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Chunikhin’s existence theorem for
subgroups of a finite group

C.D. H. Cooper

We give a simplified proof of a general theorem of Chunikhin on
existence of subgroups of a finite group. The proof avoids the
technical device of "indexials" which Chunikhin set up for this

purpose.,

1. Introduction

In [2] (and later in [11, pp. 79-100), Chunikhin proves a very general
theorem which asserts, for any finite group and any normal series of that
group, the existence of a subgroup having a certain relationship with the
terms of the normal series. It includes as special cases the existence of
a Hall T-subgroup in a T-soluble group and the existence of subgroups of
all possible mw-orders in a T-supersoluble group. In this paper we give
a much more direct proof than the one in [1], avoiding the elaborate

machinery of "indexials" which Chunikhin sets up.
Throughout the paper, all groups are assumed to be finite.
THEOREM 1 (Chunikhin [1], pp. 79-100). Suppose that the group G

Go = Gl < ... = Gen = G such that if 1 =1 =n-1,

has a series 1

Goy 2G and G = G, (Gyy )

/G

If 0= =n-l, let 6 be the set of

primes which divide |G for some J € {{, ..., n-1} . Then there

27+1 2j|
exists a subgroup H of G such that if Hi =Hn Gi for 0 =1 <2n,

(1)

02i+1 = H2i+162i for 0 =1 =n-1,
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(2) Hi 2H for 0<i=<2n,

(3) H2i/H2i—l is a nilpotent b,~growp for 1 =<1 =sn,
(%) H2i+l/H2i = G2i+l/G2i for 0 =17 =2 nl,
(5) IHZi/HEi-ll divides IGQi: G2i—ll for 1 =isn,

(6) H is a 8,-group.

2. Some definitions

If m is any set of primes, 7' denotes the complement of 7 in the

set of all primes. A T-number is an integer whose only prime divisors are
elements of T , and a T-group is a group whose order is a T-number. A
Hall mw-subgroup, H , of a group G 1is a T-subgroup of G whose index

in ¢ is a T7'-number.

A group G 1is T-supersoluble if each chief factor is either a cyeclic
group of order p for some p €T , or a T'-group. G is T-soluble if
each composition factor (chief factor) is either a p-group for some p € T
or a m'-group. G is T-separable if each composition factor (chief
factor) is a T-group or a w'-group. G is T-decomposable if the order
of each composition factor (chief factor) is divisible by at most one prime
from m . G 1is T-partible if the order of each composition factor (chief

factor) is a T-number, or is divisible by at most one prime from T .

We are here following Gorenstein [3] in the use of the term
"m-separable". Chunikhin uses "T-separable" to refer to what we call
m-decomposable. The fact that the above definitions, with the exception of
T-supersolubility, can be stated in terms of composition factors or chief
factors follows from the fact that every chief factor is a direct product

of isomorphic copies of some composition factor.

A  m-supersoluble group is clearly m-soluble. A group is m-soluble
if and only if it is both m7-separable and m-decomposable. T-separability
and T7-decomposability each imply m-partibility. Subgroups and factor
groups of Tm-supersoluble, T-soluble, m7-separable, 7-decomposable and
T-partible groups are respectively Tm-supersoluble, m-soluble,

T-separable, T-~decomposable and m-partible. 7-supersoluble and
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T-soluble groups are respectively, w;-supersoluble and m;-soluble for all

m €7 . A T-separable group is m'-separable.

3. Preliminary lemmas

LEMMA 1. Suppose B <A =G and C =G such that B permutes with
C . Then

(a) A n BC = B(AnC) ,

()" |anC|/|Bnc| divides |A|/|B]| ,

e

(e) if A=BC and B 2 A then AnC/BnC A/B .
Proof. (a) is the modularity law ([4], p. 12k4).

(b). |B(AnC)| = |B|.|AnC|/|BnC| whence |AnC|/|BnC| = |B(AnC)|/|B|
which divides [4]/|B] .

(e). A=A nBC = B(AnC) by (a) whence A/B = AnC/(AnC)nB = AnC/BnC .

LEMMA 2. (Schur-Zassenhaus [4], ». 224). If H 4is a normal Hall
T-subgroup of G , G contains a Hall w'-subgroup.

LEM4A 3. Conclusions (4) to (6) of Theorem 1 are consequences of (1)
to (3).

Proof. (4) follows from (1) by the second isomorphism theorem.
(5). Suppose 1 =% <n . Then

G H=H G H by (1),

2i-1 27-1"2¢~2
= Hopp o
since G2i-2 2 (¢ . Similarly HGzi—l = HGzi_2 and so G2i-l is

permutable with H . (5) now follows from Lemma 1 (b) on putting

A=Gy , B=Gy \, C=H.

(6). If 0 =1 snl, H2i+l/H2i is a Si—group by (4), and if
1<is=mn, H2i/H2i—1 is a ei—group by (3).

Since 60 26, 2...2 6, , # is a 8,-group.

LEMIA 4. IF¥ 1 = Gy =G =... 26, = G tis a chain of subgroups of
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G such that if 1 =i =n, G
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G =GN

oilc } and if S s

G and

14

27 ( 27-1

a subgroup of G such that G =8= NG(Gl} and G = GyS s then putting
S.=8ngG, ,
Z 7
(a) Gi = sti for 2 =i 22n, and
(b) S = SQzNS[S2i—1) and Szi 28 for 1=41isn.
Proof. ({a). Suppose ©1 =2 . Then
G, =G, n G5 =G,[(G,nS) by Lemma 1 (a),
= GQSi
(b). If 7 =z2,
5=506G=5nG,0.(6,; 1),
=8 n G S, (6y; 1) by (),
=5nsS 'NG(Gzi—l) since G, s G, | = NG(G2i—l)
= 52 [ ] by Lemma 1 (a),
= Sl (G 1) = 535 (S50
But S, (5, l) S5 andso S=5,0.(5, ;)
Ir 7 =1, S2i—l = Sl = Gl =2 S wvhence NS(S2i—l) =5 .
4. Proof of Theorem 1

We suppose that the theorem is false and throughout this section G

is assumed to be a minimal counter-example.

We suppose further that the

theorem fails for G in respect of the chain 1 = GO = Gl = . = G2n =G,
{n 2 1) but holds for every shorter chain. For 0 <17 =#xn-1 , Gi
denotes the set of primes which divide some |G,. ./G,.| for j =<
27+1" "27
< = =

LEMMA 5. If G =5 = G(cl) and G =G,5 then §=6 .

Proof. Suppose S < G . It follows from Lemma 4 (b) and the fact
that G 1is a minimal counter-example that there exist H <S5 such that if

https://doi.org/10.1017/50004972700046748 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700046748

Subgroups of a finite group 401

for 0 =<7 =n-1, ¢i denotes the set of primes which divide some

/S for 4 =z 1 , then

IS2j+1 2j|

(1) S S for 0 =7 =<n-1,

oi+1 - Hoi41502
(ii) H, 2 H for 0<t¢=2n,
(ii1) H2i/H

. . - < 7 <
op_1 1is a nilpotent ¢i group for 1 =171 =n ,

where Hi is defined to be H n Si for 0<<1=2n.

Yow if 4221 ,

G2i+l = G2S2i+l by Lemma 4 (a)

= G.H s by (i)

22441727
= 05050
= G2iH2i+l by Lemma 4 (a).
If =0,
Gogep =Gy =5 = B)Sy by (1),
= H .

Thus (1) holds for & .
If 04 =nl it follows from Lemma 1 (b) that [S /S

/

27!

and so ¢i g_ei for 0 <¢ =n-1 . Finally,

27+1
divides |62j+l GZjl
Hn Si =Hn Gi for 0 <% <2n and so from (ii), (iii) it follows that
(2) and (3) hold for G . Hence by Lemma 3, the theorem holds for G , a

contradiction. Hence S =G .

LEMMA 6. If Gy 2 G them Gy =1.

"M 4o dencte

Proof. Suppose that G; # 1 . Using the symbol
images of subgroups of G in G/G, , we have by the assumptions on the

Gy » Gy 2C and G =0CyN(Gy; ) = GGy ) -

Hence by the

- minimality of G , there is a subgroup H of (G such that G; <= H and

such that if for 0 =7 < »n-1 , ai denotes the set of primes which divide
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some |02j+l/02J

(1)

Coier = Hppa10G0p

(ii) E; SH for O0<1i<2n

k

(iii) H /H2$ , isa nilpotent 0, -group for

where Hi is defined to be H n Gi for 0 =171 =2n

If © 21, it follows from (i) that 02i+1

< H and so Gl = Hl = HlGO . Thus (1) holds for
HO

Moreover

21 <H Hence {2

ng+1/G2j Gejﬂ./sz

< 9. If 7 2
- 1

S H for and clearly

3

1

=1, . Ei/Eb i
H ./H . _ =
21 / H2L-

Gi-group and so (

0=is=nl, o 1,

1

H ./H

oi is a nilpotent

(1i1), 24-1
Thus, by Lemma 3, the theorem holds for

Gy =1.

G , a contr

LEMMA 7. If G, =1 and G, <is nilpotent th

Proof. Suppose that G, #1 .

in G/Gz , then by the as

Using the symbo

images of subgroups of &

- H2i+1 27

= Hy

1=<1=n,

G Moreover

G . From (ii),

) holds for G . If

s trivial. Hence if

./H and so by

27-1

3) holds for G .

adiction. Hence

en Gp = 1.

"o

1 to denote

sumptions on the Gi N
ce by the minimality

< X and such that if

ich divide some

lSiSns

- - -
Gpy 2 G and G =Gy oGy, 1) = Gz (G, 1) - Hen
of G , there is a subgroup K of ( such that G,
for 0 =72 =n-1l, o denotes the set of primes wh
|62j+l/62j| for 4 =1 ,

(1) Gpiyq = KpparGpy for 0 =i sm-l,

(ii) i; <X for 0=<1is=s2n,

(iii) K2i/K2i—l is a nilpotent o -group for

(iv) X is an 0y~ 8roup,

where Ki is defined to be X n Gi for 0 =1 =2n .
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If §=21, / / , and so Q. = Gj . Since Gl/GO

Coger/%25 = Cojea/Cj J

is trivial, o, = o, =6, . Thus by (iv), X/C

0 1 1 is a Gl—group.

2
Since G2 is nilpotent it contains a unique Hall ei—subgroup, M .
M 1is characteristic in 02 and hence normal in G . 02/M is a el—group
and so K/M is a el—group. By Lemma 2, there exists a Hall el—subgroup
H of K. Thus K=MH and M nH=1.
If ¢ 22 , then since M = 02 , We have by Lemma 1 (a) that
K, =KnG, =MinG, =MHG,} = MI, vhere H, is defined to be H G

for 0<i1=<2n . If ©Z1 =1 we have from (i) that

G2i+l = K2i+lG2i = MH2i+lGQi = H2i+lG2i . Moreover Gl and Hl are

trivial, so Gl = HlGO . Thus (1) holds for G .
If < =2, it follows from (ii) that K, 2K and so MH. 2 MH .

Hence

H
Hi < MHi nH Hi(MnH) by Lemma 1 (a),

= H. .
7
<3 1 = = =
Thus Hi 2 H . Horeover H2 G2 < H and Hl Gl 1 2H . Thus (2)
holds for G .
;> X /X = = z
It 222, KylKpp ) = Kogl¥pyy = My /Mipy ) = HyplHp, o enmd so

by (iii), H_../H

of is a nilpotent ai-group and so a nilpotent

2t-1

ei—group. Since H, =1 , H2/Hl S H_ and is nilpotent since 02 is

1 2
nilpotent. Since X/M is a el—group, so is H2 . Hence (3) holds for
G and so by Lemma 3, the theorem holds for G , a contradiction. Hence
02 =1.

Proof of Theorem 1. We obtain our ultimate contradiction through an

interplay of Lemmas 5, 6 and 7. Taking § = NG(61J in Lemma 5 we

conclude that Gl < G . Hence by Lemma 6, Gl =1 . Thus if S is any

subgroup of G such that G = G,5 , then by Lemma 5, S =G . Hence G

2 2
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is contained in the Frattini subgroup of & , whence it is nilpotent. By

Lemma T, G2 = 1 . Since the theorem holds for & in respect of the
shorter chain 1 = 62 =< G3 = ... = G2n = (G , it must hold in respect of the

original chain, a contradiction.

5. Consequences of Theorem 1

THEOREM 2. Suppose that

1= GO < 62 < Gh <... < GZn =G
18 a normal series for G . If for 1 <41 =wn-1, the factor 027:/027;_2
contains a single conjugacy class of Hall mw-subgroups and if G/ng_2

contains a Hall T7-subgroup then G contains a Hall mw-subgroup. If these

Hall Tm-subgroups are soluble, G contains a soluble Hall "-subgroup.

Proof. For 1 =< =mn , choose Gzi—l so that Gzi-l/czi-z is a

Hall T—-subgroup of GEi/G If 1 =72 =n-1, all Hall m-subgroups

27-2
of G2i/G2i—2 are conjugate whence G/G2i—2 = 6121:/6}27:_2 s
NG/G2i_2(02i—l/G2i—2) and so G = G2iNG(G2i-l) . By Theorem 1 there

exists a subgroup H of G having properties (1) to (6).

n o 1Gp; 16 ol 5 105565

i=1 |H2i—1:H2i-2| 1=1 |H2i‘H2i-1|
n_|6,.:G,. |
T demyy W,

2=1 |"2i "2¢-1|

e« =

n
which divides l [G2i:62i 1] and so is a 7'-number. Since for
=1 -

0=Z1=mnl1, G /GZi is a T-group, ei cmm for all ¢ . In

27+1

particular 60 cnm. H is a eo—group by (6) and so a mw-group. Hence it

is a Hall Tm-subgroup of G .

If the Hall T7-subgroups of the factors of ( are soluble,

G2i—l/G2i—2 , and hence by (4) # /H is soluble for 1 <% =<#n .

21-1""27-2
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Since, by (3), /H is nilpotent for 1 <7 =n , H is soluble.*

Hyplloiq

COROLLARY. The theorem holds if 1 = Gy <Gy <eev <Gy = G isa

composition series.

Proof. If A4 is a direct product of isomorphic copies of B , then
A has a single conjugacy class of Hall T-subgroups if and only if B
has. Since each chief factor of (G is a direct product of isomorphic
copies of some composition factor, the assumptions on the composition

factors carry over to the chief factors.

THEOREM 3 (C7], Theorem 3.9.1). If G is m-partible then it
contains a Hall mw-subgroup. If for some 7 <7, G is Tmy-decomposable

and (m-m))-separable then it contains a Ti-soluble Hall Tm-subgroup.

Proof. TLet 1 =G, <G,<G, < ... <G, =G be a chief series for
0 2 Y 2n

G . If p 1is the set of prime divisors for some chief factor then by the

m-partibility of @G ,

(i) pcm, or

(ii) pc @' , or

(iii) pnm= {p} for some prime p .

In case (i) the factor is a T7-group and so has a unique Hall Tw-subgroup
(namely itself). 1In case (ii) the factor is a 7'-group and so has a
unique Hall T-subgroup (namely the trivial subgroup). In case (iii) the
factor has a single conjugacy class of Hall m-subgroups (namely the Sylow
p—groups). Hence by Theorem 2, there exists a Hall mw-subgroup H of G
satisfying (1) to (6) of Theorem 1.

Suppose that G 1is m;-decomposable and (m-m,)-separable. If p is

. . . 1 =
the set of prime divisors of |G2i/02i-2| » PST or pam = {p} vy

T)-decomposability. If p n wy; = {p} then by (m-m,)-separability,
pn{m-m)=¢ thatis pnm=pnm . Let T be the set of prime

divisors of |4 H Then by (4), T < p and by (6),

2i—l/

TC 60 =T . Hence T<pnm . Thus either Tcpcm or

2i-2l -

¥ 1In fact by (5) and (6), each H2i/H is trivial.

27-1
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Tcpnmn=pnm = {p} . Finally for 1 =4 =n, H2i/H2i—l is, by

(5), a 7'-group.* Hence H 1is Tm;-soluble.
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¥ In fact, since H 1is a m-group, H2i/H2i—l is trivial.
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