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Inequalities for Eigenvalues of a General
Clamped Plate Problem

K. Ghanbari and B. Shekarbeigi

Abstract. Let D be a connected bounded domain in R”. Let 0 < i1 < pp < -+ < gy < -+ - be the
eigenvalues of the following Dirichlet problem:

A?u(x) + V(xo)u(x) = pp(x)u(x), x €D
_ Ou _
ulop = 3lop =0,

where V (x) is a nonnegative potential, and p(x) € C(D) is positive. We prove the following inequali-

ties:
k
o € 15 (B () S
'min i1
P2l -
8(n+2)g<pmin> [zl:ﬂkH*M] IZ;H
Introduction

Let R” denote an n-dimensional Euclidean space and let D be a connected bounded
domain in R”. In order to describe vibrations of a clamped plate, we must consider
an eigenvalue problem for a Dirichlet biharmonic operator, called a clamped plate
problem:

A%u(x) = pu(x), x€D

u|0D - %I(‘)D - 07

ey
where A is the Laplacian in R"” and A? is the biharmonic operator in R". Let the
eigenvalues of the clamped plate problem be designated by

O<puy <pp << <.l

with corresponding real eigenfunctions uy, uy, . . ., tg, . . . , normalized such that

/uiujzéij, i7j:1,273,....
D
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For this clamped plate problem, in 1956 Payne, Pélya, and Weinberger [6] estab-
lished an inequality for the biharmonic operator A%, Indeed, they proved

k
. 8(n+2)1
(i) Pierr < pue + 7k Z:M

As a generalization of their result, in 1984 Hile and Yeh [4] obtained

. £ u% n2k: k =
(if) g 2 8(n+2)(iz_1:’“"') '

1 Hk+1 — Hi

Furthermore, in 1990, Hook [5] and Chen and Qian [1] proved, independently, that

212 1/2

k
My 1/2
8(n+2) ~ [Zum—uj ;“" '

In 2005, Q. M. Cheng and H. Yang [2] proved that

(iii)

/ k
(iv) Pier1 <+ X Z [8(71"'2)] v ]iz Nz(/’*kﬂ — i) ]1/2.

In this paper we generalize these results by considering the eigenvalue problem for
a generalized clamped plate of the form:

a {Azu(x) + V(@) ulx) = ppxulx), x€D

u|0D = %MD = 07

where V (x) represents a nonnegative potential and p(x) is a positive continuous func-

tion on D.
This problem has eigenvalues as above, which we shall continue to denote by
{pi}se such that 0 < g3 < pp < --- < py < ---. Moreover, the correspond-

ing real eigenfunctions {u;}2°, form an orthogonal basis for L*(D, p), that is,

/p(x)uiuj = (5,']', 1,] = 1,2,3, ceen
D

Our goal in this paper is to generalize the inequalities mentioned above to the general
biharmonic clamped plate problem (II)). Indeed we prove the following theorems.

Theorem 1.1 The eigenvalues of the clamped plate problem ([Il) satisfy the following
inequality:

k

/ k
. S%ZM+[8(””;2)(Z::) }12 ;{Z (i — p)1'2,

where p is a positive and continuous function on D and pmax, pmin denote the obvious
quantities.
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The first inequality of Theorem [[.I]is implicit in terms of pi4;. We can conclude
an explicit inequality as follows.

Corollary 1.2 If the assumptions of Theorem[LI] hold, then we have

4(n+2) (Pmax )
ukﬂs{u S ] Zul

pmm

([ () a5 )

Pmin

R il

pmm

Theorem 1.3 Under the assumptions of Theorem [l the eigenvalues of the bihar-
monic problem () satisfy the following inequality:

k 1/2

22
e (2 (S o

Pmin Mi+1 — i i—1

2 Proofs of the Results

Now we are in a position to prove the main theorems.

Proof of Theorem[L.1] Define the self-adjoint operator %T with respect to the weigh-

ted inner product [, puv, where T = A”+V (x). Let {;}{°, be the eigenfunctions of
%T. Orthogonality of the eigenfunctions {u;}£°, with respect to the weighted inner

product [, puju; implies that the test functions

k
¢ = xui — Y _aiju;
i=1

are orthogonal to u; for 1 < i, j < k, where x represents any Cartesian coordinate x;
for1 <1< mn,anda;; = fD xpuju; = aj;. In order to find an upper bound for pigi1,
we use the Rayleigh—Ritz inequality [3] for the self-adjoint operator 5 LT, ie.,

[ fD ¢1T¢1
k+l = fD ¢2 .

By definition of the linear transformation T, we have
k k
T¢i = T(xu,- — Zaijuj) = T(xu,-) — Za,’]‘Tuj
j=1 j=1
k k

= xTu; + 4(Au;), — Z a;;Tu; = xppiu; + 4(Au;), — Zaijpujuj.
j=1 j=1

(2.1)
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Using integration by parts we can easily see that

(2.2) 4/xu,—(Au,~)x :2/ |Vui\2+4/(u,-)fc.
D D D

Using (2.2) and the orthogonality of ¢; and u; with respect to the weighted inner
product we obtain

@3 [ato=m [ pot+s [oan,
D D
k
:Mi/P¢?+2/ |Vui\2+4/(ui)i—4zaijbij,

D D D P
where b;; = [,(Au;)cuj = —bj;. We also have
(2.4) 4bij = 4/(Aui)xuj = /[Az(xui) —x(Azui)]uj

D D
:/D[xuiAzujfxujAzui] :/D[xu,»TujfxujTu,-]

= —(pi — pj)aij.
Now combining (Z.3) and the Rayleigh—Ritz inequality (2.1]), we have

k
(2.5) (k1 — 14i) / pg: < 2/ |Vu;|? +4/(ui),2C - 4Zaijbij-
D D D s
On the other hand, by using integration by parts, we find
k k
—2/ Piui)x = —2/ [x”i - Zaiju]} (ui)x = / W +2Y aijc,
D D = D P

where ¢;; = /; plti)xuj = —cji. Orthogonality of ¢; and u; implies that

k
(2.6) /uf +22ﬂijcij = —2/ Gi(ui)x
D o D
] k
1 =1 1
:/pqui[—Zp 7 (u;)x + 2p2 Zciju]}
D

=1
k
2 1 =1 1 2
< D{Oép¢i 2 [—P > (uj)x + p2 ;Cijuj} }
k

ga/ﬂ)p¢?+é[/ﬂ)ﬂ‘l(w)i—25?j}v

j=1
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where « is a positive number. Multiplying both sides of by (ttk+1 — pi), and
combining with (2.5 we find

k
(2.7) (Mkﬂ_ﬂz’)[/D”?J"ZZaijcij}
j=1
k
12 32 D
<of2 [ 1vuf+4 [ ‘Lo i)

k
(Nkﬂ - /Ji) 1 2 2
P ).
j=1
Choosing o = (fix+1 — ,ui)%ozl, where a;; > 0, and taking the sum on i from 1 to k,
we have
k ko k
D (e — Mi)/ W2 Y (e — pa)aicj
i=1 b i=1 j=1
k k
1
<ar ) (prn — )2 { 2/ V| + 4/(141');2C - 4Zaijbij}
i=1 p b j=1
L& k
1 —
t - > ptker — p)? [/ p~ (Ui — Zcizj} :
L D =1
Defining
d 1
1 _
A= (n —ui)Z{oq [2/ |V +4/(ui)i] + f/p l(ui)i},
P D D @1 Jp

we have

k koK
(28) > (ke — Mi)/ w42 0> (i — pi)aijci; <
i=1 b

i=1 j=1

koK koK
1 1 1
A—dar Y > (ke — ) aijhij — o SN (ke — )y

i=1 j=1 i=1 j=1

Since a;; = ajj, ¢;j = —cjj, we have

koK kook
(2.9) 2 Z Z(Mkﬂ — [i)aicij = — Z Z(Mz’ — [4})aijcij.

i=1 j=1 i=1 j=I
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Since 4b;; = —(u; — p1)a;j, we obtain

Kook
(2.10) —4oy Z Z(Nkﬂ — Wi)?a;jbi;

i=1 j=1
kok
=010 DY (ks — i) (s — )
i=1 j=1
) L 1 1 P
=5 ZZ{(MkH = pi)? = (s — )2} (i — pj)ag;
i=1 j=1
k

1
LY s = ')

i=1 j=1 (,Ufk-H - ,uz)2 + (,Ufk-H - ,u])z
and

ko k
1
@10 = =37 uen — m)ic
17

i=1 j=1
LI
3 { e — )2 + (i — )2} .
«
i=1 j=1
On the other hand, we have

k k k
S — e < 3D 1 s —

i=1 j=1 i=1 j=1 (1 — ,Ufz)z + (pr1 — ,u])z

k k
1 : ,
3 DS {Gn = 1) + G — )7},

i=1 j=1
Combining (2.8), 2.9), (2.10), (Z.11), and (2.4) we conclude
k
(2.12) D (e = u;—)/ u < A
i=1 D

On the other hand, we have

(2.13) Z (”k*pl #) Z(,Ukﬂ _Mz)/
1- 1 max
N2
(2.14) /p’l(ui)i < @7
D D Pmin

https://doi.org/10.4153/CMB-2011-031-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-031-x

Inequalities for Eigenvalues of a General Clamped Plate Problem 7

where pmax = max,cp p(x) and pmin = min,cp p(x). Since inequality (2.12]) is valid
for x = x;, 1 <1 < n, then using relations (Z.13]) and (Z.14)) we find

Z (Hkr1 —

-1 Pmax

k
Z M1 — Hi)?
a1 /|Vu,| +4/(u, p +— ﬂ}
D Pmin

Since V(x) > 0, [, pui = 1, we have

(2.15) S [wr = [1vup [ 1V <ol
=1 D D D

because

/|Vui|2=/ui(—ﬁui)Z/P%ui(—p%‘Aui)
D
/P“ / I(Au) [/p;ilnuiAzui} < [/P;ilnuiTui} ’

7pm1n:u’1'

Therefore, by summing on [ from 1 to n we obtain

(pk
Z u < Z(:u‘kﬂ - /’Ll) pmmu; {al [27’1 + 4]

i=1 pmax i=1

&1 Pmin } .

—1

Choosing a; = p % (2n + 4)7TI , we conclude the result

. Z#z < {8(n+2) (pm'f)x) 2} 1/2 ;i s (s — )], -

pmln

This inequality is the analog of inequality (iv) in this more general setting.

Proof of Corollary[T.2] In order to simplify the calculations, we define

1 k 1 k 2 Pmax
Mi= D w gz Hiy o=

pmm
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It follows from the first inequality of Theorem [[T]that

(i — M < D 2 [ Z[u,wm —ur}’

k
8(n+2) ,1

S— 2 0% ;/Ji(ﬂkﬂ — i)
8(n+2)

= o (ptreri My — Ti).

Now direct calculations show that

{1+ 2520

16(n +2)? 8(n+2)
::(Mk+1“AA})Z*'“‘7}(“*0AA4f‘_ ” :

o™ (pr1 — M) My

8(n+2) 16(n + 2)
< e o (e My — Ti) + TU4M£
8(n +2) 8(n+2)
T e M+ ——— 0" M;
8(n+2 8(n+2 16(n + 2)?
= (rz2 )O'leff ( > )JZTk+7(n4 ) 0’4M]%.
n n n
Therefore,
4(n+2)
Mt — | L+ 2 2} M <
4(n+2 2 8(n+2 1/2
{ { (n 2 )Usz ~ 8(n 2 )Uz(Mk _ Tk)z} .
n
|
Proof of Theorem[1.3] By substituting relations (2.13)) and (2.14)) in relation (27]) we
find

+22al]c,] < (Mk+1— /|Vu,|2+4/(u,)2 42611] ,]}

Pmax

[ (ui)z ZCJ'

D Pmin =1

Now if we choose

_ (;zkﬂ—fu)az a0,
—1/2 1/2
Zp:lpmin Hp
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then summing on i from 1 to k, and using relation (2.4)), we find

+ ZZZ@]C,]

Prmax i=1 j=1

k k k
Z /|Vu1\2+4/(u) 0> (i —Mj)af;}
i=1 i=1 j=1

k —1/2 1/2
Zp 1 Pmin M
k

/2, 1/2 k
Zp lpmlln :L"P (I/l,)fC
2 o - S -]
(Nk+1

D Pmin

From the antisymmetry property of ¢;; and (p; — j)aizj, we have

~
=~

kook
Zzzﬂijcij:()v ZZ(Ni_NJ)a?jZO

i=1 j=1 i=1 j=1

Moreover,
Zk —-1/2 1/2

p=1 Pmin Hp 2
—az Z ;> 0.
j=1

Hence we have

k 2 2
R S ;fn/z I/ZZ /\wl| +4/(u)

—1/2 1/2 k
Ep lpmzn/ P/ Z/
pmln(MkJrl - M1)

Since inequality (2.16) is valid for x = x;, 1 < I < n, then summing on ! from 1 to n
and using the relations (Z.15]), we have

nk ap 1/2 % 1
@) < “;f;/z{zanmf ni +4mem ui b
p=1

12k 71/2 i

—1/2
+pmm Zp 1 Hp Z Prmin /J’l

pmm(MkJrl - /’[/1)

Simplifying (Z.17) implies that

Zk —1/2 1/2 —1/2 1/2

< op(2n+4)+ =2 1 Pmin_Hp Z Punin _Hi
6% pmm(,U/kJrl - /'[/1)

nk

pmax
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By choosing o, = ﬁ we obtain the desired result
2)2 20 K 1/2 k
LS(@) [ “17} xS ull, -
8(n+2) Pmin/ L= ke — pid 4=

This inequality is the analog of inequality (il in this more general setting.

Remark  The inequalities similar to () and (@) in this more general case can be
8(n+2) 8(n+2)

obtained if we replace =*7= by =>= ( Z’r‘nﬁ) 2. Note that this also true of (iii) and (iv).
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