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STRONGER MAXIMAL MONOTONICITY PROPERTIES
OF LINEAR OPERATORS

H.H. BAUSCHKE AND S. SIMONS

The subdifferential mapping associated with a proper, convex lower semicontinuous
function on a real Banach space is always a special kind of maximal monotone opera-
tor. Specifically, it is always “strongly maximal monotone” and of “type (ANA)”. In
an attempt to find maximal monotone operators that do not satisfy these properties,
we investigate (possibly discontinuous) maximal monotone linear operators from a
subspace of a (possibly nonreflexive) real Banach space into its dual. Such a linear
mapping is always “strongly maximal monotone”, but we are only able to prove that
is of “type (ANA)” when it is continuous or surjective — the situation in general is
unclear. In fact, every surjective linear maximal monotone operator is of “type (NA)”,
a more restrictive condition than “type (ANA)”, while the zero operator, which is
both continuous and linear and also a subdifferential, is never of “type (NA)” if the
underlying space is not reflexive. We examine some examples based on the properties
of derivatives.

0. INTRODUCTION

Let E be a real Banach space with dual E* and S : E — 2E°. Write
G(S) = {(z,z*): z€E, 2" € Sz}.
S is said to be monotone if
(z,z*) and (5,8") € G(S) = (z—-s,z"-s")2=0.
S is said to be maximal monotone if S is monotone and: if z € E, z* € E* and
for all (s,s*) € G(S), {(z—s,z"-5")20

then
(z,z*) € G(S).

It is the purpose of this paper to discuss four subfamilies of the maximal monotone
operators, in particular in relation to the (single-valued) linear operators. This is a good
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place to point out that if we want to assume that a linear operator is bounded, we shall
state that fact explicitly.

We now introduce the first subfamily of the maximal monotone operators that we
wish to discuss.

DEFINITION 0.1: Let F be a real Banach space with dual E* and S : E +— 2E" be
monotone. We say that S is strongly mazimal monotone if S is monotone and: if K is a
nonempty weakly compact convex subset of F, 2* € E* and

for all (s,s*) € G(S), there exists z € K such that (z —s,z" ~s*) >0

then
there exists z € K such that (z,z*) € G(S)

and, further, if L is a nonempty weak* compact convex subset of E*, z € E and
for all (s,s") € G(S), there exists z* € L such that (z—s,z"—s") >0

then
there exists * € L such that (z,z*) € G(S).

It is clear (by taking K or L to be a singleton) that every strongly maximal monotone
multifunction is maximal monotone.

Here is our motivation for introducing strongly maximal monotone operators. A well
known result of Rockafellar (see [6]) asserts that if f : E — R U {oo} is proper, convez
and lower semicontinuous then the associated subdifferential mapping 8f : E w— 25" s
mazimal monotone. It was proved in [9, Theorems 6.1 and 6.2, p.1386] and, in a different
way in {11, Theorem 32.5, p.128] that, in fact, 8f is strongly mazimal monotone. This
leads naturally to the following problem:

PROBLEM 0.2. Find a maximal monotone multifunction S : E — 2" that is not
strongly maximal monotone. (As we have already observed, S cannot be a subdifferential.
We shall show in Theorem 1.1 that S cannot be a monotone linear operator either.) This
problem is open even if E = R2.

By way of introduction to the other subclasses of the maximal monotone operators
that we wish to discuss, we mention the following result that was proved in [11, Corollary
10.4, p.36]: Let E be reflezive and S : E — 2E" be monotone. Then S is mazimal
monotone if, and only if, for all (z,z*) € E x E*\ G(S), there ezists (w,w*) € G(S5)
such that

(0.2.1) w#z, wr#z* and (w-z,w —-z") =~ ||lw—z||lw -z

We now formalise the above result into a definition.
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DEFINITION 0.3: Let E be a real Banach space with dual E* and S : E — 28" be
monotone. We say that S is of type (NA) if, for all (z,z*) € E x E* \ G(S), there exists
(w,w*) € G(S) satisfying (0.2.1). (NA) stands for “negative alignment”.

It obviously follows from the result mentioned above that if F is reflexive then every
maximal monotone operator on E is of type (NA). The following simple example shows
that there is no hope of getting this result if £ is not reflexive.

EXAMPLE 0.4. Let E be a nonreflexive Banach space. Let Sz := {0} (z € E). From
James’s theorem, there exists z* € E* that does not attain its norm on the unit ball of
E. Then S is maximal monotone and (0,z*) € E x E* \ G(S), but there does not exist
(w,w*) € G(S) satisfying (0.2.1): since (w,w*) € G(S) = w* =0, (0.2.1) would imply
that (w,z*) = ||w|| ||z*||. Setting b := w/||w||, we would have ||b|| = 1 and (b, z*) = ||z*|,
contradicting our choice of z*.

The above considerations lead us to the following weakening of Definition 0.3:

DEFINITION 0.5: Let E be a real Banach space with dual E* and S : F — 2E" be
monotone. We say that S is of type (ANA) if, whenever (z,z*) € E x E*\ G(S) then,
for all n > 1, there exists (wy, w;,) € G(S) such that w, # z, w} # z* and

(W — z, W}, — z¥)
lwn — |} [lw; — 2|l

— -1 asn—o0.

(ANA) stands for “almost negative alignment”. If S is of type (ANA) then S is maximal
monotone. Further, it is clear that every monotone multifunction of type (NA) is of type
(ANA). The converse of this statement is false — the operator S defined in Example 0.4
is not of type (NA) but, from Theorem 2.1 below, it is of type (ANA).

Our motivation for introducing multifunctions of type (ANA) again stems from the
properties of subdifferentials, since it was proved in [10, Theorem 13, p.229 and Theorem
26, p.237], that if f : E— RU {00} is proper, convez and lower semicontinuous then the
associated subdifferential mapping 8f: E — 2F" is mazimal monotone of type (ANA).
This leads naturally to the following problem:

PROBLEM 0.6. Find a maximal monotone multifunction S : E ~ 22" that is not of
type (ANA). (As we have already observed, E must be nonreflexive and S cannot be
a subdifferential.) If such an example can be found, find a subspace D of E and a
linear maximal monotone T: D +— E* that is not of type (ANA). (We shall show in
Theorems 2.1 and 2.3 that T would have to be unbounded and not surjective.)

We shall use the following minimax theorem, which follows from a result of Fan (see
(1]). (See also [3] and [8] for simple generalisations of Fan’s result.)

THEOREM O0.7. Let A be a nonempty convex subset of a vector space, B be a
nonempty convex subset of a vector space and B also be a compact Hausdorff topological
space. Let h: A x B — R be convex on A, and concave and upper semicontinuous on
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B. Then
inf max A = maxinf h.
A B B A
1. THE STRONG MAXIMALITY OF LINEAR MAXIMAL MONOTONE MAPS

It is clear from (b) and (c) of Theorem 1.1 below that every linear maximal monotone
operator is strongly maximal monotone.

THEOREM 1.1. LetD beasubspace of E andT: D — E* be linear and maximal
monotone. Then

(a) The function from D into R defined by s — (s, Ts) is convex.

(b) If K is a nonempty weakly compact convex subset of E, £* € E* and

(1.1.1) for all s € D, there exists x € K such that {(z —s,z* - Ts) 20
then
(1.1.2) there exists ¢ € K such that (z,z*) € G(T).

(¢} IfL is a nonempty weak* compact convex subset of E*, x € E and

(1.1.3) for all s € D, there exists * € L such that (z—s,2* —Ts) >0
then
(1.1.4) there exists z* € L such that (z,z") € G(T).

PRroor:

(a) follows from the observation that if s, ¢ € D, A, p > 0 and A+ u =1 then
Ms, Ts) + p(t, Tty — (As + pt, T(As + ut)) = Au(s —¢t,Ts — Tt) 2 0.
(b) Define h: D x K R by
his,y) ={y—s,2° = Ts)y=(y,z*) — (¥, Ts) — (s,2") + (5, T's).

From (a), h is convex on D. h is also affine and weakly continuous on K. From
(1.1.1), ixll)fm}?xh > 0 hence, from Theorem 0.7 max igfh, > 0, that is to say,

there exists £ € K such that, forallse D, (z-s,z°—-Ts)>0.

Since T is maximal monotone, it follows from this last inequality that (2,2z*) € G(T),
which gives (1.1.2).
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(c) Defineh:Dx L~ Rby
h(s,y*) :i=(z —s,y" = Ts) = (z,y") — (z,Ts) — (s,y*) + (s, T’s).

From (a), h is convex on D. h is also affine and weak* continuous on L. From
(1.1.3), igf mLaxh > 0 hence, from Theorem 0.7 max i%fh > 0, that is to say,

there exists 2* € L such that, forallse€ D, (z-—s,2°~Ts)=0.

Since T is maximal monotone, it follows from this last inequality that (z,z*) € G(T),
which gives (1.1.4). D

2. BOUNDED AND SURJECTIVE MONOTONE LINEAR MAPS

THEOREM 2.1. LetT : E — E* be linear and monotone. Then T is maximal
monotone of type (ANA).

PROOF: We first note from the local boundedness theorem for monotone multi-
functions (see, for instance, [4, Theorem 2.28, p.28]) that T is bounded. Suppose that
(z,2*) € Ex E*\G(T). Then Tz # z*. For all n > 1, we can find z, € E such that
flzn]l = 1 and

(2.1.1) (20, Tz —2*) > —||Tz - 2*|| asn — oo.
For all n 2 1, let w, := £ + zo/n # z. Then ||Tw, — Tz|| = (|Tz.||/n < ||T||/n hence
(2.1.2) |Tws, — Tz|]| >0 and ||Twp,—2*|| = ||Tz—2*|#0 asn— oo.

Now, for all sufficiently large n > 1, Tw, # z* and we have the inequality

|(wn = =, Tw, — Tx)] < |ITw, — Tx||
llwn = 2l [Twn — 2] = [|Twn — 2|

Combining this with (2.1.2), we obtain that

(wp — z,Tw, — Tx)

—0 asn —oo.
lwa = z|||Twn ~ z*||

(2.1.3)

On the other hand, from (2.1.1) and (2.1.2),

(wn — z,Tz — z*) (zn/n, Tz — z*) =Tz —z*|| _

lwa = 2l|Twn = z*ll = llaw/nfl [Twn ~2*] Tz -]

-1 asn— oo

Adding this to (2.1.3), we obtain that

(W = z, Tw, — z*)

— -1 asn— .
lwn ~ )| [ Twn — 2*|
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This completes the proof that T is of type (ANA). As we have already observed, this
implies that T is maximal monotone. a

As we stated in Problem 0.6, we would like to have an example of a linear maximal
monotone operator that is not of type (ANA). It is clear from Theorem 2.1 that any
such example must be unbounded. One common way of constructing unbounded linear
operators is to use differentiation. In Example 2.2 below, we discuss a simple case of the
differentiation technique (which, unfortunately, does not provide the example that we
want).

EXAMPLE 2.2. Let Lip[0,1] be the set of all real Lipschitz functions on [0,1]. If f €

Lip[0, 1] then f’ exists almost everywhere on [0, 1], and its absolute value is bounded (by
the Lipschitz constant of f). Let

D:={[f]: f € Lip[0, 1], f(0) =0},

where [f] is the equivalence class of f in L'[0,1]. If z € D then there exists a unique
element f, of Lip[0, 1] such that f,(0) = 0 and [f,} = z. Define T : D — L*[0, 1] by

Tz:=[f;] (z€D),

where [f.] is the equivalence class of f, in L®[0,1]. T is clearly linear. Further, if z € D
then 1
@Ta) = [ 1= 5107 >0,

from which T is monotone. Despite the fact that T is not continuous, it is nevertheless
maximal monotone of type (ANA). This follows from Theorem 2.3 below and the fact
that R(T) = L*[0,1] = E*. (R(T) is the “range” of T, that is, T(D).) So, as we have
already observed, T will not provide us with the example that we want. We refer the
reader to [5, Example 4.2}, for many other properties of T'.

Theorem 2.3(a) extends [5, Proposition 3.1(j)]. We shall actually prove a result
stronger than Theorem 2.3(b) in Corollary 3.7. We introduce the following notation: if
z € E, T stands for the canonical image of z in the bidual E** of E; further, we write

N(T):={z€ D:Tz =0}

THEOREM 2.3. Let D be a subspace of E and T: D — E* be linear and mono-
tone and R(T) = E*. Then
(a) T~! exists as a single-valued monotone linear operator from E* into E.
(b) T is maximal monotone of type (ANA).
PROOF: Define S: E* — 257 by G(S) := {(Tz,Z): z € D}. S is monotone and,
since R(T) = E*,
e E* = Sz"#0.
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It follows from the local boundedness theorem (again, see [4, Theorem 2.28, p.28]) that
there exist 6 > 0 and M > 0 such that

(2.3.1) (z*,2*) € G(S) and ||z*]| < 6 = |[lz™|| < M.
We now prove that
(2.3.2) N(T) = {0},

from which (a) follows easily. So suppose that z € N(T). Let n > 1. Then nz € N(T)

and so
(0,nZ) = (T(nz),7z) € G(S).

Since ||0]} < 4, it follows from (2.3.1) that ||nZ]| < M, that is, ||z]] < M/n. Letting
n — 00, we obtain z = 0, which establishes (2.3.2) and completes the proof of (a).

(b) Define the monotone linear map V: E* — E** by Vz* := T-1z*. 1t is clear
from Theorem 2.1 that V is of type (ANA), from which it follows easily that T is of type
(ANA) also. As we have already observed, this implies that T is maximal monotone. [

3. ULTRAMAXIMAL MONOTONE LINEAR OPERATORS

Since Theorem 2.3 tells us that a linear solution to Problem 0.6 cannot be surjec-
tive, we now consider a modification of the differentiation technique already discussed in
Example 2.2 that yields a non-surjective operator.

ExaMPLE 3.1. Let

D:= {[f]: f € Lip[0, 1], £(0) = f(1)},

where [f] is the equivalence class of f in L'[0,1]. If € D then there exists a unique
element f; of Lip[0, 1] such that f;(0) = f.(1) and [f;] = z. Define T : D — L*[0,1] by

Tz:=|[fl] (ze€ D),

where [f1] is the equivalence class of f] in L*[0,1]. T is clearly linear. Further, if z € D
then ! ]
@Ts) = [ fufe = 3107 - 3107 =0,

from which T is skew, and so certainly monotone. (This example is taken from [5,
Example 6.2].) Since T is unbounded and not surjective, it is a reasonable candidate to
be a linear maximal monotone operator that is not of type (ANA). However, we shall
see that T does not provide the example that we want. On the contrary, it will follow
from Corollary 3.9 that T is even of type (NA). It will be convenient to introduce some
additional notation in order to establish this.
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DEFINITION 3.2: Let D be a subspace of E and T: D — E* be linear and
monotone. We say that T is ultramazimal monotone if the following is true: if
(v*,v**) € E* x E** and

(3.2.1) seD = Ts—-v,5-v")20
then
(3.2.2) there exists w € D such that (v*,v**) = (Tw, @).

(This is equivalent to the statement that the multifunction S introduced in the proof of
Theorem 2.3(a) is maximal monotone.) It was proved in [5, Theorem 6.4], that if T is an
ultramaximal monotone linear map then T is maximal monotone of type (D) and locally
maximal monotone, and T is monotone. Also, an example of a bounded monotone linear
operator T was given in [5, Example 6.5] such that T is not ultramaximal monotone but
all the other conditions mentioned above are satisfied.

Here, our main result about ultramaximal linear operators is Theorem 3.5. Before
embarking on that, we give two preliminary results.

LEMMA 3.3. Letz € E and z* € E*.
(a) Then

(3.3.1) lzll* + llz*|* + 2(z, ") > 0.
(b) If we have equality in (3.3.1) then ||z|| = ||z*|| and so (z,z*) = — ||zl ||z*]|.
* * * * 11\ 2
PRrOOF: [|z[l? + [|2*|I” + 2(z, z*) > llz® + ll2*|* — 2|z lle* [l = (lll| = lle*]))". O

THEOREM 3.4. Let D be a nonempty convex subset of a vector space, F be a
Banach space, f : D — R be convex and g : D — F be affine. Then (3.4.1) <= (3.4.2).

(3.4.1) ceD = fla)+|gla)|* >0

There exists y* € F* such that

3.4.2
(3.4.2) aeD = f(a)-2gla), ') > Iyl

PROOF: See [11, Theorem 7.2, p.27] or [12, Theorem 3]. 0
We now come to our main result about ultramaximal monotone linear operators.

THEOREM 3.5. Let D bea subspace of E and T': D — E* be linear and ultra-
maximal monotone. Then T is of type (NA).
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PROOF: Let (z,2*) € E x E*\ G(T). Write F := E x E* with |(z,z*)
Vilz||? + ||z*||?, and define f: D— Rand g: D— F by

f(s)=2(s—z,Ts—z*) and g(s):=(s—z,Ts—z*) (se€ D).

It follows from Theorem 1.1{a) that f is convex, and g is obviously affine. Thus, from
Lemma 3.3(a), for all s € D,

F&)+ g = lls = zl? +2(s = 2, Ts — 2"y + || Ts — °||> > 0.

Since any element y* of F* can be written in the form (z*,2**) for some (2*,2**) €
E* x E* with |ly*|| = /||z*||? + ||z**||?, it follows from Theorem 3.4 that there exists
(2*,2**) € E* x E** such that

seD = 2s-z,Ts—z")—2(s~1x,2") —2(Ts—z*,2"") > ||2*|* + ||=""]%
Adding 2(z*, z**) to both sides, we obtain:
(35.1) s€D == 2Ts-z"-2",5-T—=2") 2 |2"||* + 2(z*, 2") + ||2"||°.
Thus, from Lemma 3.3(a),
s€eD = Ts—z"-2"5-T-2")>0
Since T is ultramaximal monotone, there exists w € D such that
(3.5.2) (Tw, @) = (z* + 2", T+ 2™).

Substituting s = w in (3.5.1), we obtain ||2*]|? + 2(2*,2**) + ||z**||> < 0 and so, from
Lemma 3.3(b),

(3.5.3) 2"t = ll2""ll and (2%,2%) = —[l2"|| |""]].

We have from (3.5.2) that 2* = Tw — «* and 2** = @ — Z. Consequently, we derive from
(3.5.3) that [|Tw — z*|| = || & - Z|| and (Tw - z*, @ — Z) = — |[Tw — z*|| ||& — Z||, that is
to say

lw—zll =|Tw-2"l| and (w-2,Tw-2")=—|jw-z|||Tw- 2"

Since {z,z*) € G(T), at least one of |w — z|| and ||Tw — z*|| is nonzero. It then follows
from the above that both are nonzero. This completes the proof that T is of type (NA). [

We next give a simple sufficient condition for T to be ultramaximal monotone and
hence, by virtue of the above theorem, of type (NA) also. If F C E, we write

Ft:={z"€E": forallz € F, (z,2*) = 0}.
Consequently, if F C E*, then
Ft:={z" € E*: forallz’ € F, (z*,2*) = 0}.
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THEOREM 3.6. Let D be a subspace of E, T: D — E* be linear and monotone,
N(T)* ¢ R(T) and R(T)* ¢ N(T). Then T is ultramaximal monotone, and hence of
type (NA).

PRrROOF: We shall suppose that (v*,v**) € E* x E** satisfies (3.2.1), and we shall
show that (3.2.2) is satisfied. This proof is in two parts. In the first part, we shall show
that

(3.6.1) v* € N(T)*t.

To this end, let s € N(T'). Let A be an arbitrary element of R. Then As € N(T) C D
hence, from (3.2.1),
(T(As) —v", As —v™*) 20,

that is to say, A(s,v*) < (v*,v**). Since this hold for all A, it follows that (s,v*) = 0,
which gives (3.6.1). By hypothesis, v* € R(T), so there exists v € D such that

(3.6.2) Ty =v"
In the second part of the proof, we establish that
(3.6.3) 7~ v € R(T)*.
To this end, let u* € R(T). Fix u € D so that
(3.6.4) Tu=u"
Again, let A be an arbitrary element of R. From (3.2.1) with s := v + Au,
(T(o+ Au) ~v*, T+ AT —v™) 2 0.
Using (3.6.2) and (3.6.4), this simplifies to
N {u,u®) + Mu*, 7 —0™) > 0.

Since this holds for all A, it follows that (u*,7 — v**) = 0, which gives (3.6.3). By
hypothesis, 7—v** € N(T), hence there exists w € E such that @ = v** and v—w € N(T').
It now follows that w € D and, from (3.6.2), that Tw = Tv = v*. Thus we have

established (3.2.2), which completes the proof that T is ultramaximal monotone. It now
follows from Theorem 3.5 that T is also of type (NA). ]

Our next result strengthens Theorem 2.3(b). (See also {5, Theorem 6.4((a)==(b))].)
It implies that the operator T of Example 2.2 is actually of type (NA).

COROLLARY 3.7. Let D be a subspace of E and T : D — E* be linear and
monotone and R(T) = E*. Then T is ultramaximal monotone, and hence of type (NA).
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Proor: This is immediate from Theorem 3.6 since R(T)* = {0}. 0
If F C E*, we write

Fy:={z€E: forallz" € F, (z,2*) =0}.

The set F, should not be confused with the set F'* already defined.

CE{E.LARY 3.8. Let D be asubspace of E, T: D — E* be linear and mono-
tone, N(T) be weak* closed in E**, and N(T)* Cc R(T). Then T is ultramaximal
monotone, and hence of type (NA).

e —

PRrooOF: Since N(T)t ¢ R(T), R(T)* c N(T)*+. However, since N(T) is weak*

closed in E**, o o
N(T)* = (N(T),)" = N(T),
and the result follows from Theorem 3.6. 0

Since any finite dimensional subspace of a Hausdorff topological vector space is
closed, the following result follows immediately from Corollary 3.8:

COROLLARY 3.9. Let D be a subspace of E, T: D — E* be linear and mono-
tone, N(T) be finite dimensional, and N(T)* C R(T). Then T is ultramaximal mono-
tone, and hence of type (NA).

If T is as in Example 3.1 then N(T) is the subspace of L'[0, 1] consisting of the
equivalence classes of the constant functions. Thus N(T) has dimension one, and it is

easily seen that N(T)* C R(T) also. Consequently, it follows from Corollary 3.9 that T
is ultramaximal monotone and of type (NA).

REMARK 3.10. It is worth noting that certain Banach spaces cannot support contin-
uous linear ultramaximal monotone operators. We first observe that if T : E — E* is
continuous, linear and ultramaximal monotone then

(3.10.1) v*eE"and T*v" € B* = v* ek

To this end, suppose that v** € E** and T**v** = v* for some v* € E*. Let s be an
arbitrary element of £. Then

(Ts,5=v") = (s, T"F~v™)) =(T"(F~v"), )

and

-~

('U',g— 'U”) — (:'9\_ 'U”,’U*) — (3\_ ’U",T”U”) - <T!(§_ 'U"), 'l)“>.
Thus, by subtraction,
(Ts—v*,5—2v") = (T*(F—v*), - v""),

and so, from the monotonicity of T* mentioned in Definition 3.2, (T's — v*,5—v**) 2 0.
)

*x

Since T is ultramaximal monotone, there exists w € E such that (Tw, @) = (v*,v
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In particular, v** € E, which gives (3.10.1). Since (3.10.1) is satisfied, we say that T is
Tauberian — see Wilansky, [13, p.175]. It follows from {13, Theorem 11-4-2, p.174-175]
that if E is not reflexive then the closure in E* of the image under T of the unit ball
of E is not weakly compact in E* hence, in the notation of Saab-Saab, [7, Definition 6,
p.378}, E does not have “property (w)”. Spaces with this property are discussed in [7,
p.378-380 and Proposition 47, p.386]. In particular, E cannot be of the form co(I") or
C(9) (Q compact Hausdorff). See also the discussion in Bauschke, 2, p.167-169).

(1

REFERENCES
K. Fan, ‘Minimax theorems’, Proc. Nat. Acad. Sci. U.S.A. 39 (1953), 42-47.

[2] H.H. Bauschke, Projection algorithms and monotone operators, PhD thesis (Simon
Fraser University, Burnaby BC, Canada, August 1996). This is preprint 96:080 at
http: //www.cecm.sfu.ca/preprints/1996pp.html.

(3] H. Konig, ‘Uber das Von Neumannsche Minimax-theorem’, Arch. Math. 19 (1968),
482-4817.

[4] R.R. Phelps, Convez functions, monotone pperators and differentiability, Lecture Notes
in Mathematics 1364 (Springer-Verlag, Berlin, Heidelberg, New York, 1993).

[5] R.R. Phelps and S. Simons, ‘Unbounded linear monotone operators on nonreflexive Ba-
nach spaces’, J. Convez Anal. 5 (1998), 303-328.

[6] R.T. Rockafellar, ‘On the maximal monotonicity of subdifferential mappings’, Pacific J.
Math. 33 (1970), 209-216.

[7] E. Saab and P. Saab, ‘On stability problems of some properties in Banach spaces’, in
Function spaces, (K. Jarosz, Editor), Lecture Notes in Pure and Applied Mathematics
136 (Marcel Dekker, New York, 1992), pp. 367-394.

[8] S. Simons, ‘Critéres de faible compacité en termes du théoréme de minimax’, (Seminaire
Choquet 1970/1971, no.24, 5 pages).

[9] S. Simons, ‘Subtangents with controlled slope’, Nonlin. Anal. 22 (1994), 1373-1389.

{10] S. Simons, ‘Subdifferentials of convex functions’, in Recent Developments in Optimization
Theory and Nonlinear Analysis, (Y. Censor and S. Reich, Editors), Contemporary Math-
ematics 204 (American Mathematical Society, Providence, R.1., 1997), pp. 217-246.

(11 S. Simons, Minimaz and monotonicity, Lecture Notes in Mathematics 1693
(Springer-Verlag, Berlin, Heidelbrg, New York, 1998).

[12] S. Simons, ‘Techniques for maximal monotonicity’, in Calculus of Variations and Related
Topics, (A. Ioffe, S. Reich and I. Shafrir, Editors), Pitman Research Notes in Mathematics
Series (Addison Wesley Longman, Harlow, Essex).

[13] A Wilansky, Modern methods in topological vector spaces (McGraw-Hill, New York,
1978).

Department of Mathematics and Statistics Department of Mathematics

Okanagan University College University of California

3333 College Way Santa Barbara CA 93106-3080

Kelowna, BC V1V 1V7 United States of America

Canada e-mail: simons@math.ucsb.edu

e-mail: bauschke@cecm.sfu.ca

https://doi.org/10.1017/50004972700033426 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700033426



