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RATIO LIMIT THEOREMS
A. G. MUCCI

Introduction. Let {f,, #,, n = 1} be an adapted sequence of integrable
random variables on the probability space (2, Z, P). Let us set ¢*(fim|Z,) =
E(fuin?l?,) — E*(foimlZ,). The following result can be immediately derived
from Brown [2]:

THEOREM 1. If

1) ffn >0 and E(fil#.1) =0 foralln = 1,and
2'2(fn ml%—;l)
S T

then we have
(1) There exists, modulo a set of measure zero, a partition of Q into two sets:

€L, forallm =0

Qo = R { i E(fosm|Z,) exists and isﬁnite}
0

m= 1

and
Qe = Qo {Zl: E(fn+m|gn) = OO} .
(2) On Q, and for each m = 0:

*) limt—— =

Nowo N

Z E(fn+mlgn—l)

1

1.

This result is readily extracted from Brown’s Theorem (1) and Corollary (2).
Our condition (2) requires that E(fyn|Z.) = 0 = 0*(fryn|Z,) = 0; when-
ever this occurs we will interpret the ratio in (2) as equal to the value one. We
also impose, for normalization purposes, the condition %, = {@, Q}. Our
objective in this paper is to derive a sharper form of the theorem above by
imposing a mixing condition on the variables. This condition is one possible
generalization of (*)-mixing (see Stout [5]) and will have the following form:
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There exists fo, such that, given ¢ > 0, there exists ny where n = n, implies

E(frin|Zn) — ful < e+ ¢(m)
ffn+m

where ¢(m) is a sequence of constants, ¢p(m) | 0.

This condition will be written

E(fn—kmlgn)

[

This kind of mixing is met in the following circumstances. Suppose there
exists a sequence of reals {¢(m)} where ¢(m) | 0 and suppose there exists an
adapted sequence {f,, Z,} with

**)

ffn—’rm

It is then easy to see that {f,, &Z,} is a positive supermartingale converging to
some f,, satisfying (**).

—fu| = o(m).

Theorems and corollaries.

THEOREM 2. Let the adapied sequence {f,, Z,} on (@, B, P) satisfy the
following conditions:

ffn >0 and E(fu|#.1) =0, foralln =1

@ Foraltinegersm = 1:sup LB €

ff"+m
(4) Forallm = 1: lim M—*

N-oco
2 E(furn|Zn)
Then we can conclude

M) P{Xfu =0} =1 @fon = o0, and P{}.f, exists and is finite} =
1 Xff, < .

(3) —fo > 0.
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(1) If Sff, = o, then
N
5
N
5

Proof. From Condition (3), we can find nq, m, so large that m = m, implies

—fo P a.e.

N

Z E(fn+mlgn)
0<fo—es o
%: ffn+m

From this it follows that Z‘f’ffn = 0 & Y TE(fuimlZ,) = ©, and then
using Theorem 1 we see that (I) obtains. Let us now assume fon = 00,
Returning to the inequality above, we can choose N so large that

Sfote< 0

N

Z E(fn+ml'@n)
0< (1 —e)f,—3ex— S Q4 ef.+3e< o

D I

since all individual terms E(f,yn|Z.), ff,,+m are finite. Now

N N N

Z fn m—1 Z E(fn+k|gn) Zl E(fn+mlgn) .

1

> [ | 8 stz 5 fi

1

Given our last inequality, the ratio on the left will be close to f., provided the
product in brackets above is close to one, and for this it suffices that for each
fixed k& we have

Z E(fn+k+l‘gn)

1

-1,

and given (*) from Theorem 1, this will happen provided

E(fN+klgN)

N

1

—0

which is our Condition (4). This completes the proof.
Remarks. Note that

E(fun D) 0" rinlZB)
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Therefore, if we were to replace Condition (2) of our theorem by

2" sgp% €Ly forallm = 1,

then Condition (4) would be automatically satisfied, given 11.

CoroLLARY 1. (Borel-Cantelli type result). Let {B,, %#,} be an adapted
sequence of sets on (Q, Z, P) where

(1) PB,) 20 foraln z 1,and

P(Bn+m"@n)
Then
(I) P{XIs, = 0} =13 P(B,) = ©,and

P{3 Ip, < 0} =13 PBn) < .

— fo > 0.

(A1) If S P(B,) = o, then

v e
> p

1
CoRrROLLARY 2. (A probabilistic I’Hospital’s Rule). Let { f,, Z,}, {gn, Z.} be

adapted sequences on (Q, B, P) which satisfy conditions (1) through (4) of
Theorem 2. Then if fon = Zf g, = 0, we have

(B,)

N N
D YWD o [
m ——— = im —— ==
N N Lo

Zl: &n ; £n

and

N N
lim = lim — e
N goo

H[V]z

|
H[\/]z
-

&n

An application. Suppose the adapted sequence {f,, #,} where [f, > 0 is
(*) mixing in the following sense: There exists {¢(m)}, a sequence of constants
with 1 > ¢(m) | 0 and
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for all Borel sets 4. Then, provided second moments exist, one has, for/ = 1, 2:

E(fn+ml‘gn) _

ffn+‘ml

This observation leads to

1| £ ¢(m).

COROLLARY 3. Let { f,, Z,} be (*) mixing as defined above. Assume the following
conditions:

1) [fu>0,ff <00 foralln,and

(2) sup ffn2 < 00.
' f I

Then we can conclude:
(I) P{an = OO} =1 ¢>fon = OO,(Z?’Ld
P{Y f, exists and is finite} = 1 & Y. [ f, < .

(IT) Ifofn = 0, then
£
> I

—1Pa.e.
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