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IP-SETS ON THE CIRCLE

DANIEL BEREND

ABSTRACT. Let P be an IP-set of integers namely P = {3, ¢ an : S C
N finite} for a certain sequence (an);2., in Z. The main questions studied
here are : (1) Under what conditions on (ay) is Pa dense modulo 1 for
every irrational a? (2) Under what conditions on (a,) is Pa (considered
as a sequence ordered in a way to be subsequently defined) uniformly
distributed modulo 1 for every irrational a?

1. Introduction. A classical result in the theory of distribution module 1
states that, if o is an irrational, then the sequence (na)5, is dense, and even
uniformly distributed, modulo 1. There are also some rather “thin” subsequences
of (na);2, enjoying the same property, for instance (P(n)a);2,, P being a non-

constant polynomial taking integer values at the integer points (cf. [5, p 27, Th.
3.2]). Let us now introduce the following general definitions.

Definition 1.1. A set S C Z is a DD set if Sa is dense modulo 1 for every
irrational «. (DD-Dense Dilations).

Definition 1.2. A sequence (n;);2, of integers is a UDD sequence if (nyot)y2 |
is uniformly distributed modulo 1 for every irrational . (UDD-Uniformly Dis-
tributed Dilations).

To characterize all DD sets (or all UDD sequences) is probably a hopeless
task. A humbler goal is doing this for certain classes of sets of a special type. For
example, in [3, Ch. IV] a full characterization of DD multiplicative semigroups
was given. In this paper we consider this problem for the class of IP-sets, that
is “infinite-dimensional parallelepipeds” of the form

(L) P={ay +an+ --+a, :reN, mp<m<...<n},

(@), being a sequence of integers [4, Def. 2.3]. The elements of P can be
ordered in a natural way to form a sequence as follows. If / = EZ:I €2k is
the binary representation of /, then the /-th term of our sequence is ZZZI €xak
(note that the sequence may assume some values more than once). The set P
defined in (1.1), as well as the sequence formed from it, are denoted by IP-
(an)52, (or simply IP-(a,)). We shall say that (a,) generates a DD set (resp.
generates a UDD sequence) if IP-(a,) is a DD set (resp. a UDD sequence). In
this terminology, the main questions to be dealt with in this paper may be put
as:
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(1) Which sequences of integers generate DD sets?

(2) Which sequences of integers generate UDD sequences?

In [1] the analogue of the first of these questions was studied for multiplicative
IP-sets. It is worthwhile mentioning that the techniques used there, as well as the
type of results obtained, are very different from those we have here for additive
IP-sets.

Given an /P-set P in Z and a real number «, the set Pa modulo 1 forms
an IP-set in the circle group T = R/Z. It is clear therefore that a study of
general IP-sets in T may be helpful for our problem. This is accomplished in
Section 2. A by-product of our results is finding a close relation between our
problem and some questions concerning the convergence of series of the form
> iy sin (mex + ) tackled by Erdos and Taylor [2].

Obviously, the faster (a,) grows, the slimmer is the “chance” of IP-(a,) being
a DD set. Section 3 deals with the effect of the rate of growth of (a,) on its
generating a DD set (or a UDD sequence). However, we note that the rate of
growth of (a,) by itself is in general not enough for deciding our question. For
example, on the one hand in Section 4 we obtain a criterion for generating DD
sets for sequences in which each term is divisible by its predecessor, showing
in particular that (n!) generates a non-DD set (see Example 4.2). On the other
hand, it follows from example 6.4 that (n! — 1), say, does generate a DD set.

Section 5 is concerned with sequences satisfying a linear recurrence with
constant coefficients. Our results provide a somewhat surprising example. De-
noting by (F,) the Fibonacci sequence, we show that (F,)72, generates a DD
set, whereas (F,,);2, does not. We mention that in view of Corollary 2.2 such a
phenomenon cannot occur for UDD sequences.

In section 6 we deal with a class of sequences satisfying some sort of re-
currence (see Theorem 6.1). We show, for instance, that ([p/g)"]) generates a
UDD sequence for any rational p/g > 1 (see Example 6.3).

2. General IP-Sets on the Circle. Let («,) be a sequence in T. The sequence
IP-(at,) is constructed analogously to the sequence /P-(a,), namely its terms are
ay, o, ay+on, a3, o) +as, o +az, ap+op+as, ... . In this section we
shall try to find out for which sequences («,) is IP-(c,) dense, or uniformly
distributed (henceforward — u.d.), in T.

We shall not distinguish between a point in T and real numbers lying above
it. As a set, T will be regarded as any half open half closed interval of length
1 in R, usually [—1/2, 1/2) or [0, 1). For a real number x, denote by ||x|| its
distance from the nearest integer.

ProposiTiON 2.1. (1) If Y02 | ||han|| = oo for every positive integer h, then
IP-(aty) is dense in T.

(2) If IP-(aty) is dense in T, then Y oo | ||hay|| 2 1 for every positive integer
h.

ProposiTION 2.2. [P-(xy) is ud. in T iff for every positive integer h either (1)
[|hew,|| = 1/2 for some n € N, or (ii) 302 ||hay||* = oo.
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Before turning to prove these propositions, we shall show that neither of the
conditions regarding >~ | ||ha,|| in Proposition 2.1 is actually both necessary
and sufficient for /P-(a,) to be dense in T.

Example 2.1. Let o, =27", n 2 1. Then IP-(«,) is clearly dense in T (and
even u.d.), but 322 ||ha,|| < oo for every h € N.

Example 2.2. Let a, =2/5forn <3 and o, = 237"/5 for n 2 4. It is easy
to see that IP-(a,,) N (3/5, 4/5) = ¢. We claim that > - |lha,|| 2 1 for every
h € N. In fact, this is readily verified for & = 4, while for A 2 5 even the set
IP-(a,);24 is dense in T so that the conclusion follows from Proposition 2.1.

2).

Proof of Proposition 2.1. The closure of IP-(,) clearly contains the closed
group generated by all limit points of («,). Since the only closed proper sub-
groups of T are finite cyclic groups we may assume that all the limit points
of (a,) belong to the set {0, 1/d, 2/d,... , (d — 1)/d} for a certain d € N.
Split () into 2d subsequences (o), 1 < j < 2d, by putting «, in (a(f))
if a, € [(j — 1)/2d, j/2d). For some 1 < j < 2d we have ) - | Ilhcx(f)ll =
for every h € N. In fact, if this is not the case, then for every 1 < j < 2d there
exists an A with 32 ||Aa|| < 0o. Setting h = szil hY we ﬁnd that

Z ”ha(/)“ < Hh(t) Z Hh(/) (J)H <oo, 1<j<2d,

i#j n=1
and therefore
2d oo
Z lhaal| =D || < oo,
j=1 n=1

contradicting the assumptions. Hence we indeed have some 1 < j < 2d with
oo 1| = oo for every h € N. As it certainly suffices to show that IP-
(@) is dense in T, we may assume to begin with that (j —1)/2d < a, < j/2d
for each n, and a, — = (j—1/2d or 2 j/2d depending on whether j is

odd or even, respectlvely Assume that, say, o, 2 /2d. Define a sequence
n—

(Bn) by B, = Zl { Qd—1n+i, 1 € N. From our assumptlons it follows that
—1/2 = B, < 0 for each n, 3, — O and ) .2, B3, = . It is therefore
n—o0

evident that IP-(3,) is dense in T, whence the same is true for IP-(a,,).
(2): Obviously, IP-(a,) C [Y._, J2<an<0 Ony D 0Sa<1 /2 %l. The density of
IP-(a,) in T yields

Zuann~ Yo Y

0=a,s1/2 —1/2<a,<0

v

1
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which concludes the case & = 1. For general 4 we now just have to observe that
IP-(hay,) is also dense in T. This completes the proof.

Proof of Proposition 2.2. Let (3;) denote the sequence IP-(a,) preceded by
a zero. Evidently, (G;) is u.d. iff IP-(cx,) is. Assume first that IP-(c,) is u.d. By
Weyl’s criterion for equidistribution [9] we have

n— o0

1 & oo
~ > ™ — 0, heN.
j=1
In particular

1 .
< 2, e™i —0, heN.

n—oo

k 2

1 .
— i Z (1+62mha,,)

n=1

n=1

The last expression approaches 0 as k — oo iff either (a) cos mha, = O for
some n, or (b) Zzil (1 — cos? mha,) = oo. The first of these possibilities is

equivalent to there existing some n with ||ha,|| = 1/2. Now
[o.¢] [o.¢] o0
Z (1 — cos’mhay,) = Z sin’tha, = Z sin27r1|ha,,||.
n=1 n=1 n=1

The series 32, sin’ 7||ha,|| and 3°°2, ||ha,||> converge and diverge together,
whence (b) above amounts to Y oo, ||hc,||? = oo. This concludes the proof of
the “only if” part and also shows that, if the condition in the proposition is
satisfied, then

2k
1 .
? E €27rlhﬁ’ k‘—‘* 0, h eN.
—00

J=1

It remains to prove that

1 2mihg;

— e i — 0

Py
j=
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for every h € N. Let € > 0. Choose k with

3
1 2!

7 Z 2| < €/2.

j=1
Let N > 2¥(1+2/e). Write N = 2L + r, where 0 < r < 2. Then, since

2k

21(
Z o 23| — Z o 2mihB;
J=1

j=2k(I—1)+1

for 1 =1 =L, we get

V2
2mihB;

L 241

< sz Z Z e 2mihB;

I=1 |j=2k({—1)+1

1 2% L+r 1 2% 1 € €
2mihB; | < 2mih;
+ — e NE = e N+ -—<=-+=-=¢€.
39 Z 2k Z L "2 2
j=2¢L+1 j=1

This proves the proposition.

COROLLARY 2.1. Let (ay) be a sequence of integers. If (a,) generates a non-
DD set, then there exists an irrational a with Y o | ||laxaf| < oo.

In [2] Erd6s and Taylor studied, among other questions, the absolute conver-
gence of series of the form > ;> {mx} (where {r} denotes the fractional part
of a real number ¢). Corollary 2.1 makes it clear that our problem on density
of IP-sets is closely related to theirs. Even though the results obtained there
do not seem to have direct implications for our problem, their approach, and in
particular the kind of examples they considered, had a significant influence on
the present paper.

COROLLARY 2.2. A sequence of integers (a,) generates a UDD sequence iff
Yo llancd||? = oo for every irrational a. In particular, if (a,) generates a non-
UDD sequence, then there exists an irrational a with ||a,a)| — 0.

n—00

Obviously, if a subsequence (a,,) of (a,) generates a DD set, then so does
(an) itself. Corollary 2.2 shows that the same is true with respect to generating
UDD sequences. Similarly, the properties of generating DD sets and UDD se-
quences are invariant under arbitrary permutations of the underlying sequence.
On the other hand, whereas it follows from Corollary 2.2 that omitting finitely
many terms from a sequence which generates a UDD sequence leaves us with
a sequence having the same property, the analogous statement for sequences
generating DD sets is false (see Example 5.2 infra).
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3. Growth Rate Conditions. The sequences (a,) we deal with will be usu-
ally implicitly assumed to consist of positive numbers (Reformulating our results
for general sequences is straightforward). In view of the remark following Corol-
lary 2.2, we may also assume (a,) to be non-decreasing. In this section we shall
see that in some cases we can determine whether or not (a,) generates a DD set
(or a UDD sequence) just by the rate of growth of (a,).

The upper density D*(S) and the upper Banach density BD*(S) of aset S C N
are defined by (compare with [4, Def. 3.7]).

D*(S) = lim #S N[t, N])/N,
N—o00

BD*(S)= lim #SN[M, N —1])/(N —M),

N-M—o0

where #(F) denotes the cardinality of a finite set F. A sequence (o) in T is
well distributed if for any interval [a, b) C [0, 1) we have

#({neM,N-1]:a, €la, b)}) /N M) — b—a

(cf. [5, p. 40, Def. 5.1]).

THEOREM 3.1. If the set {a, : neN} is of positive upper Banach density, then
(a,) generates a UDD sequence.

Proof. Let a be an irrational. Put S = {a, :n € N} and A = Sa C T. Since
the sequence (na)o, is well-distributed {5, p. 42, Ex. 5.2] it is easy to see that
u(A) 2 BD*(S), where u denotes the Haar measure on T. Consequently, A is
a set of positive measure, and in particular ||a,c| - 0. The theorem now

follows from Corollary 2.2.

An improvement of the theorem will be presented later (Corollary 6.1). In
this form, however, the theorem amends itself to the following generalization.
Call a sequence of integers (n;) a WDD sequence if (nya) is well-distributed
for every irrational o. Given a sequence (b,) and a subsequence (b, ) thereof,
we define the upper density (resp. upper Banach density) of (b,, ), regarded as
a subsequence of (b,), as D*({ny : k € N}) (resp. BD*({ny : k € N})).

TueoreM 3.1, Suppose that (a,) is either (i) a subsequence of positive upper
Banach density of some WDD sequence, or (ii) a subsequence of positive upper
density of some UDD sequence. Then (a,) generates a UDD sequence.

The proof is the same as that of Theorem 3.1.

TheoreM 3.2. (1) If Y oo, an/an < 00, then for any € > O there exist
uncountably many o’s for which IP-(a,«) C [0, €]. In particular, (a,) generates
a non-DD set.

O If E:il(a,, /a,,+1)2 < 00, then there exist uncountably many o’s for which
IP-(a,) is not u.d. in T. In particular, (a,) generates a non-UDD sequence.
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The first part of the theorem should be compared with [2, Th. 5].

Proof. (1) Let € > 0. Our assumption regarding (a,) implies that Ej'-';ll aj/an
— 0. Select k with Y!"a;/ax < 1/2 and Y%, an/an < €/6. For any

n— 00 )

a € [0, €/a;] we have 2,’:11 aja < €/2. To conclude the proof it suffices to
construct a sequence (e,)52, of positive numbers with ), €, < €/2 such that
the set of solutions a € [0, €/a,] of the system

aya € [0, €,], n=kk+1, ...

contains a Cantor-type set. In fact, €, = 3a, /a,,+1 for n 2 k. The condition
ara € [0, €] is satisfied (at least) on the interval [0, ¢ /ak]. For any n 2 k we
have a1 - (€x/a,) = 3 > 2+€,41. Hence any interval of length €, /a, contains at
least two subintervals of length €. /a,+1 which are mapped upon multiplication
(mod. 1) by a,4; to the interval [0, €,41]. This proves part (1).

The proof of part (2) is similar.

In the next section we shall see that for any positive integer a the sequence (a”)
generates a UDD sequence. One might have expected that, at least sequences
growing much slower than exponentially (say polynomially), always have this
property. That this is not the case follows from the following proposition, which
is of a somewhat different flavour than our other results.

ProposITION 3.1. Let a be any irrational. Given a sequence (b,) of positive
integers satisfying S oo, 1/b, S 1 (resp. Y oo, 1/b2 < 00), there exists a se-
quence (a,) with a, < b, for each n such that IP-(a,a) is not dense (resp. not
ud.)in'T.

In fact, by Dirichlet’s theorem for each n we can find a positive integer
a, < by, with ||a,c|| < 1/b,. According to Propositions 2. 1 and 2. 2, this proves
our proposition.

In the same spirit we have

PropPOSITION 3.2. Let a be an irrational and P a polynomial degree of d
without free term assuming integer values at the integer points. Set D = (24! —
2)/3 if d is even and D = 24*' — 1)/3 if d is odd. Then for any € > 0:

(1) There exists a sequence (e,) of positive integers satisfying e, < nP*¢ for
all sufficiently large n such that IP-(P(e,)) is not dense in T.

(2) There exists a sequence (e,) of positive integers satisfying e, < n°/*¢ for
all sufficiently large n such that IP-(P(e,)a) is not ud. in T.

Proof. Let € > 0. According to [8, Th. 7B], given any 6 > 0, for all suffi-
ciently large M there exists some m = M with ||P(m)c| < 1/M'/P~%. Taking
M = nP*</2 we find that for any sufficiently large n there exists a positive integer
b, < nP*/2 such that

||P(bn)0(|| < I/MI/D-5 < l/n(D+e/2)(1/D—6) — l/nl”’,
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where 7 > 0 if § is chosen sufficiently small. Hence there exists an r with
S0 o IIP(b)al| < 1. Putting e, = by, for each n, we get e, < (n+r)P+l2 <
nP* for all sufficiently large n, and by Proposition 2.1 (2) IP-(P(e,)c) is not
dense in T. this proves part (1). The second part is proved the same way.

4. Divisibility Sequences. Call a sequence (a,) a divisibility sequence if
ay|a,y for each n. It turns out to be possible to fully characterize those divisi-
bility sequences generating DD sets and UDD sequences.

THEOREM 4.1. Let (b;) be a strictly increasing divisibility sequence and (r;)
an arbitrary sequence of positive integers. The divisibility sequence (a,) defined
by a, = b; for Z]';} ri <n= 3. r; generates

i—1
(1) a DD set — iff lim > rib;/b; > 0.
i—00

j=1
i-1
(2) a UDD sequence — iff lim Z rib? [b} > 0.
i—o00 .
Jj=1
A divisibility sequence (a,) without repetitions satisfies a,,; = 2a, for each
n. Hence, Theorem 4.1 easily yields

CoROLLARY 4.1. Let (a,) be a strictly increasing divisibility sequence. Then
the following conditions are equivalent:

(1) (a,) generates a DD set.

(2) (ay,) generates a UDD sequence.

(3) The sequence (a1 /ay) is bounded.

Compare the equivalence (1) <> (3) with [2, Th. 3].

Proof of Theorem 4.1. (1) The “only if” part will follow from the following,
somewhat stronger assertion: if

i—1
lim Zl ribj/bi =0
=

then for any € > O there exist uncountably many «a’s for which IP-(a,«) C [0, €].
In fact, let € > 0. Select a sequence (i;) such that

i (i rjbj/b,-k) <e.

k=1 \j=1

Set

00
a:Zl/b,-‘.

k=1
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Then
00 00 00 00
2 llanedll =3 S rillbjedi < 3 0 (Z ||bj/b,»k||)
n=1 Jj=1 J=1 k=1
[e o) ik—l
= (Z rjbj/b,‘k) <e.
k=1 \j=1

Since all the a,a’s lie on the “positive side” of 0 in T, this implies that
IP-(a,a) C [0, €]. Now replacing (i;) by any subsequence thereof we get an-
other o having the same property. This provides us with an uncountable number
of such a’s, thereby proving the required implication.

For the “if” part it suffices to show, according to Corollary 2.1, that our
condition implies

00
> llanall = 0o
n=1

for any irrational a. Put
i—1
n=lim > rb/b
fim 3=

(with, say, 7 = 1 if the limit is infinite). This will be accomplished by proving
that for any positive integer / we have

k

@1 Y rlbel > /4

j=1

if k is sufficiently large. We first show it for / = 1. Choose s such that
S iz ribj/bi > n/2 for every i 2 s. Let t be the least positive integer for

j
which (b,/b;)||bscx|| 2 1/2. Then

t—1

s—1 t—1
2 nllball 2 3@ /bolbsall + ) rllbed]
j=1

j=1 Jj=s

s—1 t—1
=Y ri(b/by)bsall + Y ri(h; /bs|bsa]
Jj=1 Jj=s

t—1

= ribi/be - (b /b)l|bsedl > (/)b /by)||bscd| > /4.

j=1

This proves the case / = 1. We proceed by induction. Suppose that, for some k,
(4.1) is satisfied. Applying the previous considerations to the sequences (b;){2,,,
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and (r;){2;,, instead of (b)), and (r:)2,, we find an m with 37", , rj||bje| >
n/4, and so Y, rj||bje|| > (I + 1)n/4. This proves part (1).
The second part is analogously proved.

Example 4.1. For any positive integer a, the sequence (a”) generates a UDD
sequence. Note that for a = 2 the sequence /P-(a") is nothing but the sequence
of all positive integers, but for @ 2 3 it is a much thinner subsequence. More
generally, if @ 2 2 and (n)2, is an increasing sequence of positive integers,
then (a™) generates a UDD sequence (or, equivalently, a DD set) iff the sequence
(Ms1 — M2, is bounded.

Example 4.2. The sequence (n!) generates a non-DD set.

5. Recurrence Sequences. In this section we shall consider sequences (a,)
satisfying a recurrence of the form

5.1 nir = d1Qpyr—1 +draper 2+ +dray, n=1, 2, ...

for certain fixed integers d, da, ... , d,(r 2 1). The sequence (a,) is said to
satisfy an order-r linear recurrence with constant coefficients. It is well-known
that, denoting by E the set of roots of the polynomial P(x) = x" — Z];l dix"™
corresponding to the recurrence (5.1), we have

(52) a,= ZP,\(n))\", n=1,2, ...
AEE

for suitable polynomials Py € Q(A)[x],A € E. Let K be the number field
obtained from Q upon adjoining E to it. Denote by G the Galois group of the
extension K /Q. Put E>y = {\ € E : |A\| 2 1}, and let H be the subgroup of G
generated by the set {¢) € G : Y(Ex) NEx; # ¢}.

THEOREM 5.1. Suppose (a,) satisfies the recurrence (5.1) but no lower order
recurrence of this type. Then, with the notations introduced above:

(1) (a,) generates a UDD sequence iff H = G.

Q) IfH gG there exists a positive integer s such that (a,)° ; does not generate

n=s
a DD set.

The theorem follows straightforwardly from

ProposiTION 5.1. In the setup of Theorem 5.1, and denoting by F the fixed
field of H in K, we have

() IP-(apa)isud. inTiff a ¢ F.

(2) If o € F then there exists a positive integer s such that IP-(a,0) ; is not
dense in T.
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Proof. Assume that IP-(a,) is not u.d. in T for a certain a. According to
Proposition 2.2 we have in particular ||ha,c|| — 0 for some 4 € N. By [7] this
n—oo

implies ha € Q()) for every A € Ex, and in particular « € K. Given a ¢ € G,
extend the action of ¢ to K[x] by letting it act on polynomials coefficient-
wise. An equality of the form (A;) = A, for some ¥ € G and A\, A\, € E
implies ¥(P),) = P,,, where the P)’s are defined by (5.2). The convergence
||han || v 0 also implies by [7] that, if ¥(\;) = A — 2 for some ¢ € G
and A;, Ay € Ez;, then Y(haPy,) = haP,,, which, combined with the equality
Y(Py,) = P,,, yields (o) = a. According to our assumptions no P, is the
zero polynomial. Hence, if for a given ¢ € G we have y(Ez;) NEx; # 0, then
Y(a) = a. Thus, a is fixed under any automorphism in H, that is a € F.

We now have to prove that, given an o € F, IP-(a,) is not u.d. in T and
there exists a positive integer s such that IP-(a,a);2; is not dense in T. Take
a positive integer / such that all coefficients of the polynomials /Py, A € E,
are algebraic integers. Since it clearly suffices to prove that IP-(la,x);2 is not
dense in T. For any A\ € E define ), as follows. Take a Ao € E>; anda ¢ € G
with ¥(X\g) = A, and set a)y = (a). Note that «a) is well-defined. In fact, if
Y1(A1) = ¥2(X2) = X for some Aj, Ay € Exj, then ¥, '¢1(\1) = A,, whence
Y5'Y1 € H. Since a € F this implies ¢5'¢1(\) = A, that is ¥1()) = ¥a(\).
Evidently, ay = « for A € E>,. It is also routinely verified that, if ¥(A;) = X,
for some ¢ € G and A\, A\, € E, then ¢¥i(x),) = ay,. It follows that the
sequence (f,) defined by

=Y aPAmN', n=1,2, ...

AEE

is invariant under any ¢ € G, and therefore consists of rationals. As each ¢, is
obviously an algebraic integer, it is actually a rational integer. Consequently

llane|| = llanax — ta|| = Z(a — a)PA(mA\"
AEE
= | D" (= a)PrmA"|| < (|ho| + )"
AEE>,

for all sufficiently large n, where )\ is an element of maximal norm in E\Ex,
and € > 0 arbitrary. Thus ) .- [la,A|| < 1 if s is chosen sufficiently large, so
that by Proposition 2.1 IP-(a,A\)32, is not dense in T. This completes the proof.

Remark 5.1. In a sense, Theorem 5.1 indicates recurrence sequences usually
generate UDD sequences. In fact, assume for simplicity that the polynomial
corresponding to the recurrence is irreducible over Q. The product of all roots
of this polynomial is at least 1 in absolute value, and hence “on the average”
at least half of these roots belong to E>;. Now if more than half of the roots
belong to E>, then clearly H = G, and therefore our sequence generates a UDD
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sequence. Actually, on “probabilistic” grounds one would expect the equality
H = G to hold as long as #(E>;) is not very small compared to #(E). In
Examples 5.2-5.4 we present some recurrence sequences generating non-UDD
sequences.

Example 5.1. For any positive integer a, the sequence (a") generates a UDD
sequence (Compare with Example 4.1).

Example 5.2. Let (F,)32, be the Fibonacci sequence: F; = F, = 1 and
Fry = Fy+Fyyy for n 2 1. We claim that IP-(F,)32, is a DD set, but IP-
(Fn) 4 is not. In fact, since F, = 1 and F,,,; < 2F, for each n, the set IP-(F )2,
contains all positive integers and is therefore a DD set. Put A} = (1 + \/5) / 2
and A\, = (1 — \/5)/2. A routine calculation shows that F,A; = F,, — A] for

each n. Thus
SOIFEM =) (5-1/2" =(5-D/2<1,
n=3 n=3

and in particular IP-(F )2 is not a DD set. It is worthwhile to note that (F,)72,
manages to generate a DD set even though Y oo, ||F,A1]| is exactly 1.

Example 5.3. A general example of a recurrence sequence generating a non-
UDD sequence, including as a special case the Fibonacci sequence, is as follows.
Let A\ be a PV-number, of degree = 2 over Q, that is an algebraic integer
> 1 all of whose conjugates over Q lie inside the unit circle in the complex
plane (cf.[6, p. 25, Def. 10]). Take an arbitrary algebraic integer 6 in Q(\)
(Some non-integers will also do, as is the case in Example 5.2; see [6, p. 27,
Prop. 4]). Let Ay = A, X2, ... , A, be the conjugates of A over Q, and
0, =286, 0,, ..., 0, the corresponding conjugates of #. Then the sequence (a,)
defined by a, = Y_;_, 6;\" for each n generates a non-UDD sequence.

Example 54. Let w = ei™/*. Then Q(w) = Q, v/2). The Galois group of
Q(w)/Q is (the non-cyclic group) of order 4, and its elements are defined by
0w = w, op(w) = w3, o3(w) = w and o4(w) = w’. Let A = 1 +w and
Ai = 0;(A), 1 =i = 4. Since \; and )4 are outside the unit circle, while A\, and
A3 are inside, we have, using the notations introduced at the beginning of the
section, H = {0, 04} and F = Q(+/2). Thus, for instance, the sequence (ay),
given by a, = Z?:] A? for each n, generates a non-UDD sequence.

6. Approximate Recurrence Sequences. The following result, which is
quite easy to prove, will provide us with several interesting examples of UDD
sequences.

THEOREM 6.1. Let r be a positive integer, (n)>,, | = j = r, sequences of
positive integers, each consisting of distinct terms, (dij)i2,, 1 = j = r, arbitrary
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sequences of integers and (ci)j, @ bounded sequence of non-zero integers such
that:

dkla,,kl +dk20nk2 +- +dk,a,,k, = Ck, k= 1, 2, PN

Set Dy = max |dy| for each k. Then:
Sjsr

(1) If 322, 1/Dy = 00, (a,) generates a DD set.
() If Y32, 1/D} = 00, (a,) generates a UDD sequence.

Proof. Passing to a subsequence if necessary, we may assume that (¢;) is
constant, say ¢, = c¢ for each k. Given an irrational o we have

lleal| = |diallan, ell + [dialllan, @l
+ o+ |die|llan, | = Dy Z llan, a|l
j=1

for each k. To prove (1) we observe that

o9} ] r [e.¢] [ee]

S lanall 2 2303 llan, il 2 dleadl/r) Y 1/

n=1 j=1 k=1 k=1
and employ Corollary 2.1. Part (2) is similarly proved using Corollary 2.2.

A straightforward consequence improving Theorem 3.1 is

CoRrOLLARY 6.1. Let {a, : n € N} = {b, : n € N}, with (b,) strictly increas-
ing. If lim (b, — b,) < 00, then (a,) generates a UDD sequence.

n—o0

Example 6.1. Suppose the sequence (a,) satisfies
Anyr = dlan+rvl + dZarH-er +--+ dran +Dn, n= 1’ 27 LR ]

where (p,) is a bounded sequence, taking non-zero values for infinitely many
n’s. Then (a,) generates a UDD sequence.

A sequence (y,) is a bounded perturbation of a sequence (x,) if (y, — x,) is
bounded, and a non-zero perturbation if y, # x, for all sufficiently large n.

Example 6.2. Let (s,) be a bounded sequence of positive integers with s, =
2 infinitely often. Set S, = H,'-'zl s;. Then any bounded perturbation of (S,)
generates a UDD sequence. In fact, suppose a, = S, + p,, (p,) being bounded.
Then

(6.1)  @ur1 — Sn+1dn = Pnsl — Sps1Dn-

If the right hand side of (6.1) is non-zero infinitely often, then the required
conclusion follows from Theorem 6.1. Otherwise, we get p,.; = Sp41p, for all
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sufficiently large n, whence the boundedness of (p,) implies that p, = 0 for all
sufficiently large n, and by Theorem 4.1 we are done.

Example 6.3. Any bounded perturbation of ([fu"]), @ being an arbitrary non-
zero real number and u > 1 rational, generates a UDD sequence. In fact, let (a,)
be such a sequence. Write u = p/q, (p, q) = 1. The sequence (gans; — pan);
is obviously bounded. If ¢ > 1 then this sequence is non-zero infinitely often,
so that Theorem 6.1 proves our claim. We may assume therefore that g = 1 and
any1 = pay for all sufficiently large n. In this case the conclusion follows from
Corollary 4.1.

Example 6.4. Any bounded non-zero perturbation of (n!) generates a DD set
(Note that, in view of Theorem 3.2, it does not generate a UDD sequence). In
fact, let a, = n! + p,, where |p,| = P for each n and p, # O for all sufficiently
large n. Define sets [, by

Ln={n€N:py=pum}, m=2P+1,2P+2, ... 2P+ 1)

Obviously, 2317 1,, is a set with bounded gaps (not exceeding 1+ (2P +1)2).
Hence there exists an / 2 2P + 1 such that 3°, , 1/n = oo. Write [, = {n; :
k € N} with (n;) strictly increasing. For each n we have

apey — (n+ Day = ppey — (n+ D)y,
so that for each k

(6'2) ank+l+1 - (nk + l + l)ank+l - ank+1 + (n]( + 1)ank
= Puert+l — (e + 14+ Dpys = Prest + (g + Dpp,
= Pm+l+1 — P+l — lpnk-

From our assumptions it follows that the right hand side of (6.2) is non-zero.
Also

o0

Zl/(nk+l+1)=oo.

k=1
By Theorem 6.1, this implies our claim.

REFERENCES

1. D. Berend, Actions of sets of integers on irrationals, Acta Arithmetica 48 (1987), 163-170.

2. P. Erdos and S. J. Taylor, On the set of points of convergence of a lacunary trigonometric series
and the equidistribution properties of related sequences, Proc. London Math. Soc. (3), 7
(1957), 598-615.

3. H. Furstenberg, Disjointness in ergodic theory, minimal sets, and a problem in diophantine
approximation, Math. Systems Theory / (1967), 1-49.

https://doi.org/10.4153/CJM-1990-030-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-030-8

IP-SETS ON THE CIRCLE 589

4.

, Recurrence in Ergodic Theory and Combinatiorial Number Theory, Princeton Univer-
sity Press, Princeton, New Jersey, 1981.

S. L. Kuipers and H. Niederreiter, Uniform Distribution of Sequences, Wiley, New York, 1974.

6. Y. Meyer, Algebraic Numbers and Harmonic Analysis, North-Holland Publishing Company,
Amsterdam-London, 1972.

7. C. Pisot, La répartition modulo 1 et le nombres algébriques, Annali di Pisa (2) 7 (1938),
205-248.

8. W. M. Schmidt, Small fractional parts of polynomials, Regional Conference Series in Mathe-
matics, No. 32, 1977.

9. H. Weyl, Uber die Gleichverteilung die Zahlen mod Eins, Math. Annalen 77 (1916), 313-352.

Department of Mathematics and Computer Science

Ben-Gurion University of the Negev
Beer-Sheva 84105, Israel

https://doi.org/10.4153/CJM-1990-030-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-030-8

