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DECOMPOSITION BASED GENERATING FUNCTIONS
FOR SEQUENCES

D. M. JACKSON AND R. ALELIUNAS

PART I: General Theorems.

1. Introduction. Numerous combinatorial enumeration problems may be
reduced to equivalent problems of enumerating sequences with prescribed
restrictions. For example, the expression, given by Tutte [38], for the number
of planar maps may be derived (see Cori and Richard [12]) by essentially a
sequence enumeration technique. The correspondence between a set of con-
figurations which are to be enumerated and an appropriate set of sequences is
often complicated. Indeed, the existence of such a correspondence has occasion-
ally only been discovered fortuitously by observing the equality of two counting
series (see, for example, Klarner [25]). However, sequence enumeration has, in
principle, wider application than simply to what may be loosely termed the
“classical” problems which date back to the beginning of combinatorial
analysis. In general the classical sequence enumeration problems concern the
determination of the number of sequences which possess or lack certain specific
subsequences. However, even these problems typically have been treated by
non-uniform methods which are specific to each case. In this paper we demon-
strate that a decomposition of sequences into maximal paths leads to a uniform
treatment of these problems and we present an elementary enumeration
theorem which, when specialised appropriately, provides solutions to a con-
siderable number of sequence problems. Some of these have, of course, been
treated before, but the solutions of the remaining ones are, to the authors’
present knowledge, new.

Let P be a distinguished set of sequences which we will call paths. We are
concerned with the significance of generating functions of the form

k
2 {Z_ 6<p)}
k20 \pep

where § is some function. It will be seen that many problems which involve
enumerating sequences with respect to the presence or absence of subsequences
which are members of 7, have generating functions of this form. As an example,
let P be the set of strictly increasing subsequences. Then the generating func-
tion for the set of all sequences with no strictly increasing subsequences of
length three has the above form.
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It is not true that all subsets P can act in this capacity, and Section 2
characterises them, while Proposition 2.8 helps to identify an important
subclass.

We now return to the reason why generating functions of this form are
significant at all. If multiplication is viewed as concatenation of corresponding
subsequences in the above form, then this sum represents an enumeration of all
of the sequences which can be obtained by joining together elements of P.
The terms §(p) are simply markers for the fact that p was used in the con-
struction. However, any given path may be made up of other paths in several
ways. For example the run 1234 can be constructed using 1,234 or 12,34 or
1,2,3,4 and so on. Some technique is required for suppressing the contribution
of these kinds of decompositions to the overall generating function. This
difficulty is also described in Section 2. The solution yields an interpretation
for generating functions of the above form and is given as Theorem 3.1. It
makes use of a Mdbius inversion formula, in fact the one connected with the
lattice of compositions of an integer ordered by refinement.

The principal impediment to the solution of actual enumeration problems
is that the NMébius inversion may be difficult to carry out in practice. However,
certain simplifying assumptions may be made which, in a commutative ring of
weights, reduce the problems to inverting power series or matrices. Although
the applicability of the method is wide, problems of increasing ‘‘complexity”
may well involve algebra which becomes increasingly difficult and perhaps
intractable.

The material falls into three parts. Part [, consisting of the first five sections,
deals with the decomposition, the main theorem and its principal corollaries.
Part II, consisting of Section 6 to Section 9, deals with applications of the
theory to a number of sequence enumeration problems. More specifically,
Section 2 defines the decomposition of sequences into paths which is used
throughout the paper. The main theorem is given in Section 3, and its two
principal corollaries are presented as theorems in Section 4 and Section 5. In
Part II, Section 6 deals with Andrews' refinement of the Simon Newcomb
problem as an application of the theorem given in Section 5, while Section 7
contains applications of the theorem given in Section 4 to p-paths in sequences.
The p-path problems for permutations are considered in Section 8 and some
results relating to rises, levels, falls and the number of maximal runs within
sequences are discussed in Section 9. In Part 11, the method is extended to
permit the extreme maximal paths to be differentiated from the remaining ones.
Section 10 contains the extensions of the main theorem, while Section 11 gives
certain specialisations. Section 12 gives a number of applications of the extended
theorem to the enumeration of permutations with respect to maxima and
minima. A brief discussion of some of the limitations of the method is given
in Section 13. Also in this section we examine the possibility of establishing
the “positivity”’ of rational functions by these techniques. For cross referencing
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purposes the Appendix contains a list of some of the more common problems
which have been treated in this paper.

These enumeration theorems fall into several broad classes, as follows.
Sections 3 and 10 are fundamental and contain the primary results. The next
level of results are corollaries to these, in one case dealing with length and type
encoding (Sections 4 and 11), and in the other with initiator-terminator and
type encoding (Section 5). The third level contains analyses of permutation
problems, based on length and type encoding techniques (Sections 8 and 12),
and also of Simon Newcomb type problems treated with initiator-terminator
and type encodings (Section 6). Finally several areas of intersection between

these diverse approaches and other extant work are examined in Sections 9,
11 and 12.

A number of investigations of decomposition based generating functions
have already been carried out, but from different points of view. Among such
constructions are the “prefab’” of Bender and Goldman [6], and the ‘“dissect”
of Henle [19].

For convenience, the following notational conventions are observed:

(1) Let & = (x1, x2, ...) and i = (15, 13, ...), both finite dimensional.
Then x;%%,7 . . . is denoted by &'
(ii) The empty sum and empty product are taken to be 0 and 1, respectively.
(iii) The (z, j)-element of a matrix 4 is denoted by [A];.
(iv) The coefficient of &' in the formal power series F(&) is denoted by
(4] F(x). We use [&]F (%) to denote [xy xa . . .]F(%).
(v) A rise in a sequence 71z . . . 1, is defined to be any pair 7;7;4, such that
1y, < 1g21. Falls and levels are defined analogously.
(vi) The symbol o is used to denote function composition.
(vii) © = (41, 19, . . .) is the type of a sequence, where 7, is the frequency of
occurrence of the element j.

To facilitate cross-referencing between theorems, most of them are preceded
with single phrases which indicate the contexts in which the theorems apply.

2. Maximal decompositions. Let N* be the set of all sequences (free
monoid with concatenation) over an arbitrary countable set N, which we
identify with the positive integers. Let N* = N*\e where ¢ is the empty word,
and let 2 C N+ be a distinguished subset called the set of paths. The following
preliminary definitions are needed.

Definition 2.1. (i) The set of sequences over P is the monoid P* = \U%, P!
with concatenation as product.
(ii) The set of decompositions of P* is the monoid P™® = \J2, P with
the produc~t (P, . X v Pm) (G ey @) = Pry e P Q1 - ey Q)
(iii) ¢ : P® — P* is the concatenation homomorphism defined by

C(plv‘-'ypn) = P1P2---Pn~
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P™ is the free monoid with letters being the elements of 2. We will always
write elements of 2™ with parentheses to distinguish them from the sequences
in P*.

PROPOSITION 2.2. Let < be the order relation defined on the free monoid P™)
by di £ dy & dy is a refinement of do, where d, and ds are decompositions. T hen
cU(p) = {dld £ (p)} for p € P and c=(p) 1s finite.

Proof. Immediate. The finiteness of ¢~1(p) follows from the presence of the
underlying set N.

Definition 2.3. 1f R is an arbitrary ring with unit, and for A : 7 — R the
induced map A : P® — Ris defined by

(1) Alpr, - ooy Pn) = APD)A(P2) - .. Alpn)
and if

(“) Zl(ﬂ) = (plv 2T vpn) S C_l(o')

is a distinguished decomposition of ¢ then the generating function for P* is

(iii) Z Aou(s) or,equivalently D> A(p1)A(ps) ... Apn).
ceP* cEP*
Definition 2.4. P admits maximal decompositions if and only if ¢! (o) has a
maximum for every o € P*.

Accordingly if, 7 admits maximal decompositions, it is natural to take
#(e) = max ¢ '(¢). This completes the definition of a generating function
based on maximal decompositions. Examples of sets of paths admitting maxi-
mal decompositions are given in the next definition. They will be used in a
number of specialisations of the main theory.

Definition 2.5.
(i) P, = N+.

i) Py = {ids . . . dylime1r = im + 1}, the set of increasing runs.
L~ +
(1) Py = {4142, .. |ty £ 12 £ ... £ 1,}, the set of increasing sequences.
) Py= {its. .. )0 < 12 < ... <1,}, the set of strictly increasing se-
y
quences.
) ]js = {i19s. .. t|n = 2; 71 even; 1, odd; 11 = 1, + 1}.
(vi) Pe = {111a. . . 1,ln 2 151, = 1}.

Note that 7* = N* if and only if N C P, so P3* and Pg* do not equal N*,
The following propositions characterise a certain class of paths.

PROPOSITION 2.6. 4 set of paths admalting maximal decompositions may always
be obtained from a gemeralised successor function s : N — 2V which takes letters
into subsets of letters. This determines a set of paths P, = {iyiy. .. 1,ln = 1;
It € S(im)}-

Proof. Straightforward.

We can see, for example, that P; = P, for s(i) = {j|j = 7}. Now u(c) may
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be calculated readily by checking the conditions 4., € s(i,,) along the se-
quence o¢. Thus, for example, if s(z) = {j|j = 7} then u(1324) = (13,24)
since 2 ¢ s(3).

Definition 2.7. P contains arbitrary subwords if for any p € P then any non-
empty subword of p is also a path.

PROPOSITION 2.8. PP admits maximal decompositions and contains arbitrary sub-
words if and only if P = P for some generalised successor function s.

Proof. 1f P = P, for some s then P contains arbitrary subwords. Suppose
now that 7 admits maximal decompositions and contains arbitrary subwords.
Let s be defined as follows:

j € s() if and only if (ij) appears as a subword of some path in P.
Now clearly P C P,. Further,we claim that P\P = @, for if p, € P\P then
u(ps) = (p1, s, . .., pn) for m > 1, or else it belongs to P. Let p; = pa and

pa = bpy where a, b € N. Since p, € P, then b € s(a), whence ab is a subword
of some path in P. But the arbitrary subword property implies that (ab) € P

as well as p, € P and ps € P. Thus (py, (ab), pa, ps, Py -+ ., Pn) € c71(ps)
which is not comparable to u(p,) = (p1, p2, ..., Pn), which provokes a
contradiction.

Note that Ps and P4 do not contain arbitrary subwords.

3. The main theorem. In this section the main theorem is developed,
which is specialised in subsequent sections. Let A : P — R be an arbitrary map
from paths to a ring with identity which may be non-commutative. For those P
which admit maximal decompositions we wish to write the generating function
> sesx Aou(ao), whichiscombinatorially easy tointerpret,as {1 — > ,c58(p)}?
which is algebraically preferable. The first form considers only the maximal
decompositions, while the second one incorporates all allowable decomposi-
tions. The following theorem demonstrates that the connexion exists and
describes what it is.

TraEOREM 3.1 (Maximal paths). If
() P admits a maximal decomposition u(c) for any ¢ € P*, and
(ii) A : P — R is arbitrary, where R is « ring with 1, then there exists a unique
8 : P — R such that
Alp) = D, )6(d) forany p € P
dec—(p
and

-1
Z Aou(a)={1 _—> 8(?)} .
sep* 134

Proof. Informally one sets up the desired equality and attempts to find a

solution for the &’s in terms of the A’s. The following presentation, however,
is more compact.
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Since ¢=1(p) = {d|d £ (p)} for p € P, the condition on § may be rewritten
as

Alp) = d;@) 8(d)

for any p € P. Thus 6 may be constructed by Mébius inversion with respect
to each maximal element of 2™, Moreover, we have

{1 -3 a(p)}_l - {Z W))},.

peP iz0 \pep

=Y > > 6(d) (where the summation is taken over d € o) N P

i=0 oeP* 4
-> T =S I T @
c€P* dcc1(0) o€P* i=1 d€c~1(pi)

(where u(a) = (p1, P2y - -+, Pn))-

The last equality holds because the maximal decomposition property implies
that

o) = >< ¢ (py)-

1=
Now
2 8(d) = Alpy)
a€c—py)
e}

{1 > a(p)}— = ¥ dou(o)

p€P ccp*

and the proof is complete.

This generating function for P* can be loosely described as the translation of
the monoid sum P™ = U,z P* to the sum > ;=0 (X,c56(p))".

4. Length and type encoding for maximal decompositions. We con-
sider the first of the two simplifications of A : P — R which allows the M&bius
inversion to be performed more easily in many cases. In this section we allow
only those A which are able to encode length and type information. The
second simplification is given in Section 5.

TuaeOREM 4.1 (Length and type). If
(i) P admits maximal decompositions, and
(ii) A(p) = Fi(p) where
(@) 7 = |p| is the length of p € P, and
(b) 71is a path-homomorphism (r(pq) = 7(p)r(q) for any two paths p, q)
which maps to the centre of the ring R (we will usually take T to be an
encoding of the type of p),
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then

(i) 8(p) = fir(p) where 1 + Z Falf = {1 — Z fku"}_ , and

k>0 k>0

1
(iv) the generating function is{l - fkyk} where v, = ., (p).
k>0

PEP
Ipl=k

Proof. We show that §(p) is of the form f;(p) by induction on the length of
p, or alternatively, on the maximum number of subpaths into which $ can be
decomposed. Since A(p) = §(p) for those p of minimal length we have, in this
case, that 6(p) = f,;7(p) where f|,; = F,;. By the induction hypothesis for
all paths shorter than p and the commutativity of 7(d;) with every element,
we have, for any p:

8(p) = A(P) — 2. fufir . [rar(@)7(de) . .. 7(dn)

A<
where |di| = j,and d = (d1,ds, . .., d,). Thus
5(?) = T(P)Fm - T(P) Z f7f1f2 .. 'fjm
a<(p)

and the result follows immediately.
Now 7(p) may be factored from A(p) = > u<y 6(d) to give

e @ k
B3 (5 )
k=0 =1
whence
—1
1+ Y Falf = {1 - > fkuk} .
k>0 k>0

Moreover, the generating function is

{1 > flmr(p)}—l = {1 -3 fm}_l

pEp k>0
since
Y = 2 T(P)-
peP
Ipl=k

We note that the generating function given in the above theorem involves
an umbral substitution (see Mullin and Rota [29]) or, equivalently, the umbral
composition of the series f(u) =1 — > ;5o fru® and y(u) = 1 + X 40 viutt. In-
deed, the generating function may be written (foy)~! where the composition
is umbral. However, we do not pursue this further.

The following example demonstrates the generality of Theorem 4.1 while
illustrating some of the difficulties which may attend its use. In the example,
we assume that the F, do not commute.

Example 4.2. We consider the enumeration of sequences over {1, 2, 3} ac-
cording to their type and the number and order of the increasing runs they
possess. Accordingly, let N = {1, 2, 3}, P = P, = {1, 2, 3, 12, 23, 123}
(see Definition 2.5(ii)), and 7(i122,...,%,) = X4X4 . . . X4,. The inversion
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formulae and the appropriate posets of decompositions corresponding to
— [u"] Yisol — 20 Fault®, for w = 1, 2, 3 are given in Figure 1.

ll"] Fg F3
[ ]
]"ng Fﬂf"l
F?
Fi3
fi=F fo= Fy— FP? fo = Iy — FolFy — FiFy + F?
FIGure 1

For simplicity, let /7 = 1 so the generating function for the problem is, from
Theorem 4.1:
G=1{1—[(x1 4+ x2+ x3) + (Fo — 1) (122 + x0x3)
+ (F3 — 2F2 —|— 1)3(313623(33]}_1.
In particular, for sequences of type (2,2,1), we have
[3(?129(?22.963]G =7 + 12F2 ‘I— 4F3 + 5F22 -|— F2F3 + F3F2.

Thus, for sequences possessing exactly two 1’s, two 2’s and one 3, there are:
1 with a 3-run followed by a 2-run, 1 with a 2-run followed by a 3-run, 5 with
two 2-runs, 4 with one 3-run, 12 with one 2-run, and 7 which are run-free.
There are 5!/(212!) = 30 sequences in all.

The following example uses a Dirichlet generating function in connexion
with multiplicative partitions.

LExample 4.3. The number of sequences over {1, 2, 3} of type (i1, 75, 73) whose
maximal increasing run lengths are factorisations of # is
[ [er e P20y B]{1 — (1 + 20 + x3) — (275 — 1) (2162 + xoxg)
- (S—S — 2.27¢ + 1)9619C2x;;}—1.

This follows directly from Example 4.2 with F;, = k=*. The coefficient of x;x2x3
is 37° 4 2.27% 4+ 3 which agrees with the direct enumeration given in Table 1.

TABLE 1

o Ao u(s)
123 378 X1X9X3
213 1 x93
132 1 x1x0x3
231 278 x1X9X3
312 27 xx9x3
321 1 xx0x3

There are six sequences in all, a fact which emerges by putting s = 0.
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5. Type and initiator-terminator encoding for maximal decomposi-
tions. The following theorem presents the second simplification of Theorem
3.1. Here we allow only those A which are able to record the first and last
elements of a maximal path along with its type.

TuEOREM 5.1 (Type, initiators and terminators). If
(i) P = P, for some generalised successor function s, such that s(i) = @ for
any i, and
(ii) A : P — R s arbitrary, where R is a ring with 1, then

-1
T, 7 7

where

Ay = D, Alp) and sy = 2, 8(p),

pEMij PETi]
Mi; = {p € P|p begins with i and ends with j},
and the matrix

[Mij]m,n = {

and I s the identity matrix. Moreover,

1 ifi=mandn € s(5)
0 otherwise,

-1
(iv) the generating function is { 1- Bi,«} .
0
Proof. The relationship
MMy, = My = (0) & MyMg, NP # 0 (=0 respectively)

arises because of condition (i). The matrices represent the essential properties
of the monoid product on the sets M;;. Now

A(p) = Z)a(d) forpc P

as(p
SO
k
Ay= 2 Ap) = 2 X @ =2 X II tum
PEMij pEMij d<(p) k=1 i=1
where the second summation is over m, n,, ma, %2, . . . , My, 7, such that
M'”l"l ° Mm2"2 S et Mmk”k m M“‘ # 0.
Thus
B © _ k
Ai]' = [Mij] Z (Z 3mann)
k=0 m,n

from which it follows that

-1
I+ Z A”M” = {['— Z 5“‘]‘2-“‘} .

1Y) 7
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The extraction of the coefficient is well-defined since the matrices are linearly
independent. Finally, since P = \J,;; M, is a disjoint union we have

ez T

and the theorem follows from Theorem 3.1.
Condition (i) of Theorem 5.1 may be replaced by
M My, =My =(0) & M M,NP 0 (=0 respectively)

where the M ;; are suitable linearly independent matrices. The task of finding
matrices to fit the conditions appears to be unrewarding, and we have not
found an application which uses this weaker condition. The set ; of paths
(see Definition 2.5(v)) satisfies this weaker condition, but does not admit a
generalised successor function.

PART II: Applications.

6. Problems involving initiator-terminator information. This section
is concerned with problems which involve initiator and terminator information,
and is divided into two subsections. The first deals with a refinement of the
Simon Newcomb problem, while the second deals with a variant of this problem.
Clearly, there are several such variants which may be treated by the same
method. Two sets of paths, P; (increasing sequences) and £, (strictly in-
creasing sequences) are used and the section serves to illuminate the use of
Theorem 5.1 in the two situations.

6.1 Andrews’ refinement of the Sitmon Newcomb problem. Andrews’ refinement
(Andrews [4]) concerns the enumeration of sequences with respect to occur-
rences of maximal paths of ; (increasing sequences) and the terminator ele-
ments of each of the paths. The refinement arose in connexion with Long’s
Conjecture (Long [26; 27]) concerning factorisations of integers, and its proof

(Andrews [5]).

CoroLLARY 6.1. The number of sequences with a; occurrences of 1, and H,
occurrences of © as a terminator of maximal increasing subsequences is

j —1

] 1= % we, TT 0 =m0 =)
>0 k=1

Proof. Let A(p) = v (p) whenever p € My, and let 7(i1dy . . . 1,) = X,X4

... %4, The ring of weights is assumed to be commutative. Now clearly the

generating function for increasing sequences beginning with 7 and ending with

7, where j = 4, may be written down directly since a sequence on
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1,1+ 1, ..., j} corresponds to a unique increasing sequence. Accordingly,
P
—1 e .
v (1 — ;) ifi =7
j
[4)y = Ay = lvjxixf H (1 - xk)_l if1<j
k=1
0 ifi>7

for an increasing path beginning with 7 and terminating with j. But Py = P,
where s(i) = {j|j = i} so the representing matrices are
[Mij]mn = {

Hence, from Theorem 5.1

-1
I+ Z AijMij= {I_ Z 6ijMi]'}
i,7 7
may be written
I+AT = (I — DI)!
where
(D] = 84y

syl i =5
17y = {0 otherwise.

It follows that D = (4=' 4+ T)~'. Now, by routine but lengthy algebra we

1 fm=i=2j=n
0 otherwise.

and

have:
1 —xp)ve %, ifm=mn
[A7 Y = <0 ifm>n
—, ! fm<n
)

A+ T = diag (x;'017Y, x5~l0p~), .. )BT

where
[Bly = <¢—1 ifi4+1=7
0 otherwise.
Hence
D = T-'B-' diag (x,v1, X202, . . .)
where
j
_ N S <
[B—l]” _ gj {1 — 2 (1 — v)) if1 <7
0 otherwise.
Thus
© © 7
E 8y = Zl [B_ldiag (w11, X902, . . )1y = Zl: X0, I_Il (1—x,(1 — o)}t
. = = k=

which gives the required generating function.
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Remark. This generating function differs from the one obtained by Andrews’
[4], but yields the same coefficient as the following derivation demonstrates.

n 7 -1
[xaVH]{l - Z X4 H {1 — (1 — Uk)}_l}
i=1 k=1
= [x"v”] Z [ll + Y + ln:I (xlvl) " o (xnvn,) "
Iyeony In=0 Zly ZZ: LI 1ln

X H “‘ —x(1 — 'Uk)}_ gl

k=1
L+...+5L], . L o
= “’H]z ZM[Z‘I L ](vﬂ Cen ™) LII (1 — )"
X(ar =T+ 2 1i—1
=k
(lk—[k
. [zl+...+z,,}ﬁ =t L—1
Ulyeees In=0 Zly cee yln k=1 =
(lk—lk
— Z (_I)ZZ:l(Hk+lk)_ll((lln) (Zl+ _*_lﬂ)y
Ulyeens 1n=0 Qy, ‘n

e
X k=1 ((lk —Hk ZkI ’

(which is a version of Andrews’ result)

ay a9 ay > (HEAR)
= C.. —1)~k=1
<H1)(H2) (H,,,)zl Zz,.;o( )

I n ) n—1 ) . __1
wht . Fh ] (IZJ)H <ak+i_2k;_+lu >

(457 k=1 k=1

No further simplification has been obtained.
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6.2 A related problem. There is a certain degree of freedom in the choice of
the set of paths to be used in the problem stated in Section 6.1. A natural
second choice is the set P, of strictly increasing sequences. The following
corollary gives the enumeration in this case.

CoROLLARY 6.2. The number of sequences with a, occurrences of 1 and H,
occurrences of 1 as a terminator of a maximal strictly increasing subsequence 1is

[x"v"]{(l - ; X0, ﬁl {1+ x:(1 — vk)})};l.

Proof. The proof follows closely that of Corollary 6.1. In this case we have

XUy if1 = ]
j—1
[A]” =1v;x¢xjkl_zll(l +xk) lfl<]
=it
0 otherwise

since the subsequences are strictly increasing. Now P, = P, where s(i) =
{jl7 > 4} so
- lifm=1=<j<mn
oo {1 =
(M i51mn 0 otherwise
for the representing algebra. Accordingly, from Theorem 5.1,

I+ Z [A]ijﬂzij = {1 - Z 5:']']‘7[1]‘}

7
becomes
I+ A4S = (I — DS)!

where
Cflifi<j
[Sles = {O otherwise

and D = [§;;] as before. Accordingly D = (4=' 4+ S)~! + Z where ZS = C.
Clearly Z = 0 since S is infinite dimensional.
Thus

D = (dlag (xl"vl“l, X lpe Tl L .)B]‘)‘l

where

_Jlifi <
(7] = {0 otherwise

and
1 ifi1=7
[Blyy=q— 0 +x(1 —v)) ife+1=
0 otherwise
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whence
D = T-'B-'diag (x1v1, X202, . . .)
where
j—1
[T 1+ o =)} ifi<]
[B—l]ij = | =t .
0 otherwise.
It follows that
® © j—1
Z 6“‘ = Zl [B—ldiag (fol, Xolg, . . .)]1]': Zl x]'vj I—Il {1 + xk(l — 'Uk>}
0 = = k=

and the corollary follows.

7. Problems involving length information: p-paths in sequences. In
this section, generating functions concerned with the occurrence of paths of
length p are obtained, and in the next section the corresponding results for
permutations are derived. The following assumptions are made for the re-
mainder of the paper.

(i) The set of paths is P, (increasing runs), P; (increasing sequences) or
P, (strictly increasing sequences). The results may be generalised in

many cases, but this has been left to the reader.
(i) We define

(@) T(4122 . - . 1) = XXy« v o Xqy
and
E Xir1X 42 . o« Xipr if Jj = ]32
=0
) vi= 22 @) ={[] (1 —ax)™" if P =P
i
K] 4 +axx,) ifP =P,
i=1

(iii) The ring R of weights is commutative, and we define
F) =14+ > Faf, fx)=1— 3 fx* and F=f"
k>0 k>0
For convenience let fy = —1 and f, = 0 for & < 0.
CoROLLARY 7.1. The generating funclion for sequences with exactly 1 p-paths is

w1 = % i)

k>0
where

_ _Ju—1 ifp =
Ji=1, f2—{0 it p >

and {f,} satisfies f, = ufpor + (1 — w)foy, for n > 2.

2
2
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Proof. Let F(x) =14+ x + a2+ ...+ 2770 4+ ux? + a2t 4+ ... +
ufxP+ =1 4 . since there are no p-paths in a sequence of length less than p and
there are k p-paths in a sequence of length p + & — 1. Thus

I —ux 4+ (u— 1)a”
(1 —x)(1 — ux)

Flx) =
in Theorem 4.1, whence

ooy (1 =x)(1 — ux)
fl) = 1 — ux 4+ (u— 1)x?

SO
fle) —uxf(x) + (u — 1)x?f(x) =1 — (1 + u)x + ux?
The corollary follows by comparing coefficients on either side of this relation.

COROLLARY 7.2. The generating funclion for sequences with no p-paths is

—1
{5 e s o
k =0(mod p) k =1(mod p)

where vy = 1.

Proof. Let u = 0 in Corollary 7.1. Then

1 -«
P =7—%
SO
flx) =—11——E—£65=1—x+x”—x"+1+...

and the result follows.

This proves a strengthened form of the conjecture for p-runs given in
Jackson [20].

COROLLARY 7.3. The generating function for sequences whose longest path is of
length p 1s ¥ (1) — ¥ (0) where

1

Y(u) = {1 - fkuk}_
k>0
and for p = 2, f1 = 1 and { fi} salisfies

fn = (1 — u)fn—p -+ ufn—p—l
forn > 1.

Proof. Let F(x) = 1 4+ x 4+ x? 4+ ... + x?~! 4 ux? since there are no paths
of length greater than p, and the lengths of paths less than p are not recorded.
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Thus

1= (1 = u A+ ux)x”
Fx) = — .
The recurrence for f(x) = F~'(x) follows provided p = 2. Thus, from Theorem
4.1, the generating function is

S ) = w(1) = v(0).

8. Problems involving length information: p-paths in permutations.
By a permutation on m we mean a permutation of {1, 2, ..., n}. The initial
assumptions given in Section 7 (i), (ii), (iii) hold in this section. Two prefatory
lemmas are needed for the transition from sequences to permutations. Lemma
8.1 deals with increasing runs and Lemma 8.2 deals with increasing sequences.
Theorems 8.3 and 8.4 are the enumerative theorems associated with these two
cases. A collection of seven corollaries follows giving the generating functions
for specific problems.

Lemwma 8.1. If
Ye = 2 Xy tXopz . o Xppgy Yo =1
1=
and

g:11+l2++lm
then

[x][yi]{h% e 25 e i S T

= g![ilgi:l ifir+ 2+ ...+ i, =7

0 otherwise
where

11,eenln 1ol . .1,

and the notational conventions given in Section 1 have been employed.

Proof. The sinister is the number of (additive) compositions of # with ¢

parts, since a decomposition of x1xs . . . x, into products of y; may be obtained
by marking off the 7; blocks of size k along the set (xy, %, . . ., x,). The proof
follows.

Lemma 8.2. If

Ye = [xk] I:jl (1 — xxi)_‘
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and
g=1t++...+1,
then
[ My + va9e + -+ vl
q ——.-.L—_,- . o .
- [zl, in ... 1] gl e Yt et i =
0 otherwise.
Proof. The sinister is the number of ordered partitions of the set {x1, x2, ..., %,}

into unordered blocks such that there are 7, blocks of length k. This reduces
immediately to the dexter.

For permutations, increasing sequences must be strictly increasing and
identical results are accordingly obtained in Lemma 8.2 if

ve = W TT (4 e,

the quantity associated with P, (see Section 7(ii)).

THEOREM 8.3 (increasing runs in permutations). The number of permutations
on n with d; maximal increasing runs of length 1 is

"] (F] ; (—1)"r! {L%(xi)@_)} ;

Proof. From Theorem 4.1, the generating function is
-1
[Fd][x]{l -2 fﬂ’f}
>0
where

Fx) = {1 > fjxf}—1

and

0
Y = Z Xi41%s42 - Xipr, Yo = L.
i=0

But

[x]{l - fm}_l = [¥] 2 {§ fm}k

k=0

k=0 d1tiet.. . ik=k

Z Blx"] (ofy + %2 + .. )

=Wy ¥ <f1“f2"2...fk"knfl“fz"*...fk"k]( ]Z;afm)

Il

from Lemma 8.1 and the theorem follows.
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TueoreEM 8.4 (increasing subsequences in permutations). The number of
permulations on n with d; maximal increasing subsequences of length i is

F R

Proof. The proof is similar to that of Theorem 8.3. The generating function is

[x]{l - ; fm}—1
where |

=TT (=)™

J

[}

-

The generating function is
k
[¥] X (Z fﬂ’f)

=Wy X ohfuﬁ%W%Vuﬂﬂgwm}

K20 i1t int ot in=k
” S | fo )k
= == T
[x]kzg;) k'(l! +ort e

by Lemma 8.2, and the theorem follows.

A number of corollaries of these two theorems is now given. Clearly, variants
of these problems may be treated in the same way.

COROLLARY 8.5. The number of permutations on n with exactly 1 (strictly)
increasing p-runs is

[x"”i] Z k'xk{ 11-— ux — (1 — u)xp_l}k'

£=0 —ux — (1 — u)x”

Proof. Following the proof of Corollary 7.1, let
Flx) =14x+ x4+ ... 4+ 2770 4+ ux? 4+ u?x?+1 . .
and the proof follows from Theorem 8.3.
COROLLARY 8.6. The number of permutations on n with no increasing p-runs is
-1k
[x*] kzg:o k!xk{—li—_—%,,—} .
Proof. Substitute # = 0 in Corollary 8.5.

The case p = 2 of Corollary 8.6 has been given by Whitworth [39] and the
case p = 3 by Riordan [30]. The more general case has been considered by
Abramson and Moser [1] who obtained an explicit formula for the number of
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permutations of {1, 2, ..., n} with exactly 7 increasing p-runs. An independent
proof of Corollary 8.6, together with a linear recurrence equation for the
coefficients and tabulations of coefficients, has been given by Jackson and
Reilly [23].

COROLLARY 8.7. The number of permutations on n with exactly i (strictly)
increasing subsequences is

[gell- g}

where

(1 —=%)(1 — ux)
1—12>0f1 1 —ux + (u— Dx"’

Proof. Direct from Corollary 7.1 and Theorem 8.4,

COROLLARY 8.8. For S,™, the Stirling numbers of the second kind, a combina-
torial interpretation of the well-known identity (Riordan [31])

=0

1s that there is exactly one permuiation with no increasing 2-subsequences.

Proof. Let u = 0 and p = 2 in Corollary 8.7. Then f; = —(—1)". Thus the
number of permutations on »# with no increasing 2-subsequence is

X e g g ) [
[%] [ ]““"z‘” [ ]i (D)™ — 1)F

= [x_] S Y (c1psel
nll = = 7ol

and the corollary follows.

But

COROLLARY 8.9. The number of permutations on n whose longest increasing run
has length p s

g e (f55) - (5) T

Proof. As in the proof of Corollary 7.3, let

(l—u—l—ux)x
1—x

F(x) =
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The required generating function is
2 W' @w) =¥ (1) — ¥(0),
i>0
where ¥ (1) is obtained from Theorem 8.3.

CoroLLARY 8.10. The number of permutations on n with « unique longest
increasing run of length k 1s
2(—1 _ xp—l)k—l

[x"] @) BRI — x) 1= )

Proof. In the notation of Corollary 8.9, the solution is [#]¥[u].

CoRrOLLARY 8.11. The number of permutations on n with only increasing sub-
sequences of length 2 is [x"/n!] sec x.

Proof. Let F(x) = 1 4+ x* in Theorem 8.4.

Equivalently, Corollary 8.11 enumerates the number of permutations for
even n# which have an alternating sequence of rises and falls. Permutations
with this property have been called “‘alternating”. For alternating permuta-
tions of any length the exponential generating function is sec ¥ + tan x, a
result obtained by André [2: 3] and examined later by Carlitz [9], Foata
and Schiitzenberger [18] and others. In order to obtain this result, it is neces-
sary to allow the occurrence of a single fall at the end of a permutation. More
generally, it is necessary to treat the extreme maximal paths differently from
the remaining paths. This is done in Part III, where André’s result is given as
Corollary 12.3. The result for alternating sequences is given in Corollary 11.6.

9. Maximum paths in sequences and related results. The purpose of
this section is to provide an interpretation of a modified form of Theorem 9.6
given below. The latter theorem is of enumerative interest because it may be
used to unify a number of earlier results obtained by Smirnov, et al. [34],
Carlitz |7], Eifler e/ al. [15], Dillon and Roselle [14] and Carlitz et al. [8]. The
details of the proof of Theorem 9.6 and its application to sequence enumera-
tion problems are given in Jackson [21]). [t may also be specialised to give the
Eulerian partition identities, a number of g-binomial identities, the Nénage
problem, the derangement problem and the generalised derangement problem
(Even and Gillis [16], Jackson [22]). The relationship between Theorem 9.6
and its modified form, Theorem 9.7, is analogous to the relationship between
the Simon Newcomb problem (Riordan [31]) and Andrews’ refinement of it
(Andrews [4]). Certain graph theoretic aspects of some sequence problems,
including the Simon Newcomb problem, have been considered by Klarner [24]
and by Roselle [32].

We begin with a basic problem involving sequences with a specified number
of maximal paths. The assumptions of Section 7(i), (ii), (iii) apply throughout
this section.
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ProrosiTioN 9.1. T'he generating function for sequences with k maximal paths 1s

[vk]{l -0y (1- v)j_lvj}_ -

i>0

Proof. Let F(x) = 1 + vx + vx? + . .. since each maximal path has weight
v. Then f; = v(1 — v)*~! for & = 1, and the result follows from Theorem 4.1.

LemMMA 9.2. The generating function for sequences with exactly k maximal
strictly increasing subsequences 1s

1 —v

(i) "] % :
1—v1:11 {1+ x,(1 —9))

The generating function for sequences with k maximal increasing subsequences s

1—v

1—vf11 (1 — (1 — o))"

(if) [o"]
Proof. (i) follows from Proposition 9.1 with

Y = [xk] Ijl (1 + xx;)

and (ii) follows from Proposition 9.1 with

v = [x"] Ij1 (1 —xx,)™"

We may regard a decreasing sequence as being composed of maximum
strictly increasing subsequences of length one. Accordingly we have the
following fact.

ProrosiTION 9.3. A sequence has k falls or levels if and only if it has k + 1
maximal strictly increasing subsequences.

Proof. Every fall or level which occurs marks the beginning of a new maximal
strictly increasing subsequence.

LEMMA 9.4. The generating funcltion for sequences with k falls or levels 1s

1—v

() B = .
1—v I;I1 (14 x,(1 —2)}
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The generating function for sequences with k falls is

(i) ") B

Lo ][] (1= 5,0 -0

=1
Proof. The results follow from Lemma 9.2 and Proposition 9.3.

We note that Lemma 9.4 gives the solution of the Simon Newcomb problem,
and it suggests the following lemma.

LEMMA 9.5.

(1) © l_v :{l—vi xiﬁ {1+xk(1—7})}}—
l—vgl {1+ x.(1 — v)} =t w=l

(i) ————" R | I
1—o]] {1 —x(1—=0)" =1 k=t

k=1

Proof. (Combinatorial) By Lemma 9.2(i) (resp. (ii)), the sinister enumer-
ates sequences with respect to maximal strictly (resp. non-strictly) increasing

subsequences. By Corollary 6.1 (resp. Corollary 6.2)), the dexter does so as well.
(Algebraic) (i) By induction we may show that

1+ 21 (2:— (2122 . . . 2421) = 2122 . . . Zp.
=

Letz;, = 1 + x;(1 — 2) and the result follows.
(i1) Similarly, it may be shown that

1+ Zl (1—2)(Ez...2)7" = (G122 .. zn)"l

and the result follows with z; = 1 — x,;(1 — v).

The expressions given in Lemma 9.5 are related to specialisations of the
generating function given in the following theorem.

THEOREM 9.6. The generating function for sequences with 1 rises, j falls and
k levels is

—

Il
-

i L4 (f = Dxy}

[P — pf
!

Proof. See Jackson [21].

The relationship between the results of this section have suggested the fol-
lowing theorem, which is now proved directly with the methods of Theorem 5.1
as they were applied in Section 6.1. The theorem explains, in effect, what
happens when the r, I and f in Theorem 9.6 are permitted to be subscripted.

{1+ (r — Dx;} —
J

11
1+ (= Dx, —riIl (1+ (f = Dx,)

et
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THEOREM 9.7. T'he generating function for sequences with a ; levels on the element
1, b, rises starting with 1, and ¢, maximal increasing subsequences lerminated by 1 is

a,.bfc c- %4f s =8| + (re — lk)xk}_l
e ]{1 O vy =yl | S A

Proof. Consider a sequence over (z, 2+ 1, ..., j) where ¢ < j. This cor-
responds to a unique increasing sequence, and suppose that this sequence
begins with ¢ and terminates with j. This contributes a factor of xx; to A;;.
But since z < 7, 7 initiates a rise and j terminates an increasing subsequence so
this contributes a further factor of 7,f; to A;;. Repeated occurrences of 7 and j
result in levels recorded by /; and ;. These contribute a factor of (1 — /x;)™!
(I — ljx;)' to Ay Each element k, where 7 < k < jif it occurs, initiates a rise,
marked by 7, and, of course, levels marked by I if £ occurs more than once.
For each k,7 < k < j, the contribution to A;;is 1 4+ (1 — Lx;)~. According-
ly, A;; is the product of these contributions. If ¢ = 7, the situation is straight-
forward. Thus, let

Sm(l — )™t ifi = j,
=1
[A];; = Ay = xtxﬂifj(l - lixi)—l(l - ljxj)—l kHH {1+ xre (1 — lkxk)—l}
if1 <7,
0 otherwise.
Thus, following Section 6.1, we have
D= (414 ).
Now, by routine but lengthy algebra we have
1 = lxw)xe Yt ifi=j
[A_l] 1j = _rffi—l if 7 < ]
0 otherwise.

So A-! 4+ T is of the form

{1+ (fi — lxdx Y =a;, say,ifi =
(A7 + Ty = S(fe = rof ' = by, say, if 1 < j

0 otherwise.
It follows that

—1

a; if7 = ]
j—1 j—1
(D], = la;‘{ kr_Ii o k_chk} ifi <j
0 otherwise

where

=1l Ltz e

Ay, 1 + (flc—‘lk)x/cy
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The generating function is accordingly

ez o =g (s Bor{fie- o)

i, ] j k=i—1
J—1 -1
= {1 - Z (lj_l H Ck}
7 k=1
and the theorem follows.

Theorem 9.7 contains Corollaries 6.1 and 6.2, and Theorem 9.6, provided
the conventional rise and fall at the ends of the sequences are treated appropri-
ately. Accordingly it unifies the results which devolve from 6.1, 6.2 and 9.6.

PART III: Extensions of the Method.

10. Two extensions of the main theorem. The remaining sections are
concerned chiefly with methods of determining the number of maxima and
minima in sequences and permutations. André’s result [3] for permutations is
perhaps the most familiar one in this context, but there are several others.
Combinatorially, the situation presents no difficulties since we may observe
that a maximal increasing subsequence must be terminated with a maximum
and initiated by a minimum. The exceptions are, of course, the initial and
terminal maximal subsequences, which must therefore be treated especially.
However, the maximal decomposition is again applicable, and only slight
adjustments to the previous analysis are necessary. For expository purposes
alone we shall refer loosely to maximal paths which are treated in an exceptional
fashion as differentiated paths. Although our chief concern lies in differentiated
inttial paths and differentiated terminal paths (or, collectively, differentiated
extreme paths), in principle other paths may be differentiated. It is unclear,
however, that there are situations which benefit from the latter possibility,
and it has not been pursued further.

The following two theorems correspond to Theorem 3.1 (maximal paths) in
the context of differentiated extreme paths. The ring R need not be commuta-
tive.

TrHEOREM 10.1 (differentiated terminal maximal paths). If
(i) P admits a maximal decomposition u(s) = (p1, pa, ..., pa) for any
o € P* and
(ii) A1, As: P — R are arbitrary, where R is a ring with 1, then there exist
unique 6y, 8y: P — R such that for any p € P
(i) Ar(p) = 2 8:(d)
d=(p)

and

(i) Ax(p)

Z) {ﬁ 51(d1)}52(dm)

ds(p
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where d = (dy, ds, . . ., dy), m = 1. Moreover, the generating function
n—1
(i) 1+ 2 { I1 Al(m}Az(pn)
oePt U i=1

(note that the empty product is 1, so sequences of one path p contribute only As(p)
to the sum), is equal to

1+ {1 - Z 61(1))}_1 Z 8:(p)

where u(o) = (P1,. .., Pn)-

Proof. Again we seek a connexion between the combinatorially described
generating function

Z {ﬁ Al(Pi)}A2<pn)

gept Ui=1

and the form

{1 -3 w)}_ 3 aap).

13 peP

Clearly, from (ii)* and (ii)®, 6; and 8. exist and are unique by M&bius inver-
sion. We proceed by direct expansion of the dexter of (iii). With 6,(e) = 1,
we have

{1 - 51(?)}_{2 52(?)} =2, Z Z 81(d1, do, . . ., di_1)82(dy)
V4 2 k=1 ocP+ da

(where the summation is over d € ¢=!(¢) M P¥)

= Z z 51(d1, d2, e ,dm—l)62(dm)

ceP+  dec—1(0)

(where d = (dy,ds, ...,d,) and m = 1)

= Z {"1—_1 Z 51@)}{ Z 01(dy, ds, . . . ,dm—l)62(dm)}

cept+ U i=1 aec—1(pi) a€c=1(pn)
(where d = (dy,ds, ..., d,) and u(o) = (p1, po, ..., pn), n = 1)
n—1
= Z {H Al(Pi)}AZ(pn)
gePt =1

which completes the proof.

The following theorem deals with the case in which both ends have differen-
tiated maximal paths. In this case we examine the relationship between the
generating function

2 Al(m){ij AZ(pi)}AS(pn) + 22 Au(o)

ceP+H\P 34
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where #(¢) = (py, P, . .., Pn), and the formula

iz s {1 T ) T ) + 5 ale)

The last term in each case is due to those sequences which are exactly one

path long.
TaeorEM 10.2 (differentiated extreme maximal paths). If
(1) P admits a maximum decomposition u(a) = (p1, ..., pn) for any ¢ € P*,
and

(i1) Ay, A, Ay, Ay P — R are arbitrary, where R is a ring with 1, then there
exist unique 6y, 8y, 83, 642 P — R such that for any p € P
() Ar(p) = D 6:1(d1)d2(da, ds, - - ., dy)

d=(p)

(ii)” As(p) = Z) 82(d)

d=(p

(11)c Ag(P) = d;(p) 62(d1, d2, P ,dm_1)53(dm)
(ii)* As(p) = d4(p) + d;) 61(d1)62(do, ds, . . ., dp_1)85(dy)

where d = (dy, ds, . .., dy,), m = 1. Moreover, the generating function

Gi) 14+ 2 A1(P1){ﬁ Aﬂ(pk)}AB(pn) + 2. Au(o)

ccP+\P k=2 433
w(0)=(p1s..., pn)

1s equal to

1+{; w)}{l — Z w)}vl{; Ba(P)} + Z 8u(p).

Proof. Clearly, from (ii)?, (ii)® and (ii)¢, 8, 6. and §; exist and are unique
by Mobius inversion, while 8, exists and is unique trivially from (i1)% Again,
we proceed by direct expansion of the dexter of (iii). We have

{Z 61(p)}{1 - Z 62(1))}_ {; 63@)} + ; 84(p)
= Z Z Z 01(d1)d2(ds, . . ., dy—1)83(dy) + Z 84(p)

k22 ocP+ d
(where the summation is over d € ¢~1(¢) M P¥)

= Z Z 61(d1)52(d2, ey dm_l)éq(dm)

c€B+\P d€c—1(o)

+ Z,,: {&(P) + zezl(m 81(d1)és(dy, . . ., dm—1)5a(dm)}

(where d = (dy,d., ...,d,) and m = 1). But

s € PAN\NP = u(e) = (pr,...,pn), n =2,

https://doi.org/10.4153/CJM-1977-098-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1977-098-3

GENERATING FUNCTIONS 997

so the generating function reduces to

> (Z 61<d1>52<d2,...,dm>>{ﬁ Y w)}

ceP+\P \a=<(p) k=2 d<(pk)
X ( > 6a(dy, ... ydm—l)éff(dm)) + > Ap)
ad=(pn) peP

= > A (pl){H As(py) }A (pn) + 22 As(p)

ﬂ'€P+\P peP
which completes the proof.

The utility of these two theorems rests with the ease with which the Moébius
inversion may be carried out. Clearly, there will be situations in which it will
be unrewarding to attempt to cope with the algebraic details. In the next
section the theorems are specialised to the case in which only length and type
information is recorded.

11. Length and type encoding for differentiated maximal decomposi-
tion. The Mobius inversion may be simplified as before when A: P — R
encodes only length and type information. Theorems 10.1 and 10.2 are treated
below in this fashion, following the development of Theorem 4.1 (length and
type) from Theorem 3.1 (maximal paths). Some proofs are omitted because
they follow closely the proof of Theorem 4.1. Two immediate applications of
Theorem 11.1 are given.

TaEOREM 11.1 (length and type with differentiated terminal maximal paths).
Iy
(i) P admits maximum decompositions, and
(ii) A (p) = F,97(p) fori = 1 and 2, where
(ii)* j |p| is the length of p € P, and
(ii)® 7 : P — R, is a path-homomorphism to the centre of the ring R,
then
(iii) 6:(p) = f1,/ 7 (p) 1s determined by
(iii)* FO () = (fO(x))™
(i) FOx) = 14+ (fOx)HA — fP(x)), or equivalently,
1 — @) = (FO(x))"W(F®(x) — 1), where
(i) FO@x) = 1 4 im0 BOx* and  fO(x) = 1 — Xm0 fiPx,
forz =1, 2.
Moreover, the generating function is

Gv) 1+ {1 - fk(”vk}_l { > fmk}

where
= 3 ).
peP
Ip =k
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Proof. As in Theorem 4.1 we note that for any non-empty sequence o we have

c o) = >—<1 c(p;) where u(a) = (p1...Pn).

Accordingly, the generating function may be written
T AP Ai(paen) Aalp)) = {H D 61<d>}A<m)
ocP ocP i=1 deci(p))

where

m—

APy = 2 {H b1(d )}62<dm>
d=(d1...dm)

To construct f,(? it is sufhcient to take
i) Ai(p) = 2. 61(p)
d=(p)

which may be treated as in Theorem 4.1 to give

8.(p) = fipWr(p) and FO(x) = {fPV ()}

and

i) As(p) = A(p).

For those p of minimal length, we have Ay (p) = 8:(p) since ¢~ (p) = {(p)}.
Thus for such paths we have §:(p) = f,P7(p). We proceed by induction on
the length of p as in Theorem 4.1. By the induction hypothesis for all paths
shorter than p, the commutativity of 7(d;), and the form for 8,(p) we obtain,
for any p:

82(p) = A:(p) — Z PP D e r(da) - (dn)

LY I

where d = (d, . .. d,) and |d;] = j,. Thus 6:(p) has the form claimed, and by
factoring 7 (p) from A.(p) = A (p) we have:

o_ & (& o) fa ol

= | 5 (5 ) P8 e

=0 \ =1 =

i=1

which may be expressed in the form
F®(x) = 14 {fO @)1 — f@ @)}
This completes the proof.

THEOREM 11.2(length and type with differentiated extreme maximal paths). If
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(i) P admits maximum decompositions, and

(i) Ay(p) = F;901(p) fori = 1,2,3 and 4, where
(ii)* j = |p|is the lengthof p € P,and
(ii)* 7 : P — R, is a path-homomorphism to the centre of the ring R,

then

(iil) 6,(p) = f1,P7(p) 1is determined by
(ii)* FO () = 14 (1 — () (7 ()
(i) FO () = (7 (x))
(i) F®(x) = 1 4 (f@ )11 — [P (x))
()9 FO () = 14 (1= [0 )) + (L= J () ([ () (1 [0 (x)

where
(i) FO) = 14+ 3 A% and fP@x) =1— 3 P
k>0 E>0

fori1=1,2,3 and 4.
Moreover, the generating function is

(iv) 1 + k;] fe v + (; fk“)"nc) {1 -2 fk(g)vk}‘l ( 2 fk(a)w)

k>0 k>0
where
Yy = Z T(i))'
pEP
Ipl=k

Proof. Straightforward, and similar to the proofs of Theorems 4.1 and 11.1.

We now establish a connexion between Theorem 9.6, which enumerates
sequences according to the number of rises, levels and falls, and Theorem 11.1,
which enumerates with respect to maximal paths. The following theorem gives
the enumerators F (x) and F® (x) which achieve this connexion by means of
strictly increasing subsequences (in 7).

THEOREM 11.3. Let

FOW)y =14+ +rx+rf(f =1+ +rf(f—1+7r)x 4+ ...

and

FO(x) = 14 rfs + rf(f — L+ 1)+ 1f(f — L+ 1% + . ..
Then

0 =d(f,r1)
where

[T 1+ ¢ =Dt = [ 114 ¢ = D)

<.

and

§
i) o(f,r,0) =1 —1rf —5 =
Il L+ = Dag) —r [T {1+ (= Dxy)

j= 1

7

-
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-1
i)e =1+ {1 — Z fk(l)'yk} {Z fk(Q)'yk} ,  where
k>0 k>0

iii)* FPx) = ({77 FP ) = 1+ {fP@)} L = [P @),

i) f %) = 1 — 20 P 0 =1,2

iii)° ,;) vt = Ij (1 + xx;), o= 1.

Proof.
gﬂmn=-u—n%dj

and

1 - Z fk(l)’Yk
k>0

=1

n+w—m»—§{uwwwm}

G- T o= by =TT 1+ G- D

J Jj—=

Then
H® = (f—r)fl(f=D"= (—=D", k=1

)
f@ ) =1 —rfxf{l — (r = Dx}=1{1 — (f — Da}~t
Also

f0 = = (f = 0)UI0 — DF = (f = DM k2

o)
V@) ={1—(4+7r—Dx}{1l — (r — Dx}=1 — (f — Dx}~2
Thus
FO(x) = {1 — (r — Da}{l — (f = Dx}{l — (f + 7 — D}
=14l +rfx>+rf(f—1+r)x2+ ...
and

FOx) =1+ rfe{l — (f+7r — Dx}~!
=1 4rfx+rf(f— 1+t + ...

and the theorem follows.

No combinatorial interpretation for the enumerators F® (x) and F® (x)
of Theorem 11.3 has been discovered, and the connexion remains at present a
purely formal algebraic one. The theorem is now used in a formal fashion to
give the enumeration of sequences with respect to rises, non-rises and maxima,
where a maximum is a rise followed by a non-rise.
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COROLLARY 11.4. The generating function for the number of sequences with a
specified number of rises (marked by u), non-rises (marked by v) and maxima
(marked by w) 1s

¢<¢1(u7 v, w)y ¢2(uy v, w)v ¢3(uy v, w))
where
o1(u, v, w) = 3w 4+ v — {( + 2)? — duvw}1/?}
Hu 4+ v+ {(w + 2)? — duvw}!’?}

b2 (1, v, w) =

¢3 (’Izl, v, ‘ZU) =

S

and ®(f, r, 1) is the generating function (given in Theorem 9.6) for the number of
rises (marked by r), levels (marked by 1) and falls (marked by f).

Proof. We decompose the sequences into strictly increasing subsequences.
Accordingly, Theorem 11.1 is applicable. Now a non-rise must follow each
non-terminal maximum, by definition. A maximal subsequence of length z = 1
has n — 1 rises. Thus the enumerator for a non-terminal maximal subsequence
is given by

FO(x) =1 4 vx + uvwx? + uvwxd + . ..

since an increasing subsequence of length 1 has no maxima or rises. For the
terminal maximal subsequence the enumerator is given by

F®((x) =1 4+ wvwx + uvwx? 4+ . ..

since the sequence is terminated by a conventional maximum and a conven-
tional rise. Accordingly, set

=9, rf=uww, f4+r—>I=u
SO
=9, rf=ww and f4r=u-+0.

Thus f = ¢:1(u, v, w), r = ¢2(u, v, w) and I = ¢3(u, v, w). This identifies the
enumerators with those of Theorem 11.3. The result follows from Theorems
11.1 and 11.3.

COROLLARY 11.5. The exponential generating function for the number of per-
mutations of specified length (marked by t) and a specified number of rises
(marked by u), falls (marked by v) and maxima (marked by w) s

V(Y1 (u, v, w), Y2 (u, v, w), t)
where

Yi(u, v, w) = 3w+ o+ {(w+ 0) — duvw}!’?}
Yolu, v, w) = Hu +v — { (v + v)? — duvw}!’?}
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and
yi Tt
&t —e
\If(x,y, t) = =Xy xe“ _ ye”
Proof. Let ¢, (1, 7) be the number of permutations over {1, 2, ..., n} with ¢

rises and j falls. Then from Theorem 9.6 we have

n

TT (1 + 9w — [T {1+ 2w

eu(i, ) = =o'y lears . .. x oy —5 =
x 11 {1+ yx} — El {1+ xx}
;g &t — e
= —[x"y"[xwes . .. x,]xy YL where { = x; + x4+ ... + x,.
Let
Y ®

G(t) = —xy x—Z;t_:—igﬁ = ;;) ot

Then

[1xe . .. %, ]G (1) = ; gelowes . L x, )t = nlg, = [ 5—' ]G(t)

which identifies G (¢) as the exponential generating function for {c,(¢, j)}. The
result follows from Theorem 11.3.

The generating function —xy(e?* — ™)/ (xe"* — ye*') is given in Foata and
Schiitzenberger [18]. Corollary 11.5 appears as Theorem 2 in Carlitz and
Scoville [10]. A final example of the use of Theorem 11.1 is given in the follow-
ing corollary.

CoROLLARY 11.6. The generating function for the number of alternating se-
quences i1ty . .. (with the property that 1, < iy 2 13 < 14 = 15...) beginning
with a rise is

e} © 1'—1
{1 + Z (“‘1)k’Y2k+1}{ Z (—l)k’Y%;
k=0 k=0
where
Sy = 11 (1 4+ ax)).
k=0 =1
Proof. For alternating sequences only maximal strictly increasing subse-

quences of length two are permitted. Thus the enumerator for non-terminal
maximal paths is

FO(x) = 1 + x2
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The enumerator for terminal maximal paths is
FO(x) =14 x 4 «?
since the terminal path may be a rise or a fall. Thus, from Theorem 11.1

x+x

fP) = 142D and 1 - () =7 + «’

whence

@) = f0@) = —x(1 + a2)
If # = 1, then
) (1 _ k-1 av—1 _ J0 if k even
foo —h = A ) _{(—1)" ifE=2+1,p20

The result follows directly from Theorem 11.1.

12. Differentiated p-paths and permutations. In the case of permuta-
tions on % {urther simplification is possible. We consider only one case, that of
increasing subsequences (P = P,). The transition from sequences to permuta-
tions is again accomplished by means of Lemmas 8.2 and 8.3. The ring R is
now assumed to be commutative.

TuEOREM 12.1 (permutations with increasing subsequences and differen-
tiated terminal maximal subsequences). The number of permutations on n with
d; non-terminal maximal increasing subsequences of lenglh © and the terminal one
of length j is

mhwmwm+@—2M”}{ZM”}

k>0
where conditions (iii)?, (iii)®, (iii)® of Theorem 11.1 are met.
Proof. Similar to the proof of Theorem 8.4, by means of Theorem 11.1.

THEOREM 12.2 (permutations with increasing subsequences and differen-
tiated extreme maximal subsequences). The generating function for number of
permutations on n with d; non-extreme maximal increasing subsequences of
length i1s

[Sleriie gaog o { g aogh- g et
{Z fk(3>x}

where conditions (iii)?, (iii)®, (iii), (iii)® of Theorem 11.2 are met.

Proof. Similar to the proof of Theorem 8.4, and using Theorem 11.2.
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The following well-known result concerning alternating permutations may
now be proved.

CororLLARY 12.3 (André [3]). The number of alternating permutations on n 1s
[x"/n!] (sec x + tan x).

Proof. The increasing subsequences are each of length 2, so F®V(x) = 1 4 x2
Since there may be a single fall at the end, we have F®(x) = 1 4+ x 4+ x2%
Thus, from Theorem 12.1, we have the following generating function for the
problem

k\—l 3

1 1 — X { (2)35_}

+{ 25 &
=1+4secx(sinx + 1 — cosx) = secx + tan x

and the result follows.

The following two corollaries concern the enumeration of permutations with
respect to strict maxima and minima. A strict maximum is a rise followed by
a fall, and a strict minimum is a fall followed by a rise. Related results have
been given by Carlitz and Scoville [10], and Carlitz and Vaughan [11].

COROLLARY 12.4. The number of permutations on n with 1 strict maxima and j
strict minima is

[Mimj%-;:lGHl
where
G=1—(101—-M(1A—m)(1 — Mm)™!
X {x(1 — a~ ' tanh ax) + 2(1 — Mm)~ (1 — sech ax) — a~! tanh ax},
H=1-—ca"'tanhax, and o« = (1 — Mm)'/2

Proof. The initial maximal increasing subsequence has a strict maximum
terminating it only it if is longer than one element. Thus

FO@)=14+x+ M2+ Mx*+ ... ={1 — (1 — M)x*}(1 — x)"L
Similarly,
F®x) = {1 — (1 —m)x?} (1 — x)~.

Each non-terminal maximal increasing subsequence is initiated and termi-
nated by a strict minimum and a strict maximum respectively, so

FOx) = {1 — (1 — Mm)x?} (1 — x)~L

Permutations consisting of cxactly one increasing sequence have no strict
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maxima or minima, so F® (x) = (1 — x)~% Thus, from Theorem 12.2,

> fk(l)% =a 'shar — (1 — M)a*(chax — 1)

._
™
Sy
c
x|
-1
|

X -1
=char —a shax
oF
iP5 = atshax — (1 — m)a *(chax — 1)

k
> AP = — (m+ M~ 2)a " shax — ax)

and the result follows immediately.

COROLLARY 12.5. The number of permutations on n with i strict maxima s

[M" %] (1 — o ' tanh ax)™

wherea = (1 — M)1/2,
Proof. Putm = 1in Corollary 12.4.

We observe that the number of permutations on # is given by

l:g:l lim {1 — (1 — M) Y tanh (1 — M)} = [x”:I(l —x)yl=al

M1 n'

as required. Also the number of permutations on # with no strict maxima is

n
X _ A1 _ on—1
I:n!] (1 — tanhx)™ = 2",
a result which may be obtained trivially by induction on 7.

13. Concluding remarks. The enumerative method which has been
described above has certain limitations. For example, problems such as the
Davenport-Shinzel problem (Davenport and Shinzel [13]) and the Terquem
problem (Moser and Abramson [28]), both of which involve positional infor-
mation, cannot be treated by this method. However, a certain class of such
problems has already been considered by Stanley [36] by means of binomial
posets. In addition, no way has been found for treating by this method problems
which involve both maximal increasing paths and maximal decreasing paths
occurring together, since no usable unique maximal decomposition exists in
this case. The Erdés-Szekeres problem (Erdds and Szekeres [17]), involving
embedded increasing and decreasing subsequences of length #» + 1 in a per-
mutation on n* + 1, is an example of such a problem. However, this problem
already admits an elegant solution by means of plane partitions (Schenstead
[33]; see also Stanley [35]).
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Noattempt has been made to apply this enumerative method in an exhaustive
fashion. Probably, several specialisations and applications of the theorems
remain. In particular, the “partition trick’’, namely the substitution x; = ¢?,
leads to a variety of expressions in terms of Eulerian generating functions.

To a certain extent the theory presented here may be a service in establishing
the positivity of the coefficients in the expansion of certain rational functions.
Certainly positivity is established provided a combinatorial interpretation to
the rational function is found. If the rational function is symmetric it is
reasonable to seek, in the first instance, a combinatorial interpretation in-
volving the enumeration of sequences. Accordingly, by reversing the applica-
tion of Theorem 4.1, for example, we may construct an enumerator /(x) from
a knowledge of {1 — > ;>0 fiyx) ™" In the cases where the coefficients in F'(x)
are non-negative, the problem admits a combinatorial interpretation. In this
context, the contribution of the theory presented here lies chiefly in the con-
struction of the combinatorial problem, rather than in demonstrating positivity
since the latter may be more readily proved by other means. The following
remark demonstrates the principle.

Remark 13.1. Let
A(x) = {1 — 2(901 -|— Xo —{'— x3) + (x1x2 + XoX3 —I— xlxg)}_l

= Z (l[xi
i

Then i) a; is the sum of the weights A o #(¢) over all sequences ¢ in {1, 2, 3}*
of type i where

Aou(e) = (lPl\ + 1)(\?2‘ +1)... (an! + 1)

and u(s) = (p1ps. .. p,), the maximal decomposition of ¢ into strictly in-
creasing subsequences (in /7).
Also ii) a; = 0.

Proof. Let P = P, (see Definition 2.5(iv)). Then from Section 7 (ii) we have

yo =1, v1 = %1+ %+ %3, 7vy2 = X1%2 + X225 + 21235

A®) = (1 — fiyi — foye)™! where f(x) =1 — fix — fox?2 = (1 — x)?
Then
Flr) = {ftx)}7 = (1 —x)72 =1+ 2x + 3x> + ...

and the result follows from Theorem 4.1.
ii) Immediate, since the coefficients in the expansion of F(x) are positive.

The following example shows how the weights are determined.
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Example 13.2. By direct expansion of 4 (¥) we have a¢ 1.1y = 36. The fol-
lowing table lists the sequences o of type (1, 1, 1) together with their maximal
decompositions pips . . . p, and their weights A o u (o).

TABLE 2

T Dib2. .. Pn Aou(a)
123 (123) 4
132 (13)(2) 3.2
213 (2)(13) 2.3
231 (23)(1) 3.2
312 (3)(12) 2.3
321 (3)(2)(1) 2.2.2

Thus
AOlt((T) =4+6+6+6+6+8=36=[I(1,1_1)
7(0)=(1,1,1)

as asserted.
No such interpretation exists for the function

(@ =) =) + 1 =) —x3) + 1 —x5) (1 — x1)} !

considered by Friedrichs and Lewy since the corresponding enumerator F(x)
has some negative coefficients. Positivity has been proved by Szegd [37] by
an argument relying on special functions. No combinatorial interpretation to
the coefficients in the expansion of this function has been discovered.
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Appendix. The following table lists some of the more common enumeration
problems which may be treated by the methods described here. The generating
functions are given in the cited corollaries. The list does not exhaust the
possible applications.

https://doi.org/10.4153/CJM-1977-098-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1977-098-3

1008 D.

M. JACKSON AND R. ALELIUNAS

.10

increasing run
increasing run

longest path
longest path

unique length

TABLE 3
permutation (P) Configurations Conditions

Corollary sequence (S) Path Type recognised on p-paths

6.1 S increasing sequence terminators

6.2 S strictly increasing sequence terminators

7.1 S arbitrary p-path exactly i

7.2 S arbitrary p-path exactly 0

7.3 S arbitrary longest path

8.5 P increasing run p-path exactly i

8.6 P increasing run p-path exactly 0

8.7 P strictly increasing sequence p-path exactly i

8.9 P

8.1 p

8. p

—
—

strictly increasing sequence

even length

11.4 S
11.5 p
11.6 S
12.3 p
12.4 P
12.5 P

strictly increasing sequence
strictly increasing sequence
strictly increasing sequence

strictly increasing sequence

strictly ncreasing sequence

strictly increasing sequence

i

rise, non-rise,
maximum

rise, non-rise,
maximum

strict maximum

strict minimum

strict maximum

2 (alternating)

length

2 (alternating)
length

2 (alternating)
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