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A CLASS OF STRONGLY DEGENERATE ELLIPTIC OPERATORS

DuonG MINH Duc

Using a weighted Poincaré inequality, we study (w1,...,wn)-elliptic operators. This
method is applied to solve singular elliptic equations with boundary conditions in W1:2,
We also obtain a result about the regularity of solutions of singular elliptic equations. An
application to (w1,...,wn)-parabolic equations is given.

0. INTRODUCTION

Let a;; be continuous functions on the closure Q of an open subset Q of R™, such

that for any 7, j in {1,...,n}, aij = aji. Let b;,for 1 < j < n, and ¢ be measurable
— 8
functions on . Denote bi—j’ F and Bay by D;, Dy and D, respectively. We
consider the following boundary value Dirichlet problem
Au:—ZD(a,](w)Du)+ZbDu+cu_f in 0,
(P) =1
U= on Of).

If Q and the coefficient functions of 4 are bounded and sufficiently regular, also if
A is strongly elliptic, the problem (P) has been solved. In [9, 10, 11] Fichera studied
(P), in the case when A is a degenerate elliptic operator and its coeflicient functions
are smooth and defined on a bounded open subset . He solved problem (P) under
certain conditions on the derivatives of the coefficient functions. Under these conditions
¢ is positive and sufficiently large in many cases [11, pp.118-119]. The regularity of
solutions of the degenerate elliptic equation (P) is studied by Kohn, Nirenberg, Oleinik
and Radkevich [20, 24]. Stampacchia studied the case in which the coefficient functions
of (P) may be discontinuous in {30, 31]. In [32] Trudinger studied (P) under the
following condition

w)Zs, Za.,(wef, A=) Ze, VeeQ (&,...,€n) €R™,

i,j=1
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where A™" and A are integrable on Q, with » > .
In this paper we suppose that there exist nonnegative real functions wy,...,w,

and a constant M such that
n

i“’j(m)f;‘r < E aij(x)€:€; < Miw,’(w)ﬁf-
7=1 j=1

,j=1

In this case A is called an (wi, ..,wy,)-elliptic operator. This operator is more
general than the one in [32] and is applicable to the case studied in [8].

If A is an (wy,...,w,)-elliptic operator, the Dirichlet problem (P) may be not
only degenerate, but also singular. We solve the problem (P) for this operator, defined
on a general domain. These results generalise to those in [7] (see Theorem 2.1).

In [23] Mikhailov studied the Dirichlet problem with boundary conditions in L?
and smooth coefficient functions. Chabrowski and Thompson [4, 5|, extended these
results to cases in which the coefficient functions may be nonsmooth and unbounded.
The part of a C?-domain which is near its boundary can be described as a flow-
domain (see Definition 1.2). Using this property, Mikhailov, Chabrowski and Thompson
obtained an a priori estimate and solved the problem.

In this paper we improve a weighted Poincaré inequality for the flow-domains,
established in [8]. Using this inequality we solve the singular Dirichlet porblem with
boundary conditions in W'?  which is more singular than the one in [4, 5, 23]. We
also answer an open problem, posed by Chabrowski (see Theorem 3.1). Actually, we
can solve the Dirichlet problem, which is not only singular, but also degenerate in the
sense of Collaps (see Theorem 3.4). Our method is also applicable to the cases in which
the domain is unbounded or nonsmooth. We get the regularity of solutions of singular
elliptic equations. This result is similar to the classical one for nonsingular elliptic
equations (see Theorem 3.3). If ¢ =0 and b; = 0 for any j, the regularity of solutions
of degenerate (wy,...,wy)-elliptic equations is studied in [12, 13].

On the other hand let A be a uniformly elliptic partial differential operator. Un-
der certain conditions on the smoothness and boundedness of coeflicient functions and
domain, it is well-known that —(A4 + AI) is the infinitesimal generator of an analytic
semigroup of contractions, where X is a sufficiently large real number [25, p.210}.

In this paper, we get an explicit condition under which —A is the infinitesimal
generator of an analytic semigroup of contractions, where A is an (wy,...wy,)-elliptic
operator and may be degenerate or singular. We remark that we do not need any
positive real number A here. This property is useful in the study of nonlinear evolution
equations (see Section 6.3 in [25]).

The paper consists of four sections. We establish Poincaré inequalities in the first
section. The (wj,...,wn)-elliptic equations are studied in the second section. The
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third section is devoted to the study of the singular Dirichlet problem. We consider

(w1y...,wy,)-parabolic equations in the last section.

1. WEIGHTED POINCARE INEQUALITIES

To study elliptic partial differential equations which are degenerate or singular on
a subset V of the boundary 80 of 1, where 2 is a bounded domain in R™, we
need a priori estimates of solutions and their derivatives near V. On the other hand,
the difficulty is due sometimes to the unboundedness of the domain. In this section
we improve a weighted Poincaré inequality for flow-domains proved in [8]. Using this
inequality we get a priori estimates in the cases considered.

First we define flow-domain. Let m be a nonnegative integer and R™ be m-
dimensional euclidean space. If m = 0, consider R™ as {0}. Let n be a positive
integer and G be a nonempty open subset of R*~!. Let ¢ — b, be a map from G
into (0,00]. We denote by D; the set {(s,z) ERX G:0 < s < b,}. Suppose that the
interior D of D; is the set {(s,z) € D1:0 < s < b;}. For n = 1, D; is identified
with the interval [0,bo).

DEFINITION 1.1: Let h = (hj,...,hn) be a one-to-one continuous mapping from
Dy into R™, such that h is continuously differentiable on D, with its Jacobian de-
terminant Jn(s,z) # 0, at every (s,z) in D. Put @ = A(D); we say that Q isa
flow-domain parametrised by (h,D).

Let Q be flow-domain parametrised by (kh, D); we put:

(1) (k)= (i € {1,...,n} | A(s,2) € D) 2 (s,2) # 0)};
Js

for every (y,z) in D, write

2) stz = [ |Gee)

Let wj, for j € {1,...,n}, be measurable nonnegative functions defined on Q2.
For every nonnegative measurable function w defined on © and every j € {i,...,n}
we put:

b
. s(h,z,§)w(h(£, z)) | In (¢, )]
3 Fha]az, )b =/ . d7
© aonb) = | b o)
(4) d(h,w;w;) = sup{F(h,j,z,y,b;) : (z,y) € D},
(5) d(h,w;w1,...,w,) = sup d(h,w;w;),
J€I(h)

https://doi.org/10.1017/50004972700002665 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700002665

180 D.M. Duc [4]

where d(h,w;wl,...,w,) may be infinite.

DEFINITION 1.2: Let {Q;};ecs be a family of disjoint flow-domains, parametrised
by {hj,D;}jcs. Let Q be open in R™, containing the union of {Q;};cs, and let
m(ﬂ\jé)JQ,-) = 0, where m is the Lebesgue measure on R™. We say Q is a flow-
domain parametrised by {(h;, D;)}jes.

It is clear that the unit ball {z: ||z|| < 1}, the exterior domain {z: ||z|| > 1}
and the star-shaped domain, with C? boundary, are flow-domains. There are other
examples of low-domains in [8].

Let ©2 be a flow-domain parametrised by {(h;, D;j)}jes. We write

I({h}) = | I(h)),

jeJ
. — i3 j
d({h;},wiwy,..,wn) = supd(hj,w],wl,. .. ,w,’l),
ied
where w?, wi,...,w} are, respectively, the restrictions of w, wy,...,w, to Q;, for any

jin J.

For any j in {1,...,n} and = =(z1,...,2,) in the boundary 89 of ©, we put
J(j,z) = {t € R:(z1,...,2j_1,2; + 1, Tj41,...,25) € Q}. In this paper, for any =
and j, we suppose that J(j,z) is a finite union of open intervals. We put:

0l ={zedN:0ec J(j,z) & wj(z) # 0},
309 = h({O} X G) UBIQU...UanQ.

Sometimes we do not need the smoothness of 8Q; then the normal vector may
not be defined at some z in 892. But we require that 9Q is partially smooth in every
direction as above. We note, for example, that a cylinder in R? is such a domain.

We put:

1
[l =4 X [ 1Dl wyda,
1<5<n V0
S = {u =vl|g | v € C'(R™), having compact support and ||u||, < oo},
So ={u € 5| (Vz € 6oN2)(u(z) = 0)},

So0 = {u € S| (Vz € 9N)(u(z) = 0)},
ull = { /n fu(z)[? dz}

2 2,3
llelly = {llull”™ + llull}?.
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Let W, W, and Wy be the completions of (S,|-[l,), (So,|Ill;) and (Seo,|"Il;),
respectively. Note that Wy and Wy¢ can be defined for any domain 2 studied in
Lemma 1.2.

We have the following Poincaré inequality:

LEMMA 1.1. Let Q be a flow-domain parametrised by {(hj,D;)}jes, let w,
wy,...,w, be nonnegative measurable funcitons on . Then for every u in Wy we

have:

fu(y)? w(y)dy < d({h;},wiwr,. .. wa) 3 |Dju(y)|* wi(y)dy
/n jel({hj})/"

PROOF: We can suppose {(h;,D;)}jcs consists of a unique element (h, D). Let
G be as in Definition 1.1. Let v be in S; then for any given = in G we have:

%(h(y,z)) = Vu(h(y,z)) - -Z—Z(y,z) a.e. on [0,b.).

By differential calculus [28, p.178] and(1) we get:

u(h(t,z)) /3u (y,))dy

/ Vu(h(z,v)) (y,w)dy
/ > Djulh(y,=) (y, z)dy
O jern)

By the Cauchy-Schwarz inequality we have:

t ' b 2
el < [ 'Z ID;u(h(y, )P [Z Piwa)| | }ay,
J€I(h) JEI(h)
!
{/ > IDju(h(y,2)I* dy} / > ah - (y,z dy}
0 jer(w F€I(h)

Then by (2) we get:

(6) k() < s(hyz,t) 3 / IDju(h(y, =) dy.

J€I(h)

Arguing as in the proof of Lemma 1 in [7}, we get the results. 1
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Remark 1.1. In Lemma 1.1, w; may be identically zero if j is not in I(h). This
property is essential in studying degenerate elliptic equations, considered in [6].

Let £ be a bounded open subset of R™ and é be a positive real number; we put
Qs = {z € Q:d(z,00) > 8}, where d(z,09) is the distance from z to 9Q2. We have
the following result:

LEMMA 1.2. Let Q be a bounded open subset of R™, and let § be a sufficiently
small positive real number. Let w, wy,...,w, be nonnegative measurable functions on
). We assume that for any § in (0,6,] there exist an open subset 2 in R™ and a

positive real number vs such that:

(1) Qs C 2 Cﬁ; C Q% ,and for any j in {1,...,n} and z in 2, we have
i(z) < vé and
<
(i) O\, is a flow-domain parametrised by {(h;,Dj)}jes, whose
d({h;},w;w1,...,wn) is finite;

(ii) €Y is of class C?.

Then there exists a constant C(w;jwy,...,wy), such that for any w in Wy we have
n
/ [u)® w(z)de < C(w;wy,. .. ,wn)/ Z |Dju|2 wj(z)de.
a Q
J=1

PrROOF: By Lemma 1.1, for any u in Wy we have:

(7) / [uf? w(z)dz < d({hj},w;wl,...,w,,)/ > IDjul wjde.
2\0; ;e Jel(thi})

Thus by the trace theorem [21, p.39] and (i) there exists a constant C; such that,
for any v in Wy, we get

/ [u]? w(z)dz < Cy / (lul’ @ + > [Djuf’ wjlde.
ango o \"30

ko =1

Thus, by (7), for any u in W, we have:

(8) / lu]? w(z)de < Cy (1 + d({h]-},w;wl,...,w,,))/ > IDjul wjda.
ango o\’ ’

L1 j=1
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By the Poincaré inequality ([29, p.355]) amd (i) there exists a positive real number
C, such that for every u in W we have

(9) / lu]* wdz < Cf / > IDjul? wjdz + /
030 a’

|u]? wds).
bo j=1 603

From (7), (8) and (9) we get the lemma with C(w;wy,...,wy,), which is equal to

max{C;,d({h;},w;w1,...,wn) + C1C2(1 + d({h;},w;w1,...,wn))}.

Now consider a concrete example. Let G be an open set in R"~! and let z +— c(z)
be a mapping from G into (0,00]. Put

={(z,s){z € Gand 0< s <c(z)}

We have the following result:

LEMMA 1.3. Let G, ) be as above, let ¢ be a positive measurable function
on G, and let ¥ be in the interval (%,2). For any = = (z3,...,2,) in @ we put

w(z) =z7¢(z1, ..., Tn-1), wn(z) = §(21,...,2n_1) and wy(z) = ... = wp_y(z) =0.
Then for any v in Wy we have:
If y =2, then
(10) / fu)? w(z)dz € 4/ )D,,'ul2 wn(z)de;
Q o

If v belongs to (%,2) , and there exists a real number C such that, for any = in
G, c(z) < C, then

(11) /;lu(z:)lz w(z)dz < C.,Cz*"‘/nanu(z)lzwn(:c)dm,

4-2v
where C, = 4(4 — 24)77-3 |

PROOF: Put:

b, = c(:c):”2 Ve € G,
D={(s,z) |z € G&0<s<b,},
h(s,z) = (m,sz/a) V(s,z) € D.
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Then  is a flow-domain parametrised by (h, D). For every = in G and y, ¢ in
(0,b,) we have:

%( )= (0 2,4
a y,w - ""73y ?

l

s(hyzyt) = = /ssde—g ,

22
a0l = 2ok,
2y 1
4 be 13—F % 4 - 3-2y
dihwion) =3 swp [T Ay S b T
(z.9)ED Jy y~ 3 27 -3

Therefore if v = 2, we have d(h,w;w1,...,w,) < 4. By Lemma 1.1, we have (10). In
the case of (it), by calculation, for any y in (0,b,) we have

429

4 3— 27
[y'—zs—_yzb ] <Cyb: T = Cue(z )2

2y -3

Using Lemma 1.1 again, we have the proof. 1

Remark 1.2. Galdi and Rionero showed that (10) is the best estimate (see [15, p.16]).
Our method is also applicable to other cases in [26].
Using the foregoing results, we define a class of domains in R™, which is useful in

the third section. Let 2 be a domain in R™. For any positive real number § we put

s ={y € Q| d(y,00) > 6}, where d(y,df) is the distance from y to 9.

DEFINITION 1.3: Let 2 be a domainin R™, and 7, ¢ be nonnegative real numbers.
We put w =d(-,00)"7 and w; = -+ =w, = 1. We say
(i) @ is a C(v,¢e)-domain, if, for any &' > ¢ there exists a positive real
number § and an open subset Q2 of @, such that Q5 C 5, 9y is of
class C?, 1\ is a flow-domain parametrised by a family {(k;, D;)}jes
and d({h;},w;wy,...,wn) < €';
(i1) $is a C(v)-domain, if it is a C(7,¢9)-domain for some eg;
(iti) Q is a C.(y)-domain, if it is a C(v)-domain and C(v',0)-domain for
any 7' in the interval (0,7).

We have the following example:

LEMMA 1.4. Let Q0 be a bounded domain in R™, such that 8% is of class C?.
Then  is a C.(2)-domain.

PROOF: Since 91 is compact and of class C%, there is a finite family
{(T;,Gj,¢i,ki)}jecs, such that for any j in J, z in G and sufficiently small posi-
tive real number &, we have: I'; is open in 01; éJJI‘j = 0Q; G; is a bounded open

j
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subset of R®~1; ¢; is a C? function from G; to R; ||V¢;(z)| = ¢ > 0; T'j = ¥;(G;)

and
{{(z1,...,zn) |y = (zl,...,zkj_l,zkj+l,...,zn) € Gy,
$i(y) < zi; < $i(y) + ¢} C 2\ Qy,
where ¢ is a positive constant, and ¥;(z) = (:1:1,...,a:kj_1,¢>j(:c),:ckj+1, .. .,xn) , for
any ¢ = (zl,...,wk]._l.zkj+1,...,zn) in G.

We can now suppose that ¥1(z) = (21,...,%n_1,¢1(z)) forany @ = (z1,...,2n-1)
in G;. We put Dy = Gy x (0,6). For any z in Gy, any y in R, we put ®(z,y) =
y — ¢1(z) and

V&(z,d1{zx))
hi(z,t) = (2, ¢1(z)) + t*/3 ——2 T2
18 = (@ ) e gy ()]
vd
We know that —————E-’il(—w)—)— is nothing but the outward normal vector

IVe(z, g2 (=)l
v(z,d1(x)) of 9N, at (z,;(z)). By calculation, we have

Ohy
ot

(12) (a0 = 27,

. (2 -
(13) tim (307) @0l =1

Arguing as in [5, 23], we can find a sufficiently small positive real number &, such
that, for any § in the interval (0,8q], the set Qs is a region with a boundary 9€; of
class C?.

Moreover, for each ¢ in 9 there exists a unique point z; in 9%, such that
zs = z ~ év(z), where v(z) is the outward normal vector of 992 at z. The map
z + x5 is one-to-one, and there exists a positive constant -, such that, for any é in

(0’60]7
(14) v 1d(zs,00) < ||z5 — z|| = § < yd(z5,09) V& € 09Q.

Therefore Q\Qs is a flow-domain for any sufficiently small §. Furthermore by
(12}, (13), (14) and the proof of Lemma 1.3, we have the lemma. |

Remark 1.3. The boundary of a C,(2)-domain may not be in C?. For example, let
2 =1(0,1)x(0,1). Let F be the union of diagonals in 2. Then Q\F is a flow-domain,
and the distance function d(-,0%) is of class C°°(f\F). It is easy to see that  is a
C.(2)-domain.
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2. (w1,...,wn)-ELLIPTIC EQUATIONS

Let a;;, b; and ¢ be measurable complex functions on Q1. Suppose that for
every 1, j in {1,...,n} we have a;; = aj;. Consider the following partial differential

operator,
n n
= - Z D,-(a;iju) + Z biju + cu.
=1 i=1
In this section we assume that there exist a constant B, and nonnegative measure-

able functions wy,...,w,, defined on ©, such that forevery z in £ and ¢ = ({1,...,&n)
in R™,

(15) Z“’J(“’)fgz < Z aij(z)&:¢; < BZ“’J("’)f
7=1 ij=1 =1

Wesay A is an (wy,...,w,)-elliptic operator. Hereafter we consider A as a linear
operator defined on a linear subspace D(A) of Ly(0) as follows: Au = f if and only if

/{ Z aijDjuD;v + Zb vDju + cuvldz = / v(z)f(z)dw Yv € Spq.
i,j=1 0
DEFINITION 2.1: Let w be a nonnegative real number defined on ; we write

d({h;},wjwi,...,wy,) if 1 is as in Lemma 1.1,

K(wjwiy. .. ,wy) = {

Clwiwy,y...,wy) if 2 is as in Lemma 1.2.

Then we have the following estimates.

LEMMA 2.1. Let 2 be as in Lemma 1.1 or Lemma 1.2. For any u in Wy and any

v in W we have:

(17) Iull? < Z/a,,p wD;ude,

i,j=1

(18) / Z ai;DiuDjwdz| < B |, |v], »

t,7=1

(19) / S b,aD;vdz| < Ky [lul, ol +
Q j=1

/n|cus| de < Ko llull, Ilo]l, ,
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where
— 1
(21) I(lz{nlzgg K(|bj|2wjl;w1,...,wn)}2,
RN
(22) Ko = K(|e|;wi1y. 00, wn).

PrOOF: From (15) we have (17). Let u and v be in S. By the condition on @,
the Cauchy-Schwarz’s inequality for a nonnegative definite hermitian sesquilinear form
[16, Section 36, no. 10] and by (15) we have:

/ Z a;;DuD;vde
Q

i,J=1

n LA 3
< / Z a,-jDiuDjﬂdw / Z a,'jDiiji)_d:B
1] Q

i,j=1 4,j=1

< Blludl, o], -

On the other hand we have by Lemma 1.1 and Lemma 1.2

n n n
/ ijﬂDjvd:c < {/ Z ij|2 wj—l |1L|2 dw}é{/ Z |Djv|2 wjd:z:}’ir
Q=1 L =1
2 -
< {nsup K (Il w50, o) Pl ol

Therefore we obtain (19). Analogously we have (20). ]
We put
(u,v) = / u(z)v(z)de.
n
By Lemma 1.1, 1.2 and 2.1 we have the following Garding inequality:

LEMMA 2.2. Let Q be as in Lemma 1.1 or Lemma 1.2. Let A, Ky and K; be
defined as in (16), (21) and (22). If K, + K¢ < 1, we have

(Au,u) > (1 — K; — Ko) |lull>?  Vue W,.
Using Garding’s inequality for strongly elliptic operators {25, p.209], we get esti-

mates in the interior part of 2. By Lemmas 1.1 and 1.2 we obtain estimates near the
boundary of 2. Then we have another Garding inequality as follows:
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LEMMA 2.3. Let Q and {h;}; beasin Lemma 1.2, and A be defined as in (16).

Assume

Ki+ Ky <1,
where

1

' 2 -1 ?
K, = n sup d<{h1}7|b1| w; ;wla'-'vwn) )

iSjEn

Ky =d({h;},lcl;wi,...,wn).

Then there exist a positive constant C and a real number Ay, such that, for any

u in Wy and any X 2 Ag, we have
(Au + du,u) = C[Ju))?.

DEFINITION 2.2: Let w be a positive measurable function on £ such that
K(w;ws,...,wy,) is finite (see Definition 2.1). Put

Ly o(R) = {u]|wu or u € L()}.

Let ¢ bein W, f bein L, () and A be a real number; we consider the following

boundary problems:
Au+du = f in
(P 2 ,
U = on Jyf2.

Au+iu =f in £,
u = on 0.

(P¢,00){

Remark 2.1. If A is not degenerate, then Jyf = 90 (see the definitions in Section 1),
and (P,,) and (P, o) are the same. But, in general, (P, o) and (P,00) are different
(see problem (P,) in [7]).

DEFINITION 2.3: Let A, ¢, f and A be as above. Let u bein W. We say u is
a solution of (P,q) (respectively, (Py00)) if u — ¢ € Wy (respectively, v — ¢ € Wyo)
and

Au+du=f in 2.

Using the Lax-Milgram theorem and Lemmas 2.2 and 2.3, we have:
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THEOREM 2.1. Let A, Ky, K1, K} and K; be as in Lemma 2.1, or Lemma 2.3.

Then we have:

(i) if Q is asin Lemma 1.1, or Lemma 1.2, and K; + Ko < 1, then for each
f in L2 (), each ¢ in W and each nonnegative real number A, (Pyp)
has a unique solution u, which is also the unique solution of (P, ) ;

(ii) if Q is asin Lemma 1.2, and if K, + K; < 1, then there exists a real
number A such that, for each f in L2 (), each ¢ in W and each real
number A = Ag, (Py,) has a unique solution u, which is also the unique
solution of (P, g0);

(iii) in both cases, there exists a constant K such that

)it

llull, < KA{llell, + min (“f” , ”fw_%|

where K is independent of f and ¢.

PROOF: By Lemmas 2.2 and 2.3, we have the uniqueness of the solution of (P, ).
If u is a solution of (P, 00), then it is a solution of (P, ). Therefore it is sufficient to
show that (P, o) has a solution.

By Lemmas 1.1 and 2.1, the maps v — (Ayp,v) and v — (f,v) are continuous on
Wyo . We remark that the norm of the second mapping is less than min (||f|| , “fw"’i’ “) .

Using the Lax-Milgram theorem and Lemma 2.2, we can find w in Wj such that

(Lw,0) = (f ~ Ap,0) Vo € Wao,
wlly < M{llelly +min (1511, ]| £~

)%

where M is independent of f and ¢.
Therefore, we get (i) with » = w + ¢. Analogously, we obtain (ii) and (iii). ]

Remark 2.2. If qa;; is continuously differentiable on €, by Lemma 2 in [7] and the
directional smoothness of 30 (see Section 1), we see that the solutions in Theorem 2.1
are the generalised solutions in the usual sense.

Remark 2.3. The foregoing theorems are applicable for an unbounded domain Q. If
A is uniformly elliptic, Maulen and Janssen [17, 18, 19, 22] have proved these results
for some special wheighted functions. If 2 is a flow-domain, (i) of Theorem 2.1 is proved

in {7]. We note that our results are valid also for a degenerate or singular operator 4.

Remark 2.4. If w; = --- = w, = &, then (wy,...,w,)-elliptic operators are studied
in[2]. If c=0, and if b; =0 for any j in {1,...,n}, these operators are considered
in [1,12, 13, 27, 33].
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Now we consider a concrete example. Let G be an open set in R*~! and z + ¢(z)
be a mapping from G into (0,00]. Put

Q={(z,3)|z€ G&0 < s <c(z)}

Suppose a;; = aj;, for any ¢, 7 in {1,...,n}. Suppose that there exist a positive
continuous function ¢ on D and positive real numbers Cy, C,, C3 and Cj such that,

for any (z1,...,%5) in @ and any £ = ({1,...,&s) in R™, we have:

n

Crd(z1,- -1 8ac) D2 < Y ai(2)ib; < Cadlen, .. rzn) Y €2,
=1 Jj=1

i,j=1
Ib](:c)l S C;;w;lqb(wl, ey wn—])a
and
IC(:L')' < C4:C,:2¢(:E1,. . -3mn—1)'
Under these conditions we have the following result:
THEOREM 2.2. Put wj(z) = C1¢(zy,...,%,) for any = = (z1,...,%,) in Q, and
1 < j < n. Suppose that

(23) Mm% Cy +4Cy < C.

Put w(z) =z, for any ¢ = (z1,...,%,) in Q. Let f bein Ly (), let ¢ be in
W and let A be a nonnegative real number. Then there exists a unique solution v in
W,y of the problem (Py,p).

ProoOF: By Lemma 1.3, § is a flow-domain parametrised by an (h, D), and we

get:
d(h,|b_,-|2wj_l;w1,...,wn) <4cicr? vy,
d(h, |C| yWi1ye.n ,wn) < 46’40'1—1.
Therefore by applying Theorem 2.1 we have the proof. | |

Remark 2.5. In this theorem we see that ¢ and b; may be nonsmooth and unbounded,
and © may also be unbounded and nonsmooth. If b =0, Theorem 2.2 is proved in [7].

3. SINGULAR ELLIPTIC EQUATIONS

In this section we consider the case in which ¢ and &; may be unbounded. We

need the following definition:
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DEFINITION 3.1: Let © be a C,(2)-domain in R™, V be a subset of 30, and
Cy, C,, B, and v be positive real numbers. We say A is (V,C;,C,,0,7)-singular on
1 if it satisfies the following conditions:

(i) For any positive real number § and any j in {1,...,n}, b; and c are
bounded on Qs , and D;b; belongs to Lo ().
(ii) There exists a positive real number § such that, for any 7 in {1,...,n},

z in Q\Qs we have: |bj(z)| < Cid(z,V)™? and |e(z)| < C2d(z, V).
We have the following result:

THEOREM 3.1. Let Q be a C,(2)-domain in R®, wj =1 for any j, and w be
d(-,000). Let A be an (wy,...,wy)-elliptic operator, defined as in (16). Assume that
A is (69,C,,Cy,B,7)-singular on 2 and one of the following conditions is satisfied:

(i) B and § belong to the open interval (0,1);
(ii)y B=1, v isin (0,2) and C, is sufficiently small;
(iii) B isin (0,1), ¥ =2 and C; is sufficiently small;
(iv) B=1,v=2 and Cy, C; are sufficiently small.
Then there exists a real number ), such that the problem (P, o) has a unique
solution for any ¢ in W, any f in L3 (R?) and any real number X = ).

PROOF: Assume (i) holds. Then by definition 1.3 we see that for any sufficiently
small &, we have K+ K] < 1, where Kj and K} are defined in Lemma 2.3. Applying
Theorem 2.1, we get the result. Analogously, we have the theorem for the cases of (ii),

(i1i) and (iv). ]

Remark 3.1. If Q is a bounded domain having a C?-boundary, [bj|2 and |c| are in
L"(R), 3 <r < oo, then Theorem 3.1 is proved by Stampacchia in [30, 31]. The result
of Stampaccia is extended by Chabrowski and Thompson in {5] for an L;-boundary
condition. Arguing as in the proof of Lemma 3 in [23], our result answers an open
problem posed by Chabrowski in [4, p.88].

If A is nonsingular, f is in L(f2) and ¢ is in W22%(Q), it is well-known that
the solution u of (P, 00) belongs to W*2?(2) (see Theorem 8.12 in [14]). We shall
establish the regularity of solutions in Theorem 3.1 in the case in which f and ¢ are
in L% () and W2? respectively.

Let 2, A, ¢ and f be as in Theorem 3.1, such that 9Q is of class C%. Let &
be a sufficiently small real number, such that d(-,99) is of class C?(2\Qs,). For any

¢ in the interval (0, %‘1) , we can find a function 7 in C? (ﬁ), having the following
properties:

(i) (Ve € Qs) (360 < n(z));
(i) (Vz € Qs\Qs )(n(z) = d(z,0));

https://doi.org/10.1017/50004972700002665 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700002665

192 D.M. Duc (16]

(ili) (Yo € 2\Qs/z)(n(z) = 0);
(iv) (Vz € 2)(n(=) < 2d(z,89)) and
(v) (V= € Q)(|An(=)| <4).

Let k£ bein {1,...,n}, h be a real number and v be in C¥(Q), such that the
support of v is contained in 25 and 0 < |h| < §. We put

v(z + her) — v(z)’

Aly(z) = 5

where z € 2 and e, = (6,’:)

1580
We have the following lemma:

LEMMA 3.1. Assume a;; and bjDja;; belongto Loo(f2) forany i, j in {1,...,n}.
Let 6§, h and n be as above. Then there exists a positive real number M , such that,
forany i, j in {1,...,n}, any u and w; in Wy, any w in W, any f in L; () and

any positive real number ¢, we have:

(i) fATM (P APu)de| < M7 | fol® + llull2} + e llulll,

s

(if)

/n b DywA = (n? Aku)de| < Me M {[ull? + [2} + e [ull2.s
]

(iii)
(iv)

[ corah (At da| < Me (Jul? + wll2) + < ulls,

é

/n Di(ai; Dyw)A™ (n* Atu)da| < Me™ (J[wll f[wll2,g + lull?) + < ulls, s
§

where [l@ll,.s = {Ja, 3 lwDiDjp[" dz}} and w = d(-,89).

"’J._-

ProoOF: By the Cauchy-Schwarz inequality, the Young inequality of Lemma 7.23
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in {14] and by the properties of A, we have:

foR (2 APu)d=

25

< ’

2/ fn(A_hn)Ahud:c+/ fnzA_h(Ahu)d:c
s 5

<8/ |nf|2d:c+8/ |Ahu|2dx+2e_1/ |nf|’dz+ff [na=?(ar)|* dz
n6 ﬂ6 n6 2 95

2 2 2 2, 2
< (3+2) tnsi + sl + 2 s

and

/ bi(Djw)A™ " (n* APu)dz

Qg

=|z/n bj(Djw)n(A_hn)Ahudm+/ bi(Djw)n® A" (APu)dz],
&

2F
- 2 2 h 12 £ —h R 2
<{8+- pnDjw|°dz +8 [ |Atu|"de+ < [ |nAa~H(APu)| de,
€ Qs 117 2 5
2 2 2 2
<G54 2) ol + 80l + < ol
and

/ cwlAh(nzAhu)dz < 8/ cwmAhud:c+/ cwmzA_h(Ahu)dw
N 7] 2

< 8022/ |w1n_1'2 dz + 8/ |A"ul2 dz
5 e
2
+ 2 o a4 S [ s (st
€ Jag 2 Ja,
2
<02(8+2) o™ + sl +< .

By Lemma 1.2, we can choose M , satisfying (i) and (ii). Now we have:

Di(a;jDjw)A~" (nzA"u) dz
Qs

=/ (Dja;j)(Djw)A_h(nzAhu)d:z:+/ aij(D;Djw)A"h(nzAhu)d:c.
;s ) .

8

Therefore, by the conditions of a;j, by (i) and (ii), we can find M such that M
satisfies (iv) also. 1
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THEOREM 3.2. Let Q, A and w be as in Theorem 3.1, such that 9§ is of class
C?. Assume a;; and bJ-_lea,-j belong to Loo(?), ¢ and j in {1,...,n}. Then there
exists a constant C(f2, A) such that, for any f in L; () and any ¢ in W such that
llell,, is finite, the solution w in Theorem 3.1 belongs to W22(Q) and we have

loc

luli2, < o, A)(llell} + llellZ, + 1 fwl?),

where ”wuk*_ {fn E ID :Dj wl zdz}% ‘

IJ—

PROOF: The proof is similar to that of Theorem 8.8 in [14] and therefore we omit
some details. Let u be the solution of (P,). Let &, k, n and h be as in the proof
of Lemma 3.1. Put v = 72Ahu. We have (see [14, p.184]):

Z/ a;j(z + hex)DjAMuDw = — /{ZAa,,DuDv-{-gA hv}dz,
Q5 n

i,7=1 § i,5=1

where

— D~ Di(ai;Djp) - Y biDj(u — ) —c(u —¢) + f.

ij=1 j=1

By Lemma 3.1, for any positive real number ¢, there exists a constant M,(f2, A,¢) such
that

Z / a;_,-(z +hek)D_,-AhuD.-v
1173

tJ_

) 2
< My(, 4,) (Ilull? + el + el + 1Fwll®) + e llulls -
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By (15) and the Cauchy-Schwarz inequality, we get:
> / InD;AMuf?
i V0

Z / n2aii(z + hex)A*D; uAhD iu
i,j=1

= Z / aij(z + hek)DjAhu[D,-v —- Zn(Ahu)Dm]d:c
i,j=1 s

< Ma(@, 4,€) (Il + llel} + llelZ, + 5wl

+ e fluli?,s + 64¢7? Z il |k +¢ Z/ nD;ARu| dz,

4,j=1 i,j=1

< (MI(Q)Aa5)+645—1 Z ”a”eo)

i,)=1
2 2 2 2 2
Ullly + Helly + el + NFll™} + € llullins -

Therefore, arguing as in the proof of Theorem 8.8 in [14], and using (iii) of Theorem
2.1, we get the result. ]

THEOREM 3.3. Let © be a bounded domain in R™, whose boundary is of class C?.
Let w; =1 forany j. Let A bean (wy,...,w,)-elliptic and (89, Cy, C2,3,7) -singular
operator on ), where  and % are in the interval [0,1]. Assume a;; and b;]D,-a.'j
belong to Lo, () for any i, j in {1,...,n}. Let 8, v be positive real numbers in
[0,2], f bein L, ,6/2(R) and ¢ bein W, such that Jo 1D: D,(pl2 w”dz < oo for any
t and 7 in {1,...,n}, where w=d(-,09). Let u be a solution of (P,p).

Then u be]ongs to W2(Q) and

loc

/n |w®D;Djul’ dz < C(, A, 8,7, 6,v)
n 2
el + S [ 1DiDsol wvda + 5],
ij=1"1

v~ 8 v

222} and i, j€{1,...,n}.

where a = max{g,

PRrOOF: By Theorem 3.2, it is sufficient to estimate fn\n, jw® D,'D,-ul2 dz, where
0

§p is a small positive real number. Therefore we can apply the method in the proof
of Theorem 8.12 in [14], and we shall consider 2\f25, as the flow-domain studied in
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Lemma 1.3. We can also suppose that n(z) = z, for any ¢ = (z1,...,2,) in Q\Q4,,
where n = w.

For any k in {1,...,n—1} and any sufficiently small real number h, we put A",
as in Lemma 3.1. We see that A*n** = 0. Using n* instead of 5%, by the proof of
Lemma 3.1, for any § in (0,8y), we get:

2

< _/ Inaf|2 dz + _e_/ |77°A_h(Ahu)|2da:
€ Ja\n,, 2 A5\,

/ fAa~" (nzaAhu)d:c
s\ s,

<[ gt [ eahat) s,
a5\, 2 Jas\as,

€

Considering the other inequalities in Lemma 3.1 in a similar way, we get the desired
inequality for fﬂ\ﬂa lweD;Dju)? dz for any (i,7) # (n,n).
0

On the other hand, we have:

w¥an, DpDou

= Z a;;w*D:Dju+ iw" (i D;a;; + b,-) Dju — cw®u + w* f.

("vj)#("v") j=1 i=1

Because w,, = 1, we have ann, 2 1. Since the functions in the righthand side of

the above inequality are in L,(f2), we get the theorem. 1

Remark 3.2. If ¢ = 0 and b; = 0 for any j, the regularity of a degenerate
(wi1,...,wy)-elliptic operator is studied in [12, 13].

Remark 3.3. Let m be a positive integer such that m < n. Let 2 be a flow-domain
parametrised by (h,D) in R™, as in Lemma 1.1, and ¥ be a bounded open subset of
R*~ ™. Put U = 2 x U; then U is a low-domain parametrised by (g, D x U), where
g(z,y,t) = (h(z,t),y). It is clear that I(g) = I(h) (see Definition 1.1). In this case,
for any j > m, w; may be identically zero. Applying the above results we get the

following theorem:

THEOREM 3.4. Let Q2 be a C,(2)-domain in R™, U be a bounded open subset in
R*™™ and U=QxU. Let wj=1 forany j in {1,...,m}, and let w; be a bounded
nonnegative function on Q for any j in {m +1,...,n}. Let A be a (w;,...,wy)-
elliptic operator. Assume that A is {{(0R2) x U,Cy,C;,1,2)-singular on U, C, and
C, are sufficiently small, and |b;| < C'3w'lw;/2 and |D;b;| < Cyw™" for any j in
{m+1,...,n}, where C; is a constant, v € (0, 2) and w = d(., (8Q) x U}.

Then there exists a real number Xy such that (P, ) has a unique solution for any
A2 Ao, any f in L2,,(U) and any ¢ in W.
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PROOF: Let u bein Wy, and v bein W . Asin the proof of Lemma 2.1, we have:
[ BsuDsolde < (R (I w7 on, o) P2 el ol V5 € {1,om,
U

bjuD;udz| < | |D;b;||u)’ dz < Cs [uf w Tdz Vj € {m+1,...,n}.
et atit s

We can find a constant Cy, such that for any v and v in Wy, and any j in
{m+1,...,n}, we obtain:

I/ b,-ijudml < 03/
[ U

<G / |Djuftw;de} /2 / w0 Pde} % < Gy full, el
U U

1/2 _
wj/ Dju |w 1'v|d:c

Then arguing as in Lemmas 2.2 and Theorem 2.1, we get the theorem. ]
Remark 3.4. If ¢ =0, Theorem 3.4 is proved in [6].

Remark 3.5. Our method in [7] is also applicable to strongly degenerate elliptic equa-
tions, studied in [1, 27, 33].

4. (wi1,...,wn)-PARABOLIC EQUATIONS

Let A be a (w1,...,wn)-elliptic operator. It is well-known that —(A4 + AI) is the
infinitesimal generator of an analytic semigroup of contractions on L,(f?), whenever
2 is bounded, A is strongly elliptic, 82 and the coefficient functions are sufficiently
smooth and A is a sufficiently large real number. This property is important in studying
the global existence and the uniqueness of solutions of the following nonlinear parabolic
equation:

v

T + Av + dv = f(v,t),
v(-, 0) = Vg.

We consider the following question: when is —A the infinitesimal generator of an
analytic semigroup of contractions on L;(§2)? Actually, if A is the Laplace operator
—A, then —A is such an operator.

For an (wy,...,wy)-clliptic operator, we have the following result:

THEOREM 4.1. Let  be as in Lemma 1.1 or 1.2, let A, Ko, K,, K, and K,
be as in Lemmas 2.1 and 2.3. We have:

(i) if Ky + Ko < 1, then —A is the infinitesimal generator of an analytic
semigroup of contractions on L,(Q);

(it) if Ky + Ky < 1, then —A is the infinitesimal generator of an analytic
semigroup of operators on L2(f2).
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PROOF: Put D(A) = {u € Ly(9) | Au € L(R)}. It is clear that D(A) is dense
in L2(Q). Using Theorem 2.1, Lemmas 2.1 and 2.2, by Lumer-Phillip’s theorem (25,
p-14], we see that —A is the infinitesimal generator of a Cy semigroup of contractions.
Arguing as in the proof of Theorem 2.7 in [25, p.211], we see that this semigroup is
analytic. Then we get (i). Analagously we obtain (ii). (]
Remark 4.1. In Theorem 4.1, A may be degenerate or singular and £ may be un-
bounded. .

Hereafter let 2 and A be as in (i) of Theorem 4.1 and let X be L;(2). For any
a in the interval [0,1], we define the operator A* and the Banach space (Xa,|[*||,) as
in [25, p.195].

DEFINITION 4.1: Let f be a map from [0, 00) x X4 into Lz(2). Wesay f sétisﬁes

condition (F) if for every (t,z) in [0,00) x X, there exists a neightbourhood V' of
(t,z) in [0,00) X X, and constants L > 0, @ in (0,1] such that

1 £(t1,21) — f(t2,22)l| < L(ltl —t|° + |le1 - $2||a) Y(ti,z:) € V.

Applying Theorem 3.3 in [25, p.199], we have:

THEOREM 4.2. Let @ and A be as in (i) of Theorem 4.1, and let o be in [0,1}.
Let f be a map from [0,00) x X4 into Lz(Q2) satisfying (F). Assume there exists a
continuous nondecreasing real function k on [0,00) such that

W)l < k@)1 +[zlly) V(¢ ) €[0,00) X Xq.
Put E = C([0,00) : L,(2)) N C*((0,00): L2($2)). Then for every v in X, there

exists a unique u in E such that u is the solution of the following initial value problem:

%(t,z) + Au(t,z) = f(t,u(t,z)) Y(t,z) € (0,00} x 8,
(@)1 u(t,z)=0 Y(t,z) € (0,00) x 89,
u(0,-) = v.

Remark 4.2. If A is (89,C,,C;,8,7)-singular on 2, by the foregoing theorem, we
get the global existence of solutions of singular parabolic equations. Using Theorem 3.1
and (ii) of Theorem 4.1, we can get some more results.

Remark 4.3. If W, is compactly embedded in L(§2), then by (iit) of Theorem 2.1,
—A is the infinitesimal genarator of an analytic semigroup of compact operators. In this
case we have the local existence of solution of (@), when f is a continuous mapping
from [0, 00) x L3(§2) into L2(2). In [8] we obtained some results about the compactness
of this embedding for unbounded and nonsmooth domain 2.

Remark 4.4. Our method is also applicable to degenerate evolution equations studied
in [3]. The details will appear elsewhere.
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