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Banach modules over C*-algebras (von Neumann algebras) that can be represented isometrically as operator
modules (normal operator modules, respectively) are characterised.

1991 Mathematics subject classification: 46105, 46L10.

1. Introduction

It is well known that each Banach space X can be linearly isometrically embedded
into a commutative C*-algebra, hence X can be regarded as an operator space. If X
has some additional algebraic structure, we may ask whether an embedding can be
found which preserves this additional structure. For example, if X is a Banach algebra,
the criterion for X to have a bicontinuous isomorphic representation as an algebra of
operators on a Hilbert space was obtained in [20] (see also [3] and [5]). Here we shall
consider the case when X is a Banach bimodule over a pair of C*-algebras A and B.
Using the abstract characterisation of operator bimodules developed by Christensen,
Effros and Sinclair in [6] we show first that a normed A4, B-bimodule can be represented
isometrically as an operator bimodule if and only if

llaxb + cyd|| < llaa® + cc*[|'* max{lix|l, |yl}|6*b + d*d|'* (1.1)

for all a,ce A,x,ye X and b,d € B. Although the characterisation in [6] can be
extended to the case when A and B are general operator algebras (not necessarily C*-
algebras), we will show by a finite dimensional example that the above isometric
characterisation cannot be extended to modules over general operator algebras.

If A and B are von Neumann algebras and X is a Banach A, B-bimodule, we may
ask under what conditions can X be represented isometrically as a normal operator
A, B-bimodule. More precisely, we would like to know when does there exist a Hilbert
space H, an isometry ®:X — B(H) and a pair of normal representations
n:A— B(H) and ¢ : B — B(H) such that ®(axb) = n{a)®(x)a(b) for all ac 4, xe X
and b e B. In this case we shall simply say that X can be represented as a normal
operator A, B-bimodule. In the case of one-sided modules (say if B = C), we shall show
that a Banach A-module X satisfying the condition (1.1) can be represented as a
normal operator A-module if and only if for each x € X the mapping x — [lax]| is
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lower semicontinuous on (the unit ball of) A in the weak* topology. We obtain a
similar condition for bimodules, but the role of A is played by the Haagerup tensor
product A ®" B and the weak* topology is replaced by the topology which is induced
on A ®" B by all completely bounded bilinear forms on A x B which are normal in each
variable separately.

Given a von Neumann algebra A € X = B(H) and a norm closed A-submodule Y
in X the quotient module X/Y is not necessarily representable as a normal operator
module. A necessary condition for this is that Y is closed in the so called A-topology
of X which was introduced in [12]. (We shall recall the definition of this topology in
Section 4.) But in general the condition that Y is a closed submodule of X in the A4-
topology does not suffice for X/Y to be representable as a normal operator module.
However, if X 2 A is a von Neumann algebra and Y is the closure in the A-topology
of an ideal in X, then we will show (as an application of the result mentioned in the
previous paragraph) that X/Y can be represented as a normal operator A-module.

Throughout the paper we denote by M, (X) the set of all m x n matrices with the
entries in a set X (m,ne N) and we let M, (X)= M, (X), R, (X)=M,,(X) and
C.(X) = M, ,(X) be the corresponding sets of square matrices, rows and columns.

2. A characterisation of operator modules among Banach modules

If A and B are operator algebras with contractive approximate identities {e,} and
{f.}, respectively, then by a Banach A, B-bimodule we mean a Banach space X which is
an A, B-bimodule satisfying |laxb|| < llallllx[[ib]} for all ace 4, be B and x€ X;
moreover we shall always assume that lime,x = x = xlim f, for all x € X. Thus all the
modules here are essential, which by the Cohen Hewitt factorization theorem means
that AX = X = XB. If for each n € N the space M,(X) is equipped with a norm { ||

such that the norm on M,(X) = X coincides with the given norm on X and
® llaxbll < lialllix||ibl
for all a, b € M, (C), x € M, (X) and

(i) |

[’5 3]“ = max{lx], Iy}

for all x € M, (X) and y € M, (X) (all m,n € N), then X can be regarded as an operator
space by the Ruan theorem [17, 9]. Moreover, if the condition (i) holds for all
ae M,(A4), be M, (B) and x € M,(X) then we say that the bimodule multiplication
Ax X x B— X is completely contractive. If 4 and B are C*-algebras and the
bimodule multiplication is completely contractive then X is an operator bimodule by a
result of Christensen, Effros and Sinclair [6]. This means that there exist a Hilbert
space H, a complete isometry @ : X — B(H) and two faithful *-representations
n: A— B(H) and o : B — B(H) such that ®(axb) = n(a)®(x)a(b) for all ae A, be B
and x € X. (For basic notions concerning completely bounded mappings we refer to

[13] or [16].)
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Theorem 2.1. Let A, B be C*-algebras and X a Banach A, B-bimodule. Then X can
be represented isometrically as an operator A, B-bimodule if and only if

llayx,by + a,x;b,|| < lla,a; + aza;"”2 max{[|x, |, lx,|I}I1byb, + b;bz””2 Q@1

for all a;e A, b, € B,x; € X (i=1,2). If this condition is satisfied then the minimal
operator A, B-bimodule norms on M, (X)(n=1,2,...) are given by

x|l = sup{llaxb| : a € R,(A), b € C,(B), llall < 1, |bll < 1}. 22

Proof. If X is an operator A4, B-bimodule, then in particular the module multi-
plication R,(A) x M,(X) x C(B) - X is contractive, which implies the condition
2.1).

Conversely, if the condition (2.1) holds, then for each n define a norm on M, (X)
by (2.2). It is easy to verify that (2.2) indeed defines a norm on M,(X). The fact that
x|l = 0 implies x = 0 follows since AXB # 0 (recall that we have assumed that all the
modules here are essential). Moreover, it follows directly from (2.2) that the muliti-
plication M, (4) x M (X) x M, .(B) - M,(X) is contractive and consequently (since
X is essential 4, B-bimodule) the multiplication M, ,(C) x M (X) x M, .(C) > M, (X)
is also contractive for all m, n € N. This implies in particular that

max{|lx, |, Ix, [} < x, & x,|| 23)

for all x;e€ M, (X), where n,eN,i=1,2. (To sec this, note for example, that
x, = [I,0)(x, ® x,)[I, 0], where I M, (C) is the identity matrix.) It remains to be
shown that the equality holds in (2.3) for then X will be an operator module by [6].

So, let a = [a,, a,} € R,,,,,(A4) and b = [b,, b,]" € C,,+n,(B) be any contractions, where
a;€ R,(A) and b, € C,(B) (i =1,2). Suppose first that 4 and B are von Neumann
algebras and let af = u;|a]| and b, = v,|b;| be the usual polar decompositions, hence
la]| = (a.a))'” € A, u, € R,(A), b = (b;b)"* € B,v; € C,(B) and Iyl =1 =iyl Then
for arbitrary x; € M, (X) (i =1, 2) we have

la(x, ® x;)bll = llayx,by + a,x,b, 1| = [|a}|(u;x,0,)|by| + |a31(uyx,0,) 1|l
< lail? + las 11" max{llu, x,v,1l, lu,x,0,11} 1B, 12 + 1B, 7'
< llaa*||'”2 max{||x, |l, Ix,1}15°BI'""* < max{{ix, ||, x,]l},

where for the first inequality we have used (2.1) and for the second inequality we have
used the definition (2.2) of the norms on M,(X). Since this holds for all contractions
a€R,,n(A) and beC,,,(B) it follows from the definition (2.2) of the norm in
M, 1n,(X) that [ix, @ x,[| < max{[|x, ]|, lIx,}I}. This proves that equality holds in (2.3) if
A and B are von Neumann algebras. If 4 and B are general C*-algebras, then note that
for each ¢€(0,1) we have b, = (yb/%)|b)|'™ and b, € C,(B) since |b}* can be
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approximated by polynomials in |b;] with the zero constant term. Using a similar
decomposition for a; and letting ¢ — 0 at the end one can easily modify the above
proof to the setting of general C*-algebras. O

Corollary 2.2. A left Banach module X over a C'-algebra A is isometrically
isomorphic to an operator A-module if and only if

layx, + ax, || < llayai + aa3]"*(lx 17 + Ix 1) 24
foralla, e A and x, € X (i =1, 2). A similar result holds also for right modules.

Proof. If the condition (2.4) is satisfied for all a,€ A and x; € X then for all
A1, A, € C we have

1/2

A iax, + Aya x|l < llaa; + aza;”l/z(Mﬁz”xl "2 + |,12|2||x2||2) !
23172
< lla,a; + a,a3 )" max{|lx, |l, 1x, 1314, 1% + [4,1%)"%.

Thus by Theorem 2.1 X is isometric to an operator 4-module. This proves the
corollary in one direction, the proof of the converse is trivial. O

An operator A4, B-bimodule X on which the operator space structure satisfies (2.2)
will be called a minimal operator A, B-bimodule (of a given Banach A, B-bimodule X).

For example, if A and B are C*-subalgebras of B(H) with cyclic vectors, then B(H)
(and consequently any subbimodule of B(H)) is a minimal operator A4, B-bimodule. To
see this, let x € M, (B(H)), denote by &, and n, the cyclic vectors for 4 and B
(respectively) and choose unit vectors & = (a,&,, ..., a,&) and n = (byn,, ..., b)) in H”
such that (xn, £) approximates ||x{. Then, using an approximate variant of the polar
decompositions a=uja] and =ub|, where a=(a,...,a,)" €C(A) and
b=(b,,...,b,) €C,B) (as in [18, p. 48]), it follows easily that |u"xv| approximates
[ixll, where u* and v are contractions in R,(4) and C,(B) (respectively).

As another example, each C*-algebra A is easily seen to be a minimal A4, A-operator
bimodule and so is any closed two-sided ideal J in A and also the quotient bimodule
AlJ.

Perhaps the simplest example of a Banach module over a C*-algebra 4 # C which
does not satisfy the condition (2.4) is the dual space A® with the usual module structure
(namely (ap)(b) = p(ba), a,b e A, p € A"). With p € A" a nontrivial projection and
p1, p, € A" normal states on A™ with the support p and p* (respectively), we have
pp, + pp,ll = 2, but [Ipp" + p*p** 1"l I* + lIp,1%)"* = /2. Hence 4° does not satisfy
the condition (2.4) as 4®-module, which easily implies that A® can not satisfy (2.4) as
A-module either. In the case 4 = M,(C) the fact A® with the standard dual operator
space structure is not an operator A-module was observed by Blecher in [2].

Remark. If X is a Banach A, B-bimodule satisfying the condition (2.1) (where A
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and B are C"-algebras) then there is also a maximal operator A4, B-bimodule structure
on X, given by |I[x; ]Il = sup [[®(x; )}l ([x;;] € M,(X)), where the supremum is over all
contractive A, B-bimodule homomorphisms from X into B(H) (where H is a Hilbert
space on which A and B are represented, so that B(¥) is an A, B-bimodule). This is
completely analogous to the definition of a maximal operator space of a normed space
(see [4] and [14]) and one can express these maximal norms for modules in a similar
intrinsic way as in [14, 2.1], but we shall not study this maximal operator module
structure here.

In the rest of this section we show by an example that for a non selfadjoint operator
algebra A4 the condition (2.4) is not always sufficient for a Banach A-module to have
an isometric representation as an operator module. The appropriate module in the
example is a finite dimensional Hilbert space. As a byproduct we shall find in the first
two paragraphs of the example a very simple unital contractive representation of an
operator algebra which is not completely contractive. (The first example of such a
representation was found by Arveson in [1].) The example itself is not needed in the
rest of the paper, so it may be skipped.

Example 2.3. Let peR, p>1 and let n> p be an integer. Let 4 € M, ,(C) be
the (commutative) algebra of all matrices of the form

a O

v all
where ¢ € C, I is the n x n identity matrix and v € C" is an arbitrary vector. Let
¢:A—-> M, (C) be the homomorphism defined by

1 ,.T
o5 al)=1s )
v al 0 ol
where v7 is the transpose of v. It is easy to verify that [l¢|| = 1. Let X = C™*' and define
the A-module structure on X by

aox=¢(a)x (ae A, xeX).

Since ¢ is a unital contractive homomorphism, X is an essential Banach A-module.
Let {e;:i=1,..., n} be the standard basis of C" (regarded as the space of columns)
and define E; € 4 by
00
E = [ei 0].

Then
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n 172 n 172
> EE| = (Z ue.-||2) =Jn
i=1 i=1

I(ET, ..., E;Jl =

and

172

"[E],...,E,,]": =11

i EE]
i=1

since E;ET are mutually orthogonal projections. (Observe from this that the represen-
tation ¢ is not completely contractive if p =1 and n > 2, in fact in this case ¢ is not
even 2-contractive.) If (x,,...,x,) € (C™')" is a unit vector at which the operator

[ET, ..., ET] attains its norm, we have
m 12, n 12
=\ﬁ>1=’ (Zux.-nz) :
p 2 i=]

SN
= ‘_'ExT X;
27
hence the module multiplication 4 x X — X can not be completely contractive for
any operator structure on X such that the norm on X coincides with the given one.
Now we are going to show that nevertheless the condition (2.4) is satisfied if p is
chosen appropriately. '
Given two elements

n

ZE,-ox,-

i=1

n

1

|l O _fay O
a'_[v, all] and az_[vz oczl]

in A4, the norm of the matrix a,a] + a,a; can be computed explicitly. We assume that
B = o> + || #0.

If =0 the computation is easier and is left to the reader. To facilitate the
computation put

1 i
=@, +%v,)=w, and —(—a +ov,)=w,.

B B

Then
Uy =Wy —WW,, U, = tpw +E W,

and

. «_all wi
hai t 4,8, = ‘B[w, wwi + w,w; + I]' 23)
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To compute the norm of the matrix in (2.5), let ¢, and e, be two orthogonal unit

vectors such that w, = ye, and w, = ue, + ve,, where y, u and v are scalars with y > 0
and v > 0. Then the matrix in (2.5) is unitarily equivalent to the direct sum of the

matrix
1 y 0
y Y+l oy (2.6)

0 Ny V41
and the (n — 2) x (n — 2) identity matrix. Put
r=lwl’=y" and s=[wl’ = |ul*+v.
The characteristic polynomial of the matrix (2.6) is (denoting z =1 — 1)
F(z) =2+ (r+8)2* + (rs — r — Y*|ul)z — (rs — ¥ Iu)?).

Let

G =2++)2+r(s—Dz—rs=0z+s) (2> +rz —7),
which is just the special case of F(z) when yu=0. The smallest zero of G is
min{—s, —3(r + V' +4r)}. Evidently G(z) < F(z) if z < 0. Since for z - —oo we have
F(2) < 0 and G(z) < 0, the smallest zero of F must be less than or equal to the smallest

zero of G. Since the norm of the matrix in (2.5) is the same as the norm of the matrix
(2.6), which is equal to its largest eigenvalue (1 = 1 — z), we see that

lla,a; + a,a5| > ﬂ[l +max{s,%(r+ v +4r)]]. 2.7

To prove that the condition (2.4) is satisfied, let x; € X (i=1,2) be such that
1%, 1> 4+ lIx,]I* < 1. Then we have

lla, 0 x, + @, 0 x,|| < llg(a)p(a,)” + e(a)(a) *(IIx, I + Ix, 17"

< lo(ae(a)” + p(a)p(a) )" 2.8)

Using the previous notation, one easily computes that

<p(a.)¢(a.)'+<p(az)¢(az)'=ﬁ[ Tw

and
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lo(@)e(@)” + ¢a)p(@)’] = B [1 s VT 4pr)]. 29

Now to prove that the condition (2.4) is satisfied, it suffices by (2.8) to show that
flo(a)e(a)” + o(a)e(a)’ |l < llaa; + a,a;l|. For this, by (2.7) and (2.9) it suffices to
show that for some p > 0 (which determines the choice of the map ¢ and the module
X) the inequality

zip[, +5+(r + ) + 4pr] < max(s, 1} (2.10)

holds for all r,s >0, where t =1(r+ +/r* +4r). It is possible to prove (by a tedious
computation) that (2.10) is true if we choose p = 2, but the proof is much simpler if we
choose a larger p. So let p =4 and suppose that the inequality (2.10) is not true. Then
both s and t are smaller than the left side of (2.10), hence so must be the convex
combination }s + 2. Thus we have

‘ 1
%s+-§-(r+\/r2+4r) <%(r+s+ (r +s)* + 16r) §§(2r+2s+4~/;),

which implies (after a simplification) that r+ 3+/r* +4r < 4./r, but this is clearly
impossible for r > 0.

Problem. Let A be a unital (non-selfadjoint) operator algebra and X a left Banach

A-module. Suppose that
n n 172 n 172
Y ax| <> aa (Z ux.-uz)
i=1 i=1 i=1

for all finite sets {a,...,a,} € A and {x,,...,x,} € X. Is then X necessarily
isometrically isomorphic to an operator module?

=

3. Normal modules

Throughout this section 4 and B will be von Neumann algebras and X an operator
A, B-bimodule.

If X as a Banach bimodule is a dual of some Banach B, 4-bimodule Y (in the sense
that X is the dual Banach space of Y and (axb, y) = (x, bya) for all ae 4, b € B,
x € X and y € Y), then we can introduce in Y the so called L,-matrically normed
structure by |yl = sup{|{x, y}|: x € M, (X), x|} < 1} for all ye M, (Y), where (x,y) =
2ij=1(X;;» y) with x;; and y;; the entries of x and y, respectively (see [8]). The
bimodule multiplication Bx Y x A— Y is then easily seen to be completely
contractive, hence so is the bimodule multiplication 4 x X x B— X if X carries the
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new L -matrically normed structure defined by {|x||" = sup{{(x, y)| : y € M (Y), Iyl < 1}
for x € M,(X). Obviously |x|" < ||x| for all x € M, (X) and the equality holds here if
n = 1, hence by the minimality of (X, | |), the equality must hold for all n. It follows
that X as an operator A4, B-bimodule is the dual of Y in the sense of [8] and we shall
call such a bimodule X a dual minimal operator A, B-bimodule. We do not assume in
general that for all x € X the maps

a—ax and bw— xb 3.1

from A and B, respectively, to X are weak* to weak* continuous. If the maps (3.1)
are weak* to weak* continuous then by {8, Theorem 3.5] X is a normal dual operator
A, B-bimodule in the sense that there exist a Hilbert space H, a complete weak*
continuous isometry ®:X — B(H) and faithful normal unital representations
n: A— B(H) and ¢ : B —> B(H) such that

®(axb) = n(a)®(x)o(b) forallae A,be Band x € X. (3.2)

A general (not necessarily dual) operator 4, B-bimodule X will be called normal if there
exist a complete isometry ® and representations # and ¢ as above, except that now
we do not require that @ is continuous in the weak* topology (there is no such
topology on X now).

If X is a normal operator A4, B-bimodule then clearly for each x € X the mappings

aw— |lax|| and b~ |xb| (3.3)

are lower semicontinuous in the weak* topology of 4 and B, respectively.

Question. Is the lower semicontinuity of the maps (3.3) a sufficient condition for
a minimal operator A4, B-bimodule X to be normal?

For general (not necessarily minimal) operator bimodules it is natural to require in
this problem the lower semicontinuity of the mappings defined by (3.3) on M,(A4) and
M, (B) for all x € M, (X) and all n. We shall see below that the answer to the above
question is affirmative in the case of one-sided modules (that is, if 4 or B is C). In the
case of bimodules we have to replace the semicontinuity of the maps (3.3) by an
apparently stronger condition, to guarantee the normality of bimodules, but we do not
have any concrete example of a minimal 4, B-operator bimodule X for which the maps
(3.3) are lower semicontinuous and X is not normal. Before proceeding with formal
theorems, we shall now indicate how the results of [8] imply that the answer to the
above question is affirmative if X is a dual bimodule.

If X is any dual operator space, then by [8, Theorem 3.3] X can be represented
isometrically and weak* continuously as a weak* closed subspace of B(H) for some
Hilbert space H; if in addition X is a dual operator 4, B-bimodule, then an argument
in the proof of Theorem 3.4 in 8, p. 150) shows that there exist a Hilbert space H, a
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weak* homemorphic complete isometry ®: X — B(H) and two (not necessarily
normal) unital representations n: A — B(H) and ¢ : B — B(H) such that (3.2) holds.
We now replace = and ¢ with their restrictions to the invariant subspaces
H, = [®(X)H] and H, = [®(X)*H], respectively, and regard ®(X) as a subspace in
B(H,, H,). Then the left and the right annihilator of ®(X) in B(H,) and B(H,)
(respectively) is 0. We claim that the two representations = and ¢ are necessarily
normal if the mappings (3.3) are lower semicontinuous, hence X is a normal dual
operator A, B-bimodule. In fact, to prove that, say, = is normal, it suffices to show that
for each normal state w on B(H,) the state wn on 4 is normal, which is equivalent to the
condition that for each net of projections {e,} in A4 increasing to the identity 1 the net
{wn(e,)} convergesto wn(l) = 1 (seee.g. [10]). Thus, it suffices to show that the limit f of the
increasing net of projections {n(e,)} in B(H,) is equal to 1. For each x € X we have that
fo(x) € ®(X) (since ®(X) is weak* closed in B(H,, H,)), hence f*®(x) = ®(x,) for
some X, € X. Since |le,x,ll = [|P(e,X,)ll = l|In(e,)P(x,)|l = [in(e,)f*D(x)|| =0 for all v, it
follows from the assumed semicontinuity of the norm that x, = 0. Thus f*®(x) = 0 for
all x € X, which implies f* = 0 since the left annihilator of ®(X) in B(H,) is 0. This
proves that f=1, as required. So n= and o are now normal representations and
consequently X is a normal operator A, B-bimodule.

The set of all linear functionals on the Haagerup tensor product 4 ®" B which (as
bilinear forms on A4 x B) are normal in each variable separately will be denoted by
Bil’(A4, B). (We refer to [18] and [4] for the definition of the Haagerup tensor product.
An explicit characterisation of functionals in Bil°(4, B) can be found in [7], but we shall
nod need this characterisation here.) The topology on A ®" B determined by the family
of seminorms w — |3(w)| (3 € Bil°(4, B)) will be called the normal weak topology.

Given a Banach A4, B-bimodule Y, let ¥ be the Banach B, 4-subbimodule of the dual
bimodule Y* consisting of all functionals @ on Y such that for each y € Y the two maps
a— w(ay) and b w(yb) on A and B (respectively) are normal. We shall need the
following simple lemma (a variant of which for one-sided modules has been proved
already in [12]).

Lemma 3.1. If Z is a subbimodule of a Banach A, B-bimodule Y then each w € Z
can be extended to some 0 € Y such that ||0| = ||wl.

Proof. Let ¢ be any linear extension of w to Y such that ||¢fl = ||w| and for each
x € X put 6(x) = (¢,)..(1,1), where ¢ _: A x B— C is the bilinear map defined by
¢.(a, b) = ¢(axb) and (¢,),, is the part of ¢, which is normal in each variable
separately. This normal part is defined in the following way: first we extend ¢, to a
bilinear form ¥ on 4™ x B” which is normal in each variable separately, where A® and
B™ are the universal von Neumann algebras of the von Neumann algebras 4 and B
(such an extension is possible and unique by [18, Lemma 3.3.2]); then we define (¢,),,,
by (#,)...(a, b) = ¥(pa, gb), where p and q are the central projections in A* and B
(respectively) such that A4 2 p4™ and B 2 qB* (see (10, Section 10.1] for more details
about this projections if necessary). It is now easy to verify that the so defined map 0
has the required properties. O
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We shall denote Y by Y. If X is an operator A, B-bimodule, then X is an operator
A, B-bimodule and the natural map i:: X — X is a completely contractive homo-
morphism of bimodules. Then X is a normal operator A4, B-bimodule if and only if 1 is
a complete isometry. This is proved in [12] for one-sided modules, but the proof for
bimodules is the same. If X carries the minimal operator 4, B-bimodule structure and :
is an isometry, then of course : must be a complete isometry.

Recall that each element in the Haagerup tensor product A ®" B can be written in
the form 3 o @, ® b, =: a© b, where a (b, respectively) is an infinite row (column) with
the entries in A(B) such that the series Y ., a,a; (3o, bib;) is norm convergent.

Proposition 3.2. Let A and B be von Neumann algebras and X an operator A, B-
bimodule. Then X is a normal operator A, B-bimodule if and only if for each n € N and
each x € M (X) the function

Py M,(A)®" M,(B) > R, p.(a®b)= |laxbl|

is lower semicontinuous in the normal weak topology of M, (A)®" M (B). If X is a
minimal operator A, B-bimodule then it suffices to require the above condition for n= 1
only.

Proof. For simplicity of notation we shall prove the theorem for minimal
bimodules, the proof for general bimodules is essentially the same. If X is normal, we
may assume that X, 4 and B are contained in B(H) for some Hilbert space H and the
algebraic operations in 4, B and X coincide with the usual operations in B(H). Then
for each normal functional @ on B(H) and each x € X the functional

3:A®"B—> R, 9(a® b) = w(axb)

is clearly normal in each variable a and b separately, hence 3 € Bil°(4, B). If {a, ® b,}
is a net in 4 ®" B converging to an element a © b in the normal weak topology, then in
particular lim3(a, ©b,) = 3(a ® b). This implies (since w can be any normal linear
functional on B(#)) that the net {a,xb,} converges to axb in the weak* topology of
B(H), hence |laxb| < liminf, ||a,xb,||, which proves the required semicontinuity of the
function p,.

Assume now that all the functions p, are lower semicontinuous in the normal weak
topology of A®" B. To prove that X is a normal A, B-bimodule, it suffices by the
remarks preceding the proposition to show that the natural map i1: X —» X is an
isometry. By hypothesis for each x € X the set

S={we A®"B:p,(w) <1}
is closed in the normal weak topology and clearly S is also convex and balanced.

Assume that x # 0 and let ¢ > 0. Since p,(1® 1) = ||x||, the element 'ﬁl ®lisnotin S,
hence by the geometric variant of the Hahn-Banach theorem there exists
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8 € Bil’(4, B) such that |9(w)| < 1 for each w € S and (L1 ® 1) > 1. This implies that
[19(w)| < p,(w) for eachwe A®"Band 9(1®1) > lﬂf;'l Thus, we can define a functional
Y on the subbimodule AxB of X by

Y(axb) = 3(a © b)

and we have |Y(axb)| < |laxb|| for all aObe A ®"B (hence {|¥|l <1) and ¥(x) > {'ﬂ
Since 3 € Bil°(4, B), the functional ¥ is in (AxB)". By Lemma 3.1 { can be extended to
a functional in X without increasing the norm. Since & > 0 in this argument was

arbitrary, we see that the natural contraction 1 : X — X must indeed be isometric. [

Theorem 3.3. A left operator module X over a von Neumann algebra A is normal if
and only if for each ne N, x € M, (X) and each net le,} of projections in M,(A)
converging to the identity 1 the equality

x|l = Lim [le,x]|

holds. Moreover, if A is o-finite, it suffices to check this condition for increasing
sequences of projections in A instead of general nets. If X is a minimal left operator A-
module, then it suffices to require the condition for n =1 only.

Proof. Again, for simplicity of notation we shall consider only minimal modules.
We need only to prove the sufficiency of the above condition for X to be normal. By
Proposition 3.2 (applied to the A4, C-bimodule X) it suffices to show that for each
x € X the function

p.:A—> R, pa)= lax|

is lower semicontinuous in the weak* topology of A4, which is equivalent to the
requirement that the convex set S = {a e A: [lax|| <1} is weak* closed in A. By the
Krein-Smulian theorem [15] it suffices to prove that the intersection of § with each
closed ball 4, in A with the centre 0 and radius r is weak* closed or, equivalently,
closed in the x-strong operator topology of A,. So, let {a,} be a net in SN 4, converging
to an element a € 4, in the *-strong operator topology. Using the noncommutative
Egoroff theorem (see [19]), it follows that each strong neighbourhood U of the identity
1 in A contains a projection ey € A such there is a sequence {ay,} € {a,} for which
the sequence {eyay, : k=1,2,...} converges to eya in the norm topology. This implies
that {leyax|l <1 since [lay,x|| <1 for all k. Since the projections e, (U a neighbour-
hood of 1 in the strong operator topology) form a net converging to 1, it follows now
from the hypothesis of the Theorem that [Jax|| < 1, which concludes the proof that S
is weak* closed in A.

If A is o-finite, we may choose a sequence of basic neighbourhoods U, of 1 in the
strong topology of the ball 4, and then for each n a projection e, = e, € U, as above.
In addition, we may require that e,,, > e, for each n. Indeed, assuming inductively that
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e.,...,e, and a sequence {g,} € {a,} have been already constructed such that the
sequence {e,(a, — a)} is norm convergent to 0 as k — oo, we apply the Egoroff theorem
to the sequence {e (a, — a)(a, — a)’ el},‘GN in the von Neumann algebra e-Ae; to find
an appropriate subprojection f < e, and a subsequence of {a,}, and then we put
e,.; = e, +f. Then it follows as in the previous paragraph that the set § is weak®*
closed. O

4. Quotient modules

Throughout this section 4 will be a von Neumann algebra.
If X is an operator A-module we can define the so called A-topology on X by the
family of seminorms

5,(x) = inf{w(aa')"znyll :x=ay,ae R(A),yeC,(X),ne N}, 4.1)

where w is any normal positive linear functional on A. It is proved in [12] that (4.1)
is indeed a seminorm and that in (4.1) it suffices to take n =1 and y € X, a € A with
0 <a <1, without changing the value of s,. This implies that the A-topology is
independent of the norms on M,(X) for n > 1. The fact that X is an operator module
is required only to prove that the quantities (4.1) are indeed seminorms and to establish
some useful properties of this topology.

The continuous linear functionals in the A-topology of X are just the norm bounded
functionals § on X such that for each x € X the functional a — 6(ax) is normal on A4
(see [12]). As in the previous section, we denote the set of all such functionals by X
This characterisation of continuous functionals implies that for each normal dual
operator 4-module X and each submodule Y of X the closure of M, (Y) in the M, (A4)-
topology of M,(X) is equal to M (YA), where ¥ is the closure of Y in the A- topology
of X.

The question, which we would like to discuss in this section is the following.

Question. Let X be a normal dual operator A-module and Y a norm closed
submodule of X. Under what conditions is the quotient operator module X/Y
normal?

If X/Y is normal then for each x € X the map
a, .a—|lax+ Y|
must be lower semicontinuous in the weak* topology of 4 by Section 3. (Of course
the same semicontinuity condition must hold also for the analogous maps defined on

M, (4) for all x e M, (X)and n=1,2,....) In particular, for each x € X the left ideal

{ae A:ax e Y} =a;'(0)
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in A must be weak* closed. By {12, 2.1, 5.3] the condition that this ideals are weak*
closed for all x € X is equivalent to the requirement that Y is closed in the A-topology
of X (such submodules Y are called strong in [11]). Thus, a necessary condition for
X/Y to be a normal operator A-module is that Y is closed in X in the A4-topology. In
certain special circumstances this condition is also sufficient for X/Y to be normal.

Proposition 4.1. Let A be a o-finite von Neumann algebra contained in a concrete
C*-algebra X € B(H) and let J be a norm closed two-sided ideal of X. Suppose that X
contains the closure Y of J in the A-topology. (This is satisfied, for example, if X is a von
Neumann algebra since the A-topology is stronger than the weak* topology.) Then XY
is a normal operator left A-module.

Proof. By Theorem 3.3 it suffices to show that for each m=1,2..., each
x € M, (X) and each increasing sequence of projections f, € M,,(4) converging to 1 the
equality
o = lim || f.x|| = x|

holds, where x € M, (X/Y) = M, (X)/M,(Y) is the coset of x. As we have already
noted in the beginning of this section, M, (Y) is just the closure of M,(J) in the
M, (A)-topology; moreover, since M, (J) is a two-sided ideal in M, (X), we may
restrict our attention (for simplicity of notation) to the case m =1, the proof for
general m is the same. For each n let e,=f,—f,_, (where f,:=0), so that
{e,:n=1,2,...} is an orthogonal sequence of projections in A with the sum 1 and
fi= Z};, e;. Choose any B > a. Since || f,xl| < B, for each n there exists an y, =f,y, € Y
such that ||f,x — y,|| < B and the sequence y, is bounded.

We claim that for each n there exists an orthogonal sequence {e,;:j=1,2,...} of
projections in A such that

Ze,,_j =e, and e,;y,€Jforalln, jk=12,....

j=1

To see this, we first note that the closure in the A-topology of the two-sided ideal J
in X is necessarily a norm closed right ideal in X. (This can easily be proved directly
and follows also from [12, 2.2 and 5.3].) Hence the element z:= Y, 2%y, i isin Y.
Consequently e,z € Y for each n and by [12, 2.2 and 5.3] there exists an orthogonal
sequence {e,;:j=1,2,...} of projections in A with sum e, such that e, ;z € J for each
j. Then e, ;ze, ; € J, hence e, ;y.yie,; € J for all k, hence e, ;y, € J for all n, j, k since J
is a two-sided ideal in X. (We have used the well known fact that w'w € J implies
w € J for w € X, where J may be any norm closed two-sided ideal in a C*-algebra X.)
This proves the claim.

Foreachnletp, =3}, . e sothat{p,:n=1,2,...}isanincreasing sequence of pro-
jections in 4 converging to 1. Then we have p,y, € J and |ip,(x — y,)I| < Ifui{x —y )l < B
for all n, hence
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ipax +JIl < B. 4.2)

Put g, = p, — p._; (with p, = 0) and x, = q,x. We shall construct inductively a sequence
of elements z, = g,z, € J such that

<8 (4.3)

i(xi - z;)

for all n. Since the series ) _ x; converges in the strong operator topology and x; = g;x;
and z; = q,z;, where the g;’s are mutually orthogonal projections, (4.3) will imply that
the series Yz, converges strongly to an element z (namely, the partial sums of the
series ) (x; —z;) are bounded in norm by B and the terms x; —z; have mutually
orthogonal ranges). Since g,z =12z € Y and Y is closed in the A-topology, it follows
from {12] that z € Y. (Alternatively, it is not hard to show directly that the partial
sums of the series ) z, converge to z in the A-topology.) Since z € Y and (4.3) implies
that ||x —z| < B, it follows that |x[| <. But this holds for all B > a, hence
(x| <a(=lim]f.x|), which will prove the required lower semicontinuity. So it remains
to construct the required sequence {z;:i=1,2,...}.

Suppose by induction that we have already constructed the elements z, = g;z; € J
fori=1,...,n—1 such that

<B.

i(xi - z;)

Put b= 31"/ (x; — 2)"(x; — z), so that 0 < b < f°. Denote by b the coset in X/J of an
element v € X. From (4.2) it follows that

n

}:-~ 2
xi.xisﬂv

i=1

hence %;%, < B* — b. Therefore we can lift %, to an element v, € X such that vlv, < g — b
(see [10, p. 290)). Finally, let z, = x, — v,. Then z, € J and (x, — z,)"(x, — z,) < B> — b.
By the definition of b this implies that ||}, ,(x; — z)l < B (since the elements x; — z
have mutually orthogonal ranges), which concludes the proof. O

Since in the special case X € A (where the A-topology and the weak* topology have
the same closed convex sets) and in the case 4 = C and X arbitrary (where the A-
topology is just the norm topology) the condition that Y is closed in the A-topology is
also sufficient for X/Y to be normal, we might expect naively (encouraged by
Proposition 4.1) that this may be so in general. But the following example shows that
there exist normal operator modules Y C B(K) (K a Hilbert space) over £,, such that
the ¢,-module B(K)/Y is not normal although (surprisingly) the module Y/Y is
normal, where Y is the closure of Y in the weak* topology of B(K).
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Example 4.2. Let H be any infinite dimensional Hilbert space and H*” = H ® ¢,.
Let £, act on £, in the usual way and let A =1,, ® £,, € B(H™). Then X := B(H®) is a
normal operator left A-module. Let Y = K(H)™ € B(H™) be the usual £.,-direct- sum
of countably many copies of the ideal K(H) of all compact operators on H. Clearly Y
is a left A-submodule of X and we claim that Y is closed in the A-topology of X. To
see this, let {e;: i € N} be the set of minimal projections in A with the sum 1. Observe
that for each x € X the condition that ¢x € Y for all i € N implies that x € Y; by {12,
2.1 and 5.3] (or directly) this implies that Y is closed as required.

Let {E,:n=1,2,...} be a set of orthogonal projections in K(H) with the sum 1.
Let x € X (= M, (H)) be defined by the operator matrix

L, 0 0
E, 0 0

x=|E 0 0

We claim that the function aw— [lax| is not lower semicontinuous in the weak*
topology of A, where x is the coset of x in X/Y, hence X/Y is not a normal operator
left A-module. To see this, let f, =e, +... + ¢, € 4; thus f, is the diagonal operator
matrix in M (B(#)) which has 1 on the first n diagonal positions and 0 on the
remaining positions. Clearly the sequence {f,} converges to 1 strongly. Since for each
c € K(H) the operator c =c® 0@ 0 ... is in Y, we have || f,x] < |If,(x — &)|l for each
¢ € K(H). By choosing for ¢ the projection ¢ = E, + ...+ E,, it follows that

NExI < 1 =e)l +cll? =1

forall n=1,2,.... On the other hand we shall now compute that ||x[| > +/2, which will
prove that the map a — |lax| is not lower semicontinuous in the weak* topology of 4
since f, /' 1. Indeed, for each y € Y the norm of the operator matrix x — y is greater
than or equal to the norm of its first column, hence

/2

=1 -1 -d)+1)'",

bx=yi > |-y -0+ im

where d € K(H) is the first component of y. Since the norm of an operator dominates
the norm of the corresponding coset in the Calkin algebra, it follows from the last
estimate that [|x|| > +/2 (in fact ||x|| = +/2 since ||x|| = v/2).

Although the operator A-module X/Y is not normal, it follows from Proposition
4.1 that B(H)™/Y is normal (at least if H is separable), and here B(H)™ is just the
weak* closure of Y.
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