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Abstract

This work is concerned with the problem

{a,u —c()u=f

upp\ry =0

posed in the domain
D={t,x)eR*[0<1 <T.g1(t) <x <2},

which is not necessary rectangular, and with
Ly ={(T, ) | o1(T) <x < 2(T)}.

Our goal is to find some conditions on the coefficient ¢ and the functions ( ¢;) ;=1,2 such that the solution
of this problem belongs to the Sobolev space

H'"2(D) = {u € LX(D) | u € L (D), dyu € L*(D), 8*u € L*(D)}.

2000 Mathematics subject classification: primary 35K05, 35K20; secondary 35K.
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1. Introduction

In the domain
D={(t.x)eR* |0 <t <T,1(t) <x <p2(1)},
we consider the problem

{atu —c()Pu=f (Po)

upp\ry =0,

where:
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@O Tr={T,0)[e1(T) <x <p2(T)};

(i1) c is a positive coefficient depending on time;

(ii1) (¢i)i=1,2 and c are differentiable functions on ]0, 7'[ satisfying some assumptions
to be made precise later on.

The second member f of the equation will be taken in the Lebesgue space L?(D).
We look for a solution u of problem (Py) in the anisotropic Sobolev space

HY2(D) = {u € L*(D) : 8;u € L*(D), dyu € L*(D), 8*u € L*(D)).

The study of this kind of problems when the coefficient ¢ is constant and 7 < +o00 has
been treated in [19]. In [13], the authors investigated the case when

f is in a non-Hilbertian Lebesgue space L” (D)
c=1

T <400

@1 =0and g2(1) =17,

they found some conditions on the exponents « and p assuring the optimal regularity
of the solution of problem (Py). It is possible to consider similar questions with some
other operators (see, for example, [11, 12]).

Observe that the case where the domain D is cylindrical and T < 400 is known,
for example, in [15] or [1] when the coefficient ¢ is not regular.

During the last decades numerous authors have been interested in the study of
many problems posed in bad domains. Among these we can cite [2, 3, 5-11, 16—
18, 20]. For bibliographical references see, for example, those of books by [4-7] and
the references therein.

In this paper we are interested in particular in the case T = +o00, ¢1(0) = ¢2(0)
and ¢ depends on the time. Our main result shows that, thanks to some assumptions
on the functions (¢;);=1,2 and ¢, problem (Py) has a (unique) solution u with optimal
regularity, that is u € H'->(D) when

D={(t,x)eR*|0<1<+00, ¢1(t) <x < @2(1)},

and ¢1(0) = ¢2(0). The proof of this result will be undertaken in four steps:

(1) case of a bounded domain which can be transformed into a rectangle;

(2) case of an unbounded domain which can be transformed into a half strip;
(3) case of a bounded triangular domain;

(4) case of a sectorial domain.

2. The case of a bounded domain which can be transformed into a rectangle

Let us consider the problem

(P1)

{a,u —c()d?u = f € L>(Dy)
upp\ry =0,
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where
Di={(t,x) eR*|0 <1 <T, ¢i1(t) <x < p2(t)},

with the following hypotheses on the functions (¢;);=12 and c:

@ {(ga,-),-= 1,2 and ¢ are continuous functions on [0, T'], differentiable on ]0, T'[;
the derivatives ((plf )i=12 are uniformly bounded;
(i) there exist two constants «; > 0, i =1, 2, such that o1 > c(t) > ap, forall ¢ €
[0, T];
(i) @1(t) < pa2(t), forallz € [0, T];
iv) T < +oo.
Let (H;) denote these conditions.

The change of variables (¢, x) to (¢, (x — @1(2))/(p2(t) — @1(2))) transforms D
into R =10, T[ x ]0, 1] and problem (P;) becomes

{a,u +a(t, x)dyu — b(t)d*u = f € L*(R) Ph)
u =0 1
[aR\{T}x 10,1] ,
where
a(t, x) = _X(fﬂz(f) - 901(0) + ¢ (t)’
©2(t) — @1(8)
and
b(r) = @

(p2() — 1 (1)*

Observe that, thanks to hypothesis (Hj), the coefficient a is bounded. So the
operator a(t, x)dy : H L2(R)y > L%(R) is compact. Hence, it is sufficient to study the
following problem

{a,u —b()d*u= f e L*(R) P
1

uppR\(Tyx 10,1 = 0.

It is clear that problem (Pl”) admits a (unique) solution u € H L.2(R) because
the coefficient b satisfies the ‘uniform parabolicity’ condition (see, for example,
[1]). On other hand, it is easy to verify that the change of variables (¢, x) to
(t, (x — @1(2))/(@2(t) — @1(t))) conserves the spaces L?and H-2. Consequently, we
have the following theorem.

THEOREM 1. If hypothesis (Hy) is satisfied, problem ( Py ) admits a (unique) solution
u e H"2(Dy) in Dy.

The uniqueness of the solution may be obtained by developing the scalar product
(0;u — c(t)afu, U)r2(py)- Indeed, we prove that the condition d;u — c(t)8§u =0
implies 8 .u = 0. Thus, 3?u = 0. However, d;u — c(t)d2u = 0 leads to d;u =0. So
u is constant and the boundary conditions give u = 0.
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3. The case of an unbounded domain which can be transformed into a half strip

Now, let us consider the problem

(P2)

du — c()d?u = f € L*(Dy)
upp, =0,

where
Dy ={(t,x) eR?|0 <t < +00, ¢1(t) < x < p2(1)},

and let (H>) denote the following conditions on the functions (¢;);=1,2 and c:
M (¢i)i=1,2 and c are continuous functions on [0, +oc[, differentiable on
10, +-o0[; the derivatives (¢;);=1,2 are uniformly bounded;

(i) thereexista; >0,i =1, 2suchthato; > c(t) > ar > 0, forallt € [0, +00[ ;
(iii) ¢y — ¢ is increasing in a neighborhood of 4o00; or:

there exists M > 0 such that |¢](t) — @5 ()|(g2(t) — ¢1(1)) < M.c();
iv)  ¢1(0) < 2(0).

The change of variables indicated in the previous section transforms D into the

half strip B = ]0, +o0o[ x ]0, 1[ . So problem (P,) can be written as follows

du +a(t, x)dyu — b(t)d2u = f € L*(B) (Pl
Ujpp = 0, 2

keeping in mind that the coefficients a and b are those defined in Section 2. Let f; be
the restriction fj10,4[ x 10,1f for all n € N. Then Theorem 1 shows that for all n € N,
there exists a function u,, € H"2(B,) which solves the problem

{Btun +a(t, x)dyuy — b(t)3%u, = f, € L2(By), )
Un|aB,\(n}x 10,1 =0, 2

where B, =10, n[ x 10, 1] .

LEMMA 1. There exists a constant K independent of n such that

lunllz2,) < 10xunli2p,) < KIfllL2p)-

PROOF. The Poincaré inequality gives |lunllz2(p,) < Il0xunllz2(p,). Moreover, by
developing the scalar product (d;u, + a(t, x)0yu, — b(t)B%un, u,) in L%(B,) and
using condition (iii) in (H>) we obtain

(fn, ul’l) = / una[un dt dx +/
By

By
1] w00, / 2
) /Bn o1(t) — 02 (1) Mn(t, x)dtdx + 5, b(t) Ocuy) dt dx

f b(1) Bxun)* di dx = @[ dttnl| 7 5 -
By

a(t, x)u,dxu, dt dx — / b(t)unafun dt dx
Bn

%
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Hence, for all € > 0,

st} g,y < 5 lnll 2y Ll 2,

IA

1 €
_ 2 + —— |U 2 .
(126 ||f||L (B) a2 ” n”L (Bn)

By choosing € small enough, we prove the existence of a constant K such that
9xunllr2em,) = KIIfllL2(B)- o

REMARK 1. Similar computations show that the same result holds true when we
substitute the condition that @2 — ¢ increases in a neighborhood of +o0o by the
following

91 (1) — @3 () (p2(1) — @1(1)) < Mc(1).

PROPOSITION 1. There exists a constant K independent of n such that
Nunllgr2p,y = KN fllz2em)-
PROOF. We have
1fall7 2 gy = @run + alt, )dxun — b(O)05un, dyuy + alt, X)dxutn — b(B)d7un) 125,

= 1Brunlla ) + lla-dxunllFa g + 16351l

—|—2/ aosuy,.0xuy, dt dx—Z/ ab&xun.aﬁun dt dx
By, By

—2/ bduy.0%u, dt dx.

Observe that the conditions (i), (iii) and (iv) of (H») show that the coefficients a
and b are bounded. So, thanks to Lemma 1, for all ¢ > 0 we obtain

18eunll7a g + 160U l72 —2/ bd;uy.02u, dt dx
By
< f 152 + Na-BeunlFa g o + 2018l o ) la-Battnll 12
+2005unll 2 llab-dxttnll 2 |
<Ry + Ko (1 2 )Moty + €lhitnl gy, + €022
= LZ(B) 1 € xn Lz(Bn) tYn LZ(B,,) x“4n Lz(Bn)
< Kell fI3205, + €ldrunllFa g ) + €lldzunll}s g .

where K| and K. are constants independent of n. Consequently,

(1 = O UBunlFa g, + Ib-05unll 5 ) <2 / bdjun.d3un dt dx + Kell f 1175 -
B"l
3.1
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Let us now consider the term 2 an bB,un.afun dt dx. We have
2/ bdu,.0%u, dt dx = 2/ (b3 (Byttn.Dyutn) dt dx + bd;(dxun)?) dt dx
B, By

1
= —/ b(axun(n,x))zdx+2/ b (8,up)dt.dx.
0

n

Note that the functions b (which is positive) and 4, defined by

_ (1) _ 2c() (93(0) — ¢} (1))
(p2(t) — @1(1))? (p2(t) — 1(1))3

are bounded by virtue of hypothesis (H>). Using Lemma 1, this yields

b'(1)

2/ bduy.0%u, dt dx < 2/ b (8yun)’dt.dx
Bﬂ Bn

< Ka||8yun|I?
< K3l fI%,

where (K;);=1,2 stand for constants independent of n. Consequently, choosing € = 1/2
in the relationship (3.1) we obtain, thanks to condition (ii) of (H3),

8140 |1> + 1182un 1* < K[| £11%. m

THEOREM 2. Suppose that the conditions (H») are satisfied. Then, problem (Py)
admits a (unique) solution u € H"“2(D,).

PROOF. We obtain the solution u by letting n go to infinity in the previous proposition.
The uniqueness can be proven as in Theorem 1. O

4. The case of a bounded triangular domain

Let us consider the problem

{8,u — c(t)du = f € L*(D3) (P3)

U9 DA\(Tx o1 (T), 02D = 0,

where
Dy={(t,x)eR*|0<t<T, ¢1(1) <x < (1)},

and let (H3) denote the following conditions on the functions (¢;);=1,2 and c:
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(1)  (¢i)i=1,2 and c are continuous functions on [0, T'], differentiable on ]0, T[ such
that |¢!|(¢2 — ¢1) < € where € is small enough;

(i) c()>0,forallt [0, T];

(i) ¢1(0) = @2(0);

(iv) T < 400, and T is small enough.

Set

Q, = {(t,x)€D3

1
—<t<T,p1(t) <x < (pz(t)}.
n

Let f be an element of L2(D3). Foralln e N, we set f, = fiq,. Theorem 1 gives the
existence of a function u, € H"2(£2,) which is a solution of the problem

{8,1/!” - C(t)a,%”n = fn € Lz(Qn) (P/)
Un|d$2, \ (T)x o1 (T), 02 (T = 0. 3

LEMMA 2. There exists a constant K independent of n such that for allt € 10, T :

(D) Munllz2g,) = Kli(g2 — @) dxunll 2,

@ [0 W2t x) dx < K(pa — o) [ 02un)? (¢, x) dx;

3)  [28) @eun)?(t. %) dx < K (92 — @1)? [228) 02un)?(2. x) dix;
@ Noxunllz2,) = KILflz2(py)-
PROOF. (1) Inequality is a consequence of the Poincaré inequality.
The operator
H*(0, 1) N H (0, 1) — L*(0, 1)

v— v,
is an isomorphism. So, there exists a constant K such that

vl 20,1y < K1 L200.1)
||U/||L2(0,1) = K||U//||L2(o,1)‘

The change of variables (for fixed ¢) x in y = (1 — x)¢1(¢) + x¢@2(¢) transforming the
interval (0, 1) into the interval (¢1(¢), ¢2(?)) leads to the estimates (2) and (3).

To prove (4), it is sufficient to expand the scalar product ( f,, u,) and use the
inequality (1) Indeed, we deduce, for all € > 0,

/B c(t) Bxun)*(t, x) < |(f, un)|

IA

1
;||fn||2+e||un||2

1 2 2
= g”f”Lz(Dg) + GK“((PZ - (Pl)ax”n||L2(Qn)~

However, @2 — ¢1 is bounded and ¢ > o according to the condition (ii) of (H3).
Choosing € small enough yields the desired result. O
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PROPOSITION 2. There exists a constant K independent of n such that
||un||H1>2(Qn) =< K||f||L2(D3)‘
PROOF. We have

19runll g, + lediunlyag =2 / c(O)dyun 3up dt dx = || full 72, )
n n Qn n

and, thanks to the relationship d,u,, + <plf (t)(0xup) = 0 on the boundary 92, , we show
that

-2 / c(t)duty.02u, dt dx
o8
=2/ c(t)atun.axundt—i—/ c(t) (xup)?* dx
Q2 02y,
- / ¢ (1) (Bcun)? dt dx

n

T T
=- / 2e(0)¢] (1) (Byun)2dt + / 2e(D)¢h(1) (Byun)dt

1/n 1/n
T T

+/ c(t)gy (1) (Bx1tn)? dt—f c(t)p5(1) (Bxun)? dt
1/n 1/n

- / (1) (Oyup)? dt dx
Qp
T T

_ / ()¢ (1) Buttn)? dit + / (1) Byun)? di

1/n 1/n

—/ (1) (Oyuy,)? dt dx.
Qp

So, since ¢’ is bounded, Assertion (4) of Lemma 2 yields

‘—2/ c(t)atu,,.afun dt dx
Q,

=

T
/ ()@ (1) (Byun)? dt

1/n

T
2 2
+ ‘/I/ cO@y(t) Bxun)”dt| + KLl p,)-

Now, we estimate the term [ = |f1T/n c(t)gai (1)(dyup)? dt|. For this purpose, we set

@) —x
v = =@
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Hence,
T @2(1) 5
szicmdaﬂf &WUJM@wa»]m}m
I/n P1(0)
= / ()@} ([ (1, x) Brun(t, x)*1dx dt

Q,

:/-i@ﬁﬂ—@wmmfmm
Q, ¢2(t) —@1(t)

+2 / c(t)(pi O (t, x))oxu,(t, x)Bfun (t, x)dx dt.
Q,
Note that there exists a constant K such that

‘2/ c(t)go’l(t)w(t, X) 0 uy(t, x)afu(t, x)dx dt
Qp

< K192un ||l Bt
< KelldZuy|.

(where € = sup ¢{(¢2 — ¢1)). Furthermore,

f—i@ﬁ@—@wmnﬂum
Q, P2(t) — @1(1)

@2(1)

T /
< K/ M((pz(f) _(pl([))2/ (8%1/!”(1‘, x))z dx dt
1/n 92() — @1(2) o)

<K [ OO a0) = 01 0) Ghugte, ) dx s
< Kenat%unnz.
Then, there exists a constant X’ such that
18unll + 185unll < K'lI £1].

Consequently,

lunll 12,y < K'IIFII- O

THEOREM 3. Suppose that conditions (H3) are satisfied. Then, problem ( P3) admits
a (unique) solution u € H'“2(Dy).

PROOF. Thanks to Proposition 2, the solution u can be obtained by letting n go
to infinity. O
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5. The case of a sectorial domain

In this section, we consider the problem

{8,u - c(t)8§u = f e L*(Dy) (Py)

u3p, =0,
where
Dy={(t,x) eR?|0 <t <400, ¢1(t) <x < (1)},

under the hypotheses (Hy4) on the functions (g;);=1 2 and c:

(¢i)i=12 and c are continuous functions on [0, +-o0[, differentiable on
@) 10, +oo[; here |¢!|(¢2- ¢1) is small enough in a neighborhood of 0 and
((p{ )i=1,2 is bounded in a neighborhood of +o0.
(i) @2 — ¢ is increasing a neighborhood of 400 or

there exists M >0, || (1) — @30 |(p2(1) — @1(1)) < M.c(1);

(iii) thereexisto; > 0,7 =1, 2 suchthat oy > c(t) > ar > 0, forall r € [0, +0o0[ ;

(iv) ¢1(0) = @2(0);
V) T =+o0.

In order to prove our main result, we need the following trace theorem [15,
Theorem 2.1, Chapter 4]:

THEOREM 4.
() Ifue HY“2Q0, T[ x 10, 1), then
Uy o € Ho (0, 1) =f{ue H'(0, 1) | u(0) =u(1) =0}.

(i) If ¢ € Hy(0, 1), there exists u € H*(10, T[ x 10, 1) such that uy, ., =@

and w1 7 o107 <1y = -

COROLLARY 1. Let ¢ be an element of HO1 (0, 1). If hypotheses (Hy) are fulfilled,
then the problem

du —c()d*u= f € L*(Dy)
o< 1o, 0.0 = P

U1aDy \ 101x 101 0,02 O ULT)x 1oy (7,00 (T

=0,

admits a solution u € H“2(Dy).

THEOREM 5. Suppose that the conditions (Hy) are satisfied. Then, problem (Py)
admits a (unique) solution u € H"“2(Dy).
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PROOF. The proof of this result can be obtained by ‘subdividing’ the domain D4 in
three open subdomains D1, D> and D3 which respectively verify the hypotheses (Hj),
(H,) and (H3). Furthermore, we impose Dy = Uiz123 D;. This is possible thanks to
(Hy).

Corollary 1 allows us to solve the problem posed in every subdomain (D;);=1,2,3,
and obtain solutions u1, u; and u3 respectively in Dy, D, and D3 which coincide on
the common segments of (E)izl,z,g, that is, u; = u» on D; N Dy and us = u3 on
D3 N Ds. The solution u in Dy is then defined by u|p, = u; foralli =1, 2, 3. |

REMARK 2.

(1) In the case where ¢; =0 and ¢(z) =%, it is easy to see that the condition
o > 1/2 satisfies hypothesis (Hy).

(2) This work may be extended to other operators (with constant or variable
coefficients). Moreover, we can consider the case where the second member is
more regular or lies in non-Hilbertian Sobolev spaces (built on Lebesgue spaces
LP).

(3) Instead of looking for the boundary conditions assuring the existence of the
solution in the natural space, we can choose a ‘bad’ domain which generates
some singularities in the solution. Then, the following two questions arise.

(a) What is the optimal regularity of this singular part?
(b) What is the number of the singularities which generate the singular part?
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