COMPOSITIO MATHEMATICA

On Gaussian primes in sparse sets

Jori Merikoski

Compositio Math. 161 (2025), 181-243.

doi: 10.1112/50010437X24007632

FOUNDATION <, |LONDON
COMPOSITIO {/\ T | VATHEMATICAL
MATHEMATICA LW EST. 1865

L)

Check for
https://doi.org/10.1112/S0010437X24007632 Published online by Cambridge University Press updates


http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1112/S0010437X24007632&domain=pdf
https://doi.org/10.1112/S0010437X24007632

Compositio Math. 161 (2025) 181-243
doi:10.1112/S0010437X24007632

On Gaussian primes in sparse sets

Jori Merikoski

ABSTRACT

We show that there exists some § > 0 such that, for any set of integers B with |B N
[1,Y]|> Y9 for all Y > 1, there are infinitely many primes of the form a? + b? with
b € B. We prove a quasi-explicit formula for the number of primes of the form a? + b <
X with b€ B for any |B|= X/?79 with § <1/10 and BC [nXY2, (1 -n)XY?]N7Z,
in terms of zeros of Hecke L-functions on Q(i7). We obtain the expected asymptotic
formula for the number of such primes provided that the set B does not have a large
subset which consists of multiples of a fixed large integer. In particular, we get an
asymptotic formula if B is a sparse subset of primes. For an arbitrary B we obtain
a lower bound for the number of primes with a weaker range for ¢, by bounding the
contribution from potential exceptional characters.
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1. Introduction

The distribution of prime numbers in sparse sets is a central topic in modern analytic number
theory. A key motivating question is Landau’s fourth problem, which asks if there are infinitely
many prime numbers of the form n? + 1. This is far beyond the current methods as the set is
very sparse: the number of integers up to X of this form is of order X/2.

As an approximation to Landau’s question much attention has been given to Gaussian prime
numbers p = a® + b? with b restricted to some specific sparse set B. A major breakthrough was
achieved by Friedlander and Iwaniec [FI98b] who proved that there are infinitely many primes
of the form a? + b*, that is, with B being the set of squares. Following this, there have been
many variants where b is drawn from a sparse set B, for instance, the papers of Heath-Brown
and Li, Pratt, and the current author [HBL17, Mer22, Pra20]. We also point out the results of
Heath-Brown [HBO01], Li [Li21], and Maynard [May20] for primes in other polynomial sequences,
where Li’s result has the record for the sparsest polynomial sequence with primes, with size of
the set being X43/67+¢,

Notably, all of the above-mentioned results exploit heavily the structure of the specific sparse
set B, leaving open the question of what can be said about an arbitrary sparse set B. In this
direction Fouvry and Iwaniec [F197] proved that one can take B with density (log X)~¢ for
any C >0 and establish an asymptotic formula for the number of primes a? 4+ b?> < X with
b e B. Using the argument of Fouvry and Iwaniec one would be required to improve upon the
famous Siegel-Walfisz theorem to reach sparser sets B. In comparison, our main result obtains
unconditionally a power saving in the density of B for the first time.

THEOREM 1.1. There is some (computable) § >0 such that the following holds. If B is a set
of integers with |[BM[0,Y]|> Y1~ for all Y >> 1, then there are infinitely many primes of the
form a® + b? with b€ B.
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This result is a corollary of the following lower bound for the number of such primes, which
is weaker than expected by a factor of >, X ~¢.

THEOREM 1.2. There is some (computable) § >0 such that the following holds for any small
n > 0. For all sufficiently large X and for all B C [nX/?, (1 — n)XY?]NZ with |B| > X'/?7% we
have, for any € > 0,

> 1p(b)>. XV B
p=a?+b2<X
Deduction of Theorem 1.1 from Theorem 1.2. Let § >0 be small and let B be a set of integers
with |[BN[0, Y]] > Y19 for all Y > 1. Then by the pigeonhole principle for any & >0 for any
sufficiently large Y, there is some Y; € [Y17072 V] such that Bj:= BnN[Y1/4,Y1/2] satisfies
|B1| > Yll_‘s_a. By Theorem 1.2 with X =Y}? and a trivial upper bound for a? 4 b? < X'17%¢ we

have
3 1p,()= > 1p®d)- Y 10

X1-de<p=a24+b2<X p=a?+b2<X a?+bh2< X1 -4
>, X127 |By|.

Therefore, for all large Y there exists a prime number p=a? + b? € (Y2278 Y?] with b€ B,
so that, in particular, there are infinitely many primes of the form a? + b? with b € B. ]

Remark 1.3. A back-of-the-envelope estimate shows that it should be possible to establish
Theorem 1.2 for some 6 € (1/20, 1/10) but we have not checked this as it depends on the numer-
ical constants ¢, co, c3 in Lemmas 2.13 and 2.14 as well as optimization of Theorem 3.1: this
would require a separate lengthy optimization similar to the arguments in [HB92]. It is possible
to generalize our results to general binary quadratic forms instead of a? + b? by adapting ideas
from [LSX20].

Remark 1.4. The lower bound in Theorem 1.2 is the best that can be hoped for in general
with the current technology. In fact, improving the lower bound in Theorem 1.2 to the correct
order of magnitude would imply the non-existence of Siegel zeros by a suitable application of
Theorem 3.3. The implied constant in the lower bound >>>. in Theorem 1.2 is ineffective but
the result can be made effective with € = for some very small § >0 by using the class number
formula, so that Theorem 1.1 is effective in all aspects.

Remark 1.5. The argument we give works for n = X"¢ for some small € > 0. It is possible to
extend the proof of Theorem 1.2 to handle sets B C [0, X'/2]. The possibility that B or the
variable a is restricted to a narrow interval [0, X/279] for some ¢’ <4 adds only a technical
problem, namely, all of the Gaussian primes b+ ia counted lie in a very narrow sector. See
Remark 7.7 for further details on how to modify our argument.

In the case that B is unbiased, we are able to obtain an asymptotic formula similar to [F197]
for § <1/10. Let

p(d):=|{v€Z/dZ: * +1=0(d)}|
and define

w®) =] (1 _ ,,;p)>—1'

plb

Then the following result is a corollary of our quasi-explicit formula (cf. Theorem 3.3).
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THEOREM 1.6. Let n>0 be small. Let C"” >0 be large compared with C' >0 which is large
compared with C'>0. Let \, be complex coefficients with |\,| < X°W), supported on [nX'/2,
(1 —n)XY?NZ, and satisfying

Z ‘)\b‘ 2 X2/5+E.
b
Suppose that for all (log X)C” < q< X%t we have
1
M| < —— Apl. 1.1
> < e 2 (1)
b=0 (q) b
Then
4 _
> NA(d®+ D) = - > (ww(b) + Ocor,ov (M) (log X)),

a2+b2§X a2—|—b2§X
(a,b)=1

Remark 1.7. With more work the assumptions that [\y| < X°() and 37, |\p| > X2/ may be
replaced (here and later) by
ol = X5 A2,

where [|[Ap]lp = (22 [olP) Ur By adapting Harman’s sieve [Har07] one can get a correct order
lower bound for 1/2 — § for some § € (1/8,1/10).

Remark 1.8. We note that p(p) =1+ xa(p) with x4 being the unique non-trivial character to

modulus 4 and
A0 v

P
Also, for all b,

= con £ e w 1(-) ()

a’+b>~X a?+b*~X a?+b2~X plb
(a,b)=1

so that the main term is of the same form as in [FI97, Theorem 1].

The assumption (1.1) in Theorem 1.6 is very mild since C” can be taken to be large compared
with C” and, thus, (1.1) applies to most instances that come up in nature. For example, we
immediately get as a corollary [Mer22, Theorem 3] for large k£ and a weak version of [Pra20,
Theorem 1.1] where the base is taken to be large with B being the set of numbers missing one
digit.

In particular, we get an asymptotic formula if B is a sparse subset of primes.

COROLLARY 1.9. Let
BC X2, (1-nX? NP
with |B| > X?/5%¢. Then, for any C' >0,

1/2
> 1pbAC )= Y 1B<b>+00<w>

™
a24+b2<X a’4+b2<X

The assumption (1.1) in Theorem 1.6 may be replaced by a wide zero-free region for Hecke
L-functions (cf. §2.7 for the relevant notation). For the statement, we let M(u) denote the
smallest integer m with u|m.
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THEOREM 1.10. For all C >0, there is some C' >0 such that the following holds. Let \, be
complex coefficients with |\y| < X°1) | supported on [nX'/?, (1 — ) XY?]NZ, and satisfying

Z ‘)\b’ > X2/5+6.
b

Assume that Hecke L-functions L(s, &yx) on Q(i) with |k| < X" and modulus M(u) < X /10+1
have no zeros in the region

_ C"loglog X

1 t] < X", 1.
o> g X It] < (1.3)
Then
4 _
> Aww&+w%:7; > (uw(d) + Oc(|A|(log X)~9)).
a2+b2§X a2+b2§X
(a,b)=1

1.1 Overview of the proof
Our goal is to estimate
> 1), (1.4)
p=a’+b>~X
where |B| =X 1/2=0 Tt is immediately apparent that potential Siegel zeros can cause a problem,

since if x1 € (Z/q1Z)* is an exceptional character (necessarily quadratic) to modulus ¢; < X?
and if B C ¢17Z, then for be B

p(a® 4 0%) = x1(a® + %) = x1(a®) =1,

implying that the sequence a? 4 b? is biased towards numbers with an even number of prime
factors. In this case we would expect the main term for (1.4) to be multiplied essentially by
L(1, x1). Note that the function

b+ia— x(a®+b?)

defines a Dirichlet character on (Z[i]/q1Z][i])*.

Similarly as in the proof of Linnik’s theorem [Lin44], our argument splits into two cases
depending on whether there is a Siegel zero or not. We choose a small parameter €; > 0 and we
will take § to be small in terms of 1. If there is a zero

€1
/81 Z 1- IOg Xv
then we can use a similar argument as in [FI110, Chapter 24.2] to give a lower bound for primes
of the form a? 4 b%, using just Type I information. This works for a certain fixed £; once § >0
is sufficiently small.

For simplicity, let us then assume in this sketch that we are in the situation of Theorem 1.10,
that is, for Dirichlet characters x to moduli u € Z[i] with M (u) < X°+" Hecke L-functions on
Q(7) have no zeros in the wider region (1.3). By Vaughan’s identity, evaluating (1.4) is reduced
to estimating

Type I sums: g a(d) E 15(b) (1.5)
d<D a’+b>~X
a?+62=0 (d)
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and for MN =X

Type IT sums:  S(a, ) := Z a(m)B(n) Z 15(b), (1.6)
7:11:5\\74 mn=a?+b?

where «, 8 denote bounded coefficients.

For the Type I sums (1.5) the argument goes back to [F197] and we get an asymptotic formula
for D = X1=9—=°(1) by applying Poisson summation for the free variable a and the quadratic large
sieve (cf. Lemma 2.12). For small § the exponent of distribution approaches 1 — o(1), so that we
only need very little parity breaking Type II information.

For the Type II sums (1.6) it suffices to consider the case when = u, the M&bius function.
Similar to [FI98b], by unique factorization in Q(i) we essentially have, for w, z € Z(i),

a® + b2 =mn=[wz|* = |b+ial?
and get
S(a,p) =Y allwl)u(l=l)1p(Re(w2)).

jw[2~ D
ER

After using Cauchy—Schwarz similarly to [FI98b] we essentially need to show cancellation in

PR NS > 1

|z1]2,]22[2~N b1,b2€B
b122=baz1 (Im(2227))

= > pllzP)ullzl)Te(z, z2).

|z1]%,|z2 2~ N

The goal is to evaluate the sum T5(z1, 22) with a main term Mp(z1, z2) and then bound

Y wllz Pz Mp (=1, 22) (1.7)

2112|222~ N

by catching the oscillations from p(]z|?). All of the previous works [FI98b, HBL17, Mer22, Pra20]
rely on specific analytic and arithmetic properties of the set B to evaluate the sum Tx(z1, 22).
For a general sparse set B we first factor out by = (b1, b2) to get, assuming for simplicity that

bo[Im (z921),
TB(Z]_,ZQ):Z Z 1.
bo bobl ,bobs € B
by zo=bhz1 (Im(2221) /bo)
It is crucial to carefully track the dependency on by since it is possible that a large subset of
B x B has a large common factor by, for instance, if B is in ¢Z for some fixed ¢ < X?.

To evaluate Tp(z1,22) use Dirichlet characters to expand the congruence b)jzo=
byz1 (Im(2221)/bo). The contribution from Dirichlet characters with a large conductor
d > X% /by may be bounded by using the large sieve for multiplicative characters (Lemma 2.11).
The Dirichlet characters with a small conductor d < X°*7/by give the main term Mp(21, z2) and
we can bound (1.7) provided that for any f = dby < X+ and a € (Z/f7)*, we have

NI N?
p(lz1)u(lz2?) < mr—e-
IZIIQ%%N f2(log X )¢

za=az (f)
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This follows by standard arguments (e.g. using Heath-Brown’s identity for p) from the assump-
tion (1.3), provided that N is sufficiently large compared with f, say, N > X" f3. We give a more
detailed sketch of the argument for the Type II sums in §6.1.

Without assuming the zero-free region (1.3), for the Type II sums we need to extract the con-
tribution from the potential exceptional characters before applying Cauchy—Schwarz to S(a, ).
Denoting . := u(|2]?), we write

pe = pf + il
where uf is an approximation for u, and ui is a function which is balanced along arithmetic
progressions (cf. (1.8)). Importantly, 1 must be simple enough so that S (ar, u**) can be evaluated
using only Type I information.

Let x; for j <J=(log X )O(l) denote the worst of the possible exceptional characters x; of
conductors u; € Z[i] with M(u;) < X°*" and denote the normalized correlation of two coefficients
a, B by

-1

C(Oé,ﬁ):: Z OéZE Z |ﬁz|

|z]2~N |z]2~N

Then, for our approximation, we essentially choose

=3 G0 ).
J<J
The idea is similar in spirit to the dispersion method of Drappeau [Dral5] which also takes into
account contributions from multiple characters. This construction is also motivated by the prime
number theorem of Gallagher [Gal70, Theorem 7] and its use by Montgomery and Vaughan to
get a power saving for the exceptional set in the binary Goldbach problem [MV75]. For the

function 1’ := p, — ,uf, we can then unconditionally show that for any f< X%t N > X"f3
and a € (Z/ fZ)*

Y wEen 19
=T f(log X)O .

|21]2,]22]*~N

z=az (f)

Taking into account the bias S(«, uﬁ) from the exceptional characters for the Type II sums, we
obtain the quasi-explicit formula Theorem 3.3.

The paper is structured as follows. In § 2 we present some basic lemmas. In §3 we split the
proof of Theorem 1.2 into two cases depending on the existence of a Siegel zero (Theorems 3.1
and 3.2) and state the quasi-explicit formula Theorem 3.3. In §4 we evaluate Type I sums and
in §5 we give a proof of Theorem 1.2 under the assumption that a Siegel zero does exist. In §§6,
7, and 8 we estimate Type II sums. In §§9, 11, and 12 we deduce our main theorems.

1.2 Notation and conventions

Our notation and conventions are as follows.

—a,b,¢,0,f, m,n,p: Ideals of Z[i], reserving p for prime ideals.
— u, v, w, z: Gaussian integers.
— (2, w): Greatest common primary divisor.

—

~ X, %, u: Dirichlet characters x, ¥ € (Z[i]/uZ[i])*, u € Z][i].
— &,(2): Character & (2) = (2/]2])F = etk are 2,
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— Nn: Norm of an ideal, N(z) = |z|2.

— M(2): Smallest integer m with z|m, N'(2)/? < M(z) <N (2).
-k, 0,m,n,p,q,r,s: Integers, reserving p for a prime number.
— v;: Small power of X, v; = X775,

— 1n: A generic small constant.

— C: A generic large constant.

— F: A smooth compactly supported function.

— Hy(n): Indicator of Nn € [N, N(1 +vy)] for vy = X",

— W: Denotes X 1/(loglog X)*

— P(W): Denotes [[, .y p-

2. Lemmas

2.1 Introducing finer-than-dyadic smooth weights

Here we describe a device that allows us to partition a sum smoothly into finer-than-dyadic
intervals. Let v € (0,1/10) be small (we will use v = X ¢ or v =log~¢ X), and fix a non-negative
C*°-smooth function F' supported on [1 — v, 1+ v| and satisfying

. : 2 dt _
IFU| <077, j>0 and / F(1/t)~
1/2

Suppose that we want to introduce a smooth partition to bound a sum of the form an N fn-
We can write (using a change of variables t — t/n)

> fu= an/ P/Y = 12/1 /)
n<N
//2 2 FF /0% T

n<N

1/
Sf
14

Hence, at the cost of a factor v~!log N, it suffices to consider sums of the form

> faF(n/t)

n<N

so that

> fn

n<N

an n/t —

n<N

for t <2N. Naturally, if the original sum is ) 5 fn (dyadic n), then it suffices to consider
Son faF(n/t) for t< N at a cost v~!. The effect is the same as with the usual smooth
partition of unity except that we did not need to construct explicitly the partition functions F'.
We use the notation Fy(n):= F(n/t).

We also have the following variant on R/27Z. Fix vy = X~ for some small 7; >0 and let
G :R/27Z — C be a non-negative C*°-smooth function supported on [—vy, 1], satisfying

G| <; v, j>0 and /G(@)d9=V1-

Then, for a sum over Gaussian integers we may write

/R/sz z f.G(arg z — 0) df

Z€L[ z] 2€Z]i]

to obtain a smooth finer-than-dyadic partition in terms of arg z.
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2.2 Elementary estimates
LEMMA 2.1. We have

Proof. Denoting ¢ = (a, d) and a = ca’, we have
Y (ad)<D e > 1<7(d)A. O
1<a<A cd 1<a’<A/c

In handling the weights 1, p(1))=1 we can use the following standard bound for exceptionally
smooth numbers, which effectively gives a version of the fundamental lemma of the sieve (see,
for instance, [Tenl5, Chapter IIL.5, Theorem 1]).

LEMMA 2.2. For any 2< Z <Y, we have

Z 1 <K Ye_“/z,

n~Y
Pt (n)<Z

where u:=logY/log Z.
We also require the following elementary bound (see, for instance, [FI98a, Lemma 1]).

LEMMA 2.3. For every square-free integer n and every k > 2, there exists some d|n such that
d< ni’* and

7(n) < 267 (d)*.
From this we get the more general version.

LEMMA 2.4. For every integer n and every k > 2, there exists some d|n such that d < n'/* and
7(n) < 2F7(d)*".
Proof. Write n.=byb3 - - - bllz:%bi with by, ..., by_1 square-free, by letting by be the largest integer

such that b’,z\n, so that n/ bﬁ is k-free and splits uniquely into b1b3 - - - bij with b; square-free.
We have

7(n) < 7(b))7T(b2)% - - - 7(bp)*.
By Lemma 2.3 for all j <k —1 there is some d;|b; with d; < b}/k and 7(b;) < 2¥7(d;)*. Hence,
for d=dy - - - di_1bi, we have
A< (by - bp_1)Fby < (by -+ b1 bf)VF <t
and
7(n) < 27(dy) - - - 7(dg—1)7 (b)) <287 (d)F". O

2.3 Sieve bounds
The following version of the fundamental lemma of the sieve follows from applying [FI10,
Theorem 6.9] to the real and the imaginary parts of a,.

LEMMA 2.5 (Fundamental lemma of the sieve). Let A= (ay,) be a sequence of complex coeffi-
cients and let k >0, Z > 2, and D > Z%+2. Suppose that for some X and for some real-valued
multiplicative function g(d), we have, for all square-free d,

Z an=g(d)X+ry

n=0 (d)
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and suppose that, for all p, we have 0 < g(p) < 1. Suppose that for some K >1 we have for all

W< Z
_ log Z \ "
1-— <K )
|| (1—-g(p) " < (logW>
W<p<Z

Use the notation

Then, for some bounded coefficients Ay depending only on k, we have

Y an=XV(Z)(14 Oxxle®)+0
(n,P(2))=1

> Aara

d<D
d|P(Z)

Remark 2.6. The fact that Ay depend only on x and not the sequence a, will be important for
(b)

us since we apply the same sieve to several sequences a ’ indexed by b € B and then use the
summation over b € B while bounding the remainder », 5 ’ Y d<D )\dr p | (cf. Proposition 4.1).
In our set-up, the functions ¢ (d) and V) (Z) also depend on b with ¢(® (d) =1 (d,20)=1p(d)/d.

Thus, we have
> VW@ =viy, I - ,

beB beB plb
2<p<Z

where the product over p|b,2 < p < Z may be completed to all prime factors p|b, p # 2 with a
negligible error term if Z is not too small.

2.4 Poisson summation

The following lemma gives a truncated version of the Poisson summation formula.

LeEMMA 2.7 (Poisson summation). Let F' be as in §2.1 for some v € (0,1/10) and denote
Fn(n):=F(n/N). Let x> 1 and let ¢ ~ Q be an integer. Let € >0 and denote

H:=v"YQN)Q/N.
Then, for any A >0,
N . N ~(hN _
> =T FO 4T X (M Je(-ah) + Onar(@N) ),
n=a (q) 1<|h|<H 1
where f := [ f(u)e(hu) du is the Fourier transform.
Proof. By the usual Poisson summation formula we have
N ~(hN
Y A=Y F(> eo(—ah).
n=a (q) 1 h q

For |h| > H, we have by integration by parts j > 2 times

ﬁ(?) = / F(u)e(uhN/q) du<; v (AN/q) ™ <; v(QN)7*(h/H)™?

which gives the result. O
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We will also need the two-dimensional Poisson summation formula.

LEMMA 2.8. Let F:R? — C be a C*®-smooth compactly supported function such that
|FUR| < viugk, / |F| < vivo
RQ

and let FN(n) = F(nl/Nl,ng/Ng). Then

Z Fn(n) = Z ﬁ;(h)

nez? hez?

and

Fn(h) < vivaNiNo(1 + v |ha| /N1)~C (1 + va|ho| /N2) €.

2.5 Fourier expansions

We have the following lemma on Mellin transforms, where the construction of the non-negative
majorant F' is from the proof of [IK04, Lemma 7.1] (cf. the function g(y), with z,, =logm).

LEMMA 2.9. Fix a non-negative C*°-smooth function F supported on [1—wv,14v] and

satisfying
G) —i . 2 dt
|FV|<jv™?, j>0 and F(1/t)— =v.
1/2 3
Then, for any c € R,
1 ctioco
F(r)=— F —5d
@ =g [ Flea s

where the Mellin transform is
. & dx _C
F(s) ;_/ )" oo (1 +vs)C.
0

Furthermore, |F(it)| has a smooth majorant F(t) such that, for m,n ~ M,

/ F(t)(m/n)" dt‘ € Lot

Similarly, we have the following lemma on Fourier series, which will be applied with the

characters
ezk: argz _ [ <
2]

LEMMA 2.10. Let 6 € R/27Z and let G be a bounded smooth function supported on [0 — v, 6 + V]
and satisfying

to expand smooth weights G(arg z).

R/27Z
Then
G(a) =) G(k)e*
k
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with
G(k) = / Fla)e ™ da <o v(1 + vlk])~C
R/27Z

Furthermore, there is a majorant G(k) of |G(k)| such that

‘ > G(k)e*e
k

<jgj<o

2.6 Large sieve bounds

For Type II sums we need the multiplicative large sieve inequality of Bombieri and Davenport
(cf., for instance, [FI10, (9.52)]).

LEMMA 2.11. For any complex numbers y,,, we have

ng()z > mx(n)

d<D n<N

<) ) > Il
n<N

For Type I sums we need the large sieve inequality for roots of quadratic congruences
(cf. [F197] and, in particular, [FI05, Lemma 14.4] for this variant with the twist by g).

LEMMA 2.12. Let ¢ > 1. For any complex numbers -y,, we have

2
Yoo >0 1D wmealvng)

d~D 124+1=0(d) ' n<N

<(@D+N) Y |l
n<N

2.7 Zeros of Hecke L-functions

We say that a Gaussian integer z is primary if z =1 (2(1 4 7)), so that every odd ideal of Z[i] has
a unique primary generator. Note that this definition is multiplicative. We extend any function
Y : Z[i] — C to a function on odd ideals by defining 1(a) :=1(z) if z is the primary generator of
a. For k € Z, we let & denote the character

2 \* -
gk(z):: <) :ezkargz’

2|
—_—

which controls the angular distribution of z. For a Dirichlet character x € (Z[i]/uZ[i])* with a
modulus u € Z[i] \ {0} we define the Hecke L-function by

P -
aCZ[i] zeZ[i]\{0}
(a,2)=1 z primary

For a modulus v we define
Lu(Sagk) = H L(S7£kX)'
X€E(@liT/uZli])*
We have the following lemmas, where all the constants are effectively computable. We will

not need the Deuring—Heilbronn zero repulsion as we deal with the case of a Siegel zero via a
different method. The first lemma is classical (cf., for instance, [IK04, Chapter 5]).
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LEMMA 2.13 (Zero-free region, Landau—Page). There is a constant ¢; > 0 such that the function
L, (s,&) has at most one zero in the region
C1
log(Jul(2+ [t])(2 + k)
If such a zero exists, then it is real and simple, k=0, and it is a zero of some L(s, x1) with a
quadratic character x1.

oc>1

We let N*(a, T, K, Q) denote the number of zeros of L(s, {x) with primitive characters Yy,
|k| < K, and modulus |u|? <Q with 0 > a, [t| <T. The following lemma is a generalization of
[Gal70, Theorem 6] to Gaussian integers.

LEMMA 2.14 (Log-free zero-density estimate). There is some constants cg, c3 >0 such that
N*(Oé, T7 Kv Q) < C3(Q2KT)C2(1_OC)'

As a corollary to the zero-free region (Lemma 2.13) we get the following lemma, by taking
6 > 0 small enough in terms of ¢; and for two different moduli uy, us applying Lemma 2.13 with
U= U Uu2.

LEMMA 2.15. Let § > 0 be sufficiently small in terms of ¢;. Then there is at most one modulus

lui| < X% with a primitive character x1 such that L(s,&,x1) has a zero 1 > 1 — \/SligX' If such

a zero exists, then it is real and simple, k=0, and it is a zero of some L(s,x1) with a real
character 1.

The following lemma is proved by the same argument as in [MV07, (11.7)].

o —

LEMMA 2.16. Let x € (Z[i]/uZ]i])* for some |u|?> < Q and let |k| < Q. If L(s, &xx) has no zeros
counted by N*(o, T, K, @), then for all 0 > (1 +«)/2, |t| <T, |k| < K we have

IL(s, &) < log Q.

2.8 Character sums

We need the following lemma for computing sums over primitive characters.
LEMMA 2.17. For any a we have

S " x(@)

x (d)

where the sum extends over primitive Dirichlet characters of (Z/dZ)*.

§((l—1,d),

Proof. By the Chinese remainder theorem we have

S(asd):= ) x(a)= ] S(a:p").
x (d) p*|ld
Thus, it suffices to show that

1S (a; p¥)| < (a—1,p").

S(a;p™) =Y xla)— > x(a)

x (p*) x (p*1)
= o(P") Loz iy — (P ) Loz (i),

This follows from
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We will need the smoothed Polyd—Vinogradov bound on Gaussian integers, which is a
consequence of Poisson summation (Lemma 2.8) and the Gauss sum bound on Z[i].

LEMMA 2.18. Let F:R? — C be as in Lemma 2.8 and for z =z + iy € C define F(z) := F(z,y).
Let x be a character of modulus u € Z[i]. Then

ZF 2) < |ul.

The following lemma is required for the proof of Theorem 1.6.

LEMMA 2.19. Let k> 1 and let p be a prime number. Let x € (Z[Z]W[z])x with conductor p*
or 17k with k = max{ky, k2}. Then

> x(r+iph) < 2pF/2H2,
7 (p*)
Proof. Let q:= p*. We have by r»—>r/s

Z x(r + iph) Z Z (r + ip") 3) ZY x(r +isph).

r(q) ( 9)=17(q) 15 (q)

The function s+ X(s) defines a multiplicative character over the integers and we let ¢;|q denote
its conductor. By expansion of X(s) into additive characters we get

1 )
> x(r+iph)| < DD xX(Meq, (—at)|| D eq, (as)x(r+isph)|.
a10(q)
T (p*) alq)  t(q) 7,5 (q)
We have (writing s+ s/p’ + tp*=*, p|s)
Y eqlas)x(r+isp’)= D eqlas/p)x(z) Y eq (atp" ™).

7,5 (q) z(q) t(p*)
s=0 (p")

Here

Z equ(atp" ™) =p'La=g (q1/(q1,p*=4))"
t(p*)

Hence, denoting g2 = (g1, pk_e) and making the change of variables a > aq1/qa, we get

VA
Y i< L3 Zxos)eqz(—at)\ Y ey (as)x(z)

r (%) 0@ Lol - (@)
s=0 (p*)

Since x(t) is of conductor ¢; we have the Gauss sum bound [MVO07, Theorem 9.12]
_ 1/2
> Xt)er(-an) <al” (2.)
t(q1)
For the second sum we expand the condition s =0 (pg) with additive characters to get

Z eptq,(as)x(2) :plé Z Z eptq,(as)ep (bs)x(2).
b(p) z (9)

z(q)
s=0 (p*)

The function

=:eq4(cs)

(a+ ng)5>

Z > epeg, (as)e e(bs):e<
P q2p*
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is an additive character on Z[i]/qZ[i] since qo|p*~¢. If x is of conductor 7¥'7*2, then we get
by the Gauss sum bound (a direct generalization of [MVO07, Theorem 9.12] to Z[i], denoting

ri=q/(c,q))

Pzli) (q)

< 17r’€17_r’“2|r q=4q,
Pzi] (r)

> eqles)x(2)
z(q)

since 7% 7F2|r and k =max{k, ko} implies that r = p* = q. We also get the same bound if the
conductor of y is p¥, as then x is primitive. Putting the bounds (2.1) and (2.2) together and
using go = (q1,p"*) we get (noting that q/¢(q) <2 for ¢ =p")

> x(r+ip) /

7 (p*)

(2.2)

< /2

~ q1e(q)

1/2 Vi —1
429, "q < 2p qoqy

< 2pqy/* < 2k, O
The previous lemma implies the following.

LEMMA 2.20. Let b€ Z and u € Z[i] and let Y > |u|*. Let x be a primitive character modulo u
and let v = (u, b). Then, for any integer ay,

yl=n
o OE
a=ao (4)
(a,b)=1

Proof. We have

Z x(b+ia)= Z u(c) Z x(b+iac).

ac(Y, Y +Y177] clb ace(Y,Y+Y1=7]
a=ao (4) (c,du)=1 ac=ao (4)
(a,b)=1

Let uw=muw, where m consists of all prime factors p=3(4). Let n denote the smallest integer
such that w|n. The contribution from ¢ >Y/mn is trivially bounded by

Y
< Z - < mnt(b).

clb
c>Y/mn

For ¢ <Y/mn, we have

, Y- . Y11(b, mn)'/?
Z x(b+iac) = oo Z X(b+irc) +O(mn) K )12
ace(Y,Y +Y1-7] r (4dmn)
ac=ao (4) rc=ao (4)

once we show that
Z x(b+irc) = Z x(b+ir) < (mn)2(b, mn)'/2,

r (4dmn) r (4dmn)
rc=ao (4) r=ao (4)

To prove this, write

x= 11 x I] x=

plim T |w
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By the Chinese remainder theorem, we get (denoting k = max{k, k2})

Z x(b+ir) = H prk(b+ir) H Zxﬂklxﬁkz(b—i—ir)
)

7 (4mn) p*||lm r (p* TRk ||w r (pF)
r=ag (4)

and the claim follows by Lemma 2.19. O

3. Set-up and statement of the quasi-explicit formula

Let )y be divisor-bounded coefficients and define

wa(b):=2]] <1 - pg)>1.

plb
pF#2

Define the sequences over Gaussian integers A = (a,) with

Ay 1= )\Re(z)l(z,z):la a‘; = /\Re(z)CUQ(Re(Z))]_(Z7E):1.
Note that (z,Z) =1 implies that (z, (1 +4)) =1 and for z="b+ ia that (a,b) =1.
For an ideal n= (z) we define
Gy = Z Ay z, aorf = Z a:z
ue{+1,4i} ue{+1,4i}
so that for any function f on the ideals we have

dooanfm)= Y a:f((2)= D Mf((b+ia)).

Nn~X |z]2~X a’+b2~X
(a,b)=1
(a?4+b%,2)=1

In the case that there is a Siegel zero for the character x1, for any finite set of integers B let
B1 C B be the largest subset such that for all b€ By we have

> xal(b+ia)) >0 (3.1)
a~(X7b2)1/2
(a,b)=1
(a?+b%,2)=1
and let us denote
Q(B):= Z ay  for \p:=1p(b).
Nn~X
We split the proof of Theorem 1.2 into two cases depending on whether there is a Siegel zero
B1>1—e1/log X or not and according to the size of Q(Bj). Theorem 1.2 is then an immediate
corollary of the following two theorems.

THEOREM 3.1 (Exceptional case). Let €1 € (0,1/10). Let B C [nX'/2, (1 —n)(2X)Y?]NZ with
|B| = X'/279 and let \y=1p(b). Suppose that for some x; of modulus M(ui) < X%t" the
L-function L(s,x1) has a zero f1 >1—¢1/log X and that Q(B1)> Q(B)/2. Suppose that §
is sufficiently small in terms of €1. Then we have, for all € >0,

> ap>c XVPEBI
Np~X
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THEOREM 3.2 (Regular case). Lete; € (0,1/10). Let B C [nX'/2, (1 —1)(2X)Y/?]NZ with |B| =
X129 and let A\, = 15(b). Suppose that the L-functions L(s, x) have no zeros 3 >1—e1/log X
or that Q(B1) <Q(B)/2 and suppose that ¢ is suchiently small in terms of 1. Then

Z ap > 81 Z ay,
Np~X Nn~X
In Theorem 3.2 the possible exceptional zero is not a Siegel zero, the potential zeros are only
somewhat close to the line Re(s) =1 and we show that these zeros can have only a small influence
on the main term. This means that in all error terms it suffices to save only a power of log X
instead of a power of X. Theorem 3.1 is proved in § 5. Theorem 3.2 is proved in § 10 and is a quick
consequence of the following result. Recall that M(u) denotes the smallest integer m with u|m.

THEOREM 3.3 (Quasi-explicit formula). Let n >0 be small. Let ¢ € (0,1/10) and X > 1. For
every C1 >0, there is some Cy > such that for some
J < (log X),

there is a set of primitive Hecke characters {&x,x;};j<s with Dirichlet characters x; to moduli
uj € Z[i] with M(u;) < X+ and |k;| < X" such that the following holds. Let A, be coefficients
with |\p| < X°(), supported on [n X2, (1 —n)(2X)Y?|NZ, and satisfying

Z |)\b| > X1/2_6.
b

Then

Z CLnA(Nn):% Z as 1—2%(11) Z (NVn)Pi—?

Nu~X Nu~X i<J Pi
L(p; @cj x;)=0

|Im(p, )| <X
+0<( XI/QZ yA,,|>

The restriction M(u;) <X 9+1 instead of a condition involving |uj| may appear unusual, but,
in fact, it occurs very naturally in the proof of the Type II estimate (Proposition 6.2), where
we consider the distribution of Gaussian integers in arithmetic progressions to moduli d which
are regular integers, so that wj|d. We prove Theorem 3.3 in §11. It is possible that the range
d <1/10 may be improved a bit with further work but we seem to hit a hard barrier at § =1/6,
cf. Remark 8.1 for more details. It is also plausible that one could obtain a power saving in the
error term by taking into account J < X" bad characters. The factors of X" in the ranges for
uj, kj, Tm(p;) may be replaced by (log X)* for some large C5 >0 but this is inconsequential for
our applications. We also note that the right-hand side may be expressed as a sum over Gaussian
integers by writing

Z aﬁfijj(“)(Nn)pj_lz Z Z uzé—k X] |Z’) 1 1.2120144))

Nn~X ue{£1,+i} |z]2~X

D YD D SR A O

XEZ[i] /2(1+4)Z[i] ue{£1,£5} 2|2~ X

= Z lﬁijjX(i)zl Z a?m(z)(|z|2)pj_1’

XEZ[i]/2(1+4)Z][i] 2|2~ X

where the last equation follows from the change of variables z — z/u and summing over w.
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We conclude this section by making elementary reductions for the proof of Theorem 3.3, to
reduce to the case when A\, = 1p(b) with B in a short interval.

3.1 Reduction to bounded A\

We can reduce from coefficients satisfying |\y| < XM to |\y| <1 as follows. Let € >0 be small
enough so that 0 +2¢ <1/10 and denote

By:={b:0<|\| <1} and Bj:={b:27" < |)| <2/}, 1<j<logX.
The contribution from b€ B; with |B;| < X/2797¢ is negligible, since for such j by |\ < X°(1)
Z ‘>\b| <<XO(1)|Bj| < X1/2_6_€+0(1).
beB;
For each j such that |B;| > X 1/2=0—¢ e can renormalize Ay by 277 to get bounded coefficients
which satisfy
- 1
D 27N 2 5|By| = XY
beB,

Then the general case follows by applying the bounded case for each such j separately with the
weights )\l(f) := 279X\ 1pep,. Indeed, if we denote the claim in Theorem 3.3 by S(A)=M(\) +

O(E())), then assuming that the theorem holds for the bounded )\lgj ), we get by linearity
S =) 275 =) "2 (MOAY) + OEAY))) =M(N) + OE(N)).
J J

Thus, it suffices to prove Theorem 3.3 for || < 1.

3.2 Reduction from Ay to 1p

We can reduce the proof from general bounded weights A\, to the weights of the type 15(b) by a
finer-than-dyadic decomposition in terms of the values of Ay. That is, for v = (log X)~¢ we write

[ {((1 — vyt (1 =v)] 0<j< (log X)/v,

[07(1_’/)j]7 j:L(IOgX)/VJa

o<1 =) Lot i,
J1,J2
Since |A\p| <1, we obtain a partition
)\b = Z (1)\be1j2><[j2 ((1 — y)jl -+ ’L(l — y)jz’) + O(V’)\b|1)\b61j2 XIJ’2))’

J1,J2
where the contribution from the error term is negligible by crude bounds. We consider 15 for

B:=B(j1,jo) ={be X", (1 —n)X'?]: N € I, x I, }
and note that for ji,jo with |B(j1,j2)| < X/279=" we can bound the contribution trivially.

Hence, it suffices to show Theorem 3.3 for A, = 15(b).
3.3 Reduction to B in a short interval
Let B C [nX'/2,(2 — )X '/?] and split
B=|JB;, B;j:=Bn[jX"*™7 (j+1)X"/*™]
J
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The contribution from B; with |B;| < X ~27|B| is negligible by a crude bound. Thus, we only
need to deal with |B;| > |B|X 2" = X!/279=2n Therefore, it suffices to prove Theorem 3.3 for
Ap = 1B(b) with

BC[Y,Y + XY27  for some Y € [nX'/%, (2 — n)X'/?). (3.2)

From now on we always assume that A\, = 15(b) for a set B satisfying (3.2).

4. Type I information
For b € B and for any function f on the ideals of Z[i] denote
b
ag} = 1Re(z):b1(z,Z:1)f((z))'

Define

1
g(b) (w) = 1w bw)=1 W

We have Type I information provided by the following proposition.

ProPOSITION 4.1 (Type I information). Let o, be divisor-bounded coefficients supported on
(w,2W) = 1. Let x be a Dirichlet character to modulus u and let £ =&, with |k| < X"/1000, Let
q:=M(u) < X'/*. Then

Sl S aw| Y P Y e +ia)

bEB |[w|?<X'=°""/q? |22~ X an(X2-b?)1/2
(w,u)=1 2=0 (w) (a,b)=1
(a®+b%,2)=1

<<X1/2717/100‘B’.

The same is true if |z|> ~ X is replaced by |z|> € [X', X'(1 + v)] or by a smooth weight F(|z|?/X")
as in §2.1 with X' ~ X and v > X /1000 with the same change applied to the condition a ~
(X2 _ 62>1/2.

Proof. Let us split d dyadically into d ~ D < X170-7 /q* and denote

SO (@)= Z Quy Z aggx — ¢ (w) Z Ex((b+1ia))

|w|2~D |22~ X an(X2—b%)1/2
(w,u)=1 2=0 (w) (a,b)=1
(a?+b2,2)=1

We apply §2.1 with v =X "8 to split a into finer than dyadic ranges to get (bound-
ing the part A< X2 trivially using the divisor bound and dropping the condition
a?+v? ~ X)

2X1/2
SO () = = / SO (a, A)% + O(X/2=n/100y,

1% X1/2-n
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with

Oad)= Y aw| Y Fa@edrio)-gw) Y Fa@ed(b+ia)
|w|2~D a=—bi (w) (a,b)=1
(wu)=1 (a,b)=1 (a2+b2,2)=1
(a2+b%,2)=1

Since b+ ia is odd, we have

Ex((b+ia)) = Ex(u)éx(b +ia)
for some unit v depending on z modulo 2(1 + 7). Since a is restricted to a short interval, for a
fixed b the function & (b+ ia) with k< X /1000 j5 equal to a constant up to a negligible error
term and may therefore be dropped. By splitting B into residue classes modulo 4 we may assume
that u does not depend on b. Thus, we can split a into congruence classes modulo 4¢ and d = |w|?
with a = agd (4q) to get, for some unit ug,4,

Z Qi Z EX(Uaod) X (b +iapd)

|w|*~D ao (4q)
(2bu,w)=1

Xy > Fala)—gP(w) > Fala)],

vEZ/dZ a=vb (d) a=aod (4q)
v=—i(w) \ a=aod (4q) (a,b)=1
(a,b)=1
where the sum over v contains just the one element v = —r/s for w=r + is. Note that (a,b) =1
implies that (w, b) =1 and that (w,w) =1, so that (r, s) =1 and we may restrict to v € Z/dZ in

the above.
It suffices to show that

Z Z oy Z EX(Ugya) X (b+ iapd)

beB | |w|*~D ao (4q)
(2bu,w)=1

« Y | Y R@-¢Ow Y Fa

v (d) a=vb (d) a=aod (4q)
v=—i(w) | a=aod (4q) (a,b)=1
(a,b)=1

< X1/2_n/40|B|.

Let us first deal with the cross-condition x(b+ iapd) between b and d. If (b,q) =1, we could
just make the change of variables ag — apb and x(b) would factor out. In general, we have for
some characters x,» modulo pk:

x(b +iaod) = [ ] xpr (b + iaod).

p*llg
Denoting
b=a= ]
P*l(b,9)
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and making the change of variables ag — agb/ p* modulo p* we get

x(b+iaod) = | T] xpb/2°) | T] 20+ 0 +iaod).
P'llas p*llq
'l

Note that the first factor depends only on b and the second factor no longer depends on b but
on gi. The residue classes b/p® and p’ combine to unique residue classes 6, and v, , modulo
8¢ by the Chinese remainder theorem. Thus, we get

Z Z Z Qyy Z §X(uaod)X(7q1,q+ia0d)

qilqg bEB |w|?~D ao (4q)
(b:a)=a1 |(2bu,w)=1

< 3 Y Fa@-¢Pw) Y Faa)

v (d) a=vb (d) a=agby,qd (4q)
v=—i(w) \ a=aoby,qd (4q) (a,b)=1
(a,b)=1

Dropping the condition (b, q) = g1, using the divisor bound for Zq1|q 1=17(g), taking the sum
over ag to the outside, and absorbing the factor x(uayq)x (V4,4 + taod) into the coefficient ay,, it
suffices to show that for any ayg,

IR ED DR Y Fa@-gPw) Y Fa

beB |w|2~D v (d) a=vb (d) a=ao0y,,d (4q)
(b+iao,u)=1 | (2bu,w)=1 v=—i(w) \ a=aoby,.d (4q) (a,b)=1
(a,b)=1
- X1/2_n/39’B| .
q

We expand the condition (a,b) =1 using the M&bius function and use triangle inequality to
get (note that (b4 iag, u) =1 implies that (¢, q) =1)

)IED SR IDIRLEDS Y. Fal@-g"@w) Y Fa

(e,9)=1 beB |lw|2~D v (d) a=vb (d) a=aoby,d (4q)
b=0 (¢) | (2bu,w)=1 v=—i(w) \ a=aobs,.d (4q) a=0 (c)
a=0 (c)
=:S<n+ S5,

where we have partitioned the sum depending on whether ¢ < X720 or ¢> X/20, The second
sum can be bounded trivially by

Yoo D> > Y. 2. Fal@+g%d) Y Fala)

ao (4q c>Xn/20 beB d~D v24+1=0(d) a=vb (d a=0 (c
o (49) LB oD (@ =t (©)
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<Y Y Y| Y R@+P0@) Y R

e>X1/2 beB  d~D | a®4b2=0(d) a=0(c)
b=0 (c) (2bg,d)=1 a=0 (c)

< > Y | DD Fala)r(a® +8%) + (log X)) N Fa(a)

c>Xn/20 beB a=0 (c) a=0 (c)
b=0 (c)

By the divisor bound for 7(a? 4 b?) and 7(b), we obtain

Z Ssy <<Z Z Xn/80< X2 _|_1> < XV/2- n/20+77/802 (b) < X240 B|

ao (4q) beB  c|b beB
c>Xn/20

Hence, it remains show that for any ag

X1/2_n/40|B’
S<p <K
q
By writing
Scn=Y_ S
c<Xn/20
it suffices to show that for every ¢ < X"/20

X1/2—77/10 B
soc 2B

Applying Poisson summation (Lemma 2.7, note that d, ¢, ¢ are all pairwise coprime) we get

Se < Tu(a, A) + X"OU (a, A) + O (X 100),

where for
gDX"/10
= xi2 o (4.1)
we have (denoting o, := av,(D/|w|?))
7 1 ¢Ow)
T, A)=P0)A 3 | 3 (qu -
EB |w|2~D
=0 (c) |(2bu,w)=1
1 ~ _ —
Uecla, A) 1= 5 Z > o F(hAjcdg) Y ea(hblcqr)eq(ag by ghed)|.
O<Ipl<H bEB | |w|*~D v (d)
=0 (c) |(2bu,w)=1 v=—i (w)

Note that the phase esq(ag d9b’qha) = e4q(aobhy ghc) does not depend on d or v and thus it may
be replaced by 1.

By definition, ¢(*) (w) matches with 1/d when (b, w) =1, so that, in fact, T'(e, A) = 0. Thus,
it suffices to show that
x1/2-n/5 ‘B’

Ue(a, A) < .

(4.2)
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4.0.1 BoundingU(c, A). The smooth cross-condition F(hA/c dg) may be removed by using
the Mellin inversion formula (Lemma 2.9) at a cost of a factor < X0, We expand the condition
(b, d) =1 using the Mobius function to get

1pa)=1= Z p(e)lepleja-

For each ¢ and e, let

Veela, A): Z Z

|lw|2~D/e v (d)
(d,2cq)=1 v=—1i (w)

2 2

d~D/e v?24+1=0 (d)
(d,2cq)=1

Y. wPea(dcqhb)
n<HX1/2/(ce)

> Aleq(Ecqhby)|,
n<HX1/2/(ce)

for some coefficients

1
) SE Z 1p(bce).

n=hb
Then, by rearranging the sums, we have

Uelr, A) < X703 "V, o, A)

and for (4.2) it suffices to show that
X1/2—77/4‘B|

Veela, A) <
eq

By a divisor bound

Z (02 yn/100 L Z ()| X"/10°i|B|.
n<HX1/2/(ce) H n<HX1/2/(ce) H

By Cauchy—Schwartz and Lemma 2.12, using (4.1), we have

) 1/2
D\ 1/2 o
V - ce Ay
ela, A) < < . > Z Z Z T eq(hbdeqr)
d~D/e v?+1=0(d) |[n<HX"/2/(ce)
(d,2¢q)=1
/100 DV? 1/201/2| p1/2
n
<X 12 (qD+HX )| B|
< 6—1D1/2X1/4+n/100|B|1/2
Xl—(s—n/4
L—m,
€q
by using
D < X170/, O

5. Proof of Theorem 3.1

In this section, we prove Theorem 3.1 by following a similar strategy as in [F110, Chapter 24.2].
We first note that by restricting to b € By (recall (3.1)) we may assume that for all b we have
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> xal(b+ia)) >0. (5.1)
a’+b>~X
(a,b)=1
(a®+b%,2)=1
We define the Dirichlet convolution on ideals of the Gaussian integers as
(fxg)(@) =" f(c)
c0=a

We define the auxiliary function

Ar(a) := (1 x1)(a),
which assuming the existence of a Siegel zero for L(1, x1) is sparsely supported, precisely, for
square-free a it is supported on a such that for all p|la we have x;(p) = +1.
We set A’ = (ay,) with ay = anA1(n)1(,,,)=1 and define the multiplicative functions

1) :=[ak), a): 1/'\3/?<1+X1(P) le\/(g)><1—xj\;g)><1—/v1’ﬂ>_l,

plo
g9'(d) ergdgl(D), g'(p) = p;p) (1 +x1(p) — Xl;”) <1 = le(m> (1 - p12>17

denoting p = pp, which is well defined since p(p) # 0 precisely if p splits in Z[i] and x1(p) = x1(p)
since X1 is real. We also set

V(2= 1] A-g W),

2<p<Z
Y= L(1, x1) a+xa(e+ia) T (1- 28 [Ta-gen(1-L).
1 azggx 1 g( Np >g’2 < p2)
(ab)=1 P

(b+ia,2u,)=1

Note that by (5.1) the contribution from the terms with x1((b+ ia)) is positive and, therefore,

we may drop it to conclude
_ 1
0 [T g (1 1)

IEROID DI | (B
plb

2+b"’~X plb
p#2

(a b) 1
(b+ia,2ur)=1

S(A, Z) = Z al,.

Nu~
(/\/nP( )) 1

We define

We note for large primes p the function ¢’(p) is essentially p~p(p)(1 + x1(p)).

Theorem 3.1 is then a direct corollary of the following and the lower bound L(1, x1) >
|ui|~¢. Note that from the assumption Q(B;) > Q(B)/2 it follows that |Bi| >, |B|X ¢ since
w(b) = X+,

PROPOSITION 5.1. Suppose that the assumptions of Theorem 3.1 hold. Then for Z = |u1|* we
have

S(A 22XV =V"(2)Y (1 +O<g)Z( +6(Z, X)))
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where

A
5Z,X)= Z 1(p) <(1-=p5)(log X +0O(log 2)). (5.2)
Z<Np<2X1/2 P
Remark 5.2. Note that by introducing the weight A\j(n) we have already removed all prime
factors of n with x1(p) = —1, which by the Siegel zero assumption is most of the primes if €1 is

small. Thus, we are in a situation of a low-dimensional sieve as we only need to shift out prime
divisors with x1(p) =+1.

We first gather Type I information. Note that (a,b) =1 implies that 9 is not divisible by a
rational prime.

LEMMA 5.3. Denote g = M(uq). Let ap be divisor-bounded coefficients supported on square-free
0 with (9,9)=1. Let g%b) (0), Y be defined similarly as in § 4. Then

> | Yo a=y VY | «xtie

ND§X1*25’47’/(14 .[/.l\gb’\&‘;g beB
Proof. The function A;(n) is multiplicative and we have similarly to [FI10, (24.5)] (denoting
n=70m)
A1(om) = Z pe)x1(e)Ar(0/c)A1(m/c).
c|(d,m)
We have
Mm/e) = Y xa(e)=1+xi(m/e) > x1(a) + O(Lym/e=n)-
ab=m/c ab=m/c
Na<Nb

The contribution from the error term where N'm/c =0 may be bounded by crude bounds. We
have

xi(m/¢) = x1(e@)x1(n).
The contribution from A'¢ > X" can be bounded by crude bounds. We obtain

Yo a Y d+oxT0) = Ny Y uoxae) YD xae)

No<X1-26—4n /g4 Nu~X No<X1-20—4n /g4 c[o Neoa?<2X
n=0 () Ne<Xn
XY anliu=1(1+ xa()xa(n)).
Nn~X
Nn>Ncoa?
n=0 (c0a)

We now relax the cross-conditions N'n > A ¢da? and An~ X by introducing a finer-than-dyadic
decomposition for AN'n (using § 2.1 with v = X ~7/1000) to get for X’ ~ X sums of the type
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Yo @ Yy el Y )

No<X1-25—4n /g4 [ Neva2<X’
Ne<X7
X Z anFX’(Nn)l(n,m):l(l+X1(CD)X1(n)) =:51 + 52,
n=0 (cda)
where
Sii= Y ald) D anFx W) lu,)-1,
NFEXTOn/ =0 ()
(f,f)=1
Sei= Y ) Y anFxNn)xi(n),
NLX=0=/q? n=0(J)
(f.H=1
with
ai(f) = > apA1(d/e)p(c)xa(c)xa(a),
f=coa
N0§X172574n/q4
c|o
Ne<X"
Neoa?2<X'’
ax(f) := > apx1(0)A1(0/c)u(c)xa(a).
f=coa
NDSX1—20—471/Q4
c|o
Ne<X"
Neova?<X’

Note that No < X'=20-41 /¢4 N¢ < X", and Ncda? < X’ imply that Ncda < X197/ If n=
(z), then in So the character value

x1(n) = xa1((2))
depends only on the residue class of z modulo 4(1 + 7)u; (note that (a, b) =1 implies 21 z). Thus,
by Proposition 4.1, we get

Si=3 2 a1 (Hg® (HXY + o(x1/2n/100 g))
bEB NFX 151 /g2

(ffu'l?):l

Sz = Z Z as(g® ()XY + 0(x1/2=1/10 g}y
bEB NF<X 151 /g2

(ffu’l?):l
with
XP = 37 o + ) L0201
(a,b)=1
X§ = Y Fxol@®+ )xa((b+10))Lpriaz-1-

(a,b)=1
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Note that we have picked up the condition (f, f) from (a, b) = 1 implicit in a,. We have

Yo a®hH= DY @ Y ME/Ouex()
Nf§X17572n/q2 ND§X1725—471/q4 cla
(Fuf)=1 Ne<Xxr

X > x1(a)g® (a)
Na<(X'/Ned)'/?
(a,a0)=1

and

Y. admdm= > ax1(®) D M(d/c)u(e)

Nnglfé—Zn/q2 N0§X1725747]/q4 C|a
(Furf)=1 Ne< X7

<Y ).

Na<(X'/Nco)t/2
(a,ad)=1

To evaluate the sum over a, we have (by applying a Mébius expansion to (a,a)=1)

S e

Na<(X'/Ncd)t/?

(a,a0)=1
1 wu(k) 1
=2 wlogp= ) S ) gy
Na<(X'/Nco)t/? (k,0b)=1 k2N a<(X'/Nco)t/?
(a,adb)=1 (a,0b)=1
1 Xl(p) ! -7
= 1] 1—? IT (- Ny +O(X™M)
(p,b0)=1 (p,b0)=1
L(1,x1) ( 1)1 < Xl(p)> ( X1(p)>< 1 >1 _
= 1- = 1— 1-222 ) (11— — ) +0(x™),
o W5 0= ) L0507 (e ) 0

since x1(p) = x1(p) and (9,9) =1. Let us denote (noting that the contribution from AN¢ > X"
may now be added back in at a negligible cost)

1 1\ 1
=g (50 (1 ae) S g,

plo
-1
n@= 30T (1-52) (1 52) S v/
p[d o

The functions g; are multiplicative with

1=y 3 (- 3) (o )

w0 =2 (1) - ) (1248 (1 )

where the last equality holds since x1(p)? = 1. Hence, we have

Si+%=>" Y ad”@Y®+ox
bEB No< X 1-25—4n /g4
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with

-1
yo = LX) g2 2y (bt ia) T (1 - 12>

a
(ah)=1 ’;L’;
(b+1ia,2u,)=1 p

5.1 Proof of Proposition 5.1
We apply a sieve argument to the sequence A” = (a])) over integers defined by
ap = Z ay.
Nn=n
Note that then
S(A, 2X12) = S(A" 2X1/?),

The proof is essentially the same as in [FI10, Proof of Proposition 24.1], but we give it for
completeness as it is short. Let D := X1*2‘5*4’7/q4 and denote s =log D/ log Z. By Buchstab’s
identity we have
S(A" 22XV =S(A", Z)~ D S(ALp)
Z<p<2X1/?

By the fundamental lemma of the sieve (Lemma 2.5, see also Remark 2.6) and Lemma 5.3 we

have
S(.A”, Z)= V,(Z)Y(l +0(e™®)) + O(Xl—c?—n/loo)’
where
_ log Z
S 1 105 &4
© < < log X

By an upper bound sieve (e.g. using Lemma 2.5) with level D/p > X'/* and Lemma 5.3 we have
SoosUp< Y SALZ)<8(Z,X)V(Z)Y + O(X ' T0n/100),
Z<p<2X1/2 Z<Np<2X1/2
Combining the two estimates we get Proposition 5.1, noting that the bound (5.2) can be proved

by a similar argument as in [FI10, (24.20)].

Remark 5.4. Instead of taking a small Z and using the fundamental lemma of the sieve, we can
take a larger Z and use the linear sieve lower and upper bounds [F110, Theorem 11.12]. Taking
Z = XY* we get that the lower bound for S(A”, 2X'/?) is proportional to (denoting the linear
sieve functions by f, F')

12 P(4(1 — o — O(6)))

1/4 o

4F(4(1 — O(5))) — 214 da + 0(8) = (1 — £1)2log(3) + O(6).

To make the right-hand side positive we can certainly take any 1 <1 and § = (1 —£;)/100, for
instance.

208

https://doi.org/10.1112/S0010437X24007632 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007632

ON (GAUSSIAN PRIMES IN SPARSE SETS

6. Type II information: preliminaries

We now fix small parameters n, n1, 72, 73 > 0 such that n; is small compared with 7, 7, is small
compared with n;, and 73 is small compared with 7y, that is,

N3 <L <N L.
For instance, for our purposes it would suffice to take any small 1 > 0 and let
m=n/100, me=mn1/2, n3=n2/100.
We denote
vi=X"", je{l,2,3}.

We often refer to these parameters in the course of the following sections.
Let G:R/27Z — C be a non-negative C'*°-smooth function supported on [—vi,vi] as in
Lemma 2.10, satisfying

G| <; v, >0 and / G(6) df = 1.
and recall that
Glargz) =Y  G(k)&k(2).
k

For a set of Hecke characters ¥ = {{x} and u € Z[i] \ {0} we let ¥,, denote the set of characters
induced to modulus u. We say that &y is primitive if y is a primitive Dirichlet character. The
following definition depends on the choice of 7,7; but since these are fixed throughout the
argument we omit this dependency in the notation.

DEFINITION 1 (Q-regularity). Let C1,Co >0 and @, N, X > 1. Let 8, be complex coefficients.
We say that G, is (@, N, X, C1, Co)-regular if there exists a set of primitive characters ¥ = {{x}
with |¥] < (log X)©? such that the following holds. For any &y € ¥, we have

M(cond(x)) <Q and &=¢&, k| <v;?

and for any v € Z[i] with M(u) <@ and N’ ~ N we have
2

1 “ V22 N2
> > G(k) > Bubrp(m) || < 2

alu - i d)(log X G
2210 | itz o, NREIN' N (14v2)] ezl ()(log X)

Given a function @ = Q(N, X), we say that (5, is Q-regular if for any Cy > 0 there is some
C5 >0 and some Xy >0 such that for all X > Xy and for all N > X" the coefficient 3, is
(Q, N, X, Cq, Co)-regular.

Informally speaking, coefficient 3, is Q-regular if it is equidistributed in residue classes and
polar boxes apart from a set of Hecke characters of size < (log X )O(l), uniformly in the size of
the modulus of the M(u) < Q. We need the fact that the Mobius function restricted to rough
numbers is Q-regular for Q close to N'/3, which we prove in § 6.4 using the zero density estimate
(Lemma 2.14).

LEMMA 6.1. Let W := X /(loglog X)* " The coefficient
B = p(N )1 paw))=1
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is Q-regular for any Q=Q(N,X) with N > X"Q3. Furthermore, for fixed Q,X,C;>0, a
fixed set of characters ¥ with Cy < C; works for all ranges of N > X"Q? in the definition
of (Q, N, X, Cy, Cy)-regularity.

The exponent 3 in N > X"Q3 is not the best that can be obtained but it suffices for our
purposes. This could be improved by using results on large values of Dirichlet polynomials
(analogous to [Hux74]). We have Type II information given by the following proposition. We
will apply it with 8, as above but it applies equally well to, e.g., products of k primes.

PROPOSITION 6.2 (Type II information). Let W := X /(0210 X)* and Jet v = (log X)~C for some
C > 0. For every Cy > 0, there is some Cy < ¢, 1 such that the following holds. Let MN = X' ~ X
with
X35+47] <N< X1/275717.
Let au, Bn be bounded coefficients, supported on (mn, P(W)) =1 and
Nme[M,M(1+v)], Nne[N,N(1+v)].

Let F be a smooth function as in §2.1 with the parameter v. Suppose that for Q = X°t"
the coefficient (3, is Q-regular and let & x; denote the corresponding Hecke characters with
j < J < (log X). Then

Oémﬁnfk X] (mn) <~ FWNmn/Na) X1/2|B|
Zamﬁnamn ;}; ; 1/7\(0) aagijJ(a) +O<(logX)Cl>'

Remark 6.3. Note that on the right-hand side of Proposition 6.2 we have the sequence a¥ which
is twisted by w, which arises from the assumption (mn, P(W)) = 1. In particular, Proposition 6.2
as stated would be false without restricting to (mn, P(W)) = 1.

We set

Q1= O‘(E) and 52 = 5 ]—z primary

so that in the latter we may swap freely between Gaussian integers z and ideals n and that
Z O Bulmn = Z Oy B2 -
m,n w,z

We have included the complex conjugate in @ to make our notation match with those of [FI98b].

6.1 Sketch of the argument

As the proof of Proposition 6.2 is quite technical, we include here a simplified non-rigorous
sketch. In §6.2 we construct an approximation B# for 8 such that the difference

Br:=Bn— B
is balanced along arithmetic progressions. Write

S(a, B) = S(a, %) + S(a, 8°).
The approximation will be simple enough that S(«, 37) can be evaluated by Type I information,

so let us consider
S(a, B°) ZZawﬁ 15(Re(wz)),

where the aim is to capture the oscillations from 62. By applying Cauchy—Schwarz we get
S(a, B°) < MV2Ut/?,
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with
U:=3" 8.8, 15Re(@=))1p(Re(@z)) Far(|w]?),

for some smooth majorant F; of the interval [M, 2M]. The goal is to evaluate the sum over w
with a main term M (21, 22) and then show that

Zﬁ 5,22 Z1722)

21,22

N|BJ?
(log X )¢

is small due to cancellations from the coefficients /2.
Similarly as in [FI98b], we note that by denoting b; = Re(wz;) and

A:Im(ZZQ), aEZQ/Zl (A),
we have
z'Aw:Zle — Zlbg. (6.1)

Note that typically |A|~ N. The parts where A =0 or |A| < N/(log X)¢ correspond to diagonal
contributions and may be bounded by crude estimates. Thus, we assume for simplicity that
|A| =

Let bo := (b1, b2) and write b; = bob;-. Note that in the situation that B C ¢;Z we have q1]bo,
so that by can be quite large for a large subset of B x B. As usual, in most places dealing with
greatest common divisors does not cause serious problems but the dependency on by will be
crucial for our argument.

We have by|Aw by (6.1) and, for simplicity, let us assume that by|A. Then w = (z9b; —
z1b2)/(iA) is fixed once we fix zj, b;, so that (ignoring the smooth weight Fjs) we have to bound

V= Z Mo BLB, D 1p(bobh)1p(bobh).

|Zl|f§\f béEab’l (A/bo)
bg|A
Note that
Re(z122)
CLEZQ/ZlEW (A)

is congruent to an integer, so that the congruence b, = ab) (A/bg) lives in Z/(A/by)Z
By expansion with Dirichlet characters and sorting into primitive characters we get (ignoring
issues with greatest common divisors)

2
V=2 D By > X(@)] 32 x)|
21,22 d\A/bo x (d) bobeB
8kl

where, morally,
1 _bo
0(A/by) ~ N
We split this into two parts, dby > X" and dby < X%". The contribution from the small d is
our main term M (21, z2) referred to in the above.
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For the large dbg, we get

)SLED D SN ED SEY B S

2

> x()

bo dbo>X5+nD£Ox(%o) |21\52D x (d) ' bobeB
2
N2 Z 2 x0)]
bo X“+"<dbo<<N (d) 'bobeB

and applying the large sieve for multlphcatlve characters (Lemma 2.11) we get
< N(N 4 X/279-")|B| <« X"N|B|?
by using N < X ~"|B|. Note that we are applying the large sieve to a very sparse set B/by NZ,
which causes a loss in the diagonal terms and we are forced to take dby at least a bit bigger than
X0.
For the small dby, we can rewrite the conditions byd|A, a = z3/21 (A) as zo = az; (bod) to get

2 PR
3 Y Y Y e S Y A 62)

bo  dbo<X*t7 a (bod) X (d) bobeB z=az (bod)

We now see what precisely is required of the balanced function 52, we need
2

ab
2 o X

Zo=azq (bod

where the modulus may be as large as X°+7. This would follow if there were no zeros of L(s, x)
with a real part >1— C'loglog X/log X. Since this is not known, we need to construct the
approximation Bf in a way that takes into account these possible bad characters. By the zero-
density estimate (Lemma 2.14) this means that the approximation needs to see < (log X)°()
of the characters. For technical reasons (due to the smooth weight F;) the approximation also
needs to see the distribution of 3, with respect to arg z and |z|2. Note that, in the case, that
B C 17 we have always qi|bg, where ¢ can be as large as X°.

6.2 An approximation for 3,

For the approximation, it is convenient to use a rough finer-than-dyadic partition of unity instead
of §2.1, so that the different parts do not overlap. Let vo = X~ and let

Hy (11) = 1(N’,N/(1+V2)] (./\/1‘1),
so that
Ly (Nn) = > Hp:(n).
N’'=N(141,)"€[N,2N)
We can, of course, choose v so that 2= (14 1»)* for some k = V2_2.

Let 8, be Q-regular and let U ={¢, y;} denote the set of J < (log X)“ characters, and
denote the moduli of the characters by ui,...,us and the primitive characters by xi1,...,xJ-
For any two coefficients «, 8, we define their normalized W-rough correlation as

—1

Cw(B,a):= Z /Bnan Z ||

(n,P(W (n,P(W))=1
(n,m)= 1 (n,m)=1
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if the denominator is non-zero. We then define the approximation ﬂ# for By,

B =pE(v) = > Hye ()1 mpw <ka X5 (m)Cw (B, &k, X]HN’)>
N'=N(14v,)i€[N,2N] §<J
and the balanced function,
Br = Bu— BE,
so that we have a decomposition
B = BE + Br.

Morally, the approximation 8# can be viewed as a kind of ‘expansion’ with respect to a ‘basis’,
which is justified since the functions &y H -+ are approximately orthogonal over W-rough number,
as the following lemma shows. For the lemma, recall that all functions of odd Gaussian integers
z are extended to n by considering the primary generator, for instance, we write G(argn) =

G(arg z) if z is the primary generator of n.
LEMMA 6.4. Let 9, x be a characters to coprime moduli u,u; and let £ = &, with |k| < (v1) 2.
Let N > X"|u|?|u1|. Then, for any C >0, we have

N
Zn: HN’ (Il) (n,aP(W))= (&;Z)X( ) - 157/))(:1) <c (lolj;iN)C

and, for any (m,u)=1,

1,=1G(— vivoN
Z HN’(n)l(n,ﬁP(W))zl <1nm(u)G(argn)§X(n)_ x=1 ( 112

k)
g (1) > S G (u)(log N)C

Proof. We prove the second claim, the first is similar but easier. By applying § 2.1 with a smooth
function F with the parameter v; we split A'n smoothly into finer-than-dyadic intervals. The
contribution from the edges of the support of Hpys gives a negligible contribution by trivial
bounds. It then suffices to show that for any N; ~ N

> Py, (Nt Lapr))—1 <1nm (w)G(arg n)éx(n) —

(nyu)=1

1X1é(—k)> <o viIN
Pz[4] (u) Pzli] (u)(log N)O

We let z denote a primary generator of n. The condition (z,Z)=1 may be dropped with a
negligible error term since z is supported on (z, P(W)) = 1. We write

1. pwy=1= Z p(v) + Z p(v)

v|(z,P(W)) v|(z,P(W))
[ <N v]2> N

and write

1,.1G(—k
Z EN, (N 1w mpw))=1 <1n5m ()G (argn)€x(n) — Xl()>’
(nu)=1 Pzli] (u)

= z arg z z —71)‘:1@(_]{)
= ZI_H)FNI(‘ |>1(ZP <1zw(u)G( g )§X( ) @Z[z](u) )
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For the large v we note that by v| P(W) there is some factor vg|v such that |vg|? € (X™, X W].
Thus, by G(—k) < vy

S> < Z Z T(Z)O(l)FN1(|Z|2)1zEw (U)G(&I'g Z)
[vo|2€(X ™, X" W] 2=0 (vo)
vo| P(W)
(vo,u)=1

4!
Yom@ 22 @R (),
Pz[i] |vo]2€(X™M X" W] 2=0 (vo)
vo| P(W)
(vo,u)=1
Recall that 7 is large compared with n;. Hence, by counting the sum over z=0 (vy) (using
Lemma 2.4 to handle 7(2)°(M) and applying Lemma 2.2, we get
iz
¢z (u)(log N)©
For small v we split into two cases depending on x# 1 and x =1. For x #1, by writing
z=wuvz' + o we have
Se= >, mwv) Y Frn(2)lzu wGlarg 2)x(2)
v|P(W) 2=0 (v)
[u]P<N™
(v,uur)=1
= Z p(v) Z Fn, (Juv?’ 4+ a?)G(arg uwvz + )€ (uvy’ + o) x(uwv? + )
o[P(W) =
[o[P<N™
= Z w(v)x(uv) ZFNl(\uvz'—l—aF)G(arg uvz + a)€(uvz + a)x (2 + a(uw)™h),

o[ POY) 2
[op <N

Ss <

since (uv, uj) =1. Treating the weight
2 Fy, (Juv?' + al?)G(arg uwvz + a)é(uvz’ + a)
as a smooth weight, we get by the Polyd—Vinogradov bound (Lemma 2.18)
2
N
S< < NOm) lur] < N~ n/2_ Y1V
QOZ['L}( )

by N'77> |u|?|ui| since 7 is small compared with 7.
For x =1, we have by Lemma 2.10 and (G&;)(¢) = G({ — k)

G(—k
Se= 3 ) ¥ uleP)(Lom Glam ) - S
v|P(W) 2=0 (v) Pzli]
[v]?<N™
(v,uur)=1

= Z N(U)ZG(E—k) Z FN1(|Z’2)1zEw(u)§f(z)

v|P(W) 1#£0 2=0 (v)
ol <Nm
(v,uur)=1

" Z )Y Ew(le?) < _S%[l}(u))

v|P(W 2=0 (v)
[v]2<N 11
(v,uur)=1
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Estimating the contribution from || > (v1)™3 trivially (by Lemma 2.10) and for /| < ()73
applying the Poisson summation formula on Z[i] we get
2N
Sc< N~ 2 VitV ]
- Pz (u)
Our main lemma about the approximation is the following, which says that Bﬁ is balanced
over arithmetic progressions restricting to small polar boxes.

LEMMA 6.5. Let N > X"Q3. For any C; >0, there is some Cy <¢, 1 such that the following
holds. Let & =&, with k= (log N)°M). Let 3, be Q-regular, and let 3’ be as above with |¥|=
J < (log X)®2. Suppose that B, is supported on (n, P(W))=1. Let N' = N(1+ ) € [N, 2N]
and 0 € R/2nZ. Then, for any u € Z[i] with M(u) < @, we have

1 2 vivIN?
S= 5 n)Hy argn—0) <
Pz[i) (u) Z\ Z " v/ (m)Glarg ) D7) (u)(log X )
YE(Zli]/uZ[i])>

Proof. Let us first show that in the approximation B# we can replace the characters with conduc-
tor dividing u by characters with modulus u. Suppose that v is induced by a primitive character
" of modulus v’ < u. Then

ﬂ)(ﬂ) = 7vb/(n)]-(z,u/u’) = 1[)/(“) - ¢/(n)1(n,u/u’)>1-
Since we have defined the correlation by sums over (n, P(W)) =1, the characters agree unless
N(n, (u/u')) > W, so that we have

Cw (B, &, ' Hy') = Cw (B, &k, H ) + O(W Y (log X)OW).

Thus, if the approximation includes a character whose conductor is a proper divisor of u, we
may replace it by the character with (n,u)=1 at a negligible cost (by using orthogonality of
characters). Let us assume that this has been done, so that the moduli of the characters y;
satisfy either u; =u or (uj, u) =1. Let ¥, denote the characters £2) modulo u that are equal to
&k, X; for some j. By expanding G with Lemma 2.10 we get

= Z?) 3 \ZG (;ﬂi@w(n)HNf(n))

we(@[i]/uZli))*

2

Denote

s Y | ow( X savmem)| |

YEZT/ZEN ¢y,

L p— YO G(k)(Zﬁiwm)HN/(n))

Ye(Z[i] /uZli])* V@V,
Then by Cauchy-Schwarz ((A + B)? < 2(A? + B?)) we have
S < S(W,) 4+ S(wE).
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6.2.1 Bounding S(¥,). By the definition of 32, we see that for &1p = &k, Xjo We have
Zﬁ G () Hy (n) =Y Cw (B, &, x; Hn) Z Hy (n) 10 mpw))=186¥E&k, X5 (n).
J#do

Thus, by Cauchy—Schwarz on j and k (recall that for & € ¥ we have |k|<(v1)72 by
Q-regularity) and using |G (k)| < v1 we have

1
Puli] (u) Z

YE(ZL]Julli)) *

S(W,) <

ZCW(B?@HN’)

Jj<J

x Y ZHN’ )1 mpw))=186¥Ek, X; (n)

k
&epev,
§k¢¢§k Xi

(log X)3¢" —
<Lsup —————— Z G (k Z Z Hyn (n)1(qmpw))=18c¥8k, X5 (n)
j<J ezl (1) B

2

e,
EeVF#Er; X
7 (log X )ac ?
< s iDZ[]() ZHN’ L(nmP(w))=15k¥8k, X5 (1)
1S 7
|k|<vi?
5“/’7%@)(1
By Lemma 6.4 we get
2,2 N2
S(w,) <« — 2

Pzi] (u)(log X)©

6.2.2 Bounding S(V8). By Cauchy-Schwarz ((A+ B)? < 2(A2 + B?)) we have

2

S(\Pﬁ)zw(u) > Y. Gk (Zﬁifkw(n)ﬂz\w(ﬂ)>

VE@/Z ¢,y
< S1(W5) + (W),
with

2

)

Sy (w8 = e > ' > G(k)<25nfk¢(")HN’(n)>

we(Z[i]JuZfi) gkwlgz%
1

Sy(Wl) = g > > Cw (B, &k, X Hnv)

Ye@lljuzli)x  I<I

e <ZHN )1 wpw)) 1&1/15@)(]'(“))

k
S EWu

2
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By the assumption that £, is Q-regular we have

vivIN?
©zpi)(u)(log X)&”
For Sg(\lfg) we have by Cauchy—Schwarz on j

S1(08) <

2
o
Sa(WE): —SUPM > > G(@(ZE\/’(“) (n, &P(W))=1EkPER, X5 (1 )> :
<J @Z[z](“) — A o
Y@/ uZl)* ¢, pew,
we write
Y Gl = Gk —Glh)ly=y, — Y, Gk
k

k k
@V, EPEW,
51«7/)7'55&7‘ Xi

The contribution from the third sum may be extracted from S5(®¥C) by Cauchy-Schwarz and
bounded by the same argument as with S(¥,,). Thus, we are left with bounding

log X)¢’
53(08) i sup 1980 ‘ZG (ZHN/ o166 )
]<J <Pz[z]( ) Vel H/uZ[z])X

(ki) L=y, Y Hyo (W) 5p(w))=1
n

2

1 C’ -
= sup {log X) Z Z Hy/(n)G(arg n) 1 wpw)) =198k, X (1)

Ye@ljuzli)x "
]-w XJZHN/ nnP( ))=1

The claim now follows by orthogonality of characters and Lemma 6.4 since N'=7 > Q3 and
Jul, Juj] < Q. O

Remark 6.6. When constructing the approximation ﬁ# we have a choice of using either the
physical space or the Fourier space. To approximate 5, with respect to arithmetic progressions
and sectors of Z[i] we use the Fourier space (i.e. characters x, &), whereas to approximate [,
with respect to the size of A'n we use the physical space (i.e. smooth partition Hy-). These
are the most convenient choice for using existing zero-density estimates and information about
exceptional characters.

6.3 Partitioning the Type II sum

With the approximation for S, defined as in §6.2, we can extract the main term from the Type
II sum by writing

S(e, B) = S(a, B#) + S(e, B°).

By (a,b) =1, we may restrict to (w,w) = 1. Since we are working with rough numbers the con-
dition (a, b) = 1 may be dropped with a negligible error term. By definition, a, = Zue{il,ii} Az
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so that we have

1/2
S(a, Z Z B 15(Re(wz)) + Oc <w>

|w|2~M |z|2~N
(w,w)=1

The two contributions are bounded by the following two propositions, which together imply
Proposition 6.2.

PROPOSITION 6.7. Suppose that the assumptions of Proposition 6.2 hold and let B,bl be as in
§6.2. Then, for every C1 >0, there is some Cy >0

X'2B
Z Z awﬁilg(Re(wz))<<(logX‘,)C’1.

|lw|?2~M |z|2~N
(w,w)=1

PRrROPOSITION 6.8. Suppose that the assumptions of Proposition 6.2 hold and let 5# be as in
§6.2. Then, for any C >0,

o Bati, X5 (1) <~ F(Nmn/Na) X12||
Z amﬁn Qmn = Z Z Nmn Za: F\(O) aaékj Xi (Cl) + 0 ((logX)C> .

j<J mn

Remark 6.9. We want to carry the condition (w,w)=1 through the application of Cauchy—
Schwarz. To see why, consider a situation where B C dyZ with dy > X" being very smooth so
that 7(dp) is larger than any fixed power of log X . Let us split the Type II sum according to the

g.c.d. of w and dy, which gives us
S Y Y e

eldo w=0(e) =2

Now in the inner sum e|w means that e|b is automatic, so that the density on the inside is
bumped up, that is, we morally have

Z 1N—2, 213 (Re(wz)) le/\jB|

Prior to Cauchy—Schwarz this is not an issue since we still get converging sum » eldo e~ . However,
after applying Cauchy—Schwarz to w, we get

ST 1D 15®Re(w2))

eldo w=0(e) ' =2

2
~N|B*Y 1,

e|d0

which means that we have picked up a large divisor function 7(dp). This would be problematic
since we can only save a fixed power of log X from Lemma 6.5. We resolve this issue by keeping
the condition (w,w) =1 so that w has no non-trivial integer divisors, but there are also other
ways to deal with this.

6.4 Proof of Lemma 6.1

Note that M (u) <@ implies that |u| <@, so that by N> X"Q? we have N > X"ul3. By

Lemma 2.14 we can take for og:=1— % with some large C), >0 to get

J < N*(0g, X", X", Q?%) < (log X)“*
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and let U be the set of primitive characters &1 such that L(s, &) has a zero counted in the
above with M (u) < @. Recall that we now specify

Bn = 1/\/n~N,UJ(N“)1(n,P(W)):1-
Then, for Lemma 6.1, we need to show that if ¥, denotes the set of characters modulo

which are induced by ¥, then for any N’ € [N,2N] for any C; >0 there is some C3 >0 such
that

2
1 . V2V2N2
Gk Wev(n) || < 172 . (6.3
@ 2|2 GBI D GG || < e (69
SE@UITTI | ¢, g, ne(NLN (1))

The contribution from the trivial character © =1 is bounded by a similar but easier argument
as below, using Heath-Brown’s identity and the Vinogradov strength zero-free region of Coleman
[Col90]. We then restrict to 1) # 1y. We apply §2.1 to N'n with vy = X ™, using the assumption
that 72 is small compared with 7; to replace Nn e (N, N'(1+ v»)] with a smooth weight. It
then suffices to show that for any Ny ~ N, we have

2

1 . VA N2
Gk Buptp(M)Fy, (Nn) || < L .
SOZ[i](U) Z\ ; (k) (; e (0) Fy, W) @Z[i](d)(log X)&

VEEWIE)” |e g,

The proof strategy is classical so we will be brief. We use the Heath-Brown identity [IK04,
(13.58)] with K =3

’ 3
W= (3) S atmumaln(ms)

k=1 N=Mm1M2M2N1N2N3
m;<2N1/3

Let Fy be as in §2.1 with v =1/2. Using the Heath-Brown identity and a dyadic decomposition
(smooth for the free variable a), we get sums of Type I

2
1 .
s[;:@ o > > G(k) > Fy,(Wma)a(m)Fy a(Na)g(ma) ||
Z|i P
I etz vy, N M
ad (ma,P(W))=1

with M < 2N?/3 and AM ~ N and sums of Type II

1 -«
Sy = Z Z G (k) Z Fy,(Nmymams3)
e (v Ye(ZUT/uZl)* ¢~ Ny,
Dot EeY gV, (m;,P(W))=1

2

x ap(my)az(mg)az(ms)Eep(mimoms) ||

with aq(m) =1 or ay(m) = p(Nm), M;MyMs~ M and
NY6 <« My < N3
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To see this note that we are in the Type I case unless all of the variables n; are < N /3 and
in that case we can take the M for the Type II sum to be the range of largest variable m;, n;,
which must be > N1/6.

To show (6.3) it then suffices to show that

S, Sir <

For S7, we let D = X™ and write

La,p(w))=1 = Z p(0) = Z n(ND) + Z pw(N).
o|(a,P(W)) [(a,P(W)) o[(a,P(W))
No<D No>D

The contribution from N9 > D is bounded by using Lemma 2.2, after using orthogonality of
characters and Lemma 2.10. For S;, we then need to bound
2

Spim S Y ewm| Y s@FaWmamgsoma) ||

@Z[z‘}(u) — & a
Ye(Z[i] JuZfi])* _~y ?|(n, P(W))
with D < X™ and M < N%/3.

Denote

Mt &)=Y Limpury—to(m)(Nm) "&p(m),

Nm~M
Mj(t, &)= > Limpwy—10;(m)(Nm) & (m),
Nwm~M,;
A& =Y > p@)FLa(Noa)(Noa) & (a).
a o|(a,P(W))
No<D

Then, for 1 #£ 1y, we have the standard point-wise bounds

A(t, &) < D(1+ ) (1 + |k) |ul (6.4)
and for oy =1 or oy = p with M; > X6 once Oy is large compared with Cy, with £y & U,
My
My (t T .
1( 7§¢) < (log X)Cl (6 5)

The bound (6.4) follows by the Polyéd—Vinogradov bound (i.e. the convexity bound for L(s, 1))
in the u aspect, Lemma 2.18). The bound (6.5) follows by the truncated Perron’s formula and
shifting the contour to (1+0¢)/2 (justified by &y ¢ V¥,,), using the bound Lemma 2.16 for
1/L(s, &), and taking C% >0 in the definition of ¢ sufficiently large.

By Mellin inversion (Lemma 2.9), we get

1 . _
FNl(fU):m/F(S)fo *ds,
with
|F(s)| <cvi(1+ut]) ¢
Hence, we have

S;<Jr and S < Jip,
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with
2

1 - (i
e L) / (i) |MAG, &) di|
U ve@ilai> |,
Dot IALLA

1 ~ oy
S s | X 16 G MM g
Zli —
VE@JuZ* ¢, o
w#wo skd)g@u
To bound J; we apply Cauchy—Schwarz on t, k, (6.4), and orthogonality of characters to get,

for some coeflicients v,, and for some ¢, &,

21,12 2
o) D?|ul
Jr <y E M(t, &y
! Pz (w) — ( )
YE(Z[d]/ui])*
< VIO(l)D2‘U|2 E |’}/n1’}/n2|

ni=n, (u)
an,/\/n2<<M

<PI D212 4 OW 1y D2,
By N > N"ul>, M < N?/3 and D= X" we get

2

Jp < NA/3+00m) 4|y | N2/3+0m) « N—7
P74 (u)

since 7; is small compared with 7, which is sufficient for bounding J7.
For Jr; we apply the bound (6.5) for M; and Cauchy—Schwarz in the ¢, k variables to get

2 . . ~ ~
I o [[ 1 EGR] S 16606

k1 k2

1
X > [Ma(ty, G, v) Ms(ta, &, ¥)|? dty dt.
7t p—
2 Ye(Z[d] /uZli]) >

By orthogonality of characters and Lemmas 2.10 and 2.9 we get

M2
Jir < —2— & T? Z 1.
(log X)& m
21,M22,M31M32
mjx NM]’
Mo M3z =MaoM32 (U)
[Nmar —Nmas| Ky Mo
| arg mo; —arg mos | <Ky
[Nmgy—Nmga |y Ms
| arg ms1 —arg mso|<Kvy

Let us denote my; = (w;) and ms; = (2;) so that

M2
e My
T Mg x0T,
1,W2,21,22
[w; |2~ M
|2;|?~Ms
w1z1=wa 22 (u)
|w1 —ws |2 v Mo
|21 —22|2 <1 M3
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Writing we = w; + u, 21 = 22 +v we get (using Lemma 2.4 to handle 7(w)7(2))

e %
Jir < ——=T 1
(log X)Cl w1,U,V,22
[w:]?~Ma
|u|? <y Mo
|z2|?~Ms
v Ms
wiv=uze (u)
ME
< T
(log X)Cl Z T(w)T(Z)
|w|?,|z|?<v1 M2 M3
w=z (u)
viN?

<

Pz (u)(log N)¢1—0)’
using My < N3 My MyMs = N to get MoMs > N2/3 > XMul?.

7. Type II information: proof of Proposition 6.7

7.1 Cauchy—Schwarz

Let Fp(m)=F(m/M) with a fixed smooth majorant F' for the interval [1, 2], supported on
[1/2, 3]. By applying Cauchy—Schwarz we get

Z Z awﬁle(Re(@z)) < Ml/ZU(ﬁ)l/Q,

|lw|2~M |z|2~N

(w,w)=1
where

UB):= Y, BB Y. Ful(lw’)1p(Re(@z1)).
|21|2,]22]2~N (wm)=1

It then suffices to show that
N|BJ?
Y o)

Define
A = A(z1, 22) :=Im(Z122) = |21 22| sin(arg zo — arg z1).

Note that typically |A| =< N. We partition the sum into a main term and diagonal terms by
writing

U(B) =V (B) + OUo() + Ur(P)),

where

v = S BB S FuluP)ls(Re(@n))1p(Re(wz)),

[21]2,] 22 [P~ N (w,w)=1
A#0
(21,22):1
Uo(B):= > 18,81 > Fullw])1p(Re(®@2))1p(Re(wz)),
|z1]2,] 22|~ N (w,w)=1
A=0
Ui8):= Y 18,8, D Fu(jwP)1pRe(@z))1p(Re(wz:).
|Z1|2,|22‘2~N (w,w)=1
AZ£0
(z1,22)>1
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For V(B) we apply §2.1 with G:R/27Z — R being a non-negative smooth function with the
parameter v1 = X~ to the variables arg z; and arg zo to get

V(B) = vi? / V(8. 6) db dbs,
(R/277)?

with
V0= > BaBlg Y. Fullw)1p(Re(@))1s(Re(wz))
[21[%,|22 [P~ N (w,w)=1
A£0
(21722):1
and

,8279 = [32G(arg z—0).
We now further partition V() according to the size of |A|. Let v3 =X~ and write
V(B) = V>V3 (5) + VSV?, (6)7

where V5, () is the part where |sin(f; — 62)| > v3, which implies (since 13 is small compared
with 7;)

|A| = |z129| | sin(arg z2 — arg 21)| > v3N.

We then have the following lemmas, which together imply Proposition 6.7.
LEMMA 7.1 (Off-diagonal contribution). For |sin(6y — 62)| > v3,

ViN|B|?
| sin(6y — 63)|(log X )
LEMMA 7.2 (Diagonal contribution). We have

Un(8) <. X2+
LEMMA 7.3 (Pseudo-diagonal contribution I). We have
N|BJ?
Wi=n
LEMMA 7.4 (Pseudo-diagonal contribution IT). We have
Ve, (8) < X“v3N|BJ?

V(B,0) <

U1(B) <

7.2 Proof of Lemma 7.1
It suffices to show that for |#; — 62 (mod 7)| > v3 we have
vg.e)= >, BB,

|21 ]2, ]2 |2~ N
(21,22):1

x 3" Fu(jw)1p(Re(w=))1(Re(wzy))
(w,w)=1
viN|BJ?
< )
| sin(f; — 62)|(log X )¢
We note that (21, 20) = (21,71) = (22,72) = 1 implies (A, [21]?|22]?) = 1. By symmetry, this
can be seen from

(7.2)

(A, z7) = (A, z1) = (Im(29%7), 21) = (2271, 21) = 1.
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Denoting Re(wz1) = bj, we have
1AW = 29b1 — 21bs.
Let b := (b1, ba). Since (w, w) =1, we know that bg|A. Thus,
i(A/bg)w = zab1 /by — z1b2/bo. (7.3)
Denoting b; = bob;, we have

Zgb/l — 216/2

2
= > 521,91@22,92 > 1B(b0b/1)1B(b0b/2)FM< b—% >
bo>1 |21 |?,]22|*~N by,=ab| (A/bo)
(21722):1 (bllb,z7A/b0):1
A=0 (bo) (b,,b)=1
(w,w)=1

We now wish to remove the smooth weight Fjs. Recall that already bob;- ely,Y + X1/271 by

(3.2). We introduce a rough finer-than-dyadic partition for |z1|?, |22|? by using Hy: as in §6.2
with v = X7, Let N1, N7 ~ N, and denote

B2 1= BLHN,(2)Glarg z — 0;).
To prove (7.2) it then suffices to prove that for Ni, N; ~ N and for |sin(f; — 62)| > v3 we have
Vl(ﬁvae) = Z /8,21,1ﬁz27

|21]2,] 22 [~ N
(21,22)=1

x Y Fy(lw|*)1p(Re(@z1))1(Re(Wz))
(w,w)=1
VleN‘BP
< [sin(0r — 0,)](log X)°

Using | sin(0; — 62)| > v3 we have A = |z129|sin(argy — arg z1) > 3N, so that for some constant
P
Therefore, we have

V'(8,N,0) = Fy(N,0)V(B,N,0) +vov3 20(W(B, N, 0)),

(7.4)

Zgbll — Zlblz

bo A

2
) = Fyr (N, 0) + O(vav3 2). (7.5)

where

VBN0):=>" > B8, > 1pbeb))1p(bob))

bo |z1|2,|22]?~N by,=ab; (A/by)
(21,22):1 (b/lblz,A/bo)zl
A=0 (bo) (b, by)=1
(w,w)=1
W(B.N,0):=>" > BBl D 1a(bob))1s(bobh).
bo (o1 a2~ by=ab; (A/bo)
(21,22)=1 (byb5,A/bg)=1
A=0 (bo) (¥ b)=1
(w,w)=1

Then (7.4) follows from the following two lemmas once 73 is small compared with 72 so that
vovy 0 = XM < Xm2/2 say.
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LEMMA 7.5. For any Cy >0, there is some Cy > 0 for 3%, as in § 6.2 such that for | sin(6; — 69)| >
v3 we have
N|BJ?

V(B,N, 6 i
(B, N 0) < viva G~ 6y (log X

LEMMA 7.6. For |sin(6; — 602)| > v3, we have

V1V2N|B| (log X)°W)
|s1n(01 (92)‘

W (B, N,0) <

7.2.1 Proof of Lemma 7.5. The condition (w,w) =1 has served its purpose so we remove

it by expanding
1(w,ﬁ):1 = Z /‘(6)
£ w

where £ runs over integers. Writing w = fw’, we get from (7.3)

Z(A/bo)gwl == Zgbll - Zlbé. (76)

(iﬁ b;) (7.7)

To see this, by using (b}, 0,) =1 and (7.6), we get that for j € {1, 2},

ta b % I
bO s Vg b(] IV E
and (7.7) follows since the left-hand side is an integer and by (z;,Zj) = 1 the only integer dividing
z; is 1. Similarly, we also get (z122,¢) =1 by (7.6). Thus,
a:=zy/21 = by/b, (£)

is congruent to a rational integer, which is equivalent to saying that A =0 (¢). Thus, we get

VBN,0) = ul) S BB, > 1p(bob;)1p(bebh).

We have

bo ¢ 212, ] 22 |2~ N bh=ab), (LA /bo)
(21,2’2):1 (b;bé,éA/bo):l
A=0 ([bo,]) (b1,b5)=1

By expanding the congruence b}, =ab} (¢A/by) into Dirichlet characters and splitting into
primitive characters we get

VN0 =>"ul) > BB,

bo ¢ |21]%,] 222~ N
(z1,22)=1

A=0 ([bo,4])

T 0| T e
(b ) =1
(b3 b5 ,¢A/(dbo))=1
We separate dby > X/2 and dby < X+/2_ that is, write

V(67N70) :V§(57Na 0) +V>(6> N7 0)
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For the large dbg, we use the expansion

Lopy—1= Y #lc)

cl(by,b5)
to get
Vo(BN0)=>"ult) Y BBl
bo, ¢ |z1(\2,|zQ)|2:1N
A=0 (o4
2
1 *
X W Z Z M(C)Z x(a) Z x(b)
v O geasme  (ed=1  x(d) chobe B
dbo>X5+1/2 (cb,lA/(dbg))=1
We split the sum according to ag = (bo, ¢) which gives us
VBN=3 3 w0 > BB,
abob (€,b0)=ao |z1(|2,\zzlimlaN
A=0 (bt/a)
2

1 *
X m Z Z M(C)Z x(a) Z x(b)

d¢A /by (c,d)=1 x (d) cbobeB
dbo>X5+1/2 (cb,lA/(dbo))=1

Recall that by |sin(6; — 62)| > v3 we have |A| > v3N. For any fixed D with 13N < D < N we
have (combining the variables z9Z7 = z, using a divisor bound, and recalling that A =Im(z927))

1 by X"/200p,
Y A <xrm y D X
a P e ©(LA/by) e (D 3l
|[A|l=D>vs N Im(z)|=D>vsN

which gives us (since 73 is small compared with 7)

n/ 00
V> (8, N, 0) < sup oD b D>, >y
L<X by U~L D<N d¢D/by  (c,d)=1
aolbo ¢=0(a0) D=0 (bol/ao) gp,>x5+n/2
2
X > X
x (d) cbobeB

(ch,eD/(dbo))=1
By a dyadic partition, we get (denoting D" =¢D/(dby)

/
V>(/87N70)<< sup ‘anOBO Z Z Z

Boy,Do,L
g bo~ {~L D'~LN/ByD,
Xot/2 <Dy Bo< LN é)Lf)\boog 0(a0) pr=0 (4/2/?10)0

2

DD DD DN I R0

d~Dy (c,d)=1 x (d) cbobEB
(cb,D")=1
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/
< s RS Sy

307D0,L b B, O~ L ’
54m/2 o~ Bo ~ D'~LN/ByDy
XML DoBo<LN aolbo £=0(a0) D'=0(£2/ay)

2

xsup 35 30 3 3«0

D" 4Dy (e.d)y=1 x (d) | cbobeB
(cb,D")=1

< XN sup DOL Z Zsup Z Z Z x(b)

Bo,Do,L D
Do, ~Bo ¢ D" d<Dy x(d) | cbobeB
X512 Dy Bo< LN bo~Bo o x(@) | B2

By the large sieve for multiplicative characters (Lemma 2.11) we obtain
Vo (B, N,0) < XN (N + X'/2707112)| Bl < X "*N|BJ?,

since N < X" B|. This is sufficient for Lemma 7.5 since 7y, 72 are small compared with 7.
To bound the contribution from the small dbg recall that

V< ,8 N 0 Z,u‘ Z /8217162’2,2
bo £ |z1]3,]z2|*~N
(21,22):1
A=0 ([bo,4])

1 / /
X AR 2 Z 2 x(t)x)

dlenjbe bob boby€ B
dby< X 3+1/2 (b,b5)=1
(bybs,£A/(dbo))=1

We expand the conditions (b]5, ¢A / (dbg)) =1 by using the Mobius function to get

VB, N, 0)= > pleule) Y pw@) Y BB,

(e1,e2)=1 bo,¢ |21 %, |22 >~ N
(21,22):1

]‘ //
X m Z Z Z (6151) (e2b3)

delez‘ZA/bo X d) boelbll,bgezbéeB
dbo <X 5+n/2 (b1,b5)=1
€55

We have

1 1\ b ()|
EONREN L <Hp—1>w| > @)

DIEA bo RN pldi)

Since z1, z9 are restricted to polar boxes, we have

A= NN, sin(0; — 02)|(1 + O(v2)) == D(1 + O (1)) (7.8)
Plugging this in, we get
Vﬁ(ﬁaN)e):Vé(ﬁaN70)+O(W§(B7N79))a (79)
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with

S menule) D S

(61,62):1 bo,e |21|2,‘22|2NN
(z1,22)=1
A=0 ([bo,])

! 1 d
VL(B,N.0):= dz ’ZEdS‘

x > Z* x(a) > x(e1bf)x(eby) |

dbo<X5+1/2  x (d) boerb, boesb, €B
[d1,deiex][¢A /by (by,b5)=1
ej\b;
W<(B, N, 6):= D 90( 1) Z gL
(e1,e2)=1 bo, |21, z2 2~ N
(21,22):1
A=0 ([bo.4])

<> 1Y x S xle)R(eath)

dbo<X5+1/2 | x (d) boe1b) boesb,€B
[dl,d€162”€A/bo (bll,bé)::l
€; |b;

Let us first consider Vé(ﬂ, N, 0). We note that the sums over dy, es, es, £ converge quickly,
so that we expect to be able to bound the contribution from large ranges of di, es, es by crude
estimates. We have

L
(bOa f)

d1, deyes]
([dl, deleg], f)

‘A/bo and ‘A/bo-

Denoting

_ gy [ dvdac] ¢
f=f(t,dy,d e, e2) =g [([dhdeleﬂ,g)’ (bo,e)]’

we get f|A, which is equivalent to saying that

zo=az (f)

for some a (f). Note that |f| < N. Thus,

VL(6,N.0) = Z |1 dl S ulenn(en) Y bolz(f)

(61762):1 bo,¢

DD DI Do XX | 3D AR

dbo<X5+1/2 a (f) x (d) bob!, boby€B z=az (f)

(b1,b5)=1 (z1,22)=1
6]“)/7
We write
Vi(B,N,0)=VI(3,N,0)+E<(3,N,0), (7.10)

where E<(3, N, ) is the part where f > X+,
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For f< X% we note by (z1,20) =1 we have (212, f)=1. By dropping the condition
(21,22) =1, we get

Vé’(ﬁ, N,0)= ”’(ﬁ N,0)+0(Z<(B,N,0)) (7.11)
with
/// |F‘ bop(£)
< (B,N,0)= Z Z p(e1)plez) Z 7
(61762):1 bo,¢
X Z Z Z Z X(bll)Y(b,Q) Z le,lﬁzQ,
dbO<X6+n/2 ) x (d) bobl,bobseB 22=az (f)
f<Xo+n (ba,b%):l (z122,f)=1
€; b;
and
1 1 b
(57 N) 0) Ea) Z Dy
D d1 SO(dl) (61782):1 bo,g é
x oy Z X( Soox®Ox®) | DS 1848l
dbo<X%t1/2a (f) | x (d) bob} ,bobsEB z=az (f)
f<Xo+n (v),b5)=1 (z122,f)=1
e; b} [(21,22) [ >W

By expanding zo = az (f) with Dirichlet characters we have

bo * _
VZ(8,N) < Z PIEDIE DS x@) | D0 x()x(bh)
A Y (eryen)=1 bol  dbo<X°+1/%a(f) | x (@) bob!, ,bob,€B
(67,05)=1
(i]‘bg
1 X5+77 -
=¥ ‘ Y B a8, (=),
a1 (f) — 13
ve(Zil/ fzl))* =72
By applying Cauchy—Schwarz on ¢ and using Lemma 6.5 we get
vy N bo
VEBNI< a0 2= 2 2 aip
d1,81,62 bo,l dby<Xo+n/2 1
SIS @ | ST wehwe)
a(f) | x(d) bobi,boby€B

(01,65)=1

ej|b;
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By Lemma 2.17 (w1th the argument ab) /b}) and Lemma 2.1 this is bounded by

v2u2 bo
el DD DD DD DRI =20 SRCUEITY
D(log X)C Ayl f
dl,bo,e bobll,b(]b/ eB €1 |b/ dbO <)(6+77/2 a (f)
(b by)=1 ealbl, (b]by,d)= (a,d)=1

yluzN T(d)bo
DlogX)T 2 22 22 2 aup
dhbol bob},bobbEB e b} dby <X+ 7/2
(b1,b5)=1 ea|by (b1ba,d)=

Using

f_bO'[

by Lemma 2.1 and (7.8), we get

V28, N < 5 WQ - >y TR

b1,bz€B dl<X
Vi V2N’B|2
¢
| sin(f2 — 61)|(log X )1

[dl,deleg] 12 :| > bod
([dl,deleg],ﬂ)’ (bg,f) B (d, 5),

which is sufficient.
The argument for bounding Z<(8, N, @) from (7.11) is the same except that instead of
expanding into Hecke characters and Lemma 6.5 we use the trivial bound

S 1BaBl= Y D BBl

z2=az1 (f) |z0|2>W 2z5=az; (f)
(z122,f)=1 (2122,f)=1
(z1,22)* =W
N N
< (log X)°W Y (”1”22 + 1> <”1”§2 + 1)
W<lmp <N |20 |z0[2 f
2N2
< (log X)°M (ljlﬂ?f + 1o N(log X) + N)
2N2
log X O(1) Vl Va
< ( og ) Wf2 ’
where the last bound holds since N > X337 and f2 < X9+27_ This gives us
2 2N|B|2
7 N.O log X )0 _YiFaVIDI™

which suffices for Lemma 7.5.
For E<(B, N, 0) from (7.10) with large f we will need to use a slightly different argument
since the modulus f can be as large as N which would make f? much bigger than N. We write

B<(5,N,0) = Z’“ WS wenynlen) 3 0

(61,62):1 bo,z

<y ZZ o XWX [ Y0 ALl

db0<X‘5‘*'"/2 a(f) x bob,bobyEB z=az (f)
I>X°t (by,05)=1
e; b}
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R TP

XZZ

Z ‘5Z17 Z27

> X(b2)

db0<X6+7'/2 b0b17b0b EB ZlyZQ
F>X054m (b,,b4)=1 il
e;|b}

bo

P3PS
72

<<NZ
>

> x)x(®)|.

dbo<X°tn/2 7 T x (d)  boby,boby€B
F>X0+n (b)) =1
e]\bj

By using f > X% and dby < X91/2 we get f~1 < X‘”/Q(bod)_l, which gives us

N
E<(3,N,0) < X "2
d1 <<X €1,€2 b, Z<<X
<Y Ay ' Z X))
dbg <X5+’7 x (d) bgb’l,bob’eB
(b4.,b5)=
Ejlb;

By using the expansion

Lo py)=1= Z u(c),

el (b7,b3)
Cauchy—Schwarz, orthogonality of characters, and a divisor bound, we have

S| T m|sS Y S| S e

€1,E2 bobl,bob EB

x (d) e1,ez bob;,bob;eB
(b1,b5)=1 € |0
e;|b} c|b}

1/2 1/2

<. X°© Z Z A1y, =y (a) Z Z dly,—p, (d)

6176/1 bobl,bob/leB @2,6’2 bobz,bobgeB

€1|b1 32“72
e1lby €51b5
<XV dlymy )
61,6’1 bgbl,bob;EB
el|b1
e1lby
where the last bound follows by symmetry. Hence, we have
ja N’
-n/4t
E<(B,N,0)< X ) Z Z 1p,=p, (a)-

bo,d,e1,e]  bobi,bobi €D

dby <X o+n/2 e1|by
AL
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The contribution from b] = b; is bounded by

N2 N2
< X‘”/83]B|X‘5+’7/2 < X‘”/831B|2.

The contribution from b} # by is bounded by

N2 N2
-n/42Y , o —n/84V 2
<X D Z Z 1p, 26, 7(by —b1) < X ) | B
bo,e1,€} boby,bob), €B
61‘51
ei|b]
by applying the divisor bound 7(n) <. n®. Therefore, by (7.8) we get (recall that v3 is small
compared with v)

E<(8,N,0) < X "'°N|BJ*.

Finally, the error term W< (8, N, 0) from (7.9) is bounded by exactly the same argument as
above except that in the part f < X%t we use the trivial estimate

VviN?
Z |le,1HBE2,2’ < (log X)O(l) ‘1f|2
|21‘27|32|2NN

z=az (f)
instead of expanding into Hecke characters and Lemma 6.5.

7.2.2 Proof of Lemma 7.6. The argument is exactly the same as in §7.2.1, except that in
the part f < X%t we use the trivial estimate

ST B alIB, 5] < (log X)

|21]?,]22|*~N
z=az (f)

o ViN?

|f1?

instead of expanding into Hecke characters and Lemma 6.5.

7.3 Proof of Lemma 7.2

Since A =0, we have
z1bg = z9b1.

Multiplying both sides by w and taking the imaginary parts we find
ai1bs = ashy.

Hence, we get

Uo()< Y 1p(bi)lp(be) <. X'/**|B],

a1,a:<KX1/?
by,bo X1/2
albzzazbl

by using the divisor bound 7(¢) < ¢°.

7.4 Proof of Lemma 7.3
Since (2129, P(W)) = 1, having (21, z2) > 1 implies | (21, 22)|> > W. Let 29 = (21, 22) and z; = 202
Denoting wo = Zow and A’ = Im(z}2}), we have

bj = Re(wozj),
232
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which implies that
iA/wo = Zébl — Zibz, (7.12)

so that wq is fixed once we fix zg, b;. Furthermore, we have

Z 1%|w0 <<g WE .

(z0,P(W))=1
Note also that (wp,wg) =1 implies that (b, ba) = bg|A’. Then denoting b = bob; and o — Zé/zi
we have
Ur(B) = Z 6215722 Z Fy(Jwl*)1p(Re(w21))15(Re(wz2))
|21, |22 >~ N (w,w)=1
A0
(zlyzi)>1
(25,25)=1
< sup B ﬂ" . |15(Re(woz]))15(Re(woz
PSP D 3 (BB Le(Re(@) L (Re(T5)
|21] ,\Zzl <N/Z (wo%o;:l

(2,2)=1 (20,P(W))=1

7 _ Zo|w
(21,25 P(W))=1 |ZOO|LNOZ

<. W#  sup Z Z Z B(bobll)lB(bobIQ).
WEIEN T 242, 22N/ 2 By =ab (A /o)
#0 (b1 05,27 [bg)=
(51722) 1 (b7,b5)=1
(25 Z’P( )=1
A'=0 (bo)

Thus, denoting

— Z Z Z 15(bob})15(boby),

bo [21% |z2|2~N/Z by =aby (A’/bo)
A0 (B0, A /bo) =

(21,25)=1 (b),b5)=1
(%] Z’P( ))=1
A’=0 (bo)
it suffices to show that

N|BP?
-

We apply a similar argument as in § 7.5 except that certain parts will be easier by positivity. By
expanding into Dirichlet characters, we get

Vz(B) <. W* (7.13)

VA <(og )Y Y f;‘ S 13 @ S b))

bo, |2112,|z5]°~N/Z d|A"/bo | x (d) boby,bobyE€B
A'£0 (by,05)=1
(#1,25)=1 (byby, A" /(dbo))=1
(25,2, P(W))=1
A’=0 (bo)

We split into the parts dby < X%t7/2 and dby > X9+7/2
Vz(B) < (log X)(Vz,<(B) + Vz,>(B))-
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For large dby we expand the condition (b7, b}) to get

2
PROES ) DD L DS Z 2. XX
¢ bo, |zﬂ2,|z’|2~N/Z d|A" by x (d) cbobeB
( ) dbo>X+"n (b,A"/(dbo))=1
zl,zz 1
(z],z P(W))=1
A’=0 (bo)
By using the estimate
N
D R X<, (7.14)
2112 |25 ~N/Z
(#1,25)=1
(5,2)=1
A'=D
we get (denoting D = D’ dby) )
ORI ID DY Z > XX
¢ by,  dbo>X5tn D<<N/Z (d) cbobeB
dbo|D (b,D/(dbo))=1
2

<X TN Y Y S e

¢ by,  dbo>X%+1 D'<N/(Zdbo)

(b,D7)
2
<<EXEZZZsup > fZ > x()x(bh)
c by, Xotn<dboN/Z  x (d) (ibODb’§§1

By applying the multiplicative large sieve (Lemma 2.11) similarly as in §7.2.1, we get
N|B?
V2-(6) < (tog X)W ML,

which suffices for (7.13).
For small dbg, using Lemma 2.17 we write

1 * / /
Vz<(B)< > b0 Y | > N x(a) > x(@)x(bh)
dbp<Xo+n a (dbo) |2 |2,|25]2~N/Z x (d) bob} ,bobyEB
A'#£0 (by,05)=1
(21,25)=1 (665,47 /(dbo))=1
(2] Z’P(W)):l
zh=azy (dbo)

< Z bOZ Z (d, by — abh) Z ’Al/’

<X a(dh) s LB I
1,92)=
(b by d)=1 (s1,50)=1

(25,25 P(W))=1
zh=az] (dbo)
We note that z)

=az| (dbp) implies that for z = z9%Z7, we have z=7Z (dby), that is, denoting
z=r415, we get s

/
azy
=0 (dbp). Thus, using the divisor bound
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>l W,
2=2221

(z;,P(W))=1
we get
1 e 1
> NI >, > 3
IZHQ,IZéPNN/Z |71 |,[r2|<(N/Z)'/2 0<|s|<N/Z
( 75) ) ro=ar; (dbo) s=0 (dbo)
21,24

(z 2 2/ P(W))=1
zh=azy (dbo)

N N1/2
WE
e (Zd?bg T dbg>

< W* (7.15)

Wd2b3’
where the last step follows from N > X393 and dby < X°*7. Therefore, we get by Lemma 2.1,

Vz,<(B) <<W€ > > ﬁ > (d, by — abh)

0

db0<X5+T’ bgbl,bob/ eB a (dbo)
(by,b5)=1
(byby,d)=1
N|B
< W

which completes the proof of (7.13).

7.5 Proof of Lemma 7.4
By recombining the finer-than-dyadic partitions for 61, 65, we get

Ve, (B) < Uy (B),

with
Uc(B):= > 8.8 D Fu(wl’)1p(Re(@z1))1p(Re(wz)).
|21|%,| 22>~ N (w,w)=1
0<|A|<«rs N
(21722):1

Similarly as in § 7.2, we write

U, () < (log X)W >~ H > 1B(bOb/1)1B(b0bl2)FM<
bo |z1]%,|z2|?~N by=ab (A/bo)
0<|A[<vsN (b1by,A/bo)=1
(z1,22)=1 (b,b5)=1
(z;,?;):l
A=0 (bo)

Using A < 5N and M N ~ X we see that the smooth weight Fis restricts zob1 — 2162 to a small
disc, that is,

/ /
Uy (B) < Z Z Z lB(bobl)1B(bobz)1|z2b0b'1—zlbob’2|<<u3N1/2X1/2-
bo |21]?,|2]>~N by=ab; (A/bo)
0<|Al<u N (b1b5,A/bo)=1
(Zlvﬁ)zl (b/17b/2):1
(25,25)=1

zobl — 21 bl

bo A

)\
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Now recall that by (3.2) we have B C [Y,Y + X /277 for some Y =< X'/2. Hence, we obtain

Ucrs(B) <D Y Y Lbob)1n(bob)) L), o nire.
bo |z1]2,]22]2~N by=ab, (A/bo)
|AI£0  (b365,4/bo)=1
(21,2’2):1 (bllvbé)zl
(Z 27)=1
=0 (bo)
This can now be bounded by the same argument as in §7.4, replacing the bounds (7.14) and
(7.15) by

(3]
§ 1‘22721|<<V3N1/2 <<5 X I/3N7
21]2,|22| 2~ N
(21,22):1
(Zj771):1

respectively, and

12*1 1/2 1
D Emnh e D DEND DR

|1l eaPe s ral < (N7 2)1/2 0<]s| <N
AF0 |re—r |KrsN/2  s=0 (dbo)
(z1,22)=1 ro=ar; (dby)
z2=az (dbo)

V3N I/3N1/2
XE
e <d2b2 LT
I/3N
<X d2b’

We get
U<<V3 (ﬁ) <e XEV3N|B‘27
which gives us Lemma 7.4.

Remark 7.7. Without the assumption B C [mX'2 (2—1)X"?] we would need to take
v3=X"97¢ to get savings in this argument, since it is possible that Y =< X/2=9  This means
that in the approximation for 8, we need to track the distribution of 5, in sectors with an angle
X 91Tt is possible to do so by a more careful argument but we do not pursue this issue here.
For this, we also note that the smooth weight

bizo — ba21 29— 21

2
FM< A > :FM/Y2< A

could be handled more efficiently in terms of the dependency on arg z; since it is a function of
the difference arg zo — arg z1, so that we need an expansion to & only once instead of twice. Note
that B cannot simultaneously be multiples of a large fixed ¢ and restricted to a narrow interval.
Thus, for this extension the condition M (u) < X%*7 ought to be replaced by |k|M(u) < X+,

2) +0(X™)

8. Type II information: proof of Proposition 6.8

Recall that we are trying to evaluate

Z Z amﬁgamnzz Z ZHN’( am]-(n nwP(W))= <Z§k X] CW /B fk X]HN’)>amn

Nm~M Nn~N N’ Nm~M n i<J

::ZSj.

isJ
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The condition (n, ) may be dropped since we have (z,Z) =1 in the definition of a,. We have

S; = ZCW By G xGHN) Y Y Hy(n)am(w p))=18k X (1) Gmn

Nm~M n
= ZCW By & i Ha) D> Y Hyr ()&, X5 (M), p(wy) =18k, X; (M0) G
Nm~M n
Here, for any C >0,

~1
Ww,mmw:( T HNf<n>/3nsk,.xj<n>)( 3 HN'<n>|sk_7.xj<n>|)

(n,m)=1 (n7P(W))=1

:;HO‘M) > i )B4 0 (10g X)),

p

Then Proposition 4.1 follows from applying the fundamental lemma of the sieve (Lemma 2.5, see
also Remark 2.6) and Proposition 4.1 to handle 1(, pyy))=; in S;. Note that by N > X39+31 and

M(uj) <Q < Xt we get that N m < X17977/M(u;)?, which is required for Proposition 4.1.
This gives us a main term of the form

Z Z Z amﬁ"HN';\/_mflk X (mn) Z HN'IE:‘/m) acg@(a).

N’ j<J m;n a
The weight %Z/m) may be replaced (with a negligible error term) by W by a further
application of Poisson summation (Lemma 2.7) on the free variable a in z =0+ ia, completing
the proof.

Remark 8.1. There are two potential bottlenecks for improving the range of 6 <1/10 in
Theorem 3.3, namely, the exponent 3 in Lemma 6.1 and the exponent 2 in X'~977/¢?
Proposition 4.1. It is plausible that with more work these exponents may be improved to 2 and 1,
respectively, which would suffice to prove Theorem 3.3 for 6 < 1/8. Both of these improvements
run into quite delicate issues and we have decided not to pursue this here. It is not clear whether
the boundary 1/8 can be improved, but we certainly hit a hard barrier at 6 =1/6 as this when
even the most optimistic the Type II range [N 20 N1/ 2*5] becomes empty.

9. Proof of Theorem 3.3

We apply a sieve argument to the sequence A = (a,) over integers
an:=F(n/X") Z Ay,
Nn=n

where for convenience we have split n into finer-than-dyadic intervals (as in §2.1) with v=
(log X)~¢ and X’ ~ X. We also define an auxiliary sequence B; by

Nn=n m n

denoting &k, xo =1 for j = 0. Then Theorem 3.3 follows by using the explicit formula to evaluate
the sums

P A, 1,0
2 AN T N
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once we prove that for any Cy > 0, there is some C5 > 0 such that
X1/2‘B’
n 0<j<J:

Let Y = X344 and Z= X'/21041 Then YZ < X'=%" for some >0 by 6§ <1/10. By
Vaughan’s identity [Vau75] for n >Y we have

A =3 1) log ™ — 3 w(bIAC) + 3 wbIA(). (9.2
bln be|n be|n
b§|Y bgly b>|Y
c<Z c>Z
Applying this with both sides multiplied by (n, P(W)) =1 we get

(log X)&

and, similarly, for j < .J write

S(B;, A) = $1(5,) + Sa(B;) + S5(5;) + 0 1Bl
K — P1\Pj 2\~ 3\~ (log X)Cl
The sums Sy, S9 correspond to Type I sums and S5 is a Type II sum, with all variables coprime

to P(W).
By the fundamental lemma of the sieve (Lemma 2.5) and Type I information
(Proposition 4.1), for k=1, 2 we get

Si(A) = sk(50)+o<(Xl/2|B) S S8 <(X1/2’B|>

0<j<Ji log X)©
since for j > 1, k=1, 2 for any C' > 0,
Sk(Bj) <c X'/?|B|(log X)~¢
By Type II information (Proposition 6.2, note that Y <b< X/Z) we get

3 sg(Bj)+o<(X1/2|B> 3 Sy(B (é;@)

1<5<J; 0<j<J;
since for any C' >0,
S3(Bo) < X'/?|B|(log X)~¢
By recombining Vaughan’s identity for B; we get (9.1).

10. Proof of Theorem 3.2

We have two cases, no zeros 3 >1—¢e1/log X or that in the case of a zero f>1—¢1/log X we
have Q(B;1) <Q(B)/2.

10.1 No zeros 3>1—¢e1/log X

Let us denote by ay, a$ the sequences corresponding to A =1p5. By Theorem 3.3 we have
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Z anA(/\/n):% Z as 1—2%(11) Z (NVn)Pi—?

Nn~X Nn~X i<J Pj
L(pj &k, x5)=0

Tm(p;) <X
1 1/2
+0<(IOgX)01X ZW)' (10.1)
b

If there is a zero 1 > 1 — ﬁgX as in Lemma 2.15 corresponding to x; real and &, =1, then
1 <1—¢e1/log X and the contribution from that zero is

4 4
—= ) aamWn) == N a(exp(—e1) + o(1))
ﬂ—./\/'nNX 7T./\fn~X
4
>—= ay (1 —e1/2),
7T/\/EN:X

since €1 < 1/10. Therefore, the contribution from the first two terms in (10.1) is

4 J—
=Y @l-amWnt ) s S
T
Nn~X Nn~X
Denoting Uo:l—ﬁgx, by Lemma 2.15 the remaining zeros satisfy (; <op and they

contribute at most

< > oad > xs

Nu~X o G<J P
L(pj &r;x5)=0

[Tm(p;)|<X"
ﬁjSUo

B
=By Y ( X”—llonga+X—1/2)

j<J p; 1/2
L(pj &r;x5)=0
[Im(p;)|<X™
5j§00
(o

<QB) | N*(o,X", X" X220 X1 og Xdo + Q(B)X ~1/2+00+n)
1/2
The last term is negligible once 4, ) are sufficiently small. By Lemma 2.14 the integral is bounded
by
" N*(o, X, X", X20H21) X7 og X do < / " xeas+6n) (1) o1 log X do
1/2 1/2

1
< X (0012 — exp < — >,
2V6
once 4,7 are sufficiently small compared with the constant ¢, in Lemma 2.14. Combining all of
the above estimates we have

1 1 " 1 "
> wrmx(a-o(=(-55)) Z ot men X

Np~X Nn~X

once 0 is small enough compared with &;.
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10.2 Zero B >1—¢€1/log X and Q(B1) < Q(B)/2
Let us call By = B\ B; so that Q(B2) > Q(B)/2 and for all b € By, we have

> xal(b+ia) 0. (10.2)
an(X—b?)1/2

(a,b)=1
(a®4+b%,2)=1

Let us denote by ay, af the sequences corresponding to A=1p and a\(12), a,(?)w the sequences

corresponding to A =1p,. Then, by Theorem 3.3, we have

(log X) Z ap > log(X) Z a‘(f)

Np~X Np~X

> E al A (Nn)= Z al? 1—2%(11) Z (Nn)Pi—?

Nn~X ./\/'nNX i<J Pi
L(p;,€r;x5)=0

[Tm(p;)| <X

0 XMEN A
+0( gy X ).
The first term contributes
Z an =Q(By) > Q Z ay

Nn~X NnNX
The contribution from 2 < j < J is handled similarly as in § 10.1 and similarly for j =1 the zeros
B <1—¢e1/log X. The contribution from the Siegel zero § > 1 — 1/ log X for j =1 is essentially
positive, since &, =1, Xl is real, and by (10.2)

- > al?“x1 (n)(Nn)P~t = - Y xalb+ia)(a®+6)!

Nu~X bEB> a~ (X —b2)1/2
(a,b)= 1
(a?+b2%,2)=1

— Z Z (x1((b+ia)) + 2¢e1)

bEBs an(X —b?)1/2
(a,b)=1
(a?+b%,2)=1
> —261Q(By) > 261 Y ay,
Nu~X

since €1 < 1/10. Therefore, we conclude that also in the second case

> ap>>1gX(1—251O<exp< ))) D> > a

Np~X Nn~X Nn~X
once ¢ is sufficiently small.
11. Proof of Theorem 1.6

By similar reductions as in §3 it suffices to consider A, =1p(b). The goal is to show that if u;
is a modulus of one of the characters &, x; and b does not have a large common factor with uy,
then the sum over the free variable a of { x;(b+ ia) exhibits cancellation. By Theorem 3.3 and
the Siegel-Walfisz bound [FI98b, Lemma 16.1] for small moduli u;, it suffices to show that for
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any j <J; and Y € [X/277 2X1/?] and any |u;|? > (log X)¢” with C" large compared with C’

we have
. XY |B|
/ o—_ .
Sj Z Z X;(b+ia)) < (log X)©
beB ' ac(yv,y (14X 1)
(a,b)=1
a=ao (4)

Note that the weight &;((b+ ia)) has been removed by splitting a into finer-than-dyadic intervals
and using (3.2) to note that then b+ ia lives in a small box.

We write
=Y > > xj(b+ia)

vlu; beB a(YY(14+X "
| (byur)=v ( (a(,b):l )
a=ao (4)

For |v| > |u;|/(log X)¢/? we use the assumption (1.1) to get

XY |B| X "Y|B XY |B]|
—_— l=—— -+ 1€« —
< {log X) |Z (log X" |Z < (log X)07C:"
VU VU,
|v|>|u1|/(log X)C'/2 [v]< (log X)C’/2

once C' is large compared with C; and C. For |v| < |u;|/(log X)¢"/? we use Lemma 2.20 to get

B 1 XY |B|
> < XY T il el B
> < Z u/v|1/3 Z < (log X)0+Cs”
vl beB
[v|<|u1|/(og X)C'/2 (byur)=v

by taking C’ large compared with C; and C. To evaluate the main term we note that

D 2w =1+0(XT) > w).

i i
a,b)=1 a,b)=1
(b+ia,2)=1

12. Proof of Theorem 1.10

This follows immediately from Theorem 3.3 with the zero-density estimate Lemma 2.14 once C’
is sufficiently large, via similar arguments as in § 10.1.
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