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Summary

A queue at which arrivals occur randomly in batches of fixed size r and
for which the service times are independent negative exponential variates
is considered. Expressions are obtained for the moments of the transient
waiting time distribution and the distribution of the number of customers
in the system just before the nth batch arrives. The distribution of the num-
ber of customers served in a busy period is also determined.

1. Introduction

Suppose that batches consisting of » customers arrive at times 4y, ¢, ** *,
¢,, - and define

7(t) = the number of customers in the system at time ¢ including the one,
if any, being served,

N =7t — 0)

P;‘ = Pr{nn = 7}'

Suppose also that 5, =4 = 0.

The interarrival times, 7; = ¢, — £, ;,j = 1, 2, 3, - - -, are independently
distributed with distribution function A(z) =1 —¢%, 2 =0, and the
service times are distributed independently of each other and of the inter-
arrival times with distribution function B(z) =1 — ¢, 2 = 0.

The process 7(¢) has been studied in the case r = 1 by Ledermann and
Reuter (1) and Bailey (2). Luchak (3, 4) has found the transient distribution
of #{¢) in the case where 7 is a random variable with distribution defined by
Prr=4}=¢;,1=12+--,m.

In the present paper we consider, instead of the process #%(t) in continuous
time, the process 7, which is a Markov chain. The resulting expression for
the transient probability of emptiness (from which the distribution of 7,
can be deduced) can be expressed in terms of binomial probabilities and is
much simpler than the corresponding transient probability of emptiness
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in continuous time. Foster (7) has determined the limiting distribution,
p;=lim,_ Pr{n, =7}, in the more general case where 4 () is arbitrary.

2. The distribution of 7,

Since the service times are negative exponential variates we can consider
the server as generating a sequence of potential departure points constitut-
ing a Poisson process, a potential departure being a real departure if there
is at least one customer in the system when it occurs.

Let a; = Pr{j potential departures occur in an interarrival period}

= lfw (—-”.t)i e~ A+mt gy
o 7!

o0
and 4,=3 a,.

Ne=j

Then if a=A/A+pu, f=pu/A+ u, it follows that a, = af!, 4,=p.
The probabilities P} satisfy the equations

P; = z P:——lAk-Frp

k=0

o
P} = ZP:_lak-f-r-—:" F=12--,r—1,
k=0

P} =3 Pilaw,;, j=rr+1,---

k=j—r

Substituting for a,, A, in these equations we find that for n = 1,

BPI = o Py,
(1) ﬁP;’:P;'_l, 1=238"7
P} = P} —aPit,, j=r+Lr+2--,
. _r " lifj=a,
with the initial condition, P} =4, , = { " fl
’ 0 otherwise.

In order to solve these equations we define the generating functions
o0
Piw) =3 Pjuw", [w| <1,
nm(

Pz, w) =§)P,.(w)z’, 2| £ L

Then from equations (1) it is found that
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BPy(w) — P8, = aPy(w) — ad,,,

BPy(w) — gy = P;_4(w) — 64 51, 1=2,3,",7,
BPs(w) — fd,; = P;_y(w) — 0g,5-1 — waP;_, (@), =7+ 1,
and hence

_ BPy(w)(1 — 2) — a28,0 + 2°(f — 2)(1 — 84,0)
(2) P(Z; w) - ﬂ —z + awz’“ :

Once P,(w) is determined the transient probabilities P} can be found by
expanding (2). However, it is simpler to determine the moments of the
distribution of n, as described in § 3. An explicit expression for Py(w) is
given by the following theorem.

THEOREM
Po(w) = 6«;,0
3) 1 s 1 7
+—= Zl 0y, o+ 8 (1= 84 6) [B(¥n e~ ¥n ao1) + ¥ua— P art)}
where
Vna = i (”7+ n + a) ajﬂnr+n+a._5
T im0 ]
n-—-1 — l
—(r+1+anNa X (m' T + 4 ) o grrinta=1-
=0 ]
B ru— i nH—En+¢ (nr + " + a) of grrenracs
j=nil 1

nr4-n+g—1 _
+tltan)a 3 ("'Jr";,” !

i=n
Proor. By Lagrange’s theorem (5) the equation z = 4 awz™1, |w| <1,
has only one root z = { in the region |z| < 1. Since P(z, w) is convergent
for 2] =1, [w| < 1, { must also be a zero of the numerator of (2)
84,005 + (1 —84,0)5°(C — B)
B(1—2)

From the Lagrange expansion of Py(w) we have

) of ﬂnr+n+a-1—1.

(4) < Py(w) =

= /(0.

%) Pofw) = boot 3 T (D" (227 Yens-
Now
1
I6) = S Baon (1= 8,.0) [x3%a(1 4 F)s" — az+l — o=t}
and
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(©
(2B
@)

! T Coet f f
= == Coefficient of 21 in the expansion o
(n——l)!{ (1~—z)2}z=, n the expansio

= n'/)n,a'
The theorem is proved by substituting in the series (5) from equation (6).

Note 1. The terms y, , appearing in Py can easily be determined from
tables of the binomial distribution (which are readily available for values
of mr 4-n + a up to 150). This reduces the determination of Pj to a
simple arithmetical operation. For larger values of # the binomial probabili-
ties can be calculated using the method of continued fractions described
by Bahadur (6) or by using the recurrence relation

nil (" + 1) prgT = i (7:) P p (C ﬁ 1) po-lgn-cl,

r=¢ 4 r=¢
2. Inspecting the expressions for y, , we see that .

limy, ,=0 if n< (nr+4n),
700
ie. if ra>g

and

limy, ,=f—ra if ra<<§B.

=00
The deviation of y, , from its limiting value in the first case involves two lower
tail binomial probabilities and in the second case two upper tail binomial
probabilities.

It follows from the limiting behaviour of y, , that

limP{,‘:max(O,l-—’—;-‘).

-~ 00

3. The moments of the distribution of 7,

From the derivatives of P(z, w) with respect to z at z = 1 we can derive
expressions for the moments about the origin of the distribution of 7#,.
Each moment is found in terms of the transient probabilities Py and moments
of lower order. For example if M} = Y52, j* P}, Py=1—(ra)/f and
M, = ra(l + 7)/2(f — ar) then

M{':a*!-ﬁé (Py— Py)
(7 ® = 2 "
M} =@+ (2r+1) (a— M) + =~ (B—ra) 3 (M, — M)
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and higher moments can be obtained in the same way. If the limiting distri-
bution of #, exists, i.e. if ra < 8, then P, and M, are the limits of Pg and M7
respectively.

To determine M7 and M3, Py is first found from (3) and then equations
(7) are used. The summations in {7) can be carried out either directly or by
approximating the discreet sets of values by continuous curves and integrat-
ing numerically. '

4. The distribution of waiting time

If w, is the time which elapses between the arrival of the (s 4 1)th
batch and its commencement of service and f,(z) is the probability density

function of w,, defined for 2 > 0, we have

oo lukxk—l ]
8 ) =Y P e, x>0
®) @) = 2 P g,

and Pr{w, = 0} = Pj.
If W3 is the gth moment about the origin of the distribution of w, then

I - U o Sl L
(9) Wq == E{w,,} = Ekgl W Pk

and in particular

1
Wp = — M}
(10) f
W = = (M7 + MD).

5. The distribution of the number of batches served in a busy period

Let ¢, be the probability that exactly 7 batches are served in a busy
period and let pg, be the value of Py given that n, = 0.
Then if

q(w) = §95wj: lwl é lr

i=1

Poo(@) = 3 plow’, ol <1,

=0

it follows from the relation

Poo = Q1Poe ' + Gabre” + @b, m =1,
that
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(11) g(w) =1 — po(w)™, |wl <1
Hence from equation ({4)

r—
aw) = =2 =g
«f
where ¢ is the only root of the equation z = § + awz™+!, [w| < 1, inside the
region [z} < 1.

Expanding ¢(w) by Lagrange's theorem we find that

o0 ”mn-lﬂnr ﬂ7+ﬂ—2
Q(w)-glw n ( n—1 )
and hence
nr+n—2
a2 = (7R g,

g, can be evaluated from tables of the binomial distribution or, for large
values of #, using Stirling’s approximation to evaluate the binomial coeffi-
cient.

6. The relation between the batch arrivals model and M/E,J1

Consider the system M/E,/1 with & 4 1 customers in the system at time
ty — 0, the elapsed service time of the customer in service at time ¢, being
equal to . For this system let #} = Pr {the (» + 1)th arrival finds 7 customers
in the system}.

Now for the batch arrivals model suppose that 5, = kr 4 6 where 6 is a
random variable such that

. vy, i=12---,7
Pr{=4}=1{" .
r{ i ‘ 0 otherwise
where
_ Gwyir—)t
D = YLy
Then if Q} = 37.,v, Pr{n, = sy, = kr + 7}, the probabilities ] can be
written
23 = 0%
(13) ir .
= 3 QL j=L2-e
s=jr—r+1

The moments about the origin of the waiting time distribution of the
(n 4 1)th arrival at M/E,[1 are given by
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0 10 20 30 40 50 &0 70
Figure 1

Mean number of customers at the (# 4 1)th arrival for M/M]1 starting from emptiness
(expressed as a fraction of the asymptotic value).

Figure 2
Standard deviation of queue size expressed as a fraction of the asymptotic value.

https://doi.org/10.1017/51446788700027981 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700027981

248 P. J. Brockwell (8]
_— r
(14) W= EI”;WZ',;

where W7 ; is the value of W7 obtained from equation (9) when 5, =kr 7.
The distribution of the number of customers served in a busy period for
MJE,/1 is given by equation (12).

7. Numerical calculations

The probabilities P, » = 1, 2, 3, - - -, can be found as indicated in § 2.
Once P} is known for § < n the transient moments M} and M} can be
determined from equations (7). This method was used to derive the tran-
sient mean and standard deviation of queue size at an arrival in the partic-
ular case # = 1, 9 == 0. The results are shown in figures 1 and 2 where the
discrete sets of points have been plotted as continuous curves. Calculations
were carried out only for traffic intensity «/f << 1 but it is to be noted that
the transient moments of the queue size distribution can be obtained in
the same way even if o« = f.

I am indebted to Mr. P. D. Finch for his valuable suggestions during the
course of this work and to the referee for a number of helpful comments.
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