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Abstract

We discuss here the boundedness of the fractional integral operator I, and its generalized version
on generalized nonhomogeneous Morrey spaces. To prove the boundedness of I, we employ the
boundedness of the so-called maximal fractional integral operator I; . In addition, we prove an Olsen-
type inequality, which is analogous to that in the case of homogeneous type.
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1. Introduction

Let R be equipped with a (positive) Radon measure 1 satisfying the growth condition:

w(Qx, £9)) <C- ()", xesupppu, £g>0,

for some constants C and n, where 0 <n < d. Here Q(x, £p) denotes the cube with
centre x € R and side length £o. Many authors call such u a nondoubling measure,
since it does not necessarily satisfy the so-called doubling condition, a condition which
is usually required when one studies the properties of an operator in a measure space.
In this case, the space (R?, ) is known as a nonhomogeneous space. See, for instance,
the works of [11, 12, 18, 20].

In this paper, we study the fractional integral operator I, = I, (n, i), given by
the formula

S

Iof(x) = / ——du(y),
Re X — ]

where 0 < o < n, and its generalized version (which we define later). Note that if
n =d and pu is the usual Lebesgue measure on R4, then 1, is the classical fractional
integral operator which is known to be bounded from L? to LY for 1 < p <d/a
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and 1/g = 1/p — «a/d; this is due to Hardy and Littlewood [6, 7] and Sobolev [16].
Some extensions of this result may be found in, for instance, [1, 9], orin [17, 19], and
the references therein.

In the nonhomogeneous setting, the boundedness of I, on the Lebesgue spaces
L? (1) has been studied recently in [4, 15]. Our goal here is to prove the boundedness
of I, and its generalized version, on the generalized nonhomogeneous Morrey space
M ¢ (k, n). In addition, we also prove an Olsen-type inequality involving I, and a
multiplicator W (see [13]).

Before we go into details, let us fix some notation. By Q(u) we mean the set of all
cubes with positive u-measure. Given Q € Q(u) and k > 1, let us set k Q as the cube
concentric to Q and having k-times as long side length as Q. Denoting by £¢ the side
length of Q € Q(u), we have £, 9 = k€. Next, we write || f : X]|| to denote the norm
of f in the space X. The generalized nonhomogeneous Morrey spaces M, 4 (k, i) is
the set of all z-locally integrable functions f on R for which

1 1
: M ka =
1773 Mpo ke 0= 506 o) (M(k 0)

Here 1 < p < 0o and we always assume tacitly that the function ¢ : (0, oo) — (0, co)
is almost decreasing, that is, there exists C1 > 0 such that ¢(s) > C1¢(¢) for s <¢;

1/p
/Qlf(y)l”du(y)> < 00.

and also satisfies the doubling condition, that is, there exists C» > 0 such that

< <C
G ™ o)

whenever 1 < s/t < 2. Meanwhile, k > 1 serves as an auxiliary parameter.
As in [14], we have the following fact.

FACT 1. For ki, kp > 1, the spaces M, »(k1, ) and M y(ko, 1) coincide as a set
and their norms are mutually equivalent.

In view of this fact, we set M, 4(u) := M ¢(2, ). One may observe that if
1 < p1 < p2 <00, then M, 4(u) S M, ¢(n) for we have [[f @ Mp ol <IIf :
M, ¢l whenever f e M, 4.

To prove the boundedness of I, from M 4(u) to My y (1), we need to employ
the (modified) maximal operator My (k > 1), which is defined by

1
wk Q)

M f(x) := sup / f)du®y),
O>x 0

for all p-locally integrable functions f on RY.

THEOREM 1.1 (Sawano [14]). For p > 1, My is a bounded operator on M, 4(11).
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2. The boundedness of 1,

To study the boundedness of I, on the generalized Morrey spaces, we define the
maximal fractional integral operator I ; > given by

Iy f(x):= /Rd Ky o) f(y)du(y),
where the kernel K/ is given by

. -1
Ky (x,y):= sup p(xQ)* .
03x,y
Here 0 <a <1 and k > 1; both of them serve as parameters. Since we are not
concerned with keeping track of the precise value of various constants, we denote by
C various constants independent of functions f. Using the following fact, it suffices

for us to study the boundedness of 1 Inic

FACT 2 (Sawano et al. [15]). We have I, f < C I;/n’Kffor all positive -measurable
functions f.

Our result is the following theorem, which is in some sense stronger than the result
obtained in [14].

THEOREM 2.1. Leta =«a/n € (0, 1). If the function ¢ is surjective and satisfies the
inequality ¢ (1) < C t” with —1/p <b < —a < 0, then 17  is bounded from M, (1)
to Mq’¢p/q (), where p > 1 and g = bp/(a + b).

A helpful remark may be in order. In the above theorem, the hypothesis b > —1/p
is needed for || f : M 4(u)| to make sense. Meanwhile, the hypothesis b < —a
together with p/q = (a + b)/b < 1 implies that p < g. When p is the usual Lebesgue
measure on R? and ¢ (t) = 1*~/0P) with 0 <A <n —ap and 1 < p <n/a, the
above results recover the boundedness of I, from the classical Morrey space LP**
to L9* where 1/g = 1/p — a/(n — 1) (see [1]). For related results in the generalized
‘homogeneous’ Morrey spaces, see [3, 5].

PROOF OF THEOREM 2.1. Without loss of generality, we assume that f > 0, not
identically zero, and a usual truncation procedure allows us to assume even that
M g f (x) is finite everywhere. For x € supp p and 7 > 0, we write

Aj :={yeRd\{x} : 2771 < inf ;L(KQ)SZjT},
0>x,y

for every j € Z. As in [15], there exists a collection of cubes Q}, o, ij“ containing
x, with the covering constant N,. being independent of x, 7, and j, such that

AjCSVKQjU- U Vkol"
and ‘
peQ’) <2, 1<i<N,,

for every j € Z. As a special case we accept Q} =R?, although R? is not compact.
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In the following, for the sake of simplicity, we assume that the Qlj are all compact.

(If this is not the case, a minor modification sufﬁces.)_
Now, for each y € A, we have K:j,,((x, y) < C(ZJI)“_I, and so

Lefw = @it [ rorauo

JEZ Aj

< CZZ@”)“ . 101 d0)
JEZ I=

K o0 NK

- C[,Z Z"'fZZ"']
j=—o00 I=1 =11=1

=: C[I +1I].

For the first summation, we use the definition of M N f to have

0 Ny ) 1
I1<C 2/7)? / d )
> > @i (W o o ) du(y)

j=—00 I=1
< CtM s f(x).

For the second summation, we make use of Holder’s inequality to obtain

0 Ne 1/p
n<y > @0 e =" ( /IQI F” du(y))

j=11=1

oo N . 1 1/17
- (211)61( / (P du ))
2 2 g 1O 1O
oo N
<D D @D NI+ Myl
j=11=1

<CIf : Mol Z(zm“w(w’j»b

Jj=1
w .
<CIf: Mpgll Y @ID)*
Jj=1
TN f s Mp gl

since b < —a.
Combining the two estimates and choosing 7 = (Mff(x)/llf My, ¢(,u)||)1/b

we obtain

15 ) < C (M f) N F s Mg~
< C(Myef@)"If = My o)) =@/,
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Since M /. is bounded on M, ¢ (1), we obtain

G f 2 Mg graI = CILf = Mp oGO,

that is, /1 is bounded from M, 4(u) to Mq’(ﬁp/q (), as desired. O

> fa,k

COROLLARY 2.2. If ¢, p and q are as in Theorem 2.1, then 1, is bounded from
Mp,(ﬁ(/'L) to Mq,gbp/q (n).

REMARK 2.3. As a consequence of our result, we have that if 7 is a kernel operator
with kernel K satisfying

K, y) <Clx—y*™",

then T is bounded from M 4(n) to M, 4p/q (1), Where ¢, p and g are as in
Theorem 2.1. With this result, one may also obtain estimates for fractional powers
of operators that generate semigroups with the Gaussian bounds for the associated
heat kernels (see [2] about heat kernels).

2.1. An Olsen-type inequality Following Corollary 2.2, we have the Olsen-type
inequality below. (For its origin, see the work of Olsen [13]. For an analogous result in
the ‘homogeneous’ case, see [5]. The ‘Olsen inequality’ is useful in understanding the
behaviour of the solution to a perturbed Schrédinger equation with a small perturbed
potential W; see [8].)

COROLLARY 2.4. If ¢, p and q are as in Theorem 2.1, then W - I, is bounded on
Mp ¢ (@) provided that W € M 4p/s (1), where 1/s = 1/p — 1/q. Precisely, we have

IW- 1o f : MpoGOIl < CIW 2 Mg ppis QO NLF 2 Mpp GOl
where 1/s =1/p —1/q.

The following theorem provides an Olsen-type inequality for a multiplication
operator involving the fractional integral operator 1 , .

THEOREM 2.5. Suppose that t'/P ¢ (t) is almost increasing and satisfies the inequality

o0
/ 1Yoty dt < Crig(r) 2.1)
-
forall r > 0 with some a < 1/p and C > 0 independent of r. Then
IW - L f = Myl <CIW = LYY - 1L = Mpgll.
PROOF 1. Let Q € Q(u) be fixed. We shall establish

I<CIW : LYW - Ilf + Myl (2.2)
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with K sufficiently large. We decompose f according to K Q, where

1 1 1/p
I := W - I* pd '
(LK Q) <M(2K 0) fgi Al M(y))

Set fi = f - xk o and fo = f — f1. Along this decomposition, (2.2) can be split into

H<C|W : LY@ -1If : Mp sl (2.3)
HM<CIW : LYl - If + My, (2.4)

where

1 1 1/p
1l = Wt Py
¢ (n(2K Q)) (M(ZK 0) /Q W I 1D u(y)>
1 1 ) 1/p
1l .= w. It d .
¢ (L(2K Q) <u(2K 0) /Q W Lo 2(0)] M(y))

As for (2.3) we use Holder’s inequality to obtain

1 1 1/p
i W I Py
= $eK 0) (,U,(ZK 0) /R W Lo )] My))

C 1 1/p 1
= $CK 0) (M(ZK Q)> W = LYGol - 1A= L2l

<CIW : LYWl 1IIf : Mp ol

Let us denote by ¢ the centre of Q. To obtain (2.4), we observe that

Kio(x.)<  sup  u(k R~
cg,yEReQ(1)

forallx € Q and y e R? \ K Q, provided K is sufficiently large. Therefore, it suffices
to show
V<Cw: LYW -1 f 2 Mpg@ll,

where

T oK 0)\ @K Q) J, ' e 2 A

o) = /R R FO) duy)

kE(x,y):=  sup  p(Vk R
QCReQ(w)
eRSL,yER

https://doi.org/10.1017/5S0004972709000343 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972709000343

330 H. Gunawan, Y. Sawano and I. Sihwaningrum [7]

Let us set

A= € su c i < inf « Ry <2/},
j {y pp U QcRGQ(mu(\/— ) < }
ZRSL,yER

Then from the definition of 125 for each j € Z, a geometric observation yields a finite

collection of cubes Q}., ce Q;V’( € Q(u) such that
Ny
Ajc| Vol
=1
and that
27N < u(VkQl) <2/ foreachl=1,.... N,.

Here the number N, is again a covering constant which may depend only on « and d.
Again it can happen that the cube Q } equals R?. In this case we only need to make a
minor modification of the proof below.

With the help of this covering we obtain

Ny )
Fhm<c Y Y 2w /IQ £ du(y)

JjeZ 1=1
A;#0

<C Y 299CNHIf : Migwl.

JEZL
A;#D

Note that if A; # ¢, then we have u(Q) <2/. As a consequence, we have by virtue
of (2.1)

2/+1
Yo 24phy<C )y / 1“1 (t) dt
2J

JEL JEZL
A0 A0
<c /Oo g (1) di
u(Q)
< C (0 '$(u(Q).

From this inequality and the fact that || f : Myl < f : Mpo(l, we
now have

IF H(x) < C (@) ¢ (NI f = Mpp(wll.
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for all x € Q and, hence,

1/p
10 (1) fo IWMI? du())
v=<c
12K 0)7P¢(CK 0))
(@76 (@) fo WOV du())

¢ M
= n(2K O)/Pp (2K Q) I/ POl

<C (/R |W(y)]'/4 du(y)) If: Mpg(u)ll,

If = MpoGoll

since 11/ ¢ (¢) is almost increasing. This is the desired result. (N

3. A generalized version

The generalized fractional integral operator 7,, defined for a given function p :

(0, 00) — (0, 00) by
p(x —yD
T, f(x) = / B2 F ) dy.
R |x =yl

was first studied by [9, 10], in the homogeneous setting. For p(¢) =%, 0 < o < d, the
operator T}, is equal to Iy, the classical fractional integral operator.

Now, we discuss an analogue of T, in the nonhomogeneous setting. Write

D(x, y) = inf
(. 7) x,yelQHEQ(u) H(kQ)
and (D(x, y))
P X,y
lo(x,y) = —(x, -

Given a positive function f, we define T, by

T, f(x):= /Rd Lo, ) f(y) du(y).

Note that for p(r) = 1%, the operator T, takes the form of /..

THEOREM 3.1. Let 1 < p < q < co. Assume that ¢ is surjective and p satisfies the
doubling condition. Suppose further that there exists C > 0 such that

¢(r)/r@dz+/wwdrgc¢(r)f’/q
0 r

for every r > 0. Then, there exists C > 0 such that

ITpf = Mg gria I =CILf = Mp gl
for all positive f € M ().
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PROOF 2. The kernel being positive, we can truncate the kernel with respect to the
side length of cubes. Let L > 0 and define

L. y) e p (K Q))'
r (x %) X yiserQ(ll«) u(x Q)
o<L

Given a positive function f, define
THfG) = [ 0500 dRo)
R4

It suffices to prove the assertion for TPL instead of T, with constants independent of L.
Fix x € supp i and v > 0. For j € Z we define

A]_{ eRY : 271t < inf ;L(KQ)SZjT}.
x.yeQeQ(u)
Lo=L

Then
(2 7)

T'fx)<C Z / FO) du().
JEZ

As before, there exists N, with the following properties

AjCVEQjU---UVkol".

Therefore,

L o P2
TEfa)y<CY > — ol FO) du(y)

J
aio YT

Nx
<C Y > p@t) Mg f(x)

JEZAN 1=1
p(27) » e
ey IZ et /ﬁg@ FOI dy)

gcfo Mdz M[f(x)-i-C/ wdﬁllfﬁ/“nd)(“)”

<Co()i~ Mﬁf(X)+¢(f)p/qI|f s Mpg (.

Assuming ¢ surjective and that | < p < g < oo, we can optimize the above inequality.
As a consequence

TEF() < C (M f @) 1Lf = My sG] 7.

Now that the maximal operator M , is bounded on M 4(n), we have the
desired result. a
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COROLLARY 3.2. Suppose that ¢ is surjective. If p satisfies the doubling condition

and

¢(r)/r@dt+/wwdzgc¢(r)l’/‘f
0 r

forl < p <q < oo, then

IW-Tpf = Mppll = CIW 2 M gos (I - Lf 2 Mp g

provided that W € M 4p/s where 1/s =1/p —1/q.
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