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Let R be a ring, see below for other notation. The functor categories (mod-R,Ab) and
((R-mod)°P, Ab) have received considerable attention since the 1960s. The first of these has
achieved prominence in the model theory of modules and most particularly in the investiga-
tion of the representation theory of Artinian algebras. Both [11, Chapter 12] and [8] contain
accounts of the use (mod-R, Ab) may be put to in the model theoretic setting, and Aus-
lander’s review, [1], details the application of (mod-R, Ab) to the study of Artinian algebras.
The category ((R-mod)°P, Ab) has been less fully exploited. Much work, however, has been
devoted to the study of the transpose functor between R-mod and mod-R. Warfield’s paper,
[13], describes this for semiperfect rings, and this duality is an essential component in the
construction of almost split sequences over Artinian algebras, see [4]. In comparison, the
general case has been neglected. This paper seeks to remedy this situation, giving a con-
crete description of the resulting equivalence between (mod-R, Ab) and ((R-mod)°P, Ab)
for an arbitrary ring R.

The first two sections are concerned with detailing an equivalence between ((R-mod )P,
Ab) and (mod-R, Ab). The main result, Theorem 2.5, states that the equivalence between
these categories may be built from the functors Tor(—,~) and Ext(—,—). Parts of this theorem
are well known. For instance the functor Tor(—,-) has been extensively studied in this setting
when R is an Artinian algebra, see [3]. In the third section this equivalence is applied to the
Ziegler spectra of R. In Theorem 3.3, it is shown that the sets {M | fp-inj.dimM < n} and
{N|w.dimN < n}, n a natural number, are closed in their respective spectra when R is left
coherent. Furthermore, it is also demonstrated that these sets are mapped onto each other
under Herzog’s correspondence between the closed sets of the Ziegler spectra, [7, Theorem
5.5). The main result of Section 3, Corollary 3.4, states that when R is left coherent both

spectra are test spaces for right finititistic weak dimension of R. Two special cases are noted:
when R is left Noetherian and when R is left coherent and right perfect.

Throughout R denotes an associative ring with unity. Mod-R is the category of right
R-modules, mod-R the category of finitely presented right R-modules, mod-R is the quotient
category of mod-R modulo the ideal of those maps that factor through a projective. The left
handed analogues of these categories are written as R-Mod, R-mod and R-mod, respectively.
If C is a small additive category then (C, Ab) (respectively (C°P, Ab)) is the category of cov-
ariant (respectively contravariant) additive functors from C to the category of abelian
groups; (C, Ab)P is the category of finitely presented objects of (C, Ab). If F € R-mod and
G € mod-R then (-, F) € ((R-mod)°P, Ab) and (G, —) € (mod-R, Ab) are the corresponding
projective objects.

All tensors are over R and for L, M € R-Mod, N eMod-R, Tor(N, M) = Torf(N, M)
and Ext(L, M) = Ext}Q(L, M). If M is a (left or right) R-module then w.dim M is the weak
dimension of M and fp-inj.dim M is the fp-injective dimension of M. Let M € R-Mod, recall
that w.dim M is the least natural number n such that Tor®_ (—, M) =0 and is infinite if no
such natural number exists. The fp-injective dimension of M is the least natural number m
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such that Exta™!(F, M) = 0 for each F € R-mod and is infinite if no such number exists. The
fp-injective dimension is only well behaved over coherent rings; R is left coherent if and only
if, for each left R-module M, fp-inj.dim M = m implies Ext"*(F, M) = 0 for each F ¢ R-
mod and k> 1. Set rfdR to be the right finitistic weak dimension of R, that is
r.fdR=sup{w.dim N|N € Mod-R, w.dim N < oo}, see [12] and [5].

The left Ziegler spectrum of R is written as rZg, Zgg denotes the right Ziegler spectrum.
The reader is referred to [7] and [9] for the theory of the Ziegler spectrum in categorical set-
ting employed in this paper, and to [14] for the original model theoretic exposition.

1. The functor Tor: ((R-mod)°?, Ab) — (mod-R, Ab). Let M be a left R-module; (-, M)
denotes the corresponding representable object of the category ((R-mod)°P, Ab), P(-,M)
denotes the subobject of (—,M) consisting of those homomorphisms that can be factored
through a projective module and we set (—, M) = (—, M)/P(—, M). For H € R-mod and
x € (H, M) it is easily shown that x € P(H, M) precisely when x can be written as x = 3 _ g;y;,
for some g; : H — R and y; € (R, M).

Lemma 1.1. Let R* SR H 5 0 be a presentation of H € R-mod. Then, considering
(H.M) as a subgroup of (R", M), x € (H, M) if and only if Wx =0 and x € P(H, M) if and
only if x = Vy for some V € (R", RP) satisfying WV = 0 and some y € (R?, M).

Proof. The stated characterisation of (H, M) is immediate from the exact sequence
0> (H M- (R M) - (R",M). If V e (R", RP) satisfies WV =0 then V = wg for some
g: H— R, That Im(V, M) C P(H, M), under the given identification of (H, M), follows.
Let x =Y 7, g;yi € P(H, M), where g; : H— R, y; € (R, M), and let v; = wg;. Set V: R" —
R? to be the matrix whose i’th column is v;, then WV = Ww) g;=0and wx =) wg;y; =
W(y;) as required.

Let f: F— G € mod-R. Fix presentations R* —5 R*~5 F— 0, R*-Y> R*-25G — 0 and
pick matrices A, B which provide a commutative diagram

R Y r X F 500
Al | B Vf ey

R S R 56 — 0

Set U* : R®— R% € R-mod etc. to be the R-dual of U etc. and let

R L g 56T S0
By o4 W )

R = R 5 FI' — 0

be the resulting diagram with exact rows between finitely presented left R-modules. The
modules FT etc. are called transposes of F etc. and likewise the homomorphisms f 7T etc. are
called transposes of f etc.
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It is convenient to work with matrices by considering their action on the bases of the free
R-modules. Let

U: Vi HZ] T, V. Pk )—)ZIU[vlk,
A:ivi— Zk Prdii, B:mjie— Zla,blj

where {v;} etc. are the bases of the appropriate free right R-modulus, so that
Zj byu; = Y, vikak; for each i and /. All the above notation is fixed for the remainder of this
section.

Let M be a left R-module. There is an exact sequence 0 — Tor(F, M) —
Im U® M — R’ ® M. We may thus identify Tor(F, M) with a subgroup of ImU ® M and as
such

Tor(F, M) = [Z’(ZJ njuj,-) ® xi‘Zi UiX; = 0].

Using the identifications of Lemma 1.1, it is apparent that there is an epimorphism

t": (FT,M) - Tor(F, M)
(x,-) — Zi(Zj njuﬁ) ® Xi.
Let U*W =0, Wy € P(FT, M) and write W = (w;,),y = (n). Then t'(Wy) = 2 miuin®
Qn winyn) = 2,002, 3 4jiwin) ® y» =0 and P(FT, M) < Kert’. Assume now that
(x;) € Kert’. From the exact sequence KerU® M — R°Q M — ImU® M — 0, we have
that Y, v, @ x; =Y, (3 ; viwin) ® yp, for suitable >, v;w;, € KerU, y, € M. Let W = (w;,),

then U*W =0 and (x;) = W(yn). Thus P(FT, M) = Ker?. We have proved the following
generalisation of [3, Proposition 2.2].

LeEMMA 1.2. For F € mod-R, M € R—Mod and any choice of F, there is an isomorphism
t}l : (F', M) — Tor(F, M).

LeMMA 1.3. For M € R-Mod and any choice of the matrices in (1), the square

M
(FT, M) -5 Tor(F, M)
¢TIl { Tor(f,M)

G™M) -5 Tor(G, M)

commutes.

https://doi.org/10.1017/50017089500032481 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500032481

170 ELWOOD WILKINS
Proof. Let x = (x;) + P(FT, M) € (F', M), then

tg(x( fT. M) = Zk (Z, O'IVIk) ® (Ziakixi>
= Zi(ZIj U[b]juj,') ® x;
= Tor( f, M(Z’(ZJ ﬂjuji) ® xi)

= Tor( f, M)(t3x).

LEMMA 1.4. Letg: M — N € R-Mod and x € (FT, M), then f¥[(F", g)x] = (t¥x) Tor(F, g).

Proof. Set x = (x;) + P(FT, M), then

(hx)Tor(F,g) = 3~ (3 mus) ® (xig)
= 13((xig) + P(F", V)
= t¥[(F", g)x].

LemMa 1.5. Let M € R-Mod and A € ((R-mod)°?, Ab satisfy P(—, M) < A < (—, M).
Define T(A)(F) = {t¥x|x € A(FT)/P(FT, M)} and T(A)f) : ¥ x —tM(x(fT, M)), then T(A) €
mod-R, Ab).

Proof. In the diagram (1), assume that F= G and f is the identity. Then Tor(f, M) :
M x —t¥(x(fT, M)) is an isomorphism. Since ¢ ¥x € T(A)(F) gives tX(x(fT, M)) € T(A)(G),
the restriction of Tor(f, M) to T(A) is well defined and is also an isomorphism. Thus T(A)(F)
is independent of the choice of transpose of F. Likewise T(A4)(f) is independent of the choice
of the transpose of fand T(4) : mod-R — Ab is a well defined map. It remains to verify that
T(A) is an additive functor. The required properties are inherited from Tor(—, M).

LEMMA 1.6. Let g: M — N € R-Mod and a : A — B € ((R-mod)°?, Ab) satisfy P(—, M)
<A<(=M),P(~,NN<B<(—N)and 4 > (-, M)=8(—.N) = A 5B — (— N). Define
T(a) : T(A) = T(B) by T(a)p: t¥x —t¥[(FT, g)x]. Then T(a) : T(A) - T(B) € (mod-R, Ab).

Proof. As Im(4/P(—, M) — (—, M) (‘—i—)» (-, N)) < B/P(-, N), the restriction of
Tor(—, g) to T(A4) does give a map T(a): T(4) — T(B). That T(a)r is independent of the
choice of transpose follows from Lemma 1.3 and that T{«) is a natural follows from the same
lemma and Lemma 1.4, That T(e) is additive follows from the additivity of Tor(—, g).

Let 8: C — D € ((R-mod)°P, Ab). Construct a diagram

054 — (-M) — C—-0

@ (-9 ¥
0B — (-.N) — D-0
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with M and N pure-projective left R-modules. Clearly g: M — N and o : 4 — B satisfy the
hypotheses of Lemma 1.6. Define Tor : (R-mod)°?, Ab) — (mod-R, Ab) by Tor(C)
= Tor(—, M)/T(A) and setting Tor(8) to be the unique map which makes the diagram

0> T4 — Tor(—,M) — Tor(C)—0

o) | | Tor(-.g) J Tor(p)
0—->TB) — Tor(—,N) — Tor(D)—0

commute.

THEOREM 1.7. Tor(B) : Tor(C) — Tor(D) is independent (up to isomorphism) of the
choice of g: M — N. Hence Tor : ((R-mod)°P, Ab) — (mod-R, Ab) is a well defined additive
Sunctor.

Proof. 1t is routine to check that Tor(C) is well defined up to isomorphism and that,
having fixed g, Tor(B) is likewise well defined. That Tor is an additive functor follows.

2. The functor Ext: (mod-R, Ab)—((R-mod)°?, Ab). Let 4 € (mod-R, Ab), then A is an
object of (mod-R, Ab) if and only if 4(P) = 0 for each projective P € mod-R, or equivalently
if and only if A(R) = 0. It follows that each 4 € (mod-R, Ab) has a unique largest subobject,
eA, which is an object of (mod-R, Ab). If «: 4 — B € (mod-R, Ab), then ca : €4 — &B is
defined by restriction. Observe that ¢ is a torsion radical; in particular Hom(¢4, B/¢B) = 0
for A, B € (mod-R, Ab). If g : M — N € R-Mod, then we abbreviate e(— ® g) : e(— @ M) —
e(—®@N)toeg:eM — eN.

Assume that (1) is a commutative diagram in R-mod with exact rows. As before U* etc.
are the R-duals of U etc. and (2) denotes the induced diagram in mod-R with exact rows.
Again FT, fT etc. are called transposes of F,fetc. If M € R-Mod and x € M“ then, abusing
notation, x also denotes the corresponding homomorphism x : R — M.

LeEMMA 2.1. Let M € R-Mod and x € M®, then (i ® M)x € eM(F") if and only if
KerU < Kerx.

Proof. Assume that KerU < Kerx and let A: FT — R. Set r* =hu' : R* — R and let
r=r*:R— R? be its R-dual. Then hi/U* = 0 gives rU =0 and r € Kerx. Thus (A ® M)
(' @ M)x = rx =0and (i ® M)x € eM(FT). Conversely assume (¢’ ® M)x € eM(FT) and let
re KerU. If r* : R? — R denotes the R-dual of r: R — R?, r*U* = 0 gives r* = hu' for some
h:F* = R.Then rx = (h ® M)’ ® M)x =0 and KerU < Kerx.

Let 7 = ImU and let R 4 R® = R* 5 ] 4 R® be the epi-moni factorisation of U. Lemma
2.1 gives an epimorphism

e (I, M) — sM(F")
g ® M)(ng)
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LEMMA 2.2. The map e’ induces an isomorphism

e Ext(F, M) — eM(F")

Proof. Tt is enough to show that g € Kere' if and only if g factors through «. Certainly
¢x) = W @ M)(mx) = (W U* ® M)x = 0. Suppose (' ® M)x = 0 then, by the right exact-
ness of —® M, x = (U* ® M)y = Uy for some y € M. Writing x = ng: R®* - M, ng = my
and g = y.

LEMMA 2.3. Let g: M — N € R-Mod. Then the squares

eM eM
Ext(G, M) % eM(GT) Ext(F,M) -5 sM(F")
Ext(M) | . 1 eMy™  Ex(ig) | L, Ve
Ext(F, M) -5 eM(F') Ext(F,N) -5 eN(FT)

commute.

Proof. If h: I — M, h denotes the corresponding element of Ext(F, M); a similar con-
vention will be used for other Ext groups.

Let R° & I’ 5 R? be the epi-moni factorisation of V. The matrix 4 induces a map
a : I — I’ which satisfies mo = A7, If h : I' — M, then hExt(f, M) = (ah). We have

eM(fMedh = (fV ® M)('h)
= (' ® M)(math)
= eM[RExt(f, M)]

and the left hand square commutes.
If h: I > M, then hExt(F, g) = (hg). Thus

(eXhegrr = (W ® M)mh)(F' ® g)
= (' ® N)(mhg)
= eﬁ (EExt(F ,2)

and the right hand square commutes as well.

Let @: A — Be(mod-R, Ab); set — ® M and — ® N to be the respecti\g: injective
envelopes of 4 and B in (mod-R, Ab). Pick g: M — Nsuchthat 4 > — @ M = _®N=
A>3 B— —®N. Since ex = o, we have an induced commutative square

A — M
ad ez
B — &N

Define Ext : (mod-R, Ab) — ((R-mod)°", Ab) on objects by Ext(4)(F) = (hle} h € A(FT)}
and set Ext(e) : Ext(4) - Ext(B) to be the restriction of Ext(—, g).
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THEOREM 2.4. Ext : (mod-R, Ab) — ((R-mod)°?, Ab) is a well defined additive functor.

Proof. That Ext(4) € (R-mod)°®, (Ab) and that Ext(4) is independent (up to iso-
morphism) of the choice of M is routinely verified. If e¥ h € A(FT), that e (hg) € B(FY) is
easily checked (using Lemma 2.3), and thus the definition of Ext(e) makes sense. That Ext is
a functor follows and the additivity of Ext is inherited from the additivity of Ext(—, —).

THEOREM 2.5. Let A € ((R— mod)°®, Ab), B € (mod-R, Ab). There are natural iso-
morphisms A =2 Ext(Tor(A)), Tor(Ext(B)) = B. Hence the pair (Ext, Tor) : (mod-R, Ab) —
((R-mod)°P, Ab) is an equivalence.

Proof. We construct the natural isomorphism 7?4 : 4 — Ext(Tor(4)), the isomorphism
Tor(Ext(B)) = B is left to the reader. Let N € R-Mod be pure-projective and 0 —» C —
(=, N) 5 4 — 0 exact. Let — ® M be the injective envelope of Tor(4) and 8 : Tor(4) — M
the embedding. If yox € A(G), then t}(x + P(G, N)) + T(C) (G") = (¢ ® M)rn'h for some
[ — M. Set nfygx = h, which by definition is an element of Ext(Tor(4))(G). Consider the
following squares:

AG) & Ext(Tor(A))G) (G, N) P ExiG, M)
AN . BTy M 1 Ext(/,m)
AF) & Ext(Tor()(F) (F,N) & Exy(F, M)

The map y is an epimorphism and Ext(8) is monic (it is the restriction of Ext(—, 14)). Thus
to show that the left hand square commutes, it is enough to show that the right hand square
commutes. Set er = e}, e = e} and for g € (—, N) let g be the corresponding element of

(=, N).

(Ext(B)g,c@)Ext(f, M) = [Ext(B)(g + C(G)Ext(f, M)
= [eg' (1§g + T(CYGM)IExt(f, M)
= 7' [eM(f T)(tdg + T(C)N(G))]
= 7' [(Tor(fT, N)tgg) + T(C)(F )]
= 7' 1} () + T(C)F")]
= Ext(8)(fg + C(F))
= Ext(B)r, (f2)
= Ext(B)r,#(g(f, N)).

Therefore both squares commute and n* : 4 — Ext(Tor(4)) € ((R-mod)°?, Ab). Since 4 and
Ext(Tor(A)) have isomorphic underlying groups and that the isomorphism between these
groups is 74, it follows that 5 is a natural isomorphism. Finally it can be checked that if
§: 4> A € (R-mod)°®, Ab), then én? = nExt(Tor(8)). This completes the verification
that Ext o Tor is isomorphic to the identity functor.
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3. The finitistic weak dimension. Recall, [14], that gZg has points the indecomposable
pure-injective left R-modules. By [8, Theorem B.16], we may consider the points of pZg to be
the indecomposable injective objects of ((mod-R), Ab). We shall switch between both for-
mulations of the points of xZg without comment. The closed sets of gZg are in correspon-
dence with the Serre subcategories of (mod-R, Ab)™, [7, Theorem 3.8] and [9, Corollary
2.10]. Let C be a closed set of gZg and S a Serre subcategory of (mod-R, Ab)®, this corre-
spondence is given by

C —{A4 € (mod-R, Ab)P{Hom(4, C) = 0},
S —ZS = {M eg ZgiHom(S, — ® M) = 0}.

If 7 is a subset of (mod-R, Ab)®, (7) denotes the smallest Serre subcategory of (mod-R, Ab)®P
containing 7.

LemMma 3.1. [7, Proposition 3.3]. If T is a subset of (mod-R, ABYP, then S(T) =
{M erZglHom(7, — ® M) = 0}.

Auslander [2] and Gruson and Jensen [12] showed that there is a duality D : (mod-R,
Ab)? - (R-mod, Ab)? which is defined on objects by DA(F)= Hom(4,—® F),
(F € R-mod, 4 € (mod-R, Ab)P). This duality induces an order preserving bijection between
the Serre subcategories of (mod-R, Ab)P and those of (R-mod, Ab)?, [7, Theorem 5.5].
There is thus an equivalence between the closed sets of xZg and Zgg. If S € (mod-R, Ab)? is
a Serre subcategory, then DS is the corresponding Serre subcategory of (R-mod, Ab)?, and
if C C rZg is closed, then C* denotes the corresponding closed subset of Zgg.

PROPOSITION 3.2. R is left coherent if and only if Tor(—, F) € (mod-R, ABYP for each
F e R-mod. If R is left coherent, Tor,’f(—, F) € (mod-R, Ab)” for each F € R-mod and n > 0.

Proof. Let Fe R-mod and fix a presentation R*-Y>R0-UsF 5 (. Let RP-LS R4,
F' — 0 be as before and I =ImU, J = KerU. Construct the commutative diagram with
exact rows:

-®J — —Q®R — —-I -0

ol ¥ 18
0—- (FI,-) — (R — A4 =0

where 4 = Ker(— ® u). Since Tor(—, F) = Ker$ and 8 is an epimorphism, there is an iso-
morphism Tor(—, F) = Coka. Thus Tor(—, F) is finitely presented if and only if Im o is
finitely generated if and only if J is finitely generated if and only if I is finitely presented. The
first statement follows. For the second statement, note that when R is left coherent and
n > 1, Tor®(—, F) = Tor(—, G) for some G € R-mod.

THeOREM 3.3 [7, Example 5.1]. Let R be a left coherent ring. For n>0, set

Xn = (M € gZg|fp-inj.dimM < n},and Y, = {N € Zgp|w.dim N < n}. Then X, and Y, are
closed sets of their respective Ziegler spectra and Y, = X,.
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Proof. Let F € R-mod, M € R-Mod, N € Mod-R and put 4 = TorX (-, F). We start by
showing that Ext%5H(F, M) = Hom(4, — ® M) and Tor,’fH(N, FH=Hom(DA,N® —).

Set n = 0. Using the equivalence of Theorem 2.5, Ext(F, M) = Hom((—, F), Ext(—, M)) =
Hom((—, F), Ext(—, M)) = Hom(4, eM) =~ Hom(4, — ® M). Assume that N is finitely
presented, then Tor(N, F) = Hom((N, —), 4) = Hom(D A, N® —). For N arbitrary, write
N= li_I)n N; with each N; finitely presented. Since — ® —, Tor(—, F) and Hom(D 4, —) all
commute with direct limits, we have Tor(¥N, F) = li_rp Tor(N;, F) = li_r)n Hom(D A, N; ® —)

=~ Hom(D A, N® —). Forn > 0, let 0 - G— P— F — 0 be exact with P finitely generated
projective. Then Ext’s™!(F, M) = Ext}(G, M)~ Hom(TorR(—, G), - ® M) = Hom(A, — @ M).
Also Torf (N, F) 2 TorX(N, G) = Hom(D(Tor®(—, G)), N® —) = Hom(D 4, N ® -).

Set 7, to be the Serre subcategory of (mod-R, Ab)P generated by the objects
Tor,’f+,(—, F) with Fe RRmod. By Lemma 3.1, fp-injdimM <n if and only if
Hom(7,, -~ ® M) =0 and w.dim N < n if and only if Hom(D7T,, N® —) = 0. The theorem
follows from X, = £T, and ), = (DT ,).

We apply this theorem to the finitistic weak dimension of R. Krause [10, Theorem 1], has
shown that for a two sided artinian ring, the finitistic projective dimension of the ring is the
supremum of the projective dimension of the points in the Ziegler spectrum with finite pro-
jective dimension. The following result generalises this, the proof is analogous.

COROLLARY 3.4. If R is left coherent then rfd R = sup{w.dimN|N € Zgg, w.dimN
< oo} = sup{fp-inj.dimM|M € gZg, fp-inj.dimM < oo}.

Proof. If for some n > 0 and K € Mod-R, w.dim K =n+ 1 then Hom(7,, K® —) # 0,
Hom(7 41, K® —) = 0. Thus T, properly contains 7 ,4,. Using the correspondence between
Serre subcategories of (R-mod, Ab)" and closed subsets of Zg . this gives that &, is properly
contained in X,.;. Thus if N e X, \ X,, w.dimN = n+ 1. This proves the first equality.
Recalling from [12, Proposition 3.4] that r.fdR = sup{fp-inj.dimM|M € R-Mod, fp-
inj.dimM < oo}, the other equality is similarly proved.

Two special cases of this result are worth noting. If R is left Noetherian, then the fp-
injective dimension of a left module is its injective dimension. Thus the left Ziegler spectrum
of a left Noetherian ring is a test space for the left finitistic injective dimension of R, see [5,
Section 5]. The other case is when R is a right perfect and left coherent ring. In this situation
the weak dimension of a right module is its projective dimension, this following directly from
Bass’ Theorem P, [5], a part of which characterises right perfect rings as being those for
which flat modules are projective. For such a ring, the above corollary states that the right
Ziegler spectrum is a test space for the right finitistic projective dimension of R.
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