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Abstract

In this note, we use a geometric construction to produce group divisible designs with mutually
orthogonal resolutions.

1980 Mathematics subject classification (Amer. Math. Soc.): 05 B 25.

1. Introduction

A combinatorial design D with replication number r is said to be resolvable
if the blocks of D can be partitioned into classes (called resolution classes)
Ri,R2,...,Rr such that each element of D is contained in precisely one block of
each class. Two resolutions R and R' of D are called orthogonal if |Ri C\R'j\ < 1
for all ft € R, R'j 6 R' and almost orthogonal if i?i = R'x and \Ri f~l R'j\ < 1
for 2 < i, j < r. (It should be noted that the blocks of the design are considered
as being labelled so that if a subset of the element set occurs as a block more
than once the blocks are treated as distinct.) A set Q = {R1, R2,..., J?*} of t
resolutions of D is called a set of mutually orthogonal resolutions (MORs) if the
resolutions of Q are pairwise orthogonal. If t = 2, the design is called doubly
resolvable. We are interested in the existence of designs with sets of t mutually
orthogonal resolutions for t > 2. The designs which have been most frequently
investiaged are the (v, k, A)-BIBDs. A summary of some of the results for BIBDs
with sets of t MORs for t > 2 can be found in [3], and we note that there are
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still very few constructions known for finding t MORs for BIBDs, where t > 3.

In [3], we considered (r, A)-designs and group divisible designs and showed tha t

it is possible to construct designs of these types with t MORS where t > 2. We

described several constructions for group divisible designs which used the the-

ory of finite geometries. In this note, we extend our results on group divisible

designs.

Let V be a finite set of v elements and let K be some subset of positive

integers. A group divisible design (GDD) is a collection B of subsets (blocks)

of size k where k G K taken from V along with a part i t ion of V into subsets

(groups) G\, G2, •. •, Gn such tha t

, . any two elements from distinct groups are contained in precisely

^ ' A2 blocks of B,

. . any two distinct elements from the same group are contained in

^ ' exactly Ax blocks of B (Ai < A2).

We denote such a design by GDD(t>; K; G i , G 2 , . . . , G n ; A1A2). Let M be a

subset of positive integers such tha t \Gi\ € M for i — 1 ,2 , . . . , n. In this case,

we denote the design by GDD(v;K;M; Ai, A2). If an element of K or M is

starred, this means t ha t there is exactly one block or group of this size in the

design. If K — {k} or M — {m} , we denote the design by GDD(t>; k; M; Ai, A2)

or GDD(u; K; m; Ai, A2) respectively. A doubly resolvable GDD with replication

number r is denoted by D R G D D r ( t ; ; K ; M ; Ai, A2).

The group divisible designs t ha t we described in [3] had only one block size

and only one group size. In this note, we relax these parameters . We will use

a geometric construction due to P. Gibbons and R. Mathon for a GDDg2 (q3 —

q;q;q2 — q;0,1) for q a prime power [1]. In the next section, we describe this

construction and our notat ion. In Section 3, we provide two new results for

GDDs with t MORs where t > 2. In one of these cases, we are able to show tha t

we have constructed a largest possible set of MORs for the design.

2. C o n s t r u c t i o n of a PBD((g 2 - q)(q + 1); {q, q2 - q})

A pairwise balanced design, denoted FBD{v;K), is a collection B of subsets

(called blocks) of a finite u-set of elements V such tha t every pair of distinct

elements of V is contained in precisely one block of B and for each b e B, \b\ € K,

where K is some subset of positive integers. In this section, we describe a

construction for a PBD((<72 — q){q + 1); {q, q2 - q}). This is the dual of the

construction used by P. Gibbons and R. Mathon in [1] to find a GDD((g2 — q)(q+

1);<7;<72 — <?;0i ! ) • We will need the terminology and details of this construction
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in the next section. Definitions and results about projective planes tha t are used

in this note can be found in [2].

THEOREM 2 . 1 . Let q be a prime power. There exists a P B D ( ( ^ 2 - q)(q +

1); {<?, Q2 -«?})•

PROOF. Let P be a projective plane of order q2 and let B be a Baer subplane
of P. Let LQO be a line of P which meets B in a line. We will denote the points
of ZQO which belong to B by S = {ai,O2,.. . , a g + i} . The remaining points of
loo will be denoted by U = {ui, u%,..., uq2_q}. We define Z(aj) to be the set of
q2 — q lines of P which contain a* and no other points of B,

lien) = {I e PI ai e / and |Z n 5 | = 1}.

Let O i . k , ••-,*.,*+,} = {Z € P |Z ^ Zoo and | Z n B | = g + 1}. We note that
(li - B) D (Zj - £ ) = 0 for i ^ j . Let IV = ( J ' l t ^ " B ) - ^ contains
(<72 — 9)(?2 + ?) distinct points of P.

We can now construct a GDD((q2 — q)(q + 1); q; q2 — q; 0; 1). The elements of
the GDD will be the lines [j9^ l(ai). There are (q2 - q)(q + 1) elements. The
groups will be l(a,i) for i = 1,2,. . . , q + 1. There are q + 1 groups of size q2 - q.
Let x€W. L{x) = {I € U?=i '(<*«) I* € 1} will be a block of the GDD. The
number of blocks is |M |̂ = (q2 — q){q2 + q). It is straightforward to verify that
two elements from distinct groups occur together in precisely one block and that
two elements from the same group do not occur together in any block.

By adding the groups as q + 1 new blocks of size q2 — q to the GDD described
above, we construct a PBD((q2 - q)(q + 1); {q, q2 - q}).

P. Gibbons and R. Mathon observed that the GDD constructed above is highly
resolvable. We state without proof their result.

THEOREM 2.2 . [1] There exists a GDD,2 (q3 - q; q; q2 - q; 0,1) with a set of
q2 — q MORs for q a prime power.

3. Main results

In this section, we use the PBD((q2-q)(q+l); {q, q2 -q}) to construct GDDs
with t MORs for t > 2.

THEOREM 3 . 1 . Forqa prime power, there exists a DRGDD,2((g2 -q)(q +
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PROOF. We define a pair of almost orthogonal resolutions for the

RESOLUTION 1. Let b e B, b & S, Then b occurs in q + 1 lines in P
which meet B in a line; denote these lines by B't, B'2,..., B'q+1 and suppose that
Oj € B'i. Let Bi = B[ - B. Then |B<| = q2 - q.

Let C[, C'2, • • •, Cq2-q denote the remaining q2 — q lines in P which contain
b. Each of these lines contains one element of U = {ui, u-z,..., uqi-q}; suppose
Ui € C[. Let d = C'i - {U U B). The \d\ = q2-l.

We can now list the resolution classes of Resolution 1, R.

Ri = {L{x) | x e Bi} U Ifa) for i = 1,2,..., q + 1.

Rq+1+i = {L(x) \xed} for i = 1,2,...,q2 - q.

R = {Ri,R2,... ,Rq2+1}.

RESOLUTION 2. Let {/{,/£,..., f'^} = {I e P\ ui e /, |/ n B\ = l,/ # /oo}-

Suppose that b € /{ . Let U = f[ - ( B U {ux}). Then \U\ = q2 - 1. We list the
resolution classes of Resolution 2, T.

Ti = {L(x)\xefi} iori = l,2,...,q2 and

Since the resolution classes Rq+i and 7\ are the same, R and T are almost
orthogonal. By using this resolution to define the groups, we can construct a

THEOREM 3.2. For q a prime power, there is a

GBDDq2((q2-q)(q+l);{Q,q2-q}

with a set of q MORs.

PROOF. We use the PDB((g2 - q){q + 1); {q,q2 - q}) to construct the GDD
and to define a set of q MORs.

Let / i be a line of P which meets B in a line, where / i ^ /oo and a\ €
/ i . Let {6i,&2i- •• ,bq,ai} be the points of f\ which belong to B. Each bi
occurs in q other lines of P which meet B in a line. We denote these lines by

i), fs(bi), - . . , f'q+i{bi) and we suppose a, € fftbt). Let /,-&) = /Jfo) - B.
2

There are q2 -q remaining lines in \P which contain bi. We denote these lines
by C[{bi),C'2{bi),...,C'q2_q(bi). Each of these lines contains one element of U.
Let Cj{bi) = C'j{bi) - ( f l u U ) . Then \Cj(bi)\ = q2 -I.
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We now define q resolutions: R1, R2,..., R". Let Rk = {R$, R$,...,R*2}
where the resolution classes are i2* = {L(x) \x € /i+i(6fc)} U /(a^+i) for i =
1,2,..., q and R*+i = {L(x)\x eCi(bk)} for i = 1,2,..., q2 - q.

{R\R2,... ,R9} is a set of q MORs for a GDD,2((g
2 - q){q + 1); {g,q>2 -

q}; {q, (I2 - <f)};0,1) where the groups are defined as follows. Let / i - B =
{di,d2, ...,dqi-q}. There is one group of size q2 — q; it is /(ai). There are q2 — q
groups of size q; they are {L(di) \ i— = 1,2,..., q2 — q}.

We can show that this construction produces a largest possible set of MORs
for a GDD((g2 -q)(q+l); {q, q2-q)\ {q, (q2-q)*}; 0,1). The counting argument
is analogous to the arguments used to provide bounds on the size of the largest
set of MORs for a design in [3].

THEOREM 3.3. LetD be aGDD{{q2-q)(q+l);{q,q2-q};{q,{q2-q)*};0,l).
Iftis the size of a largest set of MORs for D, then t <q.

PROOF. Let B be a block of size q2 - q in D. Let a: be an element of the
group of size q2 — q(x & B). Then t is bounded by the number of blocks in D
which contain x and no element of B. So t < q2 — (q2 — q) = q.
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