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The Kostrikin Radical and the Invariance
of the Core of Reduced Extended Affine
Lie Algebras

Maribel Tocon

Abstract. In this paper we prove that the Kostrikin radical of an extended affine Lie algebra of reduced
type coincides with the center of its core, and use this characterization to get a type-free description
of the core of such algebras. As a consequence we get that the core of an extended affine Lie algebra of
reduced type is invariant under the automorphisms of the algebra.

1 Introduction

Extended affine Lie algebras are a class of infinite dimensional Lie algebras that were
originally proposed by the physicists Hoegh-Krohn and Torresani [HT] under the
name of irreducible quasi-simple Lie algebras. They are natural generalizations of
finite-dimensional simple Lie algebras, affine Kac-Moody Lie algebras and toroidal
Lie algebras. Our main reference for this class of algebras is the AMS-memoirs
[AABGP]. Roughly speaking, extended affine Lie algebras are characterized by the
existence of an invariant nondegenerate form and the fact that they have a decom-
position into root spaces. The form gives rise to a partition of the root system into
isotropic and non-isotropic roots, and the subalgebra generated by the root spaces
corresponding to non-isotropic roots is called the core. The structure and represen-
tations of extended affine Lie algebras have been investigated in many papers, but it
turns out that the whole structure of an extended affine Lie algebra can be recovered
from its core as shown in [N2]. Moreover, for each extended affine Lie algebra, there
exists a finite irreducible (non necessarily reduced) root system called its type, and it
follows that the core of an extended affine Lie algebra is a so-called Lie torus of the
same type, whose precise structure is known for the reduced types and for types BC,
and BC,.

An important question regarding the core of an extended affine Lie algebra is that
of whether the core is invariant under the automorphisms of the algebra. A positive
answer to this question was given by Krylyuk for the particular case of extended affine
Lie algebras whose type is simply-laced of rank at least 2, by using notions of absolute
zero divisors and the Kostrikin radical. The aim of this paper is to extend this positive
answer to all extended affine Lie algebras of reduced type, and for that we also use
notions of absolute zero divisors and the Kostrikin radical.
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Let us recall that the Kostrikin radical of a Lie algebra is the smallest ideal whose
associated quotient algebra does not have absolute zero divisors, that is, elements sat-
isfying ad2 = 0, and it is indeed a radical in the sense of Amitsur and Kurosh [Fi].
Absolute zero divisors of a Lie algebra have played an important role in several ques-
tions in mathematics, such as solving the restricted Burnside problem for a prime
exponent [K2] or the characterization of the classical modular Lie algebras [S]. The
main results of this paper are the following:

IfE is an extended affine Lie algebra of reduced type, then

(i)  K(E) = Z(E.) (Theorem 3.3),

(i) E. = [Cg(K(E)), E] (Theorem 5.1),

(iii)  E. is invariant under the automorphisms of E (Corollary 5.2),

where E. is the core of E, Z(E,) is its center, K(E) is the Kostrikin radical of E, and
Ce(K(E)) is the centralizer of K(E) in E.

By using structure theory, Krylyuk proved the above (i) and (iii) and that E, =
[CE(K(E)), C(K(E))] for the particular case of E being an extended affine Lie algebra
of simply laced type and rank at least 2 [Kr, Proposition 4.2(i), (ii) and Corollary
4.26].

This paper is organized as follows. We devote Section 2 to characterizing the
Kostrikin radical of infinite dimensional Lie algebras that satisfy some fairly natu-
ral and not too restrictive conditions and we use this result in Section 3 to obtain (i)
of the above. We point out that our proofs up to Section 3 are completely indepen-
dent of structure theory, thus we also provide an alternative proof of [Kr, Proposition
4.2(i)]. On the other hand, in Section 4, we make use of the general construction of
extended affine Lie algebras given in [N2] in order to prove that the core of any ex-
tended affine Lie algebra E is E. = [Cp(Z(E,)), E], where Z(E.) = K(E,.). In the last
section, we specialize the previous characterization to extended affine Lie algebras
of reduced type, which combined with (i) of the above, gives (ii). As an immediate
consequence, we obtain the central result of this paper, namely, that the core of an
extended affine Lie algebra of reduced type is invariant under the automorphisms of
the algebra ((iii) of the above).

2 The Kostrikin Radical of a Lie Algebra

Throughout this section, L will be a Lie algebra over a ring of scalars ®. We recall
that an element x € L is called an absolute zero divisor of L if ad> = 0, where as usual
ad,(y) := [x,y], for y € L. We denote by c(L) the set of all absolute zero divisors
of L. Absolute zero divisors are also known as crust of thin sandwiches [K], since they
satisty the following property, whose proof is included here for completeness.

Lemma 2.1 Suppose that 3 € ® and let L' be a subalgebra of L. If x € L is such that
adi(L’) =0, then ad,ad, ad(L") =0 forally € L'.

Proof Letx € Lsuch thatad’(L’) = 0and y € L. Then

0 = adyxy)) = [ady, [ady, ad,]] = ad’ad, —2ad, ad, ad, +ad, ad’ .
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But since adfc(L’ ) = 0, we have
0 = (ad’ad, —2ad, ad, ad, +ad, ad})(L’) = —2ad, ad, ad,(L).

Hence ad, ad, ad, (L) = 0. [ |

As a consequence, if the base ring contains %, then the set ¢(L) is closed under
the Lie product and therefore generates a subalgebra which is invariant under the
automorphism group of L. A Lie algebra without nonzero absolute zero divisors is
called strongly nondegenerate.

The Kostrikin radical of L, denoted K(L), can be constructed as follows: put
Ko(L) = 0, and let K; (L) be the ideal of L generated by ¢(L). Using transfinite induc-
tion we define a nondecreasing chain of ideals K, (L) by putting K, (L) = (J ., Ks(L)
for a limit ordinal «, and K,(L)/K,—1(L) = K;(L/K,—1(L)) otherwise. Then
K(L) := U, Ko (L) and K(L) is the smallest ideal of L whose associated quotient al-
gebra is strongly nondegenerate. The following trivial observation will be used later.

Remark 2.2 1If ¢(L) is an ideal of L, then K (L) = ¢(L). If moreover ¢(L/c(L)) = 0,
then K(L) = ¢(L). Indeed, c¢(L/K;(L)) = 0 implies that K;(L/K;(L)) = 0, that is,
K>(L) = K;(L) and then K(L) = K;(L).

Remark 2.3 1If L is finite dimensional and the base ring is a field of characteristic
0, then L is semisimple if and only if it is strongly nondegenerate. Notice that if L
is semisimple, then by Lemma 2.1, we have that if x € ¢(L), then (ad, ad;)? =0,
hence ¢(L) is contained in the radical of the killing form of L. Conversely, if L is not
semisimple, then it contains a nonzero abelian ideal I. Hence 0 # I C ¢(L) since for
all x € I, it follows that [x, [x, L]] C [I,I] = 0.

However, we are more interested in Lie algebras of infinite dimension.

Setting From now on and up to Theorem 2.9, L = ;. Ls will be graded by an
abelian group G. Put R := {6 € G : L; # 0} U {0}. Then L = @; 5 Ls. We
assume that there exists R* C R and denote R® := R \ R For L as before, L* will
denote the subalgebra of L generated by {L,, : « € R?}. Also, for any subset L’ C L,
we will use the following standard notation: ¢(L’) := {x € L’ : ad’(L’) = 0},
Cr(L"):={x € L:ad (L") =0}and Z(L') := C (L) NL’.

Remark 2.4 Letd € R.

(a) If% € ® and {es, [e5,e_s],e_s} is an sh,-triple, where e15 € Lis, theneys €
ad;, (L).

(b) Ifes € ad; (L) foralles € Lg, then ¢(L) N Ls = 0.

(c) ZI) C ¢(L) for all ideals I of L (note that if x € Z(I), then [x,[x,L]] C
[x,I] = 0). In particular, if c(L) N L; = 0, then Z(I) N L; = 0.

Lemma 2.5 If(R°+ R%) NR C R% then R* = —R" is nonempty and the subalgebra
L% is an ideal of L. If moreover, e, € adﬁa (L) foralle, € Lo, o € R®, then the ideal L*
is perfect, i.e., L* = [L*, L"].
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Proof That R? # & is clear since otherwise R = R = &. Also, if R* # —R?, then
0 € R*and then @ # R° C R“ which is a contradiction. Let x = Y, . x\ € L,
where x) € Ly, with F* being a finite subset of R, and let e, € L, with o € R“.
Then [x,e4] = 3\ cpnpalXn; €a] + Dy cprp X, €al. Clearly 37 ppa [y, €0l €
L* by definition of L%, and Z/\GF"QRU [x),en] € L% because (R® + R*) "R C RY,
therefore [x, e,] € L?. Now, by using the Jacobi identity we have that [x, [es, ¢,]] =
[[x,es],e,] + [es, [x,e,]] € L? forall e € Lg,e, € L,, with 3, € R“ hence
[L,L%] C L* Note that L = @;.,(L* N Ls), where if § € R’ then

I'NLs= Y [La,Lgl C [L%,L°].

«,BER?
atf3=06

If, on the contrary, § € R? then L* N Ly = L;. Suppose that e, € adi (L) for all
eo € Lo, @ € R Letes € Ls, 6 € R Then because of the grading, there exists
f—s € L_s such thate; = [es, [es5, f—s]]. Hence Ls = [Ls, [Ls, L_s]] C [L% L*] and
therefore L* = [L?, L?]. [ |

Proposition 2.6 Assume that the abelian group G is ordered and satisfies
(a) c¢(L)NL, =0foralla € R,

(b) ifd1,0, € R®and o € Rwith &, < a < &y, then a € R°.

Then

(i) (L) € DseroLs.
(i) If(R°+R*")NR C RY, then

Z(L*) C{x € c(L) : ad, adgu ad,(L*) = 0,Ve, € Ly, € R*}.
If, moreover, % € O, then

{x €c(L):ad,ad’ ad (L") = 0,Ve, € Ly, a € R} C C(LY).

€a

Proof (i) It suffices to assume that ¢(L) # 0. Let 0 # x € c(L) and write x =
> aer Xn Where 0 # x\ € Ly, with F* C R. Let Ay := min(F¥) and Ay :=
max(F*). For each § € R, we have that [x)_, [x),,Ls]] C Lss2y,,, and by minimality
of A, this is the only term in L;,,), of the expansion of [x, [x, Ls]]. Therefore, since
[x, [x,Ls]] = 0, we have that [x,_, [x),,Ls]] = 0forall § € R, thatis, x,, € c(L).
So, if Am € R?, then x), = 0 by (a), which is a contradiction. Similarly, A\ € R?
leads to a contradiction. Thus, Ay, Ay € R® and F* C R? by (b).

(i) Suppose that (R° + R*) N R C R”. Then L* is an ideal of L by Lemma 2.5 and
hence Z(L*) C ¢(L) by Remark 2.4(c). Clearly ad, adﬁﬂ ad,(L*) = 0 forall e, € L,,
a € R4 x € Z(LY).

Suppose now that % € ® and let x € ¢(L) such that ad, adﬁa ad,(L*) = 0 for all
e € Lo, a € R Ifx = 0, thenx € C(L). If x # 0, thenx = )\ e X\ € Dsepo Ls
by (i). Lete, € Ly, @ € R*. Then

ad’_, | = (ad, ad,, —ad,, ad,)?

[x,€q]

= ad, ad,, ad,ad,, — ad, adga ad, —ad,, adi ad,, +ad,, ad, ad,, ad,,
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and since ad> = 0, then ad, ad,, ad, = 0 by Lemma 2.1. So

adf, . (L) = —adad’ ad(L") = 0.

Then we have that adfxﬁen](L“) = 0. Therefore, [x,e,] € c(L?) with [x,e,] =
Y oerlxnea]l € @sope Ls because (R® + R") N R C R“ But now, applying (i)
to L? = G}deR(L‘Z N Ls) as L with respect to the same R?, we get that [x,e,] €
@5ER0(L“ N Ls). Hence [x,e,] = 0, that is, [x,L,] = 0 for all &« € R?. Then, since
CL(L) = Nacre Cr(La), we have that x € C(L7). [ |

Corollary 2.7 Suppose that % € ®. Let L be as in Proposition 2.6 and suppose that
(R +RY) NR C R~ Ifadﬁa(Lg) =O0foralle, € L, witha € R* and § € R°, then

(L) € Cr(LY).

Proof Let x € c¢(L). Then x € EB&ERO Ls by Proposition 2.6(i). Note that
adgn (Ls) = 0 for all 6 € R° implies that adgn (x) = 0. Now by Proposition 2.6(ii),
to see that x € C(L?), it is enough to show that ad, adga ad,(L*) =0 foralle, € L,,
o € R Let y € L°. Then by using the Jacobi identity we get

adad; ad.(y) = ad(lea, [[eas x], 1] + [ea; [x, [ea, ¥111)

= ad,([[eq, [€a, x]], ¥1 + 2[[ea, X1, [€a, y]] + [x, [eq, [ea, ¥111)
= ad,([[eq, [€a, x]], 1) +2ad.([[eq,x], [ea, ¥1]).

But we have that ad.([[e, x], [es, y]]) = adyad|, ) ads(en) = 0 by Lemma 2.1.
Hence

adx adi adx()/) - adx([[ea; [eavx]]a)/]) - adx adadiy(x)()/) - 0,

since adgn (x) = 0. [ |

As we will see in the next section, extended affine Lie algebras of reduced type are
in the setting of the above corollary and we will be able to describe their Kostrikin
radical. The next theorem goes in this direction, but first we need a lemma.

Lemma 2.8 Suppose that (R° + R*) N R C R®. Then Z(L*) is an ideal of L and,
for L — L := L/Z(L") being the canonical epimorphism, L = @,z Ls» where Ls =
Ls/(Z(L*) N Ls) and R = {6 € R: Ls # 0} U {0}. If Z(L") N L, = O forall o« € R,
then R* = R' C Rand L' = I°. If we replace the hypothesis Z(L*) N L, = 0 by the
stronger one, e, € adiﬂ (L) foralle, € L,, then Gf(f”) = Cr(L*) ande, € ad%a (L) for
alle, € L,. In particular, c(L) N L, = 0, for all o € R%.

Proof In general for Lie algebras, the center of an ideal is an ideal. By Lemma 2.5,
L and hence Z(L%) are ideals of L. Since Z(L*) is a graded ideal, L = @, g Ls>
where Ly = L;/(Z(L*) N Ls). Moreover, if Z(L*) N L, = 0 for all @« € RY, then
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R* =R C Rand I" = L*/Z(L%) = L. Suppose e, € adi_(L) foralle, € L,
a € R Ifx € Gf(fa), then [x, L¢] C Z(L?) and since L* is perfect by Lemma 2.5,

[x, L] = [x, [L%, L] C [[x,L°], L] + [L% [x, L*]] = O,

so x € Cr(L?). Thus, Gf(f“) C Cr(L#), while the reverse inclusion is obvious. Now
for o € R%, since e, € adi(L) foralle, € L,, thene, € ad%n (L) foralle, € L,.
Then by Remark 2.4(b), we have that ¢(L) N L, = 0. []

Theorem 2.9 Suppose that % € ®. Let L be as in Proposition 2.6 and suppose that
(RP+RY)NRC R If

(i) adi (Ls) =0foralle, € Lo, « € R*and 6 € R,

(i1) L is tame, that is, Cr(L?) = Z(L?),

then c¢(L) = Ky (L) = Z(L*). If moreover, e, € adgﬂ (L) foralle, € L,, o € R?, then

(L) = K(L) = Z(L%) = K(L*) = c(L%).

Proof By Proposition 2.6(ii) and Corollary 2.7, we have that Z(L*) C ¢(L) C Cr(L?).
Then by (ii), Z(L*) = ¢(L) = Cr(L*), which is an ideal of L by Lemma 2.8. Then
Ki(L) = ¢(L) = Z(L*) by Remark 2.2. Now let L := L/Z(L%).

Suppose that e, € adgu (L) foralle, € L,, & € R*. We next check that L is in the
setting of Corollary 2.7. By Lemma 2.8, T is as in Proposition 2.6 with respect to R
and R, with Cz(L") = C(L%). Also (R’ + R*) "R C R” and % € ® by assumption.
Note that ad%a (I;) = 0foralle, € L, with @ € R* and § € R’ since ad?ﬂ (Ls) =0
and L; = Ls/(Z(L*) N Ls). Hence by Corollary 2.7, ¢(L) C Gf(fa). But Gf(fa) =
Cr(L%) = Z(L*) = 0. Then ¢(L) = 0 and therefore K(L) = K;(L) = Z(L“) again by
Remark 2.2. Now again because L? is an ideal of L, we have that K(L*) = K(L)NL* =
K(L) [Z, Corollary 1]. Hence ¢(L*) C K(L%) = Z(L"). Finally, since Z(L%) C ¢(L?) is
clear, the proof is completed. u

Example 2.10 Suppose P is a field of characteristic 0 and L = € LEAZEG L}, where
the G and Q(A)-gradings are compatible, G is a torsion free abelian group, A is a
locally finite irreducible reduced (i.e., 0 # p € A = 2 ¢ A) root system as defined
n [LN], and Q(A) is the root lattice generated by A, such that L, # 0 for some
0 # p € A. Assume also that

i) Ly= ZﬂeAX [L,,L_,], where A* := A\ {0},
(i) ¢ €ady(L)forall0 # ue A g€
For instance, the above condition (ii) is fulfilled if L is division, i.e., for any 0 #

p € Aandany 0 # ¢ € L, there exists f~f € L”% such that [éfi, f ] = h,

modulo the center Z(L), where {h,, € b : 4 € A} is the set of coroots (see Remark
2.4(a)).

Then K(L) = ¢(L) = Z(L). Hence, if L is centerless, we have that L is strongly
nondegenerate. To see this, consider

R:={(1,8),p € A,g € G, such that ¥ # 0},

R*:={(n,g) € R, pu # 0}.
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Denote Lj, = Lg.g. Then L = @), cx Liug> Where (0,0) € R by (ii) and
R C Q(A) x G. In Q(A) x Gwe con51der the lex1cograph1c order (both Q(A) and
G can be ordered since Q(A) is a free abelian group, see [LN, 7.5], and G is torsion
free by assumption). Clearly, for R := R\ R% (R® + R?) N R C R“. With respect
to the lexicographic order in Q(A) x G, if (0,g1),(0,) € R® and (u,g’) € R,
with (0,41) < (i,8") < (0,g,), then 1 = 0 and (u,g’) € R°. Moreover, L = L®
by (i), which implies that L is tame, and because A is reduced, we also have that
adeg (Lg ) = 0 forall & € L with (u g) € R"and g’ € G. Then L is in the setting of
Theorem 2.9 sat1sfy1ng that eg € adge (L) forall (i, g) € R by (ii), and we thus have
that K(L) = ¢(L) = Z(L).

Remark 2.11 1If Lis division AG-graded as introduced in [Y2] (recall that A is then
a finite irreducible reduced root system), where G is torsion free, then L is in the
setting of the above example and K(L) = ¢(L) = Z(L).

3 The Kostrikin Radical of Extended Affine Lie Algebras of
Reduced Type
Throughout, IF will be a field of characteristic 0 and Lie algebras are always considered
to be over F. Let E be a Lie algebra satisfying the following two properties:

(EA1) E has a nondegenerate symmetric bilinear form (-): E x E — [F which is
invariant in the sense that ([x, y] | z) = (x| [y,z]) forallx, y,z € E,

(EA2) E contains a nontrivial finite-dimensional, self-centralizing subalgebra H
which is ad-diagonalizable.

Let H* be the dual space of H. Then E has a root space decomposition

E= @E(;, Ey=H

0EH*

where, as usual, Es = {e € E : [h,e] = d(h)eforall h € H}. The invariance of ( -)
implies that (E5; | E,) = 0 for 6 + n # 0. It follows that (-) restricted to H x H
is nondegenerate. We can therefore transfer this restricted form to a nondegenerate
symmetric bilinear form on H* by setting (6 | ) = (¢5 | t,,), where t5 € H is defined
by (t5 | h) = 0(h) for all h € H. We define the root system of Eas R = {§ € H* :
Es; # 0}, and

R*={6€R:(5|68) =0} (isotropic roots),
R"={6€R:(6]|6)#0} (anisotropic roots).
The subalgebra E, of E generated by {Es : 6 € R*"} is called the core of E.
Definition 3.1 An extended affine Lie algebra of nullity n, or extended affine Lie

algebra (EALA) for short, is a Lie algebra E satisfying (EA1), (EA2) of above and, in
addition, the following axioms:

(EA3) Foré € R*™ and x5 € E;, ady, € Endy E is locally nilpotent.
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(EA4) R is irreducible, i.e., R = Ry UR, and (R; | R;) = 0 imply R; = & or
R2 = .

(EA5) Eis tame in the sense that Cg(E.) = Z(E,).

(EA6) IfV is the real space spanned by R and A is the subgroup of V generated by
R?, denoted A = (R%), then A is a free abelian group of rank 7.

If E is an EALA with root system R, and A = (R°), then there exists a finite (possi-
bly non-reduced) irreducible root system A (containing 0), an imbedding Aj,g — R,
where Ajpg = {0} U{a € A\ 0:a/2 ¢ A}, and a family (A, : @ € A) C Asuch
that

V = span, (A) @ spanQ(RO) and R= |J (a®A,)
a€EA
and then E has a A-grading E = D, 5 Ea, Where E, := @, Eaen. If we denote
Engx = E), then E also has a A-grading E = @, ., E*, where E* := @ . E). The
type of an extended affine Lie algebra E is said to be the type of its associated finite
irreducible root system A. The core E, of an extended affine Lie algebra E is indeed a
perfect ideal of E and the subspaces (Ec)ﬁ := E. N Eyg) give E, the structure of a Lie
torus of type (A, A) as defined in [N] (see Proposition 3.2 below).

Note that if F = C and E is an EALA such that its associated root system R is a
discrete subset of H*, then E is a tame extended affine Lie algebra in the usual sense
[AABGP]. See [N2, 7] for a more detailed discussion on the relation between the two
definitions.

Let us recall the following properties of extended affine Lie algebras.

Proposition 3.2 ([N2,3]) LetE = @, Ea, where B, := @, E), be an EALA

as described above. Let « € A* = A\ {0} and A\ € A,. Then dimE) = 1 and
E) @ [E\,E")) @ EZ is a Lie subalgebra of E isomorphic to s, (F).

By using the above properties and as a corollary of Theorem 2.9, we can charac-
terize the Kostrikin radical of an EALA of reduced type as follows.

Theorem 3.3 If E is an extended affine Lie algebra of reduced type A, that is,
A # BC), then K(E) = ¢(E) = Z(E,;) = K(E;) = c(E.), where E, is the core of E.

Proof Let E be an EALA. In order to apply Theorem 2.9, consider

R:={(a,\),a € A, )\ € A, dimE} # 0},
R":={(a,\) ER, a # 0}.

Then E = €D, \)er E(a,n) with the notation E,\) = E). By Proposition 3.2, for
all (a,\) € R% and every nonzero ¢! € E), we can take f=) € L”) such that

{e),[e}, f2], f~2) is an sh-triple, hence ¢} € ad? (E) and (0,0) € R. Next, we
argue as in Example 2.10. Clearly (R \ R*) + R*) N R C R*and R C Q(A) x A, for
Q(A) being the root lattice generated by A. We consider the lexicographic order in
Q(A) x A and, with respect to this order, if (0, 1), (0,d;) € R\ R* and («a, A) € R,

with (0,6;) < (o, A) < (0,9,), then & = 0 and (o, \) € R\ R’. Note that E?
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as defined in the previous section is indeed E.. Then E is tame by definition (EA5).
Finally, if E is of reduced type, then it also satisfies that ad>, (E}) = 0 for all ¢} € E}
with (o, \) € R%and § € A. ’

Hence for an EALA of reduced type, we have that ¢(E) = K(E) = Z(E,) =
K(E.) = c(E,) by applying Theorem 2.9. [ |

Note that it follows from the above corollary that the Kostrikin radical of an EALA
of reduced type is A-graded since it is the center of a graded algebra. We also want to
point out that the above result holds in the more general setting described in [Yo].

4 The Core of Extended Affine Lie Algebras

As mentioned in the previous section, the core of an EALA of type A and nullity n
is a Lie torus of type (A, A), where A is a free abelian group of rank n. Attending to
their type, the precise structure of Lie tori is known for the case of a reduced A and
for BC; and BC; as shown in the following examples.

Examples 4.1 (i) By [BGK, Theorem 1.37], every Lie torus of type A = Dy, 1 > 4,

or E;, I = 6,7,8 and nullity # is a central extension of g ® ]F[tlil, ..., tF1], where g
is a finite-dimensional split simple Lie algebra of type A and ]F[z‘lil7 ..., tF1] is the
ring of Laurent polynomials in 7 variables. Actually g @ F[£7, ..., tE'], where g is

a finite-dimensional split simple Lie algebra of type A is always a Lie torus of type A
and nullity n.

(ii) Let g = (gij) € M,(F) such that q;; = 1 = gjjq;; for 1 < i,j < nand
let IF; be the associated quantum torus, which, by definition, is the unital associative
algebra with 2n generators ¢!, ..., ¢! and defining relations f;¢; ' = 1 = ;7 't;
and t;t; = q;jtjt; for 1 < i, j < n. Denote by [IF;, IF,] the span of all commutators
[a,b] = ab — ba with a,b € F,. Then sl;.,(F;) = {x € My, (IF,) : tr(x) € [F,,F,]}
is a Lie torus of type A;,I > 1 and nullity n. Conversely, by [BGK, Theorem 2.65],
every Lie torus of type Aj,I > 3 and nullity # is a central extension of sl (F,) for
some quantum torus IF;.

(iii) Lie tori of type A, are classified in [BGK, BGKN]. The centerless Lie tori of
type A; are the Tits—Kantor—Koecher algebras of the so-called Jordan tori, classified
in [Y]. Lie tori of type By, Cy, F4 or G, are described in [AG], of type BCy in [AFY,AY],
and of type BC; in [F].

For a centerless Lie torus L of type (A, A) and nullity #, recall that the skew cen-
troidal derivations of L form the subalgebra of Dery L defined by

SCDerf L = @t”{(% € D:0(n) = 0},
nel

where I" is the so-called centroidal grading group of L and is a subgroup of A of rank
m,s00 < m < mnth ="t foru=(ur,...,pm) € 2", andD = {9y : 0 €
Homy (A, F)} 2 F", with the product

(1989, 178,] = 7Oy, — (1)),
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Proposition 4.2 ([N2]) Let E be an EALA of nullity n with nondegenerate symmetric
bilinear form (- ). Then there exists a unique subalgebra D of the algebra of skew cen-
troidal derivations of the centerless Lie torus L := E./Z(E,) of nullity n inducing the
A-grading of L and a 2-cocycle 7: D X D — D8 * (the graded dual space of D) such that

E~L ¢ Z(E) ® D,

where L := E,./Z(E_) and Z(E,.) = D8"*,

X1 @ fiDd,x® D dr] = ([x1, %] +di(x) — da(x1))
® (oplx1, %) +dy - o —dy- fi +7(d1,d2)) @ [d1, da2]p,

where op(x1,x,)(d) := (dx | y), d € D, d - f is the contragredient action and [d,, dy]p
denotes the commutator of d, and d, in D. Moreover

(1@ fidd, @ hLEd) = x| x)+ fildy) + fo(d).

By using Neher’s results, we can compute the Kostrikin radical of the core of an
EALA without any assumptions on the type.

Proposition 4.3 IfE, is the core of an extended affine Lie algebra E, then
K(EC) = C(EC) = Z’(EC)

Proof Note that if E is of reduced type A, then E, is a AA-division graded Lie al-
gebra as in Remark 2.11. Hence the result follows from that remark, so it only re-
mains to prove the nonreduced case. In general, if we prove that ¢(E.) = Z(E,) and
c(E./Z(E.)) = 0, since Z(E,) is an ideal of E,, we get that K(E.) = ¢(E.) = Z(E,) by
Remark 2.2. On the other hand, it is straightforward that Z(E.) C c¢(E.). Thus, the
proof reduces to showing that ¢(E,) C Z(E,) and c(E./Z(E.)) = 0, where E is not of
reduced type.

Suppose that E is not of reduced type. Let L := E./Z(E,). Then, since L is not
of type Ay, it follows from [N, Remarks] that the centroid Cent(L) of L is an integral
domain acting without torsion on L and, if K is the quotient field of Cent(L), then
the central closure L = L (@) ¢y K is a simple finite-dimensional Lie algebra over
IK. Since L is torsion-free over Cent(L), we have that L embeds in L via x — x ® 1.
Now let x € ¢(E;) and 7: E. — L be the canonical epimorphism. Then 7(x) is an
absolute zero divisor of L and 7(x) ® 1 is thus an absolute zero divisor of L. But L has
no nonzero absolute zero divisors by Remark 2.3. Then 7(x) = 0, that is, x € Z(E,).
Finally, by using the same argument we also get that ¢(L) = 0. ]

From Proposition 4.3 and as an immediate consequence of the fact that Lie tori
are central extensions of centerless cores of extended affine Lie algebras [Y3, Theo-
rem 7.3], we have the following.

Corollary 4.4 A Lie torus is centerless if and only if it is strongly nondegenerate.
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Since a Lie torus L has a (unique up to a nonzero scalar) nonzero invariant
A-graded symmetric bilinear form that is nondegenerate if and only if L is center-
less [Y3], then the above corollary can be seen as an infinite-dimensional version of
Remark 2.3.

On the other hand, Proposition 4.2 tells us that the portion of an EALA which lies
outside of the core is the part that is nondegenerately paired with the center of the
core under the invariant bilinear form on the algebra and this is the clue to prove the
following result.

Proposition 4.5 Let E, be the core of an extended affine Lie algebra E = L Z(E.)&D,
where E, = L & Z(E,) and Z(E;) = D8 as in Proposition 4.2. Then Cp(Z(E.)) =
L® Z(E:) ® Z(D) and E; = [Cp(Z(E,)), E], where Z(E.) = K(E.) = c(E).

Proof By the definition of Z(E,), it is clear that E. C Cg(Z(E.)). Using Proposi-
tion 4.2, we make the identifications E=L® D8 * @ D, E. = L @ D& * and Z(E,) =
D8 *, We claim that Cg(D#"*) = L @ D" * @ Z(D). Since E. = L ® D8"* C Cg(D#"*),
it suffices to show D N Cx(D# *) = Z(D). If d € D, we have

([D¥*,d] | D) = (D¥* | [d, D).

Since pairing between D8 * and D is nondegenerate, we see that [D8"* d] = 0 if
and only if [d, D] = 0. Thus, D N Cg(D# *) = Z(D). Since E. is perfect, we have

E. = [E, E;] C [Cp(Z(E,)), Ce(Z(E,))]
C [Ce(Z(E)),E] = [L@D¥* @ 2(D),L® D** & D]
CL®D¥* =E,.

Finally, by Proposition 4.3, Z(E.) = K(E.) = ¢(E.). [ |

5 Invariance of the Core of Extended Affine Lie Algebras of
Reduced Type

In order to prove the invariance of the core of extended affine Lie algebras of reduced
type under the automorphism group of the algebra, we need to find a characteriza-
tion of the core which is independent of the data (H, (-)). This characterization is
given in the next theorem.

Theorem 5.1 Let E be an extended affine Lie algebra of reduced type. Then
Ec = [Cp(K(E)), E]
where K(E) = c(E).

Proof The proof follows directly from Theorem 3.3 and Proposition 4.5. ]

Hence, as a direct consequence of the above theorem and the fact that Cx(K(E)) is
invariant under the automorphisms of E, we get the following.
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Corollary 5.2 IfE and E' are extended affine Lie algebras of reduced type and f: E —
E’ is an isomorphism of Lie algebras, then f, by restriction, induces an isomorphism
fe: E. — E[ of the corresponding cores E. and E/ of E and E'. In particular, the core of
an extended affine Lie algebra E of reduced type is invariant under the automorphisms

of E.
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