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1. Introduction

In [18], Thurston classified linear automorphisms of the torus into three classes, according
to the eigenvalues of the automorphism A € SL(2, Z):

e diagonalizable automorphisms with eigenvalues of modulus 1 (rotations);

e non-diagonalizable automorphisms (Dehn twists);

e automorphisms with eigenvalues of modulus # 1 (Anosov diffeomorphisms).

In this same work, Thurston went on to classify homeomorphisms of any surface up to
isotopy class. The principle was quite similar, and is now known as the Nielson—Thurston
classification of elements of mapping class groups. This is summarized in the following
theorem.

THEOREM 1.1. Let M be a compact orientable surface, and let f: M — M be a
homeomorphism. Then f is isotopic to a homeomorphism F satisfying exactly one of the

o
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following three conditions.

e F is a rotation: there is an integer n for which F"* = 1d.

e F s reducible: there is a closed curve in M which F leaves invariant.
e F is pseudo-Anosov.

Of these three isotopy classes, from a dynamical systems perspective, the pseudo-Anosov
maps are the most interesting. The most familiar example of a pseudo-Anosov map
is the Arnold ‘cat map’ of the two-dimensional torus T2, which is in fact an Anosov
diffeomorphism. No other surface admits an Anosov diffeomorphism, but pseudo-Anosov
homeomorphisms of surfaces besides T2 form an analogy of Anosov maps to other
surfaces. Like their Anosov cousins, pseudo-Anosov maps admit a pair of transverse
foliations of the state space, and the map uniformly contracts points along the leaves
of one foliation and uniformly dilates points along the leaves of the other. In the
traditional definition of a pseudo-Anosov homeomorphism (see §2), the contraction and
dilation factors are constant and inverses of each other, similarly to a hyperbolic toral
automorphism such as the cat map. (Accordingly, these maps are often referred to as
‘linear pseudo-Anosov maps’; see, for example, [7].) The primary difference between
Anosov and pseudo-Anosov maps is the presence of finitely many singularities in the
foliations. These are points where three or more leaves of one of the foliations meet at
a single point. These leaves are known as ‘prongs’ of the singularity. The constant rate
of contraction and expansion along the transverse foliations means the map is globally
smooth except at the singularities. Pseudo-Anosov homeomorphisms have found their way
into almost every field of geometry, such as Teichmiiller theory and algebraic geometry.
However, the ergodic properties of globally smooth realizations of pseudo-Anosov maps
remain a relatively undeveloped area of study.

In [8], Gerber and Katok produced a C* realization of pseudo-Anosov homeo-
morphisms by slowing down the trajectories near the isolated singularities. The result
is a surface diffeomorphism that is uniformly hyperbolic away from a finite set of
fixed-point singularities, but whose differential slows down to the identity at these fixed
points, thus admitting Lyapunov exponents of zero. These smooth pseudo-Anosov models
also admit continuous foliations whose leaves are smooth except at the fixed singular
points. Pseudo-Anosov diffeomorphisms constructed in this way are analogues of the
one-dimensional Manneville-Pomeau map of the unit interval to compact surfaces of
arbitrary genus (see [15]), in that they admit finitely many fixed-point singularities where
the differential slows down to the identity, but the map exhibits uniform hyperbolicity away
from these singularities.

To discuss the ergodic properties of these pseudo-Anosov diffeomorphisms, we use
techniques and results from thermodynamic formalism. Thermodynamic formalism has
been used to study ergodic and geometric properties of several classes of non-uniformly
hyperbolic and non-uniformly expanding maps. One objective of thermodynamic for-
malism is to determine the existence and uniqueness of probability measures known as
Sinai—Ruelle—-Bowen (SRB) measures. These are invariant measures that admit positive
Lyapunov exponents almost everywhere, and have absolutely continuous conditional
measures on unstable submanifolds (see §4). They are also known as ‘physical measures’,
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in the sense that the set of points x € M for which we have

n—1

lim > e ) = / ¢du forany g € CO(M),
k=0

n—-oon

has positive measure. More generally, one also may consider equilibrium measures for
a given potential ¢ € C°(M). Equilibrium measures are mathematical generalizations of
Gibbs distributions in statistical physics, which minimize the Helmholtz free energy of
a physical system. Within thermodynamic formalism, Helmholtz free energy is replaced
with the topological pressure Pr () = sup{h,(f) + f pdp: e My}, where hy(f) is
the metric entropy of f with respect to u, and M is the space of f-invariant Borel
probability measures on the manifold M. Equilibrium measures, in other words, are
invariant probability measures that maximize the sum of the metric entropy of f and the
space average of ¢ with respect to i. The two most important equilibrium measures are
SRB measures (for which the potential is the negative log of the unstable Jacobian, or
@1(x) = — log det | Dfy|gu(x)|), and measures of maximal entropy (for which the potential
is g = 0).

One of the earliest applications of thermodynamic formalism was in studying the
ergodic theory of uniformly hyperbolic and Axiom A diffeomorphisms (see, for example,
[2]). Since then, the theory of thermodynamic formalism has proven useful in other
contexts. For example, the one-dimensional Manneville—Pomeau maps f : [0, 1] — [0, 1],
defined by f(x) = x(1 + ax®) mod 1 fora > 0, « > 0, have been extensively studied as
classic examples of one-dimensional non-uniformly expanding maps (see, for example,
[14, 20] for some recent work on the infinite ergodic theory of Manneville-Pomeau maps).
Additionally, in [5], Climenhaga, Pesin, and Zelerowicz proved existence of equilibrium
measures for a broad class of potential functions in the partially hyperbolic setting. These
equilibrium measures include, in particular, a unique measure of maximal entropy and a
unique SRB measure. Finally, in [3], Buzzi, Crovisier, and Sarig showed that any surface
diffeomorphism admits at most finitely many ergodic measures of maximal entropy, and
that there is a unique such measure in the topologically transitive case. Our results are a
special instance of this setting, and develop further statistical and ergodic properties of the
measure of maximal entropy and other equilibrium states.

In this paper we effect a thermodynamic formalism for these pseudo-Anosov diffeomor-
phisms. Specifically, given a pseudo-Anosov diffeomorphism g of a compact surface M,
we consider the family of geometric ¢-potentials ¢;(x) = —t log | Dg|gu(x)| parametrized
by ¢ € R, where E“(x) is the stable subspace at the point x € M. Our main result, Theorem
4.1, claims that there is a number #y < 0 such that for every ¢ € (¢y, 1), there is a unique
equilibrium measure u; for ¢; that is Bernoulli, has exponential decay of correlations,
and satisfies the central limit theorem with respect to a class of functions containing all
Holder continuous functions on M. We also show that the pressure function ¢ — Pg(¢;)
is real analytic in the open interval (fp, 1). Since the pseudo-Anosov diffeomorphism
g is topologically conjugate to a pseudo-Anosov homeomorphism f, their topological
entropies agree, and since f has a unique measure of maximal entropy, so does g. We
denote this measure pg, for the potential ¢y = 0. As a corollary to Theorem 4.1, we obtain
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a thorough description of the statistical properties of pg. Furthermore, we prove that the

map g has a unique SRB measure, and we describe its ergodic properties. We emphasize

that a phase transition occurs at = 1: in addition to the SRB measure, there is a family of
ergodic equilibrium measures for ¢ composed of convex combinations of Dirac measures
at the singularities.

The techniques we employ to establish our results are similar to those used by
Pesin, Senti, and Zhang in [13] to effect thermodynamic formalism of the Katok map.
The latter is an area-preserving diffeomorphism of the torus with non-zero Lyapunov
exponents. Similarly to the smooth pseudo-Anosov models, the Katok map is obtained
by slowing down trajectories near the origin to produce an indifferent fixed point (that is,
a fixed point of the map whose differential is equal to the identity). However, there are
substantial differences between the Katok map of the torus and the Gerber—Katok smooth
pseudo-Anosov models. These include the following.

e The Katok map acts on the torus, and thus can be lifted to R%, while pseudo-Anosov
maps do not in general admit a lift to R2. The lift of the Katok map to R? plays
an essential role in simplifying the analysis in [13], and some adjustments to this
argument are required to carry out similar analysis of globally smooth pseudo-Anosov
diffeomorphisms.

e The foliations of pseudo-Anosov diffeomorphisms are singular. In particular, the
singularities do not admit a locally stable or unstable subspace forming a curve, but
rather forming the prongs that meet at the singularity. Furthermore, one cannot use
coordinate charts whose interiors contain the singularities if the coordinates corre-
spond to the stable and unstable foliations. Instead, the analysis must be performed in
stable and unstable sectors whose vertices are the singularities (see §3).

e Whereas the slowdown function used to construct the Katok map depends only on
the radius of the slowed-down neighborhood, the choice of slowdown function of the
pseudo-Anosov homeomorphism depends on the number of prongs of the singularity.
This affects the analysis of the behavior of the trajectories near the singularities.

The development of thermodynamics of the Katok map in [13] uses the technology of
Young diffeomorphisms, which are generalizations of hyperbolic maps. The definition of
Young diffeomorphisms relies on hyperbolicity of an induced map on a small subset of the
state space with local hyperbolic product structure. This induced map can be carried over to
a derived dynamical system on the corresponding Rokhlin tower. The thermodynamics of
Young diffeomorphisms have been thoroughly investigated in [12, 17]. Young towers have
been used to study thermodynamic and ergodic properties of a variety of non-uniformly
hyperbolic dynamical systems (see [4]), including almost Anosov toral diffeomorphisms
(see [19]).

This paper is structured as follows. In §2 we define pseudo-Anosov homeomorphisms
and discuss some of their dynamical properties, including measure invariance and Markov
partitions. In §3 we describe the smooth models of pseudo-Anosov homeomorphisms and
state some important dynamical and topological properties of these maps. In §4 we state
our main results. Section 5 is devoted to the study of dynamics near the singularities
and includes some technical calculations needed to prove our main result. Some of these
calculations are similar to those performed in [13, §5] but require some modifications
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and adjustments. Section 6 gives a brief survey of the thermodynamic properties of Young
diffeomorphisms and inducing schemes we will be using. Section 7 proves that our smooth
models of pseudo-Anosov homeomorphisms are Young diffeomorphisms, and finally §8
uses this fact to prove our main results.

2. Preliminaries

We begin with a discussion on measured foliations of a compact two-dimensional C*°
Riemannian manifold M, where we assume M is without boundary. Our exposition is
adapted from the presentation in [1, §6.4]. For the reader’s convenience, we have restated
their exposition here and have included additional details and remarks on the notation
concerning pseudo-Anosov maps and their behavior.

Definition 2.1. A measured foliation with singularities is a triple (F, S, v), where:
o S={xq,...,xy}is afinite set of points in M, called singularities;

~

e F = FWSisapartition of M, where Sis a partition of S into points and Fis a smooth
foliation of M \ S;

e v is a transverse measure; in other words, v is a measure defined on each curve on M
transverse to the leaves of .

The triple satisfies the following properties.

(1) There is a finite atlas of C* charts ¢y : Uy — Cfork =1,...,¢,¢ > m.
(2) Foreachk =1, ..., m,thereisanumber p = p(k) > 3 of elements of F meeting at
x € S (these elements are called prongs of xi) such that:

(@) ¢r(xk) = 0and ¢x(Uy) = Dy, :={z € C: |z| < a} for some a; > 0;
(b) if C € F, then the components of C N Uy are mapped by ¢y to sets of the form

{z € C : Im(z"/?) = constant} N or(Up);
(c) the measure v|Uy is the pullback under ¢ of
IIm(dz"/?)| = Im(zP~2/2dz)).

(3) For each k > m, we have:
(@) ¢r(Ur) = (0, br) x (0,¢c) C R? ~ C for some by, ¢ > 0;
(b) if C € F, then components of C N Uy are mapped by ¢ to lines of the form

{z € C : Im z = constant} N ¢ (Uy);
(c) the measure v|Uy is given by the pullback of [Im dz| under ¢y.
An archetypal singularity with p = 3 prongs is shown in Figure 1.

Remark 2.2. Henceforth, we refer to the C* curves that are elements of F as ‘leaves (of
the foliation)’; in particular, despite the technical fact that the singleton sets of singularities
{x1}, ..., {xx} are elements of F, we do not refer to these points when we refer to ‘leaves
of the foliation’.

Remark 2.3. The transverse measure v is not a measure on M itself, in the
measure-theoretic sense of the word. What v is measuring is the ‘distance traveled’
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FIGURE 1. A three-pronged singularity of a measured foliation with singularities.

transverse to the leaves of the foliation, similarly to how the 1-form dx measures distance
traveled transverse to the leaves {x = xp}. To make this more explicit, properties (2) and

(3) in the above definition ensure that v is holonomy-invariant. In particular, if y and y’
are isotopic curves in M \ S transverse to the leaves of F, and the initial points of y and '
lie in the same leaf Fg and the terminal points lie in the same leaf Fj, then v(y) = v(y/).

Definition 2.4. A surface homeomorphism f of a manifold M is pseudo-Anosov if there
are measured foliations with singularities (F°, S, v*) and (F, S, v*) (with the same finite

set of singularities S = {x1, ..., x;;}) and an atlas of C* charts ¢y : Uy — C for k =
1,...,4, £ > m,satisfying the following properties.

(1) f is differentiable, except on S.

(2) Foreach x; € S, 7 and F* have the same number p (k) of prongs at x.

3
“
&)

(6)

The leaves of F* and F* intersect transversally at non-singular points.
Both measured foliations 7* and F* are f-invariant.
There is a constant A > 1 such that
FFP V) =(F, Vv /A) and  f(F*,v") = (F', wWh).
Foreachk =1, ..., m, we have x; € Uy, and ¢ : U, — C satisfies:
(@) ¢ (xx) = 0and ¢ (Uy) = Dy, for some a; > 0;
(b) if C is a curve leaf in F*, then the components of C N Uy are mapped by ¢y to
sets of the form
{zeC: Re(z"/?) = constant} N Dy, ;
(¢) if C is a curve leaf in F*, then the components of C N Uy are mapped by ¢y to
sets of the form
{z € C : Im(z"/?) = constant} N Dy,;
(d) the measures v¥|Uy and v*|Uy are given by the pullbacks of

IRe(dz?/?)| = |Re(z'?~2/2dx)|
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FIGURE 2. A singular neighborhood with a three-pronged singularity. The solid lines and broken lines
respectively represent the stable and unstable foliations 7 and F*, for example.

and

IIm(dz?/?)| = [Im(z'?~?/2dx)|

under ¢y, respectively.
(7) For each k > m, we have:
(@) dx(Ux) = (0, br) x (0, cp) C R? ~ C for some br, cx > 0;
(b) if C is a curve leaf in 7, then components of C N Uy are mapped by ¢y, to lines
of the form

{z € C : Re z = constant} N ¢ (Uy);

(c) if C is acurve leaf in F*, then components of C N Uy are mapped by ¢y to lines
of the form

{z € C: Im z = constant} N ¢ (Uy);

(d) the measures v*|Uy and v*|Uy are given by the pullbacks of |Re dz| and |Im dz|
under ¢y, respectively.

For k =1,...,m, we call the neighborhood U, C M described in part (6) of this
definition a singular neighborhood, and for k > m, we call Uy a regular neighborhood
(see Figure 2).

Remark 2.5. The notation f(F", v*) = (F*, Av") means two things. First, it means that
if y is a subset of a leaf of F*, then so is f(y), and in particular, so is f~!'(y). Second,
it means if y is an open interval in F°, or more generally any arc in M transverse to the
foliation F*, then v* (f_1 (y)) = 2"(y). Thatis, fiv* = Av¥, with f,v" the pushforward
transverse measure. Likewise for the notation f(F*, v¥) = (F*, v¥/1). So points on the
same F*-leaf contract in the v*-measure by a factor of A, and points on the same F"-leaf
dilate in the v®-measure by a factor of A.
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Remark 2.6. Since f is a homeomorphism, f permutes the singularities; that is, the
singular set S is f-invariant. However, our arguments assume the singularities are fixed
under the pseudo-Anosov homeomorphism. If the singularities are not fixed points, one
could consider an appropriate iterate of f and study the dynamics of this iterate, arriving
at the same results.

We state a few important properties of pseudo-Anosov homeomorphisms we will use
over the course of our arguments.

PROPOSITION 2.7. Let f : M — M be a pseudo-Anosov homeomorphism. For x € M \
S, ThM = T, F(x) ® T, F*(x), and in these coordinates, Df(£°,&") = (§5/A, AEY),
where £ and £ are non-zero vectors in Ty F* (x) and T F* (x), F* (x) and F"(x) represent
the curve containing x in the respective foliation, and ) is the dilation factor for f.

Proof. This follows immediately from the definition of pseudo-Anosov diffeomorphisms
after a calculation in coordinates (see Remark 2.5). O

PROPOSITION 2.8. (See [6, Exposé 10]) A pseudo-Anosov surface homeomorphism f :
M — M preserves a smooth invariant probability measure v defined locally as the product
of v¥ on F"-leaves with v on F°-leaves. In any coordinate chart of M, this probability
measure v has a density with respect to the measure induced by the Lebesgue measure on
R?, and this density vanishes at singularities.

PROPOSITION 2.9. (See [6, Exposé 10]) Every pseudo-Anosov homeomorphism of a
surface M admits a finite Markov partition of arbitrarily small diameter. Conjugated to the
symbolic system induced by this Markov partition, with the measure v as in the preceding
proposition, (M, f,v) is Bernoulli.

3. Pseudo-Anosov diffeomorphisms

Generally speaking, pseudo-Anosov homeomorphisms as defined in Definition 2.4 are
differentiable everywhere except at the singularities x; with p(k) > 3. This is a conse-
quence of the fact that f contracts (respectively, expands) points in the stable (respectively,
unstable) leaves of the foliation, so the differential of f cannot possibly be linear at the
singularities.

In this section we construct a surface diffeomorphism g : M — M that is topologically
conjugate to the pseudo-Anosov homeomorphism f, and whose differential at the
singularity is the identity. (Since we assume the singularities are fixed, this is a reasonable
statement.)

Before proceeding with the construction, we point out that some literature refers to the
maps defined in Definition 2.4 as ‘pseudo-Anosov diffeomorphisms’, despite the fact that
these maps are not differentiable at the singularities. To avoid any confusion, we reserve
the word ‘diffeomorphism’ only for those maps that are differentiable on all of M, and use
the phrase ‘pseudo-Anosov homeomorphism’ for the maps described in Definition 2.4.

Let x; € S, let p = p(xx), and let ¢ : Uy — C be the chart described in part (6) of
Definition (2.4). The stable and unstable prongs at x; are the leaves Pk‘j and P,fj, j=
0,...,p—10of 7 and F*, respectively, whose endpoints meet at x;. Locally, they are
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given by
. 2j+1
Py =¢k_l{pe” 0<p<apn =27 n},
p
. 27
P,fj =qbk_1{,oelt 0<p<ap, T= —]n}
P
For simplicity, assume f (P,fj) - P,fj for all j =1,..., p. Furthermore, we define the

stable and unstable sectors at x, to be the regions in Uy bounded by the stable (respectively,
unstable) prongs:

T<t<
p p

‘ 2j—1 2j+1
S}ij=¢kl{pe”:0§p<ak, / /¥ ﬂ},

Sk”j =¢k_l{peif :0<p <a, 2?]71 <t < 2]:271}.
The strategy for creating our diffeomorphism g is adapted from [1, §6.4.2]. In each stable
sector, we apply a ‘slowdown’ of the trajectories, followed by a change of coordinates
ensuring the resulting diffeomorphism g preserves the measure induced by a convenient
Riemannian metric.
Let F : C — C be the map s1 + is» — As; 4+ isa/A. Note F' is the time-1 map of the
vector field V given by

s1 = (log M)sy, $2 = —(log A)ss.

Let0 < r; <ro <min{ay,...,ac}, and define 7o and 7| by 7; = (Z/p)rjp/2 for j =0,1
and for each p = p(k). Define a ‘slowdown’ function ¥, for the p-pronged singularity on
the interval [0, 00) so that:
() W,(u) = (p/z)(2p—4)/Pu(p—2)/P foru < 712;
(2) W, is C™ except at 0;
(3) W,(u) >0 foru > 0;
@) W,u) =1foru>7.

Consider the vector field Vg , on Dy, C C defined by

§1 = (log A)s1W,(s7 +53) and  §) = —(log A)s2 Wy (s7 + 53). (3.1

Let G, be the time-1 map of the vector field V\pp. Assume r; is chosen to be small
enough so that G, = F on a neighborhood of the boundary of Dy, and assume ry is
chosen to be small enough so that the open neighborhood Uy := (J;—; ¢ 1(Dr0) of §
is disjoint from the open set Ui:m 1 b 1(Dak). We also define the open neighborhood
Z{o = UZ’ZI ¢k_l (Dy,) C Up, as well as U4y and 171 defined analogously with D, and D5,
respectively.

Let a; = (2/p)a,f/2, and define the coordinate change ®y; : ¢kS,§/. — {z:Rez =0} N
Dz, by .

Dpj(2) = Q/p)P* = w =51 +is.

Define g : M — M by g(x) = f(x) for x & Uy, and meanwhile for | <k <m, 1 < j <
p(k), define g on each sector S,ﬁj N qﬁk_l (Dyy) by

g(0) = ¢ ' @' G, Dy e (x).
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PROPOSITION 3.1. (See [1]) The map g defined above is well defined on the unstable
prongs and singularity. It is in fact a diffeomorphism topologically conjugate to f, and
for any € > 0, ro and ry can be chosen so that || f — gllco < €. In particular, g admits a
Markov partition of arbitrarily small diameter.

Next we define a Riemannian metric ¢ = (-, -) on M \ S with respect to which the map g
is invariant. In the stable sector S} i N, 1 (Dgz,), we consider the coordinates w = s1 4 is2
given by ®y; o ¢ defined above. Outside of this neighborhood, we use the coordinates
z = s1 + is2. In both sets of coordinates, the stable and unstable transversal measures are
V¥ = |dsy| and v = |ds|. On stable sectors in M \ S, we define the Riemannian metric ¢
to be the pullback of (dsl2 + ds%) /Yy (s% + s22) under ®y; o ¢. In regular neighborhoods
(Uk, ¢r), we define ¢ = ¢>,f(ds]2 + dsg). Since 7y is chosen so that qb,:l(D;O) is disjoint
from regular neighborhoods, and W, (1) = 1 foru > ?g, ¢ is consistently defined on chart
overlaps. One can further show that ¢ agrees with the Euclidean metric in ¢, ! (Dy,). So¢
can be extended to a Riemannian metric on all of M.

PROPOSITION 3.2. (See [1]) Letting z = t| + ity be the coordinates given by (¢, Uy),
1 <k <m, the Riemannian metric { is actually the Euclidean metric dtl2 +dt22. In
particular, the diffeomorphism g : M — M is |u1-area-preserving, where i1 is the volume
determined by ¢.

For stable sectors S,ij, we use the coordinates w = CIDij (z) = s1 +is2, and in regular
neighborhoods Uy, k > m, we use the coordinates z = s1 + is2. Then s represents the
coordinate in the unstable foliation, and s is the coordinate in the stable foliation. Define
the coordinates (£1, &) in each tangent space T, M, x € M \ S, to be the coordinates with
respect to

-1 2 2 9 .
(qu‘] o ¢k)* <\Ilp(sl + Sz)a)’ 1= 17 2’ (3'2)
l

in each stable sector, and with respect to (¢x); L@ /dsi), i = 1,2, in each regular
neighborhood. For x € M \ S, let C; be the cone in T, M bounded by the lines & = +&,,
respectively, and containing the tangent line to the F* leaf through x. Respectively define
C; to be the cone containing the F* leaf.

PROPOSITION 3.3. (See [1]) For x € M\ S, the cones C,Cy satisfy the following

assertions.

(1) C and C; depend continuously onx € M \ S.

(2) CY (respectively, Cy ) is strictly invariant under Dg (respectively, Dg')onxe
M\ S.

(3) Foreachx € M\ S, the intersections

o0 [e¢)
u . neo+ K . —n
E"(x) := ﬂ Dg Cg_,,(x) and E°(x) := m Dg Cg,,(x)
n=0 n=0
are one-dimensional subspaces of TyM. Moreover, if x € M \ S is on an unstable
leaf, then E"(x) is tangent to the unstable leaf (and similarly for E*(x) on a stable

leaf).
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(4) E“(x) and E*(x) depend continuously on x € M \ S.

We will need a stronger condition on cone invariance. Forx € M \ Sandfor0 < o < 1,

define the families of cones K (x) and K~ (x) by

KT(x)={v=(£,&) e LM : |&] < al&]},
K (x)={v=(§,8) e .M : |&§] < al&]}.

In the original construction of pseudo-Anosov diffeomorphisms yielding Proposition 3.3,

we have o = 1. But for certain later arguments, we will require o < 1.

LEMMA 3.4. There exists a0 < g < 1 such that for all oy < a < 1, and for all x € M,

Dg: K (x) C K™ (g(x)) and Dg [ K™ (g(x) S K™ (x).

Proof. We prove invariance only for K +()c) the invariance of the stable cones is proven

similarly by considering g~ . Assume x € L{o, as the result is clearly true outside of L{o
Consider the vector field (3.1) defined on C. The variational equations for (3.1) give us

il = log A((W, () + 257W, ))& + 25152W ), (u)E2)

and

d . .
% = — log A(2s152W, ()€1 + (W) (u) + 255 ¥, (u))E2),

where u := sf + s22. The ‘slope’ n := &, /&; of a tangent vector in C changes under the

flow of (3.1) as:

dn

- = —2log A((1 + n?)s152W, () + (¥, () + (s7 4+ s9)W,)n).

Suppose ?Jf <u< ?8. Since W), > 0, and \i',, > (0 is decreasing, we have

\pr(u)>‘lfp(??): P = P (7_1>2u
) ~ W, p-2"'" p-2\&

?%, we have

W ~\2
bp) _ _p us P (g)u
V,w) p-—2 p—2\’ro

If n > O, this gives us

~\2
9 _ 5 1og m,,(u><(1 + )15 + (1 n L(r—) )(s1 +s2)n)

Meanwhile, if 0 < u <

dt 2

~\2
= —2log k\i’,,(u)(((l + ﬁ(ﬂ) )n — 5(1 + 7]2))(s12 +s§)

1
+50+ %) (s1 +S2)2)

< —21log AW, )Y () (s? + 53),
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where ¥ (1) := p/(p — 2)(#1/7)? — $(n — 1. Since ¥ (1) > 0, there is a ag € (0, 1)
with ¥ (n) > 0 for «gp < n < 1. Therefore dn/dt < 0 for ¢g < n < 1. For n < 0, we have
dn

= =2log A(¥p(w) + (s 4+ s)W, @) 0| — s1s2(1 + nPH)W, (w))

~\2

. r

> 2 log mp(u)<(1 4 L(é) )(sf + Dl — 51521 + n2)>.
p—2\ro

A similar argument will show dn/dt > 0 for —1 < n < —ayg. Letting & = 7, for z € C,

we have D(G,,)ZKJ(Z) - K(;’(G,,(z)) and D(G,,)Ell)(z)Ko_(G,,(z)) C K, (z), where

Ky @ ={Q1, ) e T.C: || < al1l}
Ky (@) ={(¢1,8) € T.C: |&1] < afsal}

Note that g does not depend on the distance of z € C from 0. Applying the coordinate map
(/)k_l o CI>,:j1 :{z : Re(z) = 0} N Dz, — M, the cones K™ (x) and K~ (x) defined using the
coordinates in (3.2) for 7y M satisfy the same invariance property as K(;’ and K . This
proves the lemma. O

4. Main results
We begin by defining the relevant ergodic properties under consideration. Given a con-
tinuous potential function ¢ : M — R, a probability measure p, on M is an equilibrium
measure for ¢ if

Pg(<p)=hu¢(g)+fM¢du<p,

where 71, (g) is the metric entropy of g with respect to jiy,, and P, (@) is the topological
pressure of ¢; that is, P, (¢) is the supremum of %, (g) + |, y @ dpoover all g-invariant
probability measures i on M.

A special instance of equilibrium measures are known as SRB measures. Given a
(uniformly, non-uniformly, or partially) hyperbolic function f : M — M on a Riemannian
manifold M, an f-invariant Borel probability measure ;« on M is called an SRB measure
if f admits positive Lyapunov exponents p-almost everywhere, and if the conditional
measures of y on the unstable submanifolds are absolutely continuous with respect to
the Riemannian leaf volume.

Additionally, we say that g has exponential decay of correlations with respect to a
measure i € M(g, M) and a class of functions H on M if there exists k¥ € (0, 1) such
that for any hy, hy € H,
< Ck"

‘/hl(g"(X))hz(X) dM(X)—/hl(X) d,u(X)/hz(X) dp(x)

for some C = C(hy, hy) > 0. Furthermore, g is said to satisfy the central limit theorem for
a class H of functions if for any # € H that is not a coboundary (namely, & # h’' o g — A’
for any A’ € H), there exists o > 0 such that

1”71 . 1 4 2,52
lim p]— hg'x)— | hdu) <t} = e T2 gr.
i i g 2 (rs'eon [ nan) <if= o [

0
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The family of potential functions we consider are the geometric t-potentials defined by
@1 (x) = —t log | Dgy|E«(x)|. Although the unstable distribution £ does not continuously
extend to the singularities, the differential Dg,, is the identity at each singularity xo, so ¢;
continuously extends to the singularities; in particular, ¢;(xg) = O for each singularity xo.
So the geometric ¢-potential is well defined in this setting.

Our result shows there is a #9p < O for which every ¢ € (fp, 1) admits a unique
equilibrium state py, =: u, for the potential ¢, : M — R. When t =0, ¢p =0, so the
equilibrium measure po satisfies Pg(0) = h;,(g), and so po is the unique measure of
maximal entropy for g.

We now state our main result.

THEOREM 4.1. Consider a pseudo-Anosov diffeomorphism g : M — M on a compact

Riemannian manifold M. The following statements hold.

(1) Given any ty < 0, we may take ro > 0 in the construction of g so that for any t €
(to, 1), there is a unique equilibrium measure |; associated to ¢;. This equilibrium
measure has exponential decay of correlations and satisfies the central limit theorem
with respect to a class of functions containing all Holder continuous functions on M,
and is Bernoulli. Additionally, the pressure function t — Pg(¢,) is real analytic in
the open interval (tg, 1).

(2) For t =1, there are two classes of equilibrium measures associated to ¢1: convex
combinations of Dirac measures concentrated at the singularities, and a unique
invariant SRB measure |L.

(3) For t > 1, the equilibrium measures associated to ¢; are precisely the convex
combinations of Dirac measures concentrated at the singularities.

Remark 4.2. Uniqueness of the measure u; for ¢ € (f, 1) implies that this measure is
ergodic, but in fact Theorem 4.1 gives us that this measure is Bernoulli.

Remark 4.3. Taking t = 0, this theorem shows that the dynamical system (M, g) admits
a unique measure of maximal entropy that is Bernoulli, has exponential decay of
correlations, and satisfies the central limit theorem.

Remark 4.4. Although we know > P, (¢;) is real analytic in (9, 1), we do not know
about the behavior of Pg(¢;) for t < ty. In particular, it is not known whether (M, g, ¢;)
admits a phase transition at t = 7.1

5. Dynamics near singularities

In this section, we discuss the dynamical properties of pseudo-Anosov diffeomorphisms,
considering both their global behavior and their behavior near singularities. The ther-
modynamic constructions we will develop in §§6 and 7 require bounds on how quickly
nearby orbits diverge from each other. For this reason, the estimates and inequalities

T For the Katok map, it is shown in [21] that for sufficiently small values of the parameters « > 0 and r > 0,
the Katok map has a unique equilibrium measure i, corresponding to the geometric potential ¢; for all values of
t<1.
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collected in this section will become important tools to examine how nearby orbits behave
in neighborhoods of the singularities.

Several of the technical calculations made here are similar to the calculations performed
for the Katok map in [13]. However, they are carried out here for the reader’s convenience,
as well as the fact that the slowdown function in the Katok map uses different constants
depending on the radius of the slowed-down neighborhood (by contrast, our slowdown
function depends not on the radius of the slowdown, but on the number of prongs of the
singularity).

Our first two technical estimates concern how long an orbit remains in a neighborhood
of a singularity. Recall our definitions 7¥; = (2/ p)rj[? for j =0, 1.In particular, 7 and 7
depend on p, and thus dependon k fork =1, ..., m.

LEMMA 5.1. There exists a T, > 0, depending on p, A, ro, and r1, so that for any solution
s(t) of (3.1) with s(0) € Dy,

max{t > 0:5(t) € Dy \ Dy} < Tp.

Proof. The value 5157 is invariant under the flow. If 5157 > %??, then when s; = 57, the

minimum value of s]2 + sg is at least 712, and the trajectory never enters Dy,. If 5152 < %712,

the trajectory either will enter D7, or has already entered D5, and is on its way out of Dy,.

. 1~ q: ~ 2,25 2 h lod o 2.2 _ 252 25

Case 1: s157 > 31 Since Fo = sy +s5 > 55, we have zr| < sisy < {75, S0 57 >
rf /4?3. So, since ¥, is an increasing function,

d (A

E(s%) = 2s12\IJp(sl2 + s%) log A > ?llfp(rlz) log A.
0

It follows that the time T it takes for s% to reach ?(Q) from s%(O) > 7f /4?3 satisfies

~ 4 )42 2 2p
7 — G /475) dry” =1,

TGV, log k27 log 4

Case 2: 5157 < %7% Assume that s1 < s7, ensuring that the trajectory will enter Dy, . If we
can prove there is a uniform time bound 7 before which this happens, then by symmetry
of the vector field, the same 7 is an upper bound for the time it takes this trajectory to exit
D5, when 51 > 5.

We will in fact establish a bound on how long it takes s% to decrease from sg(O) to

%712 when s1 < s;. For then, because 5152 < %?IQ, by the time s22 = %712, the trajectory will

already have entered Dy, . So, s% > %7? and since in this case s12 + s% > %?% we have

d ~ 1
E(s%) = —2s22\1'p(s12 +53) log & < —r12\11p<5r12> log A.

It follows that the time 7 it takes for s% to reach %?12 from s%(O) < 'fg satisfies

~2 ~2 p p
T < ro — (1/2)r; _ (-2 2ry =1y ' 0
TV, ((1/2)7) log A 21772 log A
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LEMMA 5.2. There exists a T € Z, depending on ro and A, so that for any x € Z{o =
Ui=1 ¢1:1(DFO) C M, we have

m
max {N >0:¢"(x) e | oy (Dx \ D) foralln =0, . .. N} <T.
k=1

Proof. This follows from Lemma 5.1 after taking 7 = max{T,x) : k= 1,...,m}. O
Next, we will establish bounds on how quickly nearby points will diverge while
remaining near the singularities. The main lemma that demonstrates this bound is
Lemma 5.5.
LEMMA 5.3. Fori, j = 1,2, define the functions d;j : D, — R by
2

asiaSj

d;j(s1, $2) = (sz\pr(sf + s22)).

Then

6p — 12 @2p—4)/p
P . <£> (2 + s2)(P=H/2p,

max |d;;(s1, $2)| <
i,j:1,2| i ( )| >

Proof. Recall that for u < 7%, we have W, (1) = (p/2)2r=4/py(P=2)/P S0,

9 2p—4(p @2p—4/p B
— (WU, +53) = —o( % s152(s7 +53) 7P,
as1 p 2

9 2p—4(p 2p-4)/p B
a—sz(sz\pp(slz‘i‘sg)) = T(E) 522(S12+S%) 2/p

p 2p-H/p
Note |51 |2 < ,/slz + s%, and since p > 3,
4512

_ <
p(s? +53)
Therefore, for all (s1, 52) € D5,

Cp=H/p| 4

2 2\—2/p
—s5152087 + 5
B5; 152(s7 +55)

N
|
I

2
|di1(s1, $2)| =

A

P
2
2p—4 Qp-4/p A
= pp <§) s2(s7 +53) 7P — ;s%sz(slz + 52y~ 2/p
2p —4 @p-4/p e
() et
p s] S2

A
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A similar argument applies for dip = dz; and for dy,, though in dpy we use the estimate
—2 <4s?/3p(s? + sg) instead:

@p—4/p 452
4 s
ldi2(s1, 52)| = <5> Is11(sT + 53) /7|1 p(s242”2)
15
@p=4/p
2p 4 £> (52 + sH)P=H/2p
2 s
@p-4/p 452
p _ s
|daa (51, 52)| = <5> Is2l(s3 + s3)72/7|1 —3P(S22+ =
15
— @p=H/p
- 6p — 12 <§) (52 + s2) =12, O
p

Let s(t) = (s1(t), s2(t)) be a solution to (3.1), and assume s(¢) is defined in the unique
interval [0, T'] for which G;l(s(O)), G,(s(T)) ¢ Dy, and s(¢) € 571 for0<t<T.In
particular, this means s(0), s(T') € 9Dy,. (Recall that G, is the time-1 map of the vector
field (3.1).) Further denote 77 = T /2, so that if s1(¢) > 0 and so(¢) > O for ¢ € [0, T], we
have s1(t) < sp(¢) fort € [0, T1] and s1(t) > s1(¢) fort € [Ty, T].

LEMMA 5.4. Given a solution s(t) to (3.1), and T and T defined above, we have the
Jollowing inequalities:

@ [s1()] < siB)I(1 + Cos1(b)2P=V/P (b —1))=P/Cr=4 0 <t <b < T;

(b) 1s2(1)] < Is2(a)|(1 + Cosa(@)2P~H/P (1 —a)) P/2P~H 0 <a <1 < T;

© 20| = Is2(@)|(1 +2P=2/PCos3(a)?P~Y/P (1 — @) P/CP= 0 <a <1t <Ty;
@) [s10)] = Isi B +2P72/PCosy () 2P=D/P (b — 1))~ P/CP~H T <t <b <T.
Here Co = (2p — 4)/ p(p/2)?P~4/P log A.

Proof. By symmetry, we may assume s1(¢) > 0 and so(¢) > O for ¢ € [0, T]. Then, using
the facts that s]2 + s% > sl.2 fori = 1,2, and that ¥, (u) = (p/2)CP=H/Py(P=2/P for 0 <
u <77, (3.1) implies

d P\ @9/
—s51(t) > <_> s1(1)PP=H/P Jog A,

dt 2
J @r—4/p
S < (g) 520377 log 1.

In particular, this gives us

4 N
Sl(f)7(3p74)/pasl(l) > <5> log A,

log A.

o @p—4)/p
s2(6)” 0P 4)/”ES2(I) < —(%)

Integrating these expressions between a and b, where 0 < a < b < T, we get:
52(0)"FP7VIP — (@) PP > Co(b — ),
s1(b)~CP=VIP — 51 (a)CPIIP < —Co(b — a),
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where Cop = 2p — 4)/p(p/2)(2p_4)/1’ log A. From assuming that s;(¢) > 0,i = 1, 2, we
get inequalities (a) and (b).

Using the fact that s1(¢) < sp(¢) for0 <t <T1 = %T and s (t) > sp(t)forTy <t <T,

we get

st + () <2503 0<t <Ty,
5102 +52(0)? < 2510 Ty <t<T.

Once again, applying (3.1) yields
d p @2p-4/p
i) <2070 (5) sV P log, T <t<T,
d p 2p-4)/p
()= —2”’—2)/1’(5) s2()3P /P logh, 0<T) <T.

Using the same integration strategy from a to b as before gives us

s1(B)" PP — 5 (1) PP > 20TRIPCy(b —1), Ty <t <b<T,
sz(t)—(2p—4)/l7 _ sz(a)—(2p—4)/ﬂ < 2(P—2)/Pco(t —a), 0<a<t<T
This gives us inequalities (c) and (d). O

Now suppose 5(¢) = (51(¢), 52(¢)) is another solution of (3.1) defined for 7 € [0, T']. We
will need an upper and lower bound for As(r) :=5(t) — s(t). Let As; (1) =5;(t) — s (1),
=12

LEMMA 5.5. Suppose s1(t) # 0 # sy(¢t) fort € [0, T] and that Asy(t) > 0 fort € [0, T].
Suppose further that 0 < a < 1 satisfies:

(1) |Asi(®)| < alAsy(t) fort € [0, T];

(2) 1A5200)/520)] = (1 —)/72.

Then,
Asy(0

Asa(1) < Sz(()))m(t)(l 12PN E 0<i<T),
Aso (T 14+ 20=D/pCosi (BY2P—D/P (b — 1) \ P

sy < 2200 g (LE2T T 0D N\ gy e,
s1(Th) 1+ 2(=2/PCys; (b)2P=D/P(b — T))

where B =2-Gr=2/P(1 — @), and Cy is the constant from Lemma 5.4. Furthermore, for
0<a<Th <b=T,

b
1as) < V1 + 229 As@l. (5.1)

s2(a)

Proof. Assume s;(t) > Ofor j = 1, 2; the other cases follow by symmetry. Further denote
u= S12 + s% and u = E]Q + Eg Applying equation (3.1) to the second Lagrange remainder
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of the function (s1, 52) = s2¥) (sf + s%) centered at the point (sg, s7), we get

d
— A5

7 —log AW, () — 52, (u))

3 3
— log l(—(sz‘llp(u))An + —(2¥,(u))Asy
0s1 052
Z djr (&1, Ez)ASjASk)
Jj.k=12
— log A<2s1s2\i1p(u)As1 + (W, (1) + 2559, () Asa
1

+3 ;zd,k@l,szmsmsk),

JK=1,

where the d j; are as in Lemma (5.3) and & = (&1, &) € Dy, is such that §; lies between s
ands; for j = 1, 2.It follows that

d Asz 1d 1
= ——As — —szAS2
dt sy dt s2

. 1 .
— log A<2s1\llp(u)As1 + —‘I’,,(u)Asz + Zsz\IJ,,(u)Asz>

log A

> di. )2

jk=12

20 — 4) log A @p-4)/p
- _%(%) u=2P(s1As1 + s2A52)

> dper, ) ——

j.k=1.2

1
+ log A —W,(u)As>
52

log A sj Ask

Suppose 0 <t < Tp, so that 0 < s1(t) < s2(¢). Since |As((t)| < aAsy(t) by assumption,
we get

S1AS] + 520A82 > (—s1a + 52)Asy > (1 — a)spAsy.

Lemma 5.3 implies

24p — 48 2p-4)/p B
> djk(Er. &) AsjAsi > —”T(g) & +ENPTIP(As)?. (52)
Jj.k

It follows from the above two inequalities that

d (Asy (2p —4) log A @p=H/p B
E(K) <-q —a)pfg g (52 + 53 PsyAs,
2p—4
p 2 1 2 §2 :
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Since 51 (1) < so(¢) for 0 <t < T}, we have 522 < s% + s% < 2s%. Therefore,

2p—4 2
d (B2 _ g, @p=logd (NI o Gy, 5 An
at\ so ) = p 2 b si+sy %2

2 2

N (12p — 24) log A (P)(2p_4)/ps(2p—4)/p(§12 4 522)(p_4)/2P(As2>2
At it R 5 21 P2 -

p §5 52
< _a)(p_z) log A ps2 (217—4)/17&
=< — |3 -
n (12p —24) log A <@>(2P4)/17(§12 + 522)(174)/217(%)2
P 2 s% 52
Denoting k = k(t) = (Asz/s2)(t), we summarize:
— 2 log A @p-4/p
_KS_(l_a)(p ) log A ( psa .
dt p 2
N (12p — 24) log A <&>(2p—4)/1)<§12 + %‘%)([7—4)/2[7’(2
4 2 sz2
(p—2)log A [ ps2 Cp=4/p 512 + 522 (p—4/2p
=\ > k{l—a—12 5 « ).
p 2 52

(5.3)

Note that 0 < s < & <5 =50 + Asy, and & < 51 + |Asy| < s + aAs;. Therefore,

€2 - £+ &3 _ 2+ aAn) + (s + As)’
2 — 2 — 2
2 S )

=0 4a)’+ 1 +x)?*<2(1+x)>%

It follows that

<s%+é%)“"‘”/2” _ I it p=3.4,
53 Tl 4+)H P2 if p > 5.

Using assumption (2), we observe that

2 s2N (p—d/2p |
1—a—12<§1+§2> K (0) > 2“.

2
S

Equation (5.3) now implies

dk
dt

__(—o)(p-2logh <p52(0)>(2p4)/pK 0 <.

=0 2p 2

So k(t) satisfies

|l -«
0 t —
<k(t) < -
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for 0 <t < ¢ for a small number § > 0. The same arguments as before now imply
de _ (1—a)(p =2 logh ( psa(t)\ =07
dt — 2p 2
for 0 <t < §. Since « and s, are continuous and positive on [0, T1], the estimates (5.5)
and (5.6) apply for 0 < ¢ < T7. Applying Gronwall’s inequality to (5.6) gives us, for 0 <
t<T,

1 — —2)log A @Cp=4)/p 1

k(1) < (0) exp ( _d=a)p =2 log (5) / $2(7)2P=H/P dt). (5.7)
2p 2 0

Applying the third inequality in Lemma 5.4 to this integral gives us

k() <0 (5.6)

t '
/ SZ(T)(2P—4)/P dr > / s2(0)(2p_4)/p(1 + 2(17—2)/[7(;052(0)(217—4)/17.[)—1 dt
0 0

1 _ _
= 35, el +20P=D/P o 55 (0) 2P~/ ),

Recalling that Co = (2p — 4)/p(p/2)?P~H/P log 1, (5.7) now becomes

1
k(1) < k(0) exp ( 2((313—2)/)], log(1 + 227 Cys55(0) 2P~ 4)/pt)>

=k (0)(1 + 2772/P Cysy (0)2P~4/Pp) =P, (5.8)

giving us the first inequality of the lemma.
To prove the second inequality, arguing as before for 71 <t < T, we get

d 0 ad
EASQ = — IOg A.(a—“(szwp(u))AS] + @(sz\l’p(u))Asz

Z djr (&1, Ez)ASjASk)

jk=12

for & = (&1, &) satisfying min{s;, s;} < &; < max{s;,s;}. Thus, using assumption (1) and
positivity of s, ‘ilp, and As»,

d As2 1d 1
= ——As) — —S1AS2
dt s1 dt s1

. Asy 2 Asy
= —log A ZSISZ\IJP(M)_ + (2s2\llp(u) + \I'[,(u))s—
1

1 As>
- = l A d kg VY —
ogh Y di, £ 0g ¥, (1) —

Jjok=1.2

. 9 Aso

< —2log A(W,(u) —as1s2W,(u) + szllfp(u))s—

1

As ;i Asy
——logZd,k@l £2) =

As log A As;Asy
< ~2l0g M(Wp() — as1s2Pp() 7 - S B TGS s

ik
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Observe that
Yy P 2, 2 p XN 2, 2
— —as1s) = (5] +s3) —asisy > [ —— — = (57 +53)
» p—2 p—2 2
2—«a
> P9 o o)
2(p—2)

It follows, in particular, that

(S% + s%)(ﬂ—z)/P.

. p Qp—4/p ) —
W) —asiso Wy (u) > <5> 3

Furthermore, applying the inequality in (5.2), we get

J/A @r—/p LA
E(£> < —log x(%) Q@ —a)s PP 22

S1 s
o )L<£>(2p—4)/p @p—ay/p 12(p —2) (E% + 522>(p—4)/2p(As2>2
g 5 5 ]

2 p S1 S1

In particular, if we denote x (f) = (Asy/s1)(¢), we find that

d 2p—4H/p B 12(p — 2 2 4 g2 (p—H/2p
d_)t( §—logk<£> N 4)/pX<2_a_ (p )<§1 52) X>~

2 P s12
(5.9
Recall that min{s;,s;} < &; < max{s;,;}, and that As; =%; —s; for j = 1, 2. There-

fore,
sj—|Asj| <& <5+ |Asj].

In particular, since |As1| < aAs, by assumption (1), we get

2
aAsy
s%+s§zs%z(s1—|As1|)2z(s1—aAs2>2=s%<1— - ) > s3(1— x)°.
1

Furthermore, since s2(#) < s1(¢) whenever 71 <t < T, we get

2, g2 2 2
+ As s As
Qi 5<1+| 1') +(‘2+—2> < (4 a0+ (1402 <201+ 02
Sl S1 | S1

It follows that

&\ _[a— o, p=3.4
s12 T 221 4 )PP p >S5,

Since s1(T1) = s2(T1), by the first estimate in this lemma and assumption (2), we find that
As>(Th) _ As>(Th) - As>(0) - 1l—«a
s1(Th) s2(T) = 2000 = 72
Again, applying assumption (2) gives us
12(p —2) (£} + &2\ P~2r -«
- = (1 2 X (@) = —2.

2
p 51

0=<x(M) =

2—«a
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So (5.9) now becomes

(1 —a) log A @p=4/p _
< —fg@) s1(T)CP=/P ¥ (T}) < 0. (5.10)
t=T

dx
dt

Repeating the argument for the first estimate in this lemma, we find that the inequalities
in (5.10) hold for all ¢t € [T1, T]. For T} <t <b < T, by Gronwall’s inequality and
inequality (d) in Lemma 5.4, we get

1 — ) log A @p=4/p pt
X () < x(T1) exp (— %(%) [ siwer-or d,)
T

(1 —a)log A @p=4/p -
< x(T1) exp (— %(g) s1(b)2P=9/p

t
w [ (1 2027 sy (T 2P P, (T 2P-DIP (b — 1)~ d,)
T

p( - 14 20P=2/PCos) (T1)2P=D/P (b — 1)
2@P=2/p(p —2) 08 1+ 20=2D/pCosy (T1)@P—D/P (b — Ty)
14 20=2/PCysy (T)CP=H/P (b — 1) \PP/(P=2)

1+ 2=/ Cqysy (T7)CP—H/P (b — Tl)) ’

= x(T1) eXP(

=X(T1)<

The second estimate now follows.
To prove the final inequality, (5.6) and (5.10) show that x (a) > «(T1) and x(T7) > x (b)
for0 <a <T; <b < T.More explicitly,
Asy(T1)  Asa(a) Asy(b)  Asy(Th)
< an < .
s2(Th) s2(a) s1(D) s2(Th)
Recalling that s2(77) = 51(T1), combining the above inequalities gives us
s1(D) Asy(Th) _ s1(b)Asy(a)
s2(Th) Y () N

By the assumption that |As|| < aAs,, we get

Asy < ||As] < V1 +a2Asy,

and combining this inequality with the preceding one gives us the final inequality in the
statement of the lemma. O

Asy(b) <

Our final estimate concerns the size of the angles between tangent vectors in the unstable
cones near the singularities. This will be used in examining the distance between the
unstable subspaces of nearby points in neighborhoods of the singularities.

Recall that the neighborhood Ijll of § is given by le = UZ:I ¢,:1(D71). For x € Zjﬁ,

define
L(Dgyxv, Dgyw) }
X) = max _ 5.11
J/( ) v,weKt(x) { Z(U, w) ( )
lvll=llwll=1

and denote y; (x) = y (g’ (x)) for j > 0.
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LEMMA 5.6. Foreveryx € Zjll with g/ (x) in the same component ofljll forj=0,...,k
we have

k—1

[17() = (4 + Cosa () 2P~/ Piy=pIP=2),

j=0

where Cy is the constant from Lemma 5.4.
Proof. Denote z = @y (¢ (x)) = (5s1(0), 52(0)), so that
(D 0 ) (g7 (X)) = (51()), 52())).

Consider a tangent vector v = ({1, ¢2) in C along a trajectory of the vector field (3.1).
Reparametrizing n = ¢{»/¢; with respect to sy instead of ¢ along this curve, equation (3.3)

implies
dn dn (ds; - 5 ‘il,,(u) 1. S%—i—sglilp(u)
— =—— =-=-2( —Wv - .
ds; dt(dt) (( sy oy GO T T W )

Fori =1, 2, let n; (s1) = ni(s1, s1(j), n?) be a solution to this differential equation with
initial condition n; (s1(j)) = n?. Then
1

d
S—m)=—2—(1
dt(m n2) S1( +

\ij(u)
W, (1)
If (61, &) = D(Py;j o ¢k);1(§1, 0) € Kt(x), then |n;| < @ < 1fori = 1,2 (see Lemma
3.4), so n + n2 > —2. Positivity of ¥, and lilp now yields

d 1 W, (u)
E(m —m) =< —2;(1 v, (o)

(57 + 53 +s152(m + nz))) (1 — n2).

(s1— sz)z) (m —n2),
and so by Gronwall’s inequality,

[m(s1(j + 1) —n20s1(j + D)

s1G+1) W (u)
0 0 p 2
<In —nleXP<—2/ —<1+—(S1—82) )dS1)
b sy S ) (u)
s1(j+D) ds;
sln?—nglexr)<—2/ —)
s1(j) S1
. 2
0 0 s1(J)
=|m —m\ ————=
s1(j+ 1)

00 Sz(j+1))2
= "2'< NUA

where the final equality follows from the fact that the trajectories lie on hyperbolas, and
so the product sys; is constant. Observe that if v = (v, v3) and w = (w1, wy) are two
vectors with 1, = vo/v; and 1y, = wy/wq, then

/(v, w) = |arctan 5, — arctan n,,|,
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and so by concavity of > arctan n and conformality of the coordinate map ®; o ¢,

n

- <s2<j + 1))2
“\ () /-

k—1 2
_ s2(k)
[0 = (50)

The desired result now follows from inequality (b) in Lemma 5.4, since by hypothesis
g’ (x) is in the same component of Uy, hence G{, (z) e Dy for0 < j <k. O]

Ini(s1G + 1), s1(), 1)) — 261G+ D), s1(5), 1) }

yj(x) < max {
m, In9 — I

It follows that

6. Thermodynamics of Young diffeomorphisms

Given a C'*% diffeomorphism f on a compact Riemannian manifold M, we call an

embedded C! disc y C M an unstable disc (respectively, stable disc) if for all x,y €

y, we have d(f~"(x), f7"(y)) — O (respectively, d(f"*(x), f"(y)) = 0) as n - +o0.

A collection of embedded C! discs I = {y;};cz is a continuous family of unstable

discs if there is a Borel subset K* C M and a homeomorphism & : K* x D* — J; ¥,

where D* C R? is the closed unit disc for some d < dim M, satisfying the following

assertions.

e The assignment x — ®|(y}xp« is a continuous map from K°® to the space of C !
embeddings D" < M, and this assignment can be extended to the closure K*¥.

e Forevery x € K*, y = ®({x} x D") is an unstable disc in I'.

Thus the index set Z may be taken to be K* x {0} C K* x D". We define continuous

families of stable discs analogously.

A subset A C M has hyperbolic product structure if there is a continuous family
I' = {y/"}iez of unstable discs and a continuous family I' = {y]?' }je of stable discs
such that:

e dimy/ + dim y]‘? =dim M for all i, j;

e the unstable discs are transversal to the stable discs, with an angle uniformly bounded
away from O;

e cach unstable disc intersects each stable disc in exactly one point;
A= (U, V,‘u) N (U] V;)

A subset Ag C A with hyperbolic product structure is an s-subset if the continuous
family of unstable discs defining A is the same as the continuous family of unstable discs
for A, and the continuous family of stable discs defining Ao is a subfamily I'j of the
continuous family of stable discs defining I'g. In other words, if A9 C A has hyperbolic
product structure generated by the families of stable and unstable discs given by I'j and
Fg, then Ag is an s-subset if Ff) C I'S and Fg = I'%. A u-subset is defined analogously.

Definition 6.1. A C'** diffeomorphism f : M — M, with M a compact Riemannian
manifold, is a Young’s diffeomorphism if the following conditions are satisfied.
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(YD

(Y2)

(Y3)

(Y4)

(Y5)

D. Veconi

There exists A C M (called the base) with hyperbolic product structure, a count-
able collection of continuous subfamilies Ff C I'S of stable discs, and positive
integers t;, i € N, such that the s-subsets

AS = U(ymA)cA
yer;
are pairwise disjoint and satisfy:

. . s
(a) (invariance) for x € A3,

A @) Cy (ff(x) and  fHQM(x0)) Dy (fT (),

where y**(x) denotes the (un)stable disc containing x; and
(b) (Markov property) A} := fT (A})is a u-subset of A such that for x € A},

AT NA) =y () NA  and
A @) NAD = y"(ff(x) NA.
For y* € T', we have
Pye (P NA) >0 and  puyu(el(A\U; AD N y™) =0,

where (.« is the induced Riemannian leaf volume on y* and cl(A) denotes the
closure of Ain M for A C M.
There is a € (0, 1) so that for any i € N, we have:

(@) forx e Ajandy € y*(x),
d(F(x), F(y)) < ad(x, y);
(b) forx € AYandy € y*(x) N AJ,
d(x,y) < ad(F(x), F(y)),
where F : | J; A} — A is the induced map defined by
Flas = f"as.

Denote J*F(x) = det | D F|gu(x)|. There exist ¢ > 0 and x € (0, 1) such that:
(@) foralln >0,x € F7"(|J; Aj) and y € y*(x), we have

JUF(F"(x))
log —————| < cx
JUF(F"(y))
(b) for any io,...,i, € N with F¥(x), F¥(y) € A} for 0<k<n and ye
y¥(x), we have

n.
)

‘10 —J“F(F"*k(x)) <c;ck
ST F(F Ry | =

There is some y* € I'* such that

o0
Z Tiiyu (A]) < 00,
i=1

https://doi.org/10.1017/etds.2021.43 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.43

Thermodynamics of smooth models of pseudo-Anosov homeomorphisms 1309

We say that the tower satisfies the arithmetic condition if the greatest common divisor
of the integers {t;} is 1.

We use the following result to discuss thermodynamics of Young’s diffeomorphisms,
which was originally presented as Proposition 4.1 and Remark 4 in [13].

PROPOSITION 6.2. Let f: M — M be a C'** diffeomorphism of a compact smooth

Riemannian manifold M satisfying conditions (Y1)—(Y5), and assume t is the first return

time to the base of the tower. Then the following assertions hold.

(1) There exists an equilibrium measure |11 for the potential @1, which is the unique SRB
measure.

(2) Assume that for some constants C > 0 and 0 < h < hy, (f), with hy, (f) the metric
entropy, we have

Sy =#A] ;1 =n) < Ce
Define
1
log A1 = sup sup — log |J*F(x)| < max log |J* f(x)| 6.1)
i>1 xeAf Ti xeM
and
oo (D
1Og )"1 - hpt] (f)
Then, for every t € (ty, 1), there exists a measure ju; € M(f,Y), where Y =
{(Ff*x):x € U Aj, 0 <k < t(x) — 1}, which is a unique equilibrium measure for
the potential @;.
(3) Assume that the tower satisfies the arithmetic condition, and that there is K > 0 such
that for every i > 0, every x,y € Aj, and any j € {0, .. ., 7;},

d(f7(x), f7(y)) < K max{d(x, y), d(F (x), F(y))}. (6.3)

Then, for every ty <t < 1, the measure ju; has exponential decay of correlations and
satisfies the central limit theorem with respect to a class of functions which contains
all Holder continuous functions on M.

(6.2)

7. Young towers over pseudo-Anosov diffeomorphisms

Our argument that smooth pseudo-Anosov diffeomorphisms are Young diffeomorphisms
requires the construction of a hyperbolic tower on pseudo-Anosov homeomorphisms first.
We begin this section by constructing this hyperbolic tower, taking an element of the
Markov partition of the pseudo-Anosov homeomorphism as the base of the tower.

We assume that our pseudo-Anosov homeomorphism f admits only one singularity;
the analysis follows similarly with more singularities, but the notation becomes unwieldy
due to the different numbers of prongs at each singularity. Therefore we state without proof
that the arguments of this section imply that pseudo-Anosov diffeomorphisms admitting
multiple singularities are also Young diffeomorphisms. An example of a pseudo-Anosov
homeomorphism of the genus-2 torus admitting only one singularity may be found in [11].

By Proposition 2.9, a pseudo-Anosov surface homeomorphism f : M — M admits a
Markov partition of arbitrarily small diameter. Let P be such a Markov partition, and let
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P € P be an element of the Markov partition contained in a chart U; not intersecting
with the chart Uy of the singularity xp. For x € P, let y¥(x) and Y"(x) respectively be
the connected component of the intersection of the stable and unstable leaves with P
containing x.

Let T(x) be the first return time of x to IntP for x € P. For x with T(x) < oo, define

Moo= | 7o

yeUH (x)\A# (x)

where U “(x) € Y"(x) is an interval containing x, open in the induced topology of ¥ (x),
and A”(x) clU “(x) is the set of points that either lie on the boundary of the Markov
partition, or never return to P. One can show that the leaf volume of A* (x) is 0, so that
for each y € A (x), the leaf volume of Y (y) N A (x) is positive. We further choose our
interval U%(x) so that:

e fory e A*(x), we have T(y) = T(x); and

e forye P withT(x) =7(y), we have y € A(z) for some z € P.

One can show that the image under f?(x) of A%(x) is a u-subset containing ﬁ ) (x), and
that, forx, y € P with finite return time, AS (x) and AS (y) are either disjoint or coinciding.
As discussed in [13], this gives us a countable collection of disjoint sets /~\f and numbers T;
for which the pseudo-Anosov homeomorphism f : M — M is a Young map, with s-sets
K; , inducing times 7;, and tower base

= U cl(xf).
i=1

In the following theorem, conditions (Y1)—(Y5’) are virtually identical to conditions
(YD)—(YS) in Definition 6.1. They are reprinted in the following theorem because
pseudo-Anosov homeomorphisms are not true diffeomorphisms, and thus by definition
cannot satisfy conditions (Y1)-(Y5). However, analogous conditions may be established
for pseudo-Anosov homeomorphisms, and these conditions will be used to show that
globally smooth realizations of pseudo-Anosov diffeomorphisms (which are true diffeo-
morphisms) are Young diffeomorphisms.

THEOREM 7.1. The set A defined above for the pseudo-Anosov homeomorphism f : M —

M satisfies the following conditions.

Y1) A has hyperbolic product structure, and the sets {Xf lien are pairwise disjoint
s-subsets and satisfy:

(a) (invariance) for x € Kf

i) Cy (ff(x) and  fT(y"(x) D y"(f7(x)),

where y"-*(x) denotes the (un)stable disc containing x; and
(b) (Markov property) A} := f% (A7) is a u-subset of A such that for x € A3,

FAG ) NAY =y @) NA  and
FA () N A = y“(f7(x)) N A.
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(Y2)) Fory" € T%, we have
V(" NA)>0 and v (l((A\U; AHNy") =0,
where V® is the transversal invariant measure with respect to the stable foliation
F for f.
(Y3") Thereisa € (0, 1) so that for any i € N, we have:
(a) forx e Xf and y € y*(x),

d*(F(x), F(y)) < ad*(x, y);
(b) forx e 1~\f andy € y*(x)N 1~\f,
d"(x,y) < ad"(F(x), F(y)),
where F : | Xf — A is the induced map defined by
F|Xf = ffi|[~\?-
and d* and d" are the distances in the stable and unstable leaves of the foliations
F* and F" in P, given respectively by v and v*.
(Y4) Denote J*F(x) = det |DF|gu(y)|. There exist ¢ > 0 and x € (0, 1) such that:
(@) foralln>0,x e F7"(; Xf) and y € y*(x), we have
JUF(F"(x))
log ————| < c«x
JUF(F"(y))

n.,
B

(b) for any io, . ..,i, € N with FK(x), F¥(y) € ka for 0 <k <n and y €
y*(x), we have

‘0 —J”F(F"*k(x)) < cick
ST F(F Ry | =

(Y5') There is some y* € T such that

o0

Z riv‘Y(Kf Ny") < oo.

i=1
Proof. Properties (Y1"), (Y3), and (Y4') all follow from Proposition 2.7. Property (Y2')
follows because x € cl((A \ |U; Aj) N y") implies that either x € 3P or 7(x) = o0,
both of which happen on a set of Lebesgue measure O (and the smooth measure for
pseudo-Anosov homeomorphisms has density with respect to Lebesgue measure). And
since t is a first return time, (Y5') follows from Kac’s theorem. ]

The next lemma gives a bound on the number S, of distinct s-subsets Kf with a
given inducing time T; = n. Since the pseudo-Anosov homeomorphism f is topologically
conjugate to the smooth realization g, this will eventually give us an analogous bound
on the number of distinct s-subsets for the base of the tower for g. (See condition (2) of
Proposition 6.2.)
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LEMMA 7.2. There exists h < hyp(f) such that S, < e where S, is the number of
s-sets AT with inducing time T; = n.

Proof. The proof is analogous to [13, Lemma 6.1], since pseudo-Anosov homeomor-
phisms admit finite Markov partitions. O

Let H: M — M be the conjugacy map so that go H = H o f, and let P = H(P),
P=H (13). Then P is a Markov partition for the pseudo-Anosov diffeomorphism (M, g),
and P is a partition element. By continuity of H, we may assume the elements of P have
arbitrarily small diameter. Furthermore, let A = H (K). Then A has direct hyperbolic
product structure with full length stable and unstable curves y*(x) = H(y*(x)) and
y*(x) = H(¥"(x)). Then A} = H(Kf) are s-sets and A} = H(T\}‘) = g" (A7), where
7, = T; for each i, and 7(x) = 1; whenever x € Aj.

Recall that Uy = (i, ¢ Y(Dy,). If there is only one singularity, then Uy = o l(D,O).
Given Q > 0, we can take rg in the construction of g to be so small and refine the partition
P so that the partition element P (and hence P) may be chosen so that

g'(x) gUy forany0<n < Q, (7.1)

and any x so that either x € P, or x & Uy while g x) € Up.

We now prove that the set A = H (K) constructed above is the base of a Young tower
on M for the diffeomorphism g. Properties (Y1), (Y2), and (Y5) are straightforward to
verify. Our strategy in proving these conditions, along with (Y3), is similar to that used
in [13], but we restate it here for the reader’s convenience. The main difference between
the argument used for these pseudo-Anosov diffeomorphisms and the Katok map comes
in proving (Y4), where we use a local trivialization of our surface M as opposed to the
universal cover of T? by R2.

THEOREM 7.3. The collection of s-subsets Aj = H(1~\f) satisfies conditions (Y1)—(Y5),
making the smooth pseudo-Anosov diffeomorphism g : M — M a Young diffeomorphism.

Proof. Condition (Y1) follows from the corresponding properties of the pseudo-Anosov
homeomorphism f since H is a topological conjugacy. The fact that pp«(y* N A) > 0
follows from the corresponding property for the * leaves. Suppose x € cl((A \ [J; A} N
y"). Then either x lies on the boundary of the Markov partition element P, or t(x) = oo,
and since both the Markov partition boundary and the set of x € P with t(x) = oo are
Lebesgue null, we get condition (Y2). Condition (Y5) follows from Kac’s formula, since
the inducing times are first return times to the base of the tower.

To prove condition (Y3), define the itinerary Z(x) = {0 =ng <n; < --- <nap4+1 =
7(x)} C Zofapointx € A, with L = L(x), so that g*(x) € Uy if and only ifnyj1 <k<
nyj for j > 1. Assume A is small enough so that Z(x) = Z(y) whenever y € y(x) C A.

Let x € A}, y € y*(x) C A}. Denote x, = g"(x) and y, = g"(y). Note that *(x) C
F’(x). By invariance of the stable and unstable measured foliations /* and F*, y, lies on
the stable curve 7°(x,) through x, for every n > 1. For ny; <n < npji1, Ty, F (xs) =
E ;n lies inside C ; in fact one can show that F*(x,) is an admissible manifold. Thus the
segment of 7 (x,,) joining x, and y, expands uniformly under the homeomorphism f~!.
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Due to our choice of the number Q, there is a number 8 € (0, 1) such that
d(xn2j+1’ Ynzjﬂ) S ﬁn2j+1_n2jd(xH2ja ynzj) E ﬁQd(xl’le? yI’le)o (72)

Now we consider n;1 < n < ny;. Let [m}, m?] C [n2j-1,n2j — 1] be the largest inter-
val (possibly empty) with x,, in the closure of Zjll =@, ! (D7, (0)) for every n € [m}, m?].
By virtue of Lemma 5.2, there is a uniform 7" > 0 with m} —nzj-1 <Tandny; — m? <
T. Thus there is a constant C > 0 so that

d(xm}, ym}) < Cd(Xnyj_ys Yny;y)  and  d(Xny;, Yny;) < Cd(xmﬁ, ymﬁ). (7.3)

Now, let s(r) and 5(¢) be solutions to equation (3.1) with s(0) = X and 5(0) = Yl

Assumption (1) of Lemma 5.5 is satisfied since y, lies in the stable cone of x, for every

n, and assumption (2) can be assured if our choice of r( in the slowdown construction

of the pseudo-Anosov diffeomorphism is chosen to be sufficiently small. So by the final
2

inequality of this lemma, letting a = m} andb=m 7 we get

s1(m?)
IAsm | < V1 +a?——L | Asem)].
s2(m3)

j
Let Agjs(t) = d>k_j1 $@) - de_jl (s()). Because ®y; is uniformly bounded above and
below, there is a constant K > 0 such that, for every ¢ for which 5(¢) and s(¢) are defined,

K~ Agys@l < 1As@)] < KllAgjs @], (7.4)

and since the Riemannian metric in Up is given in coordinates by dtl2 + dt22 =
(CDk_jl)*(dsl2 +ds§), we get [[Agjs(n)|l =d(xy, yo) for ne [m}, m?]. Therefore,
combining this observation with (7.4), (7.2), (7.3), and (5.1), we get

s1(m?)
d(Xny;s Ynyy) < CKPV1 4 02 ——d(x,,1, ¥,,1)
’ ’ SZ(mj) 4 4
s1(m?2)
< C?’K*V/1 + a2 { dXny;_ys Ynaj_1)
52(mj)

< C’K*B2V1 + a2

s1(m3)
1 d(xnzj‘fz’ y"2j—2)'
$2 mj)

Since s (m?) and 7 (m}.) are each of order rg, their quotient is uniformly bounded, so
assuming Q is sufficiently large, there is a 0 < 6; < 1 for which

d(xnzj 5 ynzj) = eld(xn%;p ynzjfz) (75)
and a similar bound holds for odd indices of the itinerary. It follows that
d(g™™(x), "V < 6l d(x, y),

where L is determined by the itinerary Z(x). Condition (Y3)(a) follows, and (Y3)(b)

follows by the same argument applied to g~ .
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To prove condition (Y4), we prove condition (Y4)(a) and note that (Y4)(b) can be
proved similarly by considering ¢! instead of g. We use the following general statement,
originally presented as [13, Lemma 6.3]. O

LEMMA 7.4. Let {A,}, {By}, 0 <n < N, be two collections of linear transformations of
RY. Given a subspace E C RY, let K = K (E, 0) denote the cone of angle 0 around E.
Assume the subspace E is such that:

(@) Ay(K) C K foralln;
(b) there are y, > 0 such that for each n, and for any unit vectors v, w € K,

L(Apv, Ayw) < Ypl(v, w);
(c) thereared > 0 and §,, > 0 such that for each n > 0, and every v € K,
lApv — Bpvll < dénllAnvll;
(d) there is ¢ > 0 independent of n such that for every v € K,
[Anvll = cllv].

Then there is a C > 0, independent of the choice of linear transformations {A,} and { B, },
such that for every v, w € K,

o Mlno Anvll IIH,, —o An||
ITTazo Bawl

Let x € P with N :=t(x) — 1 < 00, and let y € y*(x) C P. For each n > 0, once
again let x, = g"(x) and y, = ¢"(y), and in each tangent space T\, M, let K, =
K*(xn) C Ty, M denote the cone of angle arctan « around E*(x,) described in Lemma
3.4. By this lemma, the sequence of cones {K,'} is invariant under Dg. For each n,
denote A, = Dg,, : Ty, M — Ty, M and B, = Dg,, : Ty,M — T, M. Further, since

(d Z Sn + L(v, w) Z ]_[ yk> (7.6)

n=0 k=0

Xn+1 Yn+1
v lies on the stable leaf of x, for all n, let P, : Ty, M — T,, M denote parallel translation
along the segment of the stable leaf connecting y, to x,, and denote B,, = P,4+1 0 By o

Pl T, M — T, M. Using the orthonormal coordinates (&1, &) for Ty, M defined
previously, so that & denotes the unstable direction and &, denotes the stable direction
(see the discussion preceding Proposition 3.3), we may isometrically identify each tangent
space Ty, M with R? with the Euclidean metric. Call this 1sometry Ep: Ty, M — R?, and
denote A, = E,410A,0 &, ' :R? > R2and B, = E,11 0 B, 0 B! . R? - R2. Also
let K = un(K,f) c R2. Since Z, is an isometry and K,f is a cone of angle arctan o
for each n, K is independent of n and is thus well defined. Finally, define the numbers

d =d(x,y),as well as

L(Auv, Apw) 1 [Asv — Byl
Yy =  max _ and 6, =—- max {—M

v,wek L(v, w) d vek\{0} Ayl
lvll=llwll=1

for eachn > 0.
The final step in proving our pseudo-Anosov diffeomorphism g is a Young’s diffeo-
morphism relies on the following technical lemma. Its proof is somewhat similar to the
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proof of [13, Lemma 6.4], but requires some modifications related to the subtle differences
in the slowdown function used in the Katok map as opposed to our pseudo-Anosov
diffeomorphism g, as well as to the fact that the universal cover of a surface that is not
a torus is not R?.

LEMMA 7.5. The linear operators A, and By, as well as the cone K, all satisfy the
conditions of Lemma 7.4 using vy, 8,, d, and N = t(x) — 1 defined above. Furthermore,
there are constants C > 0 and 0 < 6, < 1, independent of x € P, such that

T(x)—1 t(x)—1 n T(x)—1

Z(Sn<5, Znyk<5, and 1_[)/”<92.
n=0 n=0

n=0 k=0

Proof of Lemma 7.5. Condition (a) of Lemma 7.4 follows from the definition of A,,, the
invariance of the cone family K ,f under Zn, and the fact that 8, : Ty, M — R2 is an isom-
etry for every n. Conditions (b) and (c) of Lemma 7.4 follow from the definitions of y,, and
8y Finally, condition (d) of Lemma 7.4 follows from the fact that g is a diffeomorphism and
&y, is an isometry, 5o || A, || = || Ey+1 0 Dgy, © E;l || is uniformly bounded away from 0.

We begin by proving summability of §,. Assume diamP < p, where p is the
injectivity radius of M. Since y, € y*(x,) and d(x,, y,) < p, the tangent vector v, =
(expx’l)@(lp,n)(yn) lies in the stable cone K, C Ty, M, where B(p,n) ={ve T, M :
lvl| < p}. By symmetry of the vector field (3.1), we only need to consider the behavior of
the trajectories {x,} and {y,} in the ‘upper subsector’ S; N S;‘, corresponding to the first
quadrant in coordinates given by ®; o ¢. (Here we denote by S;, S;’, and ®; to be the
subsets and functions described earlier as S,ij, S,’jj, and ®y;, where we did not assume we
only had one singularity.) Further assume 5> := Im(® (¢o(y))) > 52 := Im(P (¢o(x))),
so that Asy :=75, — 5o > 0. Otherwise, exchange the sequences {x,} and {y,}.

Recall the itinerary Z(x) = {0 =no <n; < --- <nzpy1 = t(x)} C Z of the point
X € A, defined via x, € Uy if and only if np; 1 <n < ny;. Consider ny; <n <nzjiq,
S0 x, ¢ Up. In coordinates, g(s1, s2) = (Asq, A‘lsz), so A, = B,, are constant matrices,
so 8, = 0.

Suppose now that n2j41 < n < nzj42. Denote by D(sy, s2) the coefficient matrix of
the variational equations of (3.1), given explicitly by

W, (u) + 253, (1) 251520 () ] . (7.7)

D(s1, s2) = log A i j
(s1,52) g |: 25152, (u) —\pr(u)—Zszz\I’p(u)

Let s(7),5(¢) : [n, n + 1] = R? be solutions to (3.1) with initial condition s (n) = x,, and
5(n) = yyu, and let A, (¢) and B, (r) be the 2 x 2 Jacobian matrices

An(1) = dO)(Pkj o pi)(xp)) and By (1) = d(O)((Pkj o ¢x)(yn)),

where 6; : R2 — R2 is the time-t map of the flow of (3.1) on ]Rz, forn <t <n+ 1. Then
A,(1) = A, and B, (1) = B, from before, and A, () and B, (¢) are the unique solutions
to the systems of differential equations

dAn(t)

T D(s(n+1))A,(t) and

% = D((n +1))B, (1)
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with initial conditions A, (0) = B, (0) = Id. It follows that A,(t) — B, (t) satisfies the
differential equation

dAx(1)  dBu(1)
dt dt
Using the integrating factor exp fot D((n + 1)) dt = B, (1), this implies

= (D(s(n+1) = DEn +0)Ay (1) + DS+ 1) (An(t) — Bu(1)).

t
Ap(t) = Ba(t) = By(1) / B,()"'(D(s(n + 1)) = DE(n + 1)) A, (1) dT.  (7.8)
0

Note that ||D(s) — D&)|| < IaDE) || As|l, where dD(s) denotes the total derivative
of the matrix D(sq, s2) and & = (&1, &), with min{s;,s;} < & < max{s;,s;}. This, in
conjunction with (7.8) and Lemma 5.3, gives us

1An = Ball < 1B.(Dl sup B, (0)~ 1A @)ID(s(n + 7)) = DE(n + 1))

0<r<l
< IB,(D)]| Osuplan(rr1 AL (OIIDE®R + ) As(n + 7)
<C, sup E+ NPV 4 )| As(n + 1)), (7.9)
0<r<l

where C), is a constant that depends on p, but not on n (as the matrices B, (¢) and A, (t)
are uniformly bounded above and below in n and in ).
By condition (4) of Lemma 7.4 and the definition of §,,

ld(xnz_,q.] N yn2./+1) A, — B,

on < lAn — Bl = .
"Tedx,y) " d(x,y)  d(nyjyps Ynos)
We now claim that
naj+2—1
D= Z _MAn =Bl <C (7.10)
! d(x )~
n=r; 41 najp1s Ynajp

where C is a constant independent of j. If this is true, then because §, =0 for
nyj <n <najyi, by (7.5),

-1 421 a1
(Z) =3 S 523 A ) PSR4 = B
" " dx,y) = AKXy Vo)
n=0 j=1n=n2jqi Jj=1 n=nyjii A I+
C
-C5g =t
C
j=1

and because 6 is independent of x, y € P, and ¢ and C are both of order sup,, || A, ||, Cis
also independent of our choice of x and y.

Recall that [m}., m?] C [n2j +1,n3j42 — 1] is the largest (possibly empty) interval
of integers with x, € Dy for each n e [m},m?], and [m}., T;] is the largest time
interval for which s;(t) < sp(¢t) for all m} <t=<T;. If [m}, m?] is empty, then
s(t) € (Pyj o ¢x)(Dy, \ D) for all ¢ € [n2j41, n2;42 — 1]. In this instance, by Lemma
5.2, ngj42 —nzj41 < T is uniformly bounded, and hence (7.10) is a sum of uniformly

boundedly many terms that are uniformly bounded, by (7.9).
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Now suppose [m ; m?] is non-empty. The sum in (7.10) splits into four different sums:

U TN A~ B
S+ > )A (7.11)
n=T

d(xnsz’ yn2j+1)

m—1 71
Dj =< Z + Z +

n=naj+l nzmj. J n=m§+1

We show that each of these sums is itself uniformly bounded. This is true for the first and
fourth sum, because in these instances, s(¢) is in the annular region (®¢; o ¢x) (D5, \ Df,),
and so the number of summands is uniformly bounded by Lemma 5.1.

To show this for the middle two sums, note that since 5(¢) € [R? is in the stable cone of
s(t) for all ¢ in the domain, we have

|As| < aAsy; < Asy. (7.12)

First, suppose m; <n =<T; —1,sothats(¢) < s2(¢). We would like to apply Lemma 5.5
in the interval [m}, nl, so we require Asa(m}) /sz(m}.) < (1 —a)/72. This is attainable
by choosing ry to be sufficiently small and Q in (7.1) to be sufficiently large. Applying

Lemma5.5forn <7T; —1,and 0 < 7 <1, we get

|As(n + 1)| < 2Asy(n 4+ 1)

Asy(m?)

<2— Lo+ 1)A + 2P/ Cos(mt)PPIP(n 4 T —mly) 7k
s2(m}) / /
Asy(m})

<2—— L om+)A+ CosamHP PP+ —mbyy=F  (713)
Sz(m}-) ! !

since B =2"0r=2/P(]1 —q) > 0. Recalling that &(f) = (&(¢), £&(t)) is such that
min{s;, 5;} < & < max{s;,s;} fori =1, 2, (5.4) gives us
s5(1) < (7 +E) (@) < 2(1+1)7s53 (1) < Cs3(1)
as k = (Asz/s2) < (1 — «)/72. Estimates (7.9) and (7.13) give us
IAn — Bull
1As(m )l
C———= sup 50+ )P VP(1 + Cosa(m )PP+ 1 —m})) 7,
sz(mj) 0<r<l
where we are using the fact that |Asy| < ||As||. Applying Lemma 5.4(b) on the interval
[m}., n + 1] gives us
”An - Bn ”
lAs(m )|
—lj sup sz(m})(zl’_“)/p(l + CosQ(m})(2p_4)/p(n +1-— m}-))_l_ﬁ
s2(mj)  o<r<1
= Cl|As(m})[ls20mP~P (1 + Cosa(m PP~ D/P(n —m))~'=F.
We make three observations. First, recalling that n = mi is the first time that s(n) is
within 7] of the origin, we observe that s, (m ;) is bounded above and below by a constant
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multiple of 71, independent of x € Aorj = 1,..., L.Second, ||As(m})|| =d(x,,1, y,1),
J J

by definition of our Riemannian metric in Uy. Third, since Lemma 5.1 implies m ; —n2ji1
is bounded by a value independent of x or j, the value d(x,,1, y,,1)/(d(x2j+1, y2j+1)) 18
J J

uniformly bounded independently of x, y € A or j > 1. These three observations imply

1An — Ba| _ L
e = C(+ Cosamp) 2P0 (0 —m ) ~' 7.
(x2n+1> Y2n+1)

Therefore,

Ti—1

| An — Byl =
< C(1+ Cosa(mh)CP=9/P(n —mly)=1=F,
Zl d(X2n41, Yant1) — ngmzl ! !

n=mj j

which is uniformly bounded in j. Therefore the second term in (7.11) is uniformly bounded
in j.

Finally, we turn our attention to the case where T; < n < m;, where we have s > s».
By symmetry, we have that T; > (m; + m} —2)/2. By (7.12) and the second inequality
in Lemma 5.5, we have

[As(n + D)l = 2As2(n + 1)

(1 + 2(17—2)/17C0s1(mé)(Zp—4)/p(m§ —n— T))ﬂ
1+ 2<p72>/pc0sl(mé')(zp%)/p(m; ~T))

Since min{s;, 5;} < & < max{s;,s;} fori = 1,2, we have s; — |As;| <& < s; + |As;|.In
particular,

2 2 2 2 2 |Asi| 2 2 Asy 2 1.2
514‘52 2512(51_|A51|) =98 1- = 5] l-—— >C™ 51
51

and
2
2 2 2 2 2 Asy 2
§ +& < (s1+[As1D” + (2 + |As2])” < 2(s1 + As2)” =251 1 + ~) = Csy,
1

which both follow because As; /sy is monotonically decreasing by (5.10). Together, these
two estimates imply

En+1)2+EN+)HPV2P < Csy(n + 1) P~/P,

Applying (7.9) and inequality (a) in Lemma 5.4 to these inequalities gives us
Asy(T;
Ay — Bull < C sup [si(n+ )PP As(n + 1)l < 2020205
0<t<l s1(T})

(p—2)/ 2y(2p-4)/ 2 _ 4
. sup |:s1(n + ‘E)(Zp—4)/p<1 + 207 Cosy (m) PP (my —n ﬂ)’j
07l 14 20=2/P Cos1 (%) 2P=9/P (m% — T))
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2 Asz(Tj)sl(mg)(zp_4)/p
- s1(T}) /
|:(1 +2(P=2/PCys, (m?)(2p—4)/p(m§ —n— T))ﬁ—l:|
- su
0zret L (1+ 207270 Cosy m2) P77 (2 — T)))P

By (5.6), since 51 (m%) and s (m}.) are uniformly bounded,

Asy(T; Asy(T;j
AT 2yer—arp - | 2( f)lsl(mﬁ)(zl’—“)/l’
s1(T}) s2(T5) :
| Asa(m})]
< ———sim) PP IP < ClAsy(m))].
SZ(mj)

Furthermore, since | As; (m})| /(d (xnzj 11 Y 1)) is uniformly bounded, we finally obtain

A, — B (1 +2072/PCosy () PP~/ (7 — n))P~!
| An I J J
<

dXnyers Ynoj) — (1 + 2(p—2)/pCOsl(m;)(Zp—4)/p(m§ — Tj))ﬁ .
Therefore,
m?
A, — Byl

<C(+ 2(P*2)/PC0S1(m;)(ZP*@/P(m? _ Tj))fﬂ
n=T; dXnyji1s Ynyjsi

m2

J
% Z a+ 2(p_2)/pCos1(m?)(2p_4)/p(m? —n))P!

n:Tj
<Cc(+ 2(1’—2)/PC0S1(m;)(2[?—4)/1’(m5 _ Tj))_ﬁ
m?—Tj
x (1 +/ (14 2P=2/PCosy (m5)PP=H/P )P~ dt)
0
<Cc(+ 2(1’—2)/PC0S1(mi)(2p—4)/1’(m§ _ Tj))_ﬁ
-2 2y(@2p—4 2 -2
(14 (142 )/pCoS1(mj)( p )/p(mj — Tj)(p )/p)B
2(p=2/PCys (mﬁ)(ZP—“)/Pﬁ

< C(1+ QP=2/PFEP=9Ir gyl

where the second inequality follows from the fact that the integrand is a decreasing
function of t, and the final inequality follows from the fact that 7 < s (m?) by definition
of m? Therefore the third sum of (7.11) is uniformly bounded. This completes the proof
that §,, is a summable sequence.

We now prove the estimates involving yx. For n € [n2}, npj11 — 1], we have x,, y, ¢
Uy, where Dgy, and Dg,, are constant hyperbolic linear transformations. For these values
for n, the maps contract angles uniformly, so there is a y > 0 for which y, <y < 1 for
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all n. Forn € [m}, m?], we have x,, € U}, so applying Lemma 5.6,

m4—1

—

Y < (14 Cosa(m )PP~/ m3 —m )~/ P=2)

l(

1

n

< (1+Cm3 —mj) P2,

since s> (m }) is uniformly bounded. Because the interval of integers [m }, m?] differs from
[n2j41, n2jy2 — 1] by a finite set, and the cardinality of this finite set is uniformly bounded
in j by Lemma 5.1, there is a uniform constant C’ > 0 for which

nj+2—1
l_[ Yn = '+ C(m? — m}))—P/(p—Z) <C.

J=n2jy1
In particular,

nyj+a—1
[ m=cymn <o, (7.14)

n=n2j

for some constant 63 > 0. The third estimate of the lemma follows.
To prove the second and final estimates of the lemma, we observe that a similar estimate
to (7.14) may be made with the upper limit replaced with n3;,; — 1. In particular, for

noj+1 <n <ngjtz — 1,

n
[T 7 <€A +Ca—najp) /72

k=najt1
and

nzj+i1—1

l_[ Y < 05

n=ny;

for some 9; > 0 that is uniformly bounded. Therefore,

(x) n L(x) m2j+2—1 p L(x) ,n2j— nyj+2—1
YIn=-% ¥ m—z(m > 1)
n=0 k=0 j=0 n=nazj k=0 j=0 =0 n=naj k=ny;
L(x) npjy1— npj41— nyj+2-1 n
<z(e3( z [T n+ n v Y T1 y))
Jj=0 n=nyj k=ny; k=nj; n=njji1 k=nyjy|

L(x) najy1—1 nzjy2—1
< (g( Yooy Y (L4 Cn—najpn)) PP 2>))

n=nj; n2j+1
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Because the two sums in the inner parentheses above are both uniformly bounded, there is
a C’ > 0 for which
T(x) n L(x)

ZHVk<C”ZGJ,

n=0 k=0

which gives us the second estimate in the lemma. U

We continue with the proof of the theorem. Observe that

T(x)—1
(";&) [] Ao ao) () = D(g"™),v forallv e Ty M,
n=0

and
T(x)—1

(P r(x) Er(x) [T BioEooPy)(v)=D(E™™)yv forall e TyM.
n=0

In particular, since both &, and P, are linear isometries for all n > 0, we have

T(x)—1
[ Anv| =D ) vl forallve TeM,

and
T(x)—1
[ Bw|=1DE")w| forallweTyM,

where 7 = Zgv € R? and w = (Eg o Py)w € R Additionally, for v € T,, M and w €
wanM’

Z(Dg)cn v, (Pyg1 0 Dgy,,)w) = L(AnV, By,w),
where v = E,vand w = (8, o P,)w.

Now, suppose v € K+ (x) and w € K*(y), and once again denote ¥ = Egv and w =
(Eg o Py)w. Since Pyw € K*(x), Lemmas 7.4 and 7.5 yield

1 _
TS ATl

TS~ B
< CC(d(x, y) + L(v, Pyw)), (7.15)

llog 1 D(g™ )l D(g"™) wl| = |log

where we are using the fact that Z(v, Ppw) = Z(v, w). Furthermore, for v € T, M and
w € Ty M, the definition of y;, and Lemma 7.5 give us

L(D(g"™) v, (Pr(xy 0 D(gTM)y)w)
(v, Pyw)

Tl /(Dg,, (Dg"v), (Pay o Dgy,)(Dgyw))

B 11 L(Dgl'v, P,(Dglw))
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T L (An(Bn(Dg!)), Ba((Bn 0 P)(Dglw)))

B 1:[0 L(Ex(Dgv), (B o P)(Dglw))

T(x)—1
[T wm=e. (7.15)
n=0

IA

Denote G : A — A by G(x) = g"@ (x). If v" € E*(G"(x)) and w" € E*(G"(y)), then
there are v € E"(x) and w € E"(y) such that v" = DG"{v and w" = DG w. By (7.15),
(7.15), and condition (Y3),

||D§§n vl ~
W) < CCE(("™) (%), (€7)" (1)
IDG gy |

+ L(D(E" )1, PryD(g"™)iw))
< CC(a"d(x, y) + 65 L(v, Pow)).

Since 0 < a, 6, < 1, this proves (Y4)(a).

8. Proof of Theorem 4.1

We now drop our assumption that the pseudo-Anosov diffeomorphism g admits only
one singularity. By Proposition 6.2 and Theorem 7.3, since g: M — M is a Young
diffeomorphism, the geometric potential ¢;(x) = — log | Dg| gu(x)| admits an equilibrium
measure, which is the unique g-invariant SRB measure. This is the same measure as jt1
introduced in Proposition 3.2, as (1 is absolutely continuous along the unstable foliations
and thus an SRB measure. (This justifies our use of the notation w to describe this
measure).

By Proposition 3.1, the pseudo-Anosov homeomorphism f and the pseudo-Anosov dif-
feomorphism g possess the same topological and combinatorial data, including topological
entropy. Thus the number S, of s-sets A} C A with inducing time 7; = n for g is the same
for both f and g. Therefore by Lemma 7.2, there is an & < hop(g) = hiop(f) such that
S, < e,

Recall that v is the measure on M given locally by the product of lengths of local
stable and unstable leaves described in Theorem 2.8, and w1 is the measure given by
the Riemannian metric ¢ described in Proposition 3.2. By Theorem 2.8, v has a density
with respect to w1, which vanishes at the singularities. By Proposition 10.13 and Lemma
10.22 of [6], hy(f) = hiop(f) = log A, so in fact & < h,(f). Since v = 1 on M \ Up,
and 1 (Up) may be made arbitrarily small by shrinking rg if necessary, the Pesin entropy
formula implies

hy (g) = /M log |DglEu(x)| duy(x)

=/ 1oguv+/ log |Dg| g | dpi (x) < ho(f) +&.  (8.1)
M\Uy Uy
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where ¢ > 0 is as small as we need. From this we conclude that & < &, (g). Hence by
Proposition 6.2, there is a #yp < 0 for which, for all ¢ € (¢, 1), there is a measure y; on P
that is an equilibrium state for the geometric z-potential ¢;.

Since f is Bernoulli, every power of f is ergodic, so f satisfies the arithmetic condition.
Since f and g are topologically conjugate, this is also true for g.

We now prove (6.3). If x, y € Af and y € y*(x), the distance d(f/ (x) f/(y)) decreases
with j. On the other hand, if y € y“(x), then d(f/(x), f/(y)) increases with j, but
is bounded by diam P when j = 7(x). An application of the triangle inequality and
hyperbolic product structure of A now yields (6.3). It now follows that y, has exponential
decay of correlations and satisfies the central limit theorem, by Proposition 6.2. Since
(M, g, ut) has exponential decay of correlations, this dynamical system is mixing. By [17,
Theorem 2.3], (M, g, u,) is Bernoulli.

To show ry may be chosen to accommodate any ¢y, we show that as rp — 0, we may take
to — —oo. Fix ¢ > 0, and choose x € Af Recall that g = f ol]tside of Z:{o; in particular,
the local stable and unstable leaves are unchanged outside of L. Assume x is a generic
point for the SRB measure 1. Let 17{2 = UZLl o ! (D7, /4), and write t; as

N
T = E nj,
j=1

where the integers n; are chosen as follows:

e the integer n is the first time when g"1 (x) € Zj{o \ 512;

e the integer ny is the first time after n; when g"172(x) € Zjlz;

e the number n3 is the first time after n; + n» when g™ 243 (x) € Uy \ Ua;

e the number ny is the first time after ny + ny 4+ n3 when g™ 241314 (x) & 4y

and so on. It is possible that some n; may be equal to 0, but this does not change our
calculations. Observe Q < np, where Q is the number from (7.1). If r is sufficiently small,
Q is large enough to ensure that

log |J“g" (x)| < ni(log A + ¢). (8.2)

By (7.7), forx € Zlo \Zjlz, we have log | J“g(x)| < log N for some constant N independent
of rg or of the number of prongs p. Therefore,

log |J“g"(x)| <nylog N and log|J"g"(x)| <ng4logN. (8.3)

For x €lh, if x is in a neighborhood of a singularity with p prongs, W,(u) =
(p/2)@P=9/Py(P=2/P and W, (u) = (p —2)/p(p/2)?P~H/Pu=2/7_ By (7.7), for such
points x, log |J*¥g(x)| < log XA. Therefore,

log |J“g™ (x)| < n3 log A. (8.4)

Similar estimates hold for the other 7 ;. Observe that

N
log [7“G () < Y log [J*g"+ 11 (g +1i1 (x|, 85)
j=1
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Similarly to Lemma 5.2, the number of iterates the orbit of x spends in Uy \ U, is bounded
above by a constant T(; independent of both ry and p. It follows from (8.2)—(8.5) and the
definition of A in (6.1) that

2T log N
logklflogk+e+T§10gk+28.

Meanwhile, (8.1) implies that for sufficiently small rg,

‘/ log |Dglgul dpi(x) —log A| < &, (8.6)
M

or equivalently,
logh —e < hy (g) <logh+e.

Furthermore, one can show log A1 > h,,(g) (see [13, Remark 3], which is a general
statement about Young diffeomorphisms). Therefore,

logA —¢& < hy,(g) <logi; <logA+ 2s.

It follows that the difference log A1 — £, (g) can be made arbitrarily small if 7 is chosen
to be sufficiently small. By (6.2), this shows that tp — —oo as rg — 0.

We now show how p; may be extended to a measure on M, as opposed to a measure
only on images of the base of the tower. Suppose we have another element P of the
Markov partition satisfying (7.1). As above, there is a T = to(ﬁ) < 0 for which. for every
t € (fy, 1), there is a unique equilibrium state i, for the geometric z-potential among all
measures y for which M(ﬁ) > 0, and 1, (U) > 0 for all open sets U C P. Since g is
topologlcally conjugate to a Bernoulli shift, g is topologically transitive. Therefore for any
open sets U cC P and U C P, there is an integer k > 0 for which g kUynu # . By
invariance of ji; and u,; under g, it follows that u; = ;.

Consider now an element of the Markov partition that does not satisfy (7.1). If rg is
sufficiently small, the union of all partition elements satisfying (7.1) form a closed set
Z C M, whose complement is a neighborhood of the singular set S with each component
containing a single singularity. If w is a g-invariant probability measure that does not
give weight to partition elements in Z, then w is a convex combination of the §-measures
concentrated at the singularities. If P is our partition element in the proof of Theorem 7.3,
we observe w(P) = 0, so w is clearly out of consideration as an equilibrium measure for
¢;. So any equilibrium measure for (M, g) must charge partition elements in Z. Therefore,
set

th = max to(P).
PeP, PNZ 40

Since fg —> —oo asrg — Oand u,(P) > Oforzy < t < 1, this #y suffices for statement (1)
of Theorem 4.1.

To prove statement (2) of Theorem 4.1, suppose w is an invariant ergodic Borel
probability measure. By the Margulis—Ruelle inequality,

hw<g>s/ log|Dg|Eu<x>|dw(x)=—f o1 do.
M M
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Hence he(f) + [ ¢1dw <0. If ® has only 0 as a non-negative Lyapunov exponent
almost everywhere, then log |Dg|gu(x)| =0 w-almost everywhere. The only point at
which log |Dg|gu(xy| = 0 is at the singularities of g, so @ is a convex combination of
the -measures at the singularities. In this instance, we have h(g) + f ¢1dw =0, so
P(p1) = 0, and w is an equilibrium state for ¢;.

On the other hand, part (1) of Proposition 6.2 guarantees the existence of an SRB
measure (1 for g. In particular, 11 is a smooth measure, so by the Pesin entropy formula,
hu(f)+ [ @1dpn =0, so n is also an equilibrium measure. Any other equilibrium
measure with positive Lyapunov exponents also satisfies the entropy formula. By [10],
such a measure is also an SRB measure, and by [16] this SRB measure is unique. This
proves statement (2).

Finally, to prove statement (3) of Theorem 4.1, fix ¢ > 1, and let @ be an ergodic measure
for g. Again, by the Margulis—Ruelle inequality,

ho(g) <1 / log |Dgl g (o] do,

with equality if and only if [ log |Dg|gu(x)| dw = 0. In particular, we have equality
if and only if @ has zero Lyapunov exponents w-almost everywhere. As we saw, the
only measures satisfying this are convex combinations of §-measures at singularities,
80 hy(g) + [ ¢ dw < 0, with equality only for o = Y A;8y,, with ) A; = 1. Hence
the only equilibrium states for ¢; with ¢+ > 1 are convex combinations of §-measures at
singularities.
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