m(n—m) &
— - — <50 - . 7.1
AR e o) oy
(i) Ifk <5 <n—k <m<n—k+{, then, setting t := min{k —{,n —m — (k - {)},
_ _ )
16l 50\/k(” Km(n = m) exp(— t—) (12)
B G n? 582 (n—m)

Proof. We start with the proof of part (i). Assume, first, that m < % Then,

(2.5) - -
% ‘ % 2<5 ’5 \/k(n k)n";(n m) ,ll%(]:)ﬂ%(g) (7.3)
k m

Thus, in this case, (7.1) follows from (7.3) and (1.3) applied for ‘p = %’ and ‘p’ = %’. Next, assume
that 5 <m < n -k and set G :={[n]\G:G G} C (n[fr]n) Notice that (F,G) € Forbid(n, {k — €})
and, moreover, k — ¢ < k < n—m < 5. Therefore, applying the estimate obtained in the first part of the

proof to the pair (F, G) and invoking the choice of #, we obtain that
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71 16l _\FI gl <50\/k(n—k)m(n—'m exp (- =) (7.4)

@ G @ (o) n? 582k

We proceed to the proof of part (ii). As before, we set G := {[n] \ G : G € G} C (n[fr]n)’ and we
observe that (F,G) € Forbid(n, {k —€}) and k —€ < n—m < k < 5. Thus, applying part (i) to the pair
(F,G) and using the fact that 7 = min{k — £,n — m — (k — £)}, we conclude that

Fl 16l _I1Fl (gl k(n— k)m(n — m) 72
(2‘_)'@_(,(7)'(,;’",)“0‘/ n? e""(_582(11—m))'

(7.5)

O

The next result supplements Theorem 1.1 and extends the subgaussian bound (1.3) to a wider range
of parameters p, p’.

Proposition 7.2. Let n be a positive integer, let 0 < p < % <p' ' <1-p,andlet t{ < pn be a
nonnegative integer. Also let F,G C {0,1}" be two families whose cross intersections forbid €. Set
t :=min{{, pn — £} and assume that t > 3. Then we have

2

p(F)up(G) <t-exp ( "6 300 m

). (1.6)

Combining Theorem 1.1 and Proposition 7.2, we obtain the following corollary.

Corollary 7.3. Let n be a positive integer, let % < p <p <1-p,andlet < pn be a nonnegative
integer. Also let F, G C {0, 1}" be two families whose cross intersections forbid €. Set t := min{¢, pn—{},
and assume that t > 210+/pnIn(pn). Then we have

2

902 pn

p (F) 1 (9) < exp ( - ) (1.7)
We proceed to the proof of Proposition 7.2.

Proof of Proposition 7.2. Setm := %, and observe that, by Lemma 2.3,
m2

max {1, ([n]<P"™™), up ([n]7P™™)} < exp ( - @7) < exp(

2

6- 302pn)' (7.8)

By (7.8) and the choice of m, there is a nonnegative integer iy with pn — m < iy < pn + m such that,
setting F, := F N ([l.'(l)]), we have

2

t
- m) * 15 Mp (Fiy). (7.9)

up(F) < 2exp

Set G := {[n] \G:G e g}, and notice that
2

s 6-302pn)'

— (7.9
Up (F) pupr(G) = pp(F) pi—pr (G) < =

11y (Fiy) t1-pr(G) + 2exp ( - (7.10)

Next, observe that iy > ¢ and (}}0,5) € Forbid(n, {ip —€}).Since 0 < p < 1 -p’ < % andip— ¢ < pn,
by Theorem 1.1 and (7.10), we obtain that

12 72

—)+2ex (-
6-302pn) T 15 P\ 582,

p (F) 1y (9) < 2exp ( - ) (7.11)

where f := min{iy — £, pn —ig + €}.
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Claim 7.4. We have that |t —t| < m = 3’—0.

Proof of Claim 7.4. Suppose, towards a contradiction, that |f — #| > m; that is, either r + m < f or
t <t—m.Werecall that pn —m < iy < pn+m.
Assume, first, that # + m < f. By the definition of ¢ and 7, we see that

(1) min{¢, pn — €} +m < f < iy— ¢ and
(ii) min{¢,pn—€}+m <i < pn—ip+*£.
If £ < pn — ¢, then, by (ii), we obtain that £ + m < pn — i + £, which is a contradiction; however, if

pn — € < £, then, by (i), we have pn — £ + m < iy — £ which leads, again, to a contradiction.
Next assume that 7 < ¢t — m. Then,

(iii) min{iy — €, pn —ip+ €} +m <t < € and
(iv) min{ip — €, pn—ig+{}+m <t < pn—-{.

Consequently, if ig — € < pn—ip+¢, then, by (iv), we have ig — {+m < pn—{, which is a contradiction;
finally, if pn—ig+¢ < ip —¢, then, by (iii), we have pn—io+{+m < €, which is also a contradiction. O

By (7.11) and Claim 7.4, we conclude that

2 72

P )2 (D)
6-302pn) T 15 P\ T 4302 m
[2
) o
6-302pn)

pp (F) 10 (@) < 2exp -

<t~exp(—

8. Optimality

We proceed to discuss the optimality of the bounds obtained by Theorem 1.1 and its extension,
Corollary 7.3. Specifically, fix a positive integer n, 0 < p < p’ < 1 — p and a nonnegative integer
{ < pn, set

en(p,p’,€) :=max{e > 0: p(F) pp (G) < e for every pair of
nonempty families (F, G) € Forbid(n, {f})}, 8.1

and observe that our goal reduces to that of obtaining appropriate upper bounds for &, (p, p’, £). To this
end, we shall additionally assume that>

16
P’ <p and 2+pnln(pn) < € < pn—2+/pnin(pn); (8.2)

we will also use the following standard lower bounds of the biased measures of the tails of the binomial
distribution (see, for example, [Ash65, p. 115]).

Lemma 8.1. Let k, n be positive integers, and let 0 < p < % If k < pn, then

#p([ﬂ]g‘) z m CXP(—I(JIEI_—_pZ))i), (8.3)

SNotice (8.2) slightly narrows down the regime where the bound (1.3) is nontrivial.
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while if pn < k < 2pn, then

y,,([n]>’<) > gn(11_ k)k exp(lglzl__pgz). (8.4)

8.1. The high-intersection case: { > cpn for some constant ¢ > 0

Set F := [n]<¢ and G := {0, 1}". Then (F, G) € Forbid(n, {¢}) and, moreover,

(pn—£€+ 1)2)
p(1—p)n

(8.3) 1
>
8- 11 - &1

(_(pn—€)2+2(pn—£)+ 1)
p(1-p)n '

p (F) 1 (G) = pp (11

exp(—

(8.5)

1
>3 exXp
\8pn
Next, set C := max{2, &2} < max{2, %} and 7 := min{{, pn — £}; notice that if £ > &=, then C = 2 and

t = pn—{, whileif £ < %, then C < % and r = £. By (8.2), (8.5) and taking into account the previous
observations, it is easy to see that

, 1
en(p,p’,0) <4(C-1)* o (8.6)

In particular, under (8.2), if £ > %, then g,(p, p’,€) < 4 ;—Zn,

Remark 8.2. Note that if F := [n]<€, then |A N B| # ¢ for every A, B € F and, by (8.2) and (8.5), we
have p1,,(F) > exp (- 4(C — 1)? ;;_zn)’ where C = max{2, Z*}. Thus, Theorem 1.1 and Corollary 7.3
are optimal in the regime £ > cpn also in the non-crossing case.

8.2. The symmetric case: p’ =1—p

We will show that, under (8.2), we have

t2
3n(p:1_17,€)<4_’ (87)
pn

where, as usual, 7 := min{¢, pn — {}; note that (8.7) includes the important special case p = p’ = % that
corresponds to the uniform probability measure on {0, 1}".
The subcase ‘¢ > £*° follows of course from (8.6), and so we may assume that £ < %. Set

F = [n]7P™5 and G := [n]>(1~P)"*5 Notice that (F, G) € Forbid(n, {£}) and

e B4 ] 2 t+1

tp(F) = pp ([P > eXp(— - ) (8.8)
i d ) \8pn 4p(1-p)n p(1-p)n
¢ 83) 1 £?
u1-p(G) = up([n]<P"72) > ex (— ) (8.9)
P p( ) 8pn P 4p(1 - p)n
Therefore, using (8.2) and observing that in this case we have ¢ = £, we obtain that
2
Hp(F) u1-p(G) 2 exp(—Z—), (8.10)
P P p(1—p)n

which clearly yields (8.7).
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Remark 8.3. It is unclear whether the subgaussian bound (1.3) is optimal (modulo universal constants)
in the low-intersection and asymmetric case — namely, when ¢ = o(pn) and p’ < 1 — p. The optimality
of Theorem 1.1 in this regime is closely related® to the problem of obtaining sharp estimates of the
product p, (F) pp(G) of the biased measures of a pair of families 7,G < {0, 1}" that are cross-¢-
intersecting; that is, they satisfy |A N B| > ¢ for every A € F and every B € G. The non-crossing
case, F = G, is completely understood thanks to the seminal work of Ahlswede—Khachatrian [AK97,
AK99] and the more recent work of Filmus [Fil7]; see, also, [Fil3, Theorem 3.28] for some progress
for general cross-intersecting families.

9. Supersaturation

The main result in this section is a supersaturation version of Proposition 7.1, which is the analogue
of [FR87, Theorem 1.14]. To state it we need, first, to introduce some pieces of notation. Let n be a
positive integer, let 7,G C {0, 1}", and let S C [n]. Given a nonnegative integer ¢ < n, we set

I((F,G)={(F.G) e FxG:|FNG|=¢} and i¢(F,G) = |I(F, Q) 9.1)
and, respectively,
1,(5,6) :={G e€G:1SNG|=¢} and i,(S,G) :=|1(S,G)l. 9.2)

We have the following theorem.

Theorem 9.1. Let £, k, n be positive integers with € < k < %, and set T := max{{, k —{}. Also let 5§ > 0
and assume that 10°Vk(Inn)32 < 6 < min{¢, k — €}. Finally, set

64
e(0) = ——, 9.3)
CT?¢(In(%))
where C := 2858060 If F (W) and G c (")) sarisfy
JT'
|n—| . @ > exp (- &(6)), 9.4)
() (2e)
then we have
% > exp(=6). 9.5)
ie((): G4
By Theorem 9.1, we obtain the following corollary.
Corollary 9.2. Let €, k,n,T,5 be as in Theorem 9.1 and set £'(8) := Wi(ln(ﬂ))‘“ where
)
C:=2858060% If F,G C ([Z]) satisfy % . % > exp (- &'(6)), then
k k
(.
7,9 o6, (9.6)

ie (%) (%))

Proof. SetG := {[nI\G:G egG}c (Jﬂ(),andnoticethatig(f, Q) =ir_¢(F.G) andig(([z]), ([Z])) =
i k_[(([zl), (Jf}()) The result follows from these observations and Theorem 9.1 applied to F and G. O

We proceed to the proof of Theorem 9.1.

¢In fact, the techniques developed in this paper show that these two problems are essentially equivalent.
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Proof of Theorem 9.1. We argue as in the proof of [FR87, Theorem 1.14] with the main new ingredients
being Theorem 1.1 and Proposition 7.1. For the reader’s convenience, we will first give a high level
overview of the proof.

Our analysis is focused on the way the elements of F and G are correlated with arbitrary sets of
size 2€. More precisely, for every A € (2'}) we define F4 and G4 to be the sets F € F and G € G,
respectively, whose intersection with A is roughly equal to £. We shall informally refer to these sets as
‘good’.

The proof is then divided into three parts. In the first part, we show that there are many A € ([2"(,]) for
which both F4 and G4 are large — this is the content of Claim 9.3. In the second part, we work towards
a contradiction, and we show that if I, (F, G) is small, then there exists Ag € ([2"[) for which both Fjy,
and G4, are large, and at the same time, there are few number of pairs (F,G) € Fa, X G4, Whose
intersection is of size ¢ and the size of its trace on Ay is a specific proportion of £ — this is achieved in
Claim 9.4. Finally, in the third step of the proof, we arrive to a contradiction. Specifically, the properties
of Ag imply that most of the ‘good’ F' € F4, and G € G4, are also bad in the sense that they do not
form a pair whose intersection is of size ¢ and its trace on Ag has size specified by the previous step;
this tension is enough to derive the contradiction.

We proceed to the details. We fix F, G that satisfy (9.4), and we assume, towards a contradiction,

that (9.5) does not hold true. We set d(F) := bal ,d(G) = 91 and

@’ (1)
. 2
a=116(s(0) ‘= J . 9.7)
(25582 602) T(In(2))
We also notice that for every S € (2%]“), we have
° if((["]), (ini))zf (%) (?)z(fnfilfe)’
o ic(S. (1)) = (25”)("}52“),
o ir(S, (ﬂ)) = (") C2)-
Next, we set
o SF:={Se (J,’i) Die(S,F) > Kr}and Sg == {S € (ZE,T]O) 2ie(S,9) > Kg},
where K7 := 42, (s, (")) and Kg := 2Zi, (S, (I"])). By [FR87, Lemma 4.1], we have
d(F)( n @) ( n

|SF| = ) (25—&') and |Sg| > - (25—0). 9.8)
Moreover, for every A € ( ]) set
o Fa={FeF:t<|FNA|<{l+a}tand Gy ={GeG: (< |GNA|<+a},
and define the family

A :{Ae([%]) 2| Fal 2 Kr and |G 4] >Kg}. 9.9)
Claim 9.3. We have
ISFI IS¢l | |1 (oeta) (9)
| Al > max{— - exp| - —=). (9.10)
2(5) 2(%) “a (%) ( 2 )

ProofofClazm 9.3. Weset S5 :={S € Sy : 35" € Sg W1th |S”\ S| < a}, and we observe that (Sx \

%> Sg) € Forbid(n, {2€ - 2a}) Also note that £(0) < W’ and so, by (9.7), @ = min{2¢ - 2, a}.
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(In fact, « is significantly smaller than ¢.) By part (i) of Proposition 7.1, we obtain that”

Sr\S; _ _ 2
| fr\l Fl |Sng| <50(2€ a)(n 2£’+a')e (_ 20/ ) ©.11)
la)  (rla) n 582(2( - a)
Plugging (9.4) and (9.8) into (9.11), we see that
IS\ S%l 2t -a)(n-2t+a) o?
< 200 0) - ——; 9.12
S7] n xp (8( )~ Se - a)) ©-12)

since £(6) — < —&(0), this in turn implies that |S%| > @ Next, for every S € S, we select

nz
582(20-a)
A€ ([2"6,]) and §’ € Sg such that S, S’ C A, and we observe that for each such A, there exist at most (2(5)
such S’s. Therefore,

ISF|

|A| > 2(;). (9.13)

With identical arguments, we verify that | A| > ZISTQ{J The last inequality in (9.10) follows from the
previous estimates, (9.4) and (9.8). The proof of Cla{ilm 9.3 is completed. O

Next, set
9. 3 0
B=v23582Ta Y 24583 T ie(o) = — 2 (9.14)
601n (%)

and note that 116a < 8 < % and 1081In (/%) < 6. (Indeed, T = max{¢,k — £} > £ > a, and so, by
(9.14), we see that 8 > 116a; however, since 6 < min{¢, k — £} < ¢, by (9.14) again, we obtain that

B < %.) Moreover, for every A € ([Zn(’])’ set
ya={(F,G) € I;(F,G): (F,G) € FAxGaand |[FNG NA| =€ - B}|. 9.15)

For every (F,G) € I;(F,G), we can bound the number of A € A for which (F, G) contributes to y 4
by counting the ways we can first select F NG N A, then F N ([n] \ G) N A, then ([n] \ F) N G N A,
and finally ([2] \ F) N ([n] \ G) N A. In particular, we have

. ¢ k—O\(n—k-0\( ¢
A;AYASZZ(.F,Q)(f_ﬁ)0<§<a(i+B)( g )(l.+].+ﬁ). 9.16)

Claim 9.4. Given our starting assumption that (9.5) does not hold true, we may select Ay € A such that

20\ (n—2C 0
ons({/,)(k_{,)exp(—g). 9.17)
Proof of Claim 9.4. First observe that

o ie((, (D) = () () = CH D G-

Next, using (i) our starting assumption that (9.5) does not hold true, (ii) the fact that  + 8 < 2 + 8 <

I min{¢€, k — £,n - k — £}, and (iii) the fact that the function x - () is increasing for x < ¥, we obtain
that

If 2¢ — @ > %, then (9.11) follows by applying Proposition 7.1 to the complementary families.
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DORTEES P et [N 4 e[ G S

Therefore, by (9.10), there exists Ay € A such that

25) (n - 2&) i () (k - f)x

<
Yo (€ k-t () \a+p

LG

A <)

Now we claim that

To this end, notice that

and consequently,

ot 1 [ A A )

Moreover, by (2.6) and the fact that 2a + 8 < 1{;0 < %,

(rg) Gap) 3
lawp) Lawp) (@) H6arlog, (n)
B A ’

and similarly, since @ < 1'%,
n
Q < é éz—glogz(n)'
n
(ﬁ) 24 N a
After observing that

50)’

1 2
’glogz(n) > 2log,(2a) + 6a log, (n) + 3 log, ('B) +log, (—5) +3log, (ﬁ

a 24

we conclude that (9.20) is satisfied.
Summing up, we see that there exists Ay € A such that

20\ (n - 26\ (n)’ &(6)
e (NG e (557 0)

(9.18)

(9.19)

(9.20)

9.21)

(9.22)

(9.23)

(9.24)

(9.25)

(9.26)

The claim follows from this estimate together with (2.6), and invoking the choices of £(d) and S in (9.3)

and (9.14), respectively.
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Let Ag € A be as in Claim 9.4. We will show that

jE’
Faol 5 g 198 5. (9.27)

YA YA,

Indeed, by (9.9) and the choices of K and K¢, we have

Faol _ CEONCRE) 6
> exp (= — &(6) (9.28)
> ama o)
and
Gaol _ CTOCEED) (6
> = exp (= —&(9)]. (9.29)
YAo 2(2;) (n—kz—[f) ( 3 )
Noticing that
20-a
( < ) >0 (9.30)
(¢)

and using the previous two estimates and the choice of @ in (9.7), we see that (9.27) is satisfied.
We introduce the families

Dy :={F € Fa, : YG € Ga,(IFNG| # Cor [FNG N Ao| # € —p)},
Dg :={G € Ga, :VF € Fo,(IFNG| £ Lor [FNGNAg| #€-p)},

. Kr
D = {BQA0:|{FGDF:FOAO=B}|>W},

. K
Dg:={BgA0:|{G€Dg:GnA0=B}|>22—[g+2}.

Note that |Dx| > KTF and |Dg| > %, and so, there are |D =| > KTF pairs (F, B) such that F N Ag = B.
For every F € Dx, we have that € < |F N Ag| < € + «; therefore, there are at most 226-1 guch choices

for B = F N Ag. However, for every such B, there at most (”k__zf ) choices for F € D . Hence,

K]: K]: n—-2¢
L < 4 \D* , 9.31
2 <t f'(k—f) ©-3D)
and similarly for G. Consequently, we have
" 1 Kr N 1 Kg
k=t n—k—{
that implies that
. s
D% - |Dg| > 24+ exp(—2(£(5) +2a)) > 24+ exp(—@). (9.33)

By Theorem 1.1 applied for ‘p = p’ = %’, there exist B; € D and B, € D suchthat |[By N By| = (- B.
Next, set x := |[By|—(, X :={F\Ap: FeDrand FNAg=B1}andy := |By| - ¢, )Y :={G\ Ap :
G € Dg and G N Ay = By}. Observe that 0 < x,y < @ and

Kg
22042

X > and |Y| > (9.34)

—F
220+2
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Therefore, by our assumption on ¢ and the choice of @ and g,

s (2 ) () e e (<260 +20)

k—¢—x] \n—k—-¢-y|] 210 4¢
n—2¢ n—20 B2
. -50m - - 9.35
>(k—€—x) (n—k—f—y) " e"p( 582(k—€—x)) ©-33)

By part (i) of Proposition 7.1, there exist H; € X, Hy € ) such that |H; N Hp| = B. It follows that
(B1 UH|,By UHy) € (Fa, XGa,) N (Dx x Dg), which clearly leads to a contradiction. O
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