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DERIVATION OF VOELLMY ' S MAXIMUM SPEED AND RUN -OUT 
ESTIMATES FROM A CENTRE -OF -MASS MODEL 

By D. M. MCCLUNG 

(Briti s h C olumbi a R egion al Station , Divi sion of Building R esearch . National Research Council 
of Canada, 3904 West Fourth Avenue, Vancouver, British Columbia V6R lP5 , Canada) 

AB STRACT. The commonl y used maximum speed and run -out equations fo r fl owing avalanches given by 
Voellmy"s ( 1955) method are considered from a more genera l model proposed by PerJ a and others. ( 1980). 
Equ ations analogous to those of Voel lm y a re derived and the approxim ations are defi ned from the poin t of vieIV of 
the more general model. 

RESUME. La l'ilesse maximum de Voelfmy el eSl imal iolls des courses d'aL'a/allches a partir d'UI/ I/ lOde/e (I 
masse col/cel/lree. Les eq uations d' usage courant pour la vi tesse max imum et i'ex tension des ava lanches de neigc 
lourde. don nces pa r Voellm y (1955) sOn! considerees eomme des cas parti culi ers d"LlI1 modCle plu s gcncral 
propose par Perl a et autres ( 1980). Des equations analogues a ce ll es de Voellmy en so n! ded uites et ont dcfin i leurs 
approx ima ti ons du poi nt de vue d'un modele plus general. 

Z USAM MENFA SS UNG. A b/eilul/g der Voelfll1y 'schel/ C/eic /71 /l1gel/ /iir das Ceschll ·illdigf..:eilsllwximu m //lId die 

Reicill\'eile l'OI/ L a ll 'i l lell ails eil/em Massellscilll-erpUI/ !.:lsl11odelf. Die gelVohnlich benutzten Gleichungen fur das 
Geschwindigkeitsmax imu m und die Reichweite abgehender Lawinen. die von Voellm y ( 1955) hergelei tet wu rden. 
werden unter einer vo n Perl a et al. ( 1980) vorgeschl agenen. allgemeineren Modell vo rstellung betrachtel. Analogc 
G leichungen zu denen von Voellmy werden aufgestellt : der G rad der Niiherung aus der Sieht des erwe itert en 
Modell s wird bestimml. 

VOELLMY EQUATIONS FROM THE PCM MODEL 

The differe ntial equ a tion governing th e speed V of the centre-of-mass of a dry-fl owing ava lanche as 
give n by th e model of Perl a and others ( 1980). and here call ed the PC M Model. is 

dV I d VI D 
- =- - - = g lsin 8(S) - jJ cos 8(S)I-- VI 
dl 2 dS . M 

( I ) 

where 8( S ) is th e slope a ngle at positi on S al ong the incline, g is accelerati on due to grav ity. jJ is a constant 
coeffi cient of sliding fri cti on. and D/ M is a constant turbulent drag coeffici ent written as a rati o of dr ag D 
to mass M. and I is time. 

In order to deri ve equ ations simil ar to th ose of Voellm y ( 1955). Equ ati on ( I) is rc-stated in a simple 
way . The centre-of-mass concept is retained but the bulk of flo wing snow is di stributed over a fl ow height 
H and an area of ex tent A over which the avalanche is in contact with th e snow or earth surface. Equ ati on 
( I ) re-stated . becomes 

d VI 2g I 
-= 2g 1 sin 8(S )- fJ cos 8(S)] -- V 
dS . ~H 

(2) 

where th e tu rbulent drag term is assum ed to be !pA CD VI and jJ is the average density of the fl owing part 
of the avalanche, called the core. This drag term is written in the form of an inverse drag coeffi cient. 
following Voellmy, with the conversion g/~H = D/ M = CD / 2H. 

It is of interest that H . the average core fl ow height, is generall y onl y a fr ac ti on of th e powder o r dust­
cloud height for dry ava lanches. Meas urements with load cell s through th e cross-section of dry-fl owin g 
avalanches at the Tupper I avalanche path , Rogers Pass, British Columbia, show that H is on the order of 
I to 2 m for that particular path and may be mueh less than the powder-cloud height, which is 
characterized by suspended material. 

In order to deri ve Voellmy's eq uati ons from Equati on (2). consider th e simple geo metry he ass umed. 
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Figure I depicts thi s in term s of two segments of constant angle: ( i) the upper scgmcnt or length So and 
slope angle 80 , defining the region where the avalanche accelerates; and (ii ) a lower segment of length 
S, and slope angle 8r representing the run -out or deceleration region of the avalanche. In order to use 
Voellmy's method the path must be broken into two such segments by assuming the point at w lli ch 
decel er ation begin s. 

The so lution of Eq uation (2) with 8(S) = 80 is given by 

V(S) = [Co exp ( - 2gS/ t,H ) + t,H(sin Bo - jJ cos Bo) [ 1/2 (:.<) 

where Co is a constant dctcrmined by initi al conditions. With V(O) = o. Co = - t,H(sin 80 - j.1 cos 80 ), and 
Equati on (3) becomes 

V( S) = [ t,H(sin 80 - jJ cos 80 )( I - ex p ( - 2gS/ t,H )) [1/2 

Now w ith th e assumption (2gSo/(,H ) ~ I. at th e cnd of the t-irst segm ent Equation (4) becomes 

Vo = V(So) = [t,H (sin Bo - jJ cos Bo) [1 /2 

(4) 

(5) 

Thi s equation is commonl y u. ed to cal culate max imum speed fo r fl owing ava lanches by th e Voelllll y 
1l1 eth od. 

With 8 = Br. the solution for the second or run -out segment becomes 

V(S ) = [Cr exp (- 2gS/ t,/I ) - t,/-/(jl cos Br - sin Br) [ 1/2. (A) 

Using th e initi al conditi on V(O ) = Vo. when S = O. Eq uation (6) y ields 

V(S) = ~ [ vg + t,H ( jJ cos 8r - sin Br) [ exp (- 2gS/ t,H) - t,H( j.1 cos 8r - sin Br )1 1/2. ( 7) 

In addition. j.1 is grea ter th an zero. as req uired for nowin g ava lanches. and the condition cl V/ dS -( 0 
1l1U st be applied at th e bcginning of th e run -out zone so th at th e ava lanche dece lerates on th e lower 
slope. A ppl icati on of th ese conditi ons to Equati on (7) im plies th at i.I is in thc rangc 
tan 8, <, i.I <, tan 1(80 + 8r ) . 

Appli ca tion of th e condition V(Sr) = O to Equa tion (7) det-in es th e stop positi o n of th e centre-or-mass. 
and the exponential is written as exp (- 2gSr/(,H );:::; 1- 2gSr / t,H . The latter condition a1l1 ounts to th e 
assumption th at 1(2gSr/ t,H)2 q I . 

With th ese assumptions th e solution for th e run-out dista nce o r the length of th c dece leration rcgion or 
th e aval anche becomes 

Jl2 
S = 0 

r 2g(jJ cos Br - sin Br + VJ/ t,Ii ) 
(8) 

Eq uati on (8) 1l1 ay be compared to the approxim ate run -out eq uation given by Voellm y ( 1955) with th e 
1l1 odification suggested by Sallll (1 979) 

vJ 
Sr =------------------~----

2g( jJ cos Br - sin Br + VJ/ 2t,H ) 
(9) 

. 
Fig. I . Geolllel/:l'Jor IlI"o-segmel/l approxill1aliol/ oJ ava lanche palh used 

by Voel/IIIY (/ 955). Th e 11,'0 segll1el1ls have lel1g lhs So al/d Sr al/d 
slope al/gles eo al/d er. 
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Salm's modification as expressed by Equation (9) amounts to the replacement of tan Br by sin Br in the 
denominator and the use of H instead of Ho , which is defined in the original equations given by Voellmy 
as the average height of debris piled up. Inspection of Equations (8) and (9) shows that they are identical 
except for a factor of two in the third term of the denominator. Using the original Voellmy equations and 
ignoring the replacement sin Br ~ tan B" it is necessary to assume that Ho = O.SH to get equivalence 
between Equation (8) and the original equations. Field observations at Rogers Pass , British Columbia, 
show that there is no justification for assuming H D = O.SH if H is taken as the flow height of the core 
material. 

The two assumptions needed to obtain Equations (5) and (8), (2gSo / t,H ) ';> I. with 1(2gSr/ t,H)2 <{, I. 
impl y that the deceleration region Sr is much shorter than the accelerati on region So . Velocity profile data 
by Bryukhanov ( 1968) and Van Wijk ( 1967) show that thi s is not genera lly a safe assumption. 

It is of further interest that for the two-segment problem there is no need to make th e rest ri cti ve 
assumptions (2gSo/ t,H ) 'Y I and 1(2gSr/ t,H)2 <{, I which were necessary to obtain equations analogous to 
Voellmy's. Equation (4) may be used to give the maximum speed. V(So) = Vo: whereas the co nditi on 
V(Sr) = O app lied to Equation (7) gives 

t,H r vg + t,H (jJ cos Br ~ sin Br) 1 
S =- In 

r 2g t,H (jJ cos Br ~ si n Br) 
( 10) 

as the ve rsion of Equation (8) without the restrictive approximat ions. This equation is ide ntical to onc 
derived by Salm ( 1979) except that he has give n H a slightly different interpretation. 

DISCUS SION 

Equations analogo us to those of Voellmy have been derived for maximum speed and ava lanche run 
ou t from th e PC M Model. Attention has been focused on the approx imations necessa ry for dCI'Cloplllt: nt 
of such simil ar eq uations and it is emphasized that th ese are not. in genera l. good ass umpti ons based O il 

field experience and measurements. Voellmy's act ual deri va tion began from csscntia ll y the sa mc 
differential eq uation and the two-segment geometry assumed here. Voellmy's der ivat ion. howevcr. is based 
on energy considerations and the approximati ons used have been. to th e prescnt. un clea r in tcrms or tht: 
PCM Model. The purpose of this short note is to clarify the relation between Voellmy's equations and the 
PC M Model. 
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