
THE P R O B L E M OF APOLLONIUS 

H. S. M. Coxeter 

1. In t roduc t ion . On behalf of the Canadian M a t h e m a t i c a l 
C o n g r e s s , I wish to thank the U n i v e r s i t y of Toronto for i t s 
hosp i ta l i ty , the m e m b e r s of the Loca l A r r a n g e m e n t s C o m m i t t e e 
( e spec i a l l y Chandler Davis) for the m a n y comfo r t s and 
p l e a s u r e s they have provided , and our nine d i s t ingu ished 
v i s i t o r s for the c o u r s e s of l e c t u r e s they gave at our S e m i n a r . 

B e a r i n g in mind the sub jec t of this a f t e rnoon ' s d i s c u s s i o n , 
I -will t ry to show by s o m e e x a m p l e s that good o ld- fash ioned 
e l e m e n t a r y g e o m e t r y is not dead, that m a t h e m a t i c s can be 
i n t e r e s t i n g without being o b s c u r e , and that c l e v e r i deas a r e 
not r e s t r i c t e d to p r o f e s s i o n a l s . 

In the th i rd c e n t u r y B . C . , Apol lonius of P e r g a w r o t e two 
books on Contac ts (e IT afyai.), in which he p roposed and solved 
his f amous p r o b l e m : given t h r e e th ings , each of which m a y be 
a point , a l ine, or a c i r c l e , c o n s t r u c t a c i r c l e which p a s s e s 
th rough each of the poin ts and touches the given l ines and 
c i r c l e s . The easy c a s e s a r e covered in the f i r s t book, leaving 
m o s t of the second for the r e a l l y i n t e r e s t i n g c a s e , when a l l 
the t h r e e " t h i n g s " a r e c i r c l e s . As Sir Thomas Heath r e m a r k s 
[10, p . 182], th is p r o b l e m "has e x e r c i s e d the ingenui ty of many-
d i s t ingu i shed g e o m e t e r s , including Vieta and Newton" . I wi l l 
not ask you to look at any of the i r m e t h o d s for solving i t . 
These a r e adequa te ly t r ea t ed in the s t andard textbooks 
[e . g. 11, p . 118]. Nor wil l I infl ict on you an e n u m e r a t i o n of 
the p o s s i b l e r e l a t i o n s of inc idence of the t h r e e given c i r c l e s . 
Th is was done with g r e a t sk i l l in 1896 by Mui rhead [12]. 

1 P r e s i d e n t i a l a d d r e s s de l ive red to the Canadian M a t h e m a t i c a l 
C o n g r e s s at the joint mee t ing with the M a t h e m a t i c a l A s s o c i a t i o n 
of A m e r i c a in Toron to , August 28, 1967. 
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2. The D e s c a r t e s C i r c l e T h e o r e m . I wi l l confine the 
d i s c u s s i o n to the two c a s e s that w e r e d e s c r i b e d by D e s c a r t e s 
in l e t t e r s of N o v e m b e r 1643 to h i s f a v o u r i t e d i s c i p l e , P r i n c e s s 
E l i s a b e t h , d a u g h t e r of King F r e d e r i c k of B o h e m i a [8, pp. ? 7 - 5 0 ] . 
The f i r s t l e t t e r d e a l s with t h r e e n o n - i n t e r s e c t i n g c i r c l e s , 
e n t i r e l y ou t s ide one a n o t h e r . D e s c a r t e s f inds s o m e r e l a t i o n s 
b e t w e e n the r a d i i and c e n t r a l d i s t a n c e s . The d e t a i l s a r e c l u m s y 
but c l e a r . The second l e t t e r d e a l s wi th the l imi t ing c a s e when 
the t h r e e given c i r c l e s a r e m u t u a l l y t angent at t h r e e d i s t i n c t 
p o i n t s . He u s e s d, e, f to denote the r a d i i of t h e s e t h r e e 
c i r c l e s , and x for the r a d i u s of a fou r th c i r c l e that t ouches 
t h e m a l l e x t e r n a l l y . Thus d, e, f, x a r e the r a d i i of four 
c i r c l e s in m u t u a l ( ex t e rna l ) con tac t . Unfor tuna te ly t h e r e i s a 
gap in the a r g u m e n t [be tween p a g e s 48 and 49] which p r e c l u d e s 
any c l e a r u n d e r s t a n d i n g of the c r u c i a l s t e p s leading to h i s 
conc lus ion : 

ddeeff + ddeexx + ddffxx + eeffxx 

•= 2deffxx + 2deeffx + 2deefxx 

+ 2ddeffx + 2ddefxx + 2ddeefx 

It s e e m s s t r a n g e today that he did not e x p r e s s th is equat ion 
m o r e c o n c i s e l y as 

dd ee ff xx ef fd de dx ex fx 

or 

2 . 1 _ 1 , 1 , 1 , 1 x , 1 , 1 1 , 1,2 
2 2 2 2 *d e f x 

d e f x 

Th i s beau t i fu l r e s u l t , which P e d o e [13, p . 634] v e r y 
p r o p e r l y c a l l s The D e s c a r t e s C i r c l e T h e o r e m , was r e d i s c o v e r e d 
a l m o s t exac t ly 200 y e a r s l a t e r by M r . Ph i l i p B e e c r o f t of 
Hyde, Chesh i re^ He publ i shed it in a j o u r n a l not often consu l t ed 
n o w a d a y s : MThe L a d y ' s and G e n t l e m a n ' s D i a r y for the y e a r of 
our Lord 1842, being the second af te r B i s s e x t i l e , des igned 
p r i n c i p a l l y for the a m u s e m e n t and i n s t r u c t i o n of S tudents in 
M a t h e m a t i c s : c o m p r i s i n g m a n y usefu l and e n t e r t a i n i n g 
p a r t i c u l a r s , i n t e r e s t i n g to a l l p e r s o n s engaged in that 
del ightful p u r s u i t " [ l ] . 
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D r . Leon Bankoff of Los Angeles is a den t i s t who s p e n d s 
h is s p a r e t ime on the s a m e delightful p u r s u i t . When he saw the 
announced t i t le of m y P r e s i d e n t i a l A d d r e s s , he kindly sent m e a 
copy of this and two o the r p a p e r s by B e e c r o f t . Although the 
D e s c a r t e s c i r c l e t h e o r e m was r e d i s c o v e r e d aga in in 1936 by 
F r e d e r i c k Soddy [14], ne i the r Soddy nor anyone e l s e followed 
B e e c r o f t in his b r i l l i a n t idea of r e g a r d i n g the conf igura t ion of 
four c i r c l e s in m u t u a l con tac t as p a r t of a conf igura t ion of 
e ight c i r c l e s , each p a s s i n g th rough the t h r e e points of con tac t 
of t h r e e o t h e r s , as in F i g u r e 1 . * 

Th i s conf igura t ion a r i s e s in i t s m o s t s y m m e t r i c a l f o r m 
when we c o n s i d e r a r e g u l a r o c t a h e d r o n and i t s c i r c u m s p h e r e . 
The eight f a c e - p l a n e s of the o c t a h e d r o n cut the s p h e r e in such 
a s e t of eight c i r c l e s , and we can obta in the p l a n a r conf igura t ion 
by s t e r e o g r a p h i c p r o j e c t i o n f rom an a r b i t r a r y point on the 
s p h e r e . In p a r t i c u l a r , p r o j e c t i o n f rom a v e r t e x of the 
o c t a h e d r o n y ie lds four l ines fo rming a s q u a r e and four c i r c l e s 
having the s i d e s of th is s q u a r e as d i a m e t e r s , as in F i g u r e 2 . 
Any o the r c a s e of B e e c r o f t ' s conf igura t ion can be de r ived f r o m 
this s i m p l e one by an i n v e r s i o n . 

F i g u r e 1 

* I a m "grateful to J. B . Wilker for d rawing the f i g u r e s . 
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r̂  

nk t 
F i g u r e 2 

In the c o u r s e of h is r e d i s c o v e r y of the D e s c a r t e s c i r c l e 
t h e o r e m , B e e c r o f t no t iced that equa t ion 2 . 1 holds for any 
four c i r c l e s in m u t u a l con tac t , p rov ided we m a k e the conven t ion 
that , when two c i r c l e s have i n t e r n a l con tac t , we r e g a r d the 
l a r g e r c i r c l e a s having a nega t ive r a d i u s . Al though he worked 
wi th r a d i i , i t i s obv ious ly m o r e conven ien t to u s e c u r v a t u r e s 
(or , a s Soddy would say , " b e n d s " ) , which a r e r e c i p r o c a l s of 
r a d i i . L e t 

Y Y Y Y V V V 4̂ 

be the c u r v a t u r e s of B e e c r o f t ' s e ight c i r c l e s . Then the t h e o r e m 
says that 

2 2 
2 . 2 22e = ( S E ) , 

2 2 
and of c o u r s e , we sha l l have a l so 2 2 n = (2r|) . 

In the w o r d s of Soddy ' s p o e m , 

Since z e r o b e n d ' s a dead s t r a i g h t l ine 
And concave bends have m i n u s sign, 
The sum of the s q u a r e s of a l l four bends 
Is half the s q u a r e of t he i r s u m . 
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Figure 3 

Here is a simplified version of Beecroft's proof. Let a. 
b, c, s, r and r denote the sides, semiperimeter, inradius 

a 
and first exradius of a triangle ABC, so that 

2 (s-a) (s-b) (s-c) , . . . . 2 s(s-b) (s-c) 
r = J * l L and s i m i l a r l y r = 

s a s - a 

[7, p p . 6 0 , 164 ( E x . 3 ) ] . A n y t h r e e m u t u a l l y t a n g e n t c i r c l e s 
c a n b e r e g a r d e d a s h a v i n g c e n t r e s A, B , C, a n d r a d i i s - a , 
s - b , s - c o r e l s e s, s - c , s - b , a s i n F i g u r e 3 . A c c o r d i n g l y 
w e w r i t e , i n t h e f o r m e r c a s e , 

1 1 1 , 1 
— = r , — = s - a , — = s - b , — = s - c , 
^ 1 E2 £ 3 £ 4 

and in t h e l a t t e r ( w i t h t h e m i n u s s i g n f o r i n t e r n a l c o n t a c t ) , 

— -L-
V £2 = " S > £ 3 

s - c , s - b 

I t f o l l o w s t h a t 

1 1 1 
e e + e e^ + e E = ( — + — + — ) s e e 

3 4 4 2 2 3 v c £0 e / 2 3 4 
2 3 4 

/ ( s - a ) + ( s - b ) + ( s - c ) 

( s - a ) ( s - b ) ( s - c ) ( s - a ) ( s - b ) ( s - c ) 

s - b - c s - a 
• s ( s - c ) ( s - b ) s ( s - b ) ( s - c ) 
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2 
S i m i l a r l y r\ r\ + l̂ J 1 ?

 + rU rlo ~ z A> a n (^ °^ c o u r s e w e c a n 

p e r m u t e the s u b s c r i p t s 1, 2, 3 , ' 4 . Hence 

2 2 2 2 
(Se) = Se + 2 e e +. . . = Se + ST] 

= ( S T , ) 2 , 

and 

Se = Si 

Also 

2 2 2 2 2 2 2 
•ti+ltZ+t3+U) = - £ l + e 2 + £ 3 + E 4 + ^ l 

= 2 r , l ( r | 2 + ^3 + T | 4 ) + 2 r | l 

2r|1Sri = 2 r l l S e , 

whence 

2 . 3 - e i + E 2 + £ 3 + E 4 = 2 V 

Adding four such equa t ions af ter s q u a r i n g e a c h s ide , -we obta in 

S e = Sr] , 

whence 

2 2 2 2 
2Se = Se + STI = (Se) . 

Thus 2 . 2 i s p r o v e d . 

Th i s v e r s i o n of B e e c r o f t ! s proof f o r m a l l y r e s e m b l e s one 
of P e d o e ' s p r o o f s [12, p . 638] , but the m e a n i n g i s quite 
d i f fe ren t . 

One way of e x p r e s s i n g the connec t ion b e t w e e n the four 
e's and the four rj 's i s to r e m a r k tha t they a r e the r o o t s of 
q u a r t i c equa t ions 
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2 2 
(e-2u) e + (v-w)e + 2uw = 0, 

2 2 
(r|-2u) r\ - (v-w)e + 2uv = 0. 

F o r i n s t a n c e , in F i g u r e 1, w h e r e 

e1 = e2 = e = J3 - 1, c 4 = ^ 3 + 3, 

111 = ^2 = ^3 = ^ 3 + 4f ^4 = v / 3 " 3 ' 

we have u = 7 3 , v = -2(2 + J3), . w = 2(2- >/3). 

Again, in F i g u r e 2, w h e r e 

e i = e2 = ^3 = % = ° a n d ^1 = ^2 = £3 = V 

we have u = v = 0. 

One p r e t t y r e s u l t which Beec ro f t h imse l f m i s s e d i s 

2 . 4 SET] = 0. 

Th is a p p e a r e d , with a g e o m e t r i c proof, in the " D i a r y " for 
1846 [ l ] . F o r an a l g e b r a i c proof we can use 2. 3 in the f o r m 

e i + î 1 i = 1 2 £ ' 

whence 

£1 + T U = £ 2 + 1 1 2 = E3 + T 1 3 = £ 4 + T 1 4 

and 

S e n = Se(e + r|) - S e 2 = ~ (Se) 2 - S e 2 = 0. 

3- T r i a d s of n o n - i n t e r s e c t i n g c i r c l e s . Although r a d i i 
and c u r v a t u r e s belong to E u c l i d e a n g e o m e t r y , i t should not be 
fo rgo t t en that the p r o b l e m of Apol lonius i s s t i l l mean ingfu l 
in the wider field of the i n v e r s i v e p lane , which m a y be thought 
of a s the s u r f a c e of a s p h e r e , or as the E u c l i d e a n p l ane 
comple ted by a s ingle point at infini ty. In th is kind of g e o m e t r y 
c i r c l e s have no " c e n t r e s " , but two i n t e r s e c t i n g c i r c l e s s t i l l 
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determine an angle, and two non-intersecting or tangent c i rc les 
have an inversive distance 5 such.that, if an inversion transforms 
one of the c i rc les into a line and the other into a c i rc le of radius 
b whose centre is at distance p from the line, cosh 5 = p /b 
[7, pp. 130, 176 (Ex. 4)]. 

InBeecrof t ' s configuration, each of the eight c i rc les is 
orthogonal to three, tangent to three, and at a cer tain inversive 
distance ô from the remaining one. Figure 2 shows that 
cosh 6 = 2 , whence Ô = log(2+V3), the logarithm of the ratio 
of the radii of the two concentric c i rc les in Figure 1. 

In fact, any two non-intersecting c i rc les can be inverted 
into concentric c i rc les , and their inversive distance is equal to 
the logarithm of the rat io of the radii (the greater to the smaller) 
of these two concentric c i rc les [7, pp. 121, 123]. 

By thinking of c i rc les on a sphere (without any distinction 
between "grea t" and " smal l " c i rc les) , we see that, when the 
inversive problem of Apollonius is considered for three 
non-intersecting c i rc les , the number of solutions can only 
have two possible values: zero or eight. The number is 0 if 
the c i rc les are nested, as in Figure 4 (where every c i rc le 
tangent to X and v in tersec ts \i in two distinct points). 
It is 8 in the remaining case (Figure 5), where we naturally 
speak of the three non-intersecting c i rc les as an Apollonian 
tr iad. In par t icular , any three c i rc les that belong to a 
non-intersecting pencil of coaxal c i rc les are nested. 

Figure 4 
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F i g u r e 5 

4 . A " N o n - T r i a n g l e Inequa l i ty" for Nested C i r c l e s . 
It i s c l e a r f r om c o n s i d e r a t i o n s of cont inui ty that , for any t h r e e 
p o s i t i v e n u m b e r s or, (3, y, t h e r e ex i s t s an Apol lonian t r iad 
of c i r c l e s whose m u t u a l i n v e r s i v e d i s t a n c e s have t h e s e v a l u e s . 
Accord ing ly , i t is r e m a r k a b l e that the m u t u a l i n v e r s i v e 
d i s t a n c e s of t h r e e nes ted c i r c l e s sat isfy a " n o n - t r i a n g l e i n e q u a l i t y " 
(which thus s e r v e s as a n e c e s s a r y , but not sufficient , condi t ion 
for t h r e e c i r c l e s to be n e s t e d ) : 

4 . 1 Among the m u t u a l i n v e r s i v e d i s t a n c e s be tween t h r e e 
nes ted c i r c l e s , one i s g r e a t e r than or equal to the sum 
of the o the r two. Equal i ty holds only when the t h r e e 
c i r c l e s a r e coaxa l . 

Although this i s a t h e o r e m of i n v e r s i v e g e o m e t r y , the 
s i m p l e s t proof employs Euc l idean i d e a s . Let X, JJL, V be the 
nes ted c i r c l e s , as in F i g u r e 4, and let <x, p ,v be the i r 
i n v e r s i v e d i s t a n c e s : X to |JL, JJL to v, v to X. Since the 
c i r c l e s a r e n o n - i n t e r s e c t i n g , t h e r e i s at l e a s t one c i r c l e p 
o r t hogona l to a l l of them [11, p . 34] . Since e i t he r of the 
i n t e r s e c t i o n s of JJL and p i s the c e n t r e of a c i r c l e inve r t ing 
t h e s e two c i r c l e s into p e r p e n d i c u l a r l ines , we lose no 
g e n e r a l i t y by taking JJL to be a l ine p a r a l l e l to the r a d i c a l 
ax is of X and v, as in F i g u r e 6. 
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ri 
KÎJ " 

h-A 
r 

Figure 6 

Let X and v have centres L and N, radi i a and b, 
and let JJL mee t LN in M, so that LM = a cosh a and 
MN = b cosh p. Since 

2 2 2 2 
(a cosh a + b cosh p) = LN = a + b + 2ab cosh v 

[6, p.77], it follows that 

2 
(a sinh a - b sinh p) = 2ab {cosh y - cosh (a + p)} , 

whence 

y > <* + p, 

2 
with equality only when a sinh » = b sinh p. Since (a sinh a) 

2 
and (b sinh p) a re the powers of M with respec t to X and v, 
this exceptional case is when JJL coincides with the radical axis 
of X and v. F r o m the standpoint of inversive geometry, this 
means that the nested c i rc les X, JJL, v are coaxal. Thus 4. 1 
is proved. 

By regarding the inversive plane as a sphere, we see that 
each c i rc le determines an enveloping cone which can be regarded 
as the null cone at a point in an exter ior - hyperbolic space 
[5, pp . ' 83 -84] . The inversive distance between two 
non-inter sec ting c i rc les now appears as the non-Euclidean 
distance between two points lying on a secant of the sphere, 
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and the three nested circles a re represented by the ver t ices of the 
kind of triangle for which the non-triangle inequality was observed 
as long ago as 1907 by E. Study [16, p. 108; see also 3, p . 225]. 

Du Val [9] proved in 1924 that the events in de Si t ter 's 
space- t ime can be represented by the points of an exterior-
hyperbolic 4-space: the par t of rea l projective 4-space that 
lies outside a non-ruled quadric 3-fold. Thus the exter ior-
hyperbolic 3-space that we have been discussing may be regarded 
as a 3-dimensional section of de Sit ter 's 4-dimensional world, 
and the terminology of space-t ime is appropriate . For instance, 
the light-cone at a given event is the enveloping cone from a 
given point to the absolute quadric surface i l (the 3-dimensional 
section of the quadric 3-fold). 

The "dictionary" relating the inversive plane to exter ior-
hyperbolic 3-space begins as follows: 

Circle Point (or "event") 

Coaxal c i rc les Collinear points 

Intersecting pencil Spacelike line 

Tangent pencil Null line (tangent to£"}) 

Non-intersecting pencil Timelike line (secant to.Q.) 

Limiting points The beginning and end of 
eternity 

Orthogonal pencils Polar lines 

Angle of intersect ion 
of c i rc les Space interval 

Inversive distance Time interval 

Homography Lorentz transformation 

To establish the connection, we regarded J I as a sphere . 
Pedoe [13, p . 635] prefers a paraboloid of revolution. 

5. Two special solutions of the Problem. After that 
wild excursion, let us re turn to the Euclidean plane and consider 
two non-intersecting (or possibly tangent) c i rc les of equal 
radius b . Since their inversive distance a is twice the inversive 
distance between either circle and their radical axis, the 

1 
Euclidean distance between their centres is 2b cosher <*. 
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Hence t h r e e n o n - i n t e r s e c t i n g (or p o s s i b l y tangent) c i r c l e s can be 
i n v e r t e d into c o n g r u e n t c i r c l e s if and only if t he i r t h r e e i n v e r s i v e 

1 1 1 
d i s t a n c e s », (3, \ a r e such tha t c o s h — a, cosh — (3, cosh —Y a r e the 

£• <L L 

m u t u a l ( o r d i n a r y ) d i s t a n c e s of t h r e e po in t s in the E u c l i d e a n 
p l a n e . Since t h r e e c o n g r u e n t c i r c l e s a r e t angen t to two p a r a l l e l 
l i ne s , or to two c o n c e n t r i c c i r c l e s , a c c o r d i n g as t he i r c e n t r e s 
a r e or a r e not c o l l i n e a r , we can deduce the following t h e o r e m of 
i n v e r s i v e g e o m e t r y : 

5 . 1 Among the e ight c i r c l e s that touch an Apol lonian t r i ad 
wi th i n v e r s i v e d i s t a n c e s a, 3, v, two a r e n o n - i n t e r s e c t i n g 
[or t angen t ] if and only if e a c h of the t h r e e n u m b e r s 

1 1 1 
c o s h - », c o s h — p , cosh—v i s l e s s than the sum of the 

o the r two [or one of t hem i s equa l to the sum of the o the r 
two] . 

After not ic ing that t h r e e c i r c l e s cannot a lways be i n v e r t e d 
into c o n g r u e n t c i r c l e s , Roger Johnson [11, p . 97] s ays " T h i s 
nega t ive r e s u l t i s highly r e g r e t t a b l e " . In o r d e r to re fu te his 
p e s s i m i s t i c a t t i tude , let us work again in the Euc l i dean p lane 
and c o n s i d e r an Apol lon ian t r i ad cons i s t i ng of two c o n c e n t r i c 
c i r c l e s X, JJL, whose r a d i i sa t i s fy a > b, and a th i rd c i r c l e v. 
Since X and \i a r e c o n c e n t r i c , the c i r c l e s that touch both 
c o n s i s t of two o n e - p a r a m e t e r f a m i l i e s of c o n g r u e n t c i r c l e s in 
the c losed annulus bounded by X and JJL: one fami ly having 

1 1 
r a d i u s —(a+b) ( F i g u r e 7) and one having r a d i u s — (a-b) 
( F i g u r e 8 ) . Since the t r i ad X^iv is Apol lonian, v m u s t lie 

1 
s t r i c t l y wi th in th is annulus and have r a d i u s l e s s than —(a-b) . 

F i g u r e 7 F i g u r e 8 
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The eight so lu t ions of the p r o b l e m of Apol lonius for X LL y 
c o n s i s t of four m e m b e r s of each f ami ly . We see at once f rom 
the f i gu re s that each of X, JJL, y i s s e p a r a t e d f rom the o the r two 
by two of the e ight . (Of the four c i r c l e s in F i g u r e 7, two s u r r o u n d 
JJL and v, s e p a r a t i n g them f rom X, and two s u r r o u n d JJL, 
s e p a r a t i n g i t f r om X and y. Of the four in F i g u r e 8, two 
s u r r o u n d y, s e p a r a t i n g it f rom X and LL). The two c i r c l e s 
e m p h a s i z e d in F i g u r e 8 a r e s p e c i a l in that they do not s e p a r a t e 
X,Lt,y at a l l . In this f igure they happen to be n o n - i n t e r s e c t i n g 
(as in T h e o r e m 5. 1), but they could j u s t as e a s i l y be tangent , 
as in F i g u r e 9, or i n t e r s e c t i n g , as in F i g u r e 10. 
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It is this last possibility that Johnson considered 
"regrettable". Its redeeming feature is that, of the four 
"crescents" or lunes into which these two intersecting circles 
d e c o m p o s e the i n v e r s i v e p l a n e , j u s t one con ta ins a l l t h r e e of 
the o r i g i n a l c i r c l e s X, JJL, V. Consequen t ly , when the i n t e r s e c t i n g 
c i r c l e s a r e i n v e r t e d into i n t e r s e c t i n g l i n e s , which d e c o m p o s e the 
E u c l i d e a n p l ane into four a n g u l a r r e g i o n s , the new v e r s i o n s of 
X, JJL, v a r e a l l i n s c r i b e d in the s a m e one of the four a n g l e s , tha t 
i s , they a r e h o m o t h e t i c in p a i r s f r o m the s a m e c e n t r e of 
d i l a t i on . Our c o n c l u s i o n m a y be s u m m e d up as fo l lows : 

5 . 2 E v e r y Apol lon ian t r i ad can be i n v e r t e d into t h r e e c i r c l e s 
which a r e e i t he r c o n g r u e n t or h o m o t h e t i c . 

6. Mid- c i r c l e s . Any two n o n - i n t e r s ec t ing c i r c l e s have 
a unique m i d - c i r c l e which i n v e r t s t hem into e a c h o t h e r 
[7, p p . 1 2 1 - 1 2 2 ] . F o r i n s t a n c e , the m i d - c i r c l e of two c o n c e n t r i c 
c i r c l e s i s c o n c e n t r i c with t h e m , and i t s r a d i u s i s the g e o m e t r i c 
m e a n of the two r a d i i . Since m i d - c i r c l e s i n v e r t into m i d - c i r c l e s , 
we a r e now r e a d y to p r o v e the following n ice t h e o r e m . 

6. 1 The t h r e e m i d - c i r c l e s of an Apol lon ian t r i ad a r e c o a x a l . 

If the Apol lon ian t r i ad c a n be i n v e r t e d into t h r e e c o n g r u e n t 
c i r c l e s , t h e i r m i d - c i r c l e s b e c o m e t h e i r r a d i c a l axes [7, p . 35], 
which a r e e i t h e r c o n c u r r e n t ( F i g u r e 11) or p a r a l l e l ( F i g u r e 12), 
and of c o u r s e t h r e e c o n c u r r e n t o r p a r a l l e l l ines a r e a spec i a l 
c a s e of t h r e e c o a x a l c i r c l e s . If, on the o the r hand, the Apol lon ian 
t r i ad can be i n v e r t e d into t h r e e h o m o t h e t i c c i r c l e s ( i n s c r i b e d in 
an angle) , t h e i r m i d - c i r c l e s b e c o m e c o n c e n t r i c c i r c l e s ( F i g u r e 
13), wh ich a r e a n o t h e r s p e c i a l c a s e of coaxa l c i r c l e s . 

F i g u r e 11 F i g u r e 12 
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Figure 13 

Figure 14 
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The m o s t f a m i l i a r E u c l i d e a n e x a m p l e of an Apol lon ian 
t r i ad c o n s i s t s of t h r e e c i r c l e s a l l ou t s ide one a n o t h e r . In th i s 
c a s e the c e n t r e s of the t h r e e m i d - c i r c l e s a r e the e x t e r n a l 
c e n t r e s of s i m i l i t u d e of the p a i r s of c i r c l e s ( F i g u r e 14). 
Since coaxa l c i r c l e s have c o l l i n e a r c e n t r e s , the i n v e r s i v e 
t h e o r e m 6 .1 has the E u c l i d e a n c o r o l l a r y 

6 . 2 If t h r e e n o n - i n t e r sec ting c i r c l e s of d i f fe ren t s i z e s a r e 
m u t u a l l y e x t e r n a l , so that e v e r y two of t h e m have four 
c o m m o n t angen t s , then the t h r e e poin ts of i n t e r s e c t i o n 
of the p a i r s of e x t e r n a l c o m m o n t angen t s a r e c o l l i n e a r . 

Th i s r e s u l t i s of s p e c i a l i n t e r e s t in the p r e s e n t context , 
b e c a u s e i t w a s used as a l e m m a in Apol lon ius 1 own so lu t ion 
of h i s p r o b l e m [10, p . 182] . Al though i t fo l lows e a s i l y f r o m 
M e n e l a u s [2, p . 188], i t p l e a s e d H e r b e r t Spence r so m u c h 
that he w r o t e of it as "a t r u t h which I n e v e r c o n t e m p l a t e 
without be ing s t r u c k by i t s beau ty at the s a m e t i m e that i t 
e x c i t e s f ee l ings of wonder and of a w e " [15, pp . 187-188 ; 
see a l so pp . 6 0 6 - 6 0 8 ] . 
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