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Whittaker Functions on Real Semisimple
Lie Groups of Rank Two

Taku Ishii

Abstract. 'We give explicit formulas for Whittaker functions on real semisimple Lie groups of real rank
two belonging to the class one principal series representations. By using these formulas we compute
certain archimedean zeta integrals.

Introduction

Whittaker functions on a real semisimple Lie group G play important roles in the
study of automorhpic forms since they appear in Fourier expansions of automorphic
forms. Motivated by number theoretic applications such as analysis of zeta integrals,
explicit formulas for Whittaker functions have been studied by many authors, espe-
cially on the groups SL,(R) and Sp, (R).

In the recent progress on the study for higher rank cases, some relations between
Whittaker functions for different Lie groups have been discovered. As for Whittaker
functions for the class one principal series, recursive relations with respect to the real
ranks are given in [12] (G = SL,(R)) and [10] (G = SO,1,,(R)). In the paper [8],
Whittaker functions for a generalized principal series of Sp, (R) are described in terms
of those for the class one principal series of SO3,(R). Some of these phenomena
might be related to lifting of automorphic forms, and we think many relations still
remain unknown.

The aim of this paper is to connect Whittaker functions for the class one principal
series when the real rank of G is two. We express Whittaker functions on Sp,(R)
by using Whittaker functions on SL3;(R) and SL(R), or two Whittaker functions
on SO,,(R). The latter result is essentially obtained by Niwa [14] (see also [11])
by considering the theta lifting from SO, , to Sp,. We give explicit formulas for an
exceptional group of type G,, written in terms of two Whittaker functions on SL;(R).

As in recent works [8, 10], our proof relies on the expansion formulas for Whit-
taker functions studied by Hashizume [7], that is, linear relations between the Jacquet
integral representations of Whittaker functions (class one Whittaker functions) and
the power series solutions (fundamental Whittaker functions) of the system of partial
differential equations characterizing the Whittaker functions.

In the final section, we apply our formulas for Sp,(R) to compute two kinds of
archimedean zeta integrals. We discuss automophic L-functions on GSp, x GL3 with
degree 12, and two fundamental L-functions on GSp,. We show that the archimedean
zeta integrals coincide with the appropriate Langlands L-factors.
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1 Preliminaries

We first recall the notion of Whittaker functions for class one principal series rep-
resentations. Let G be a real semisimple Lie group with finite center and g its Lie
algebra. Fix a maximal compact subgroup K of G and put f = Lie(K). Let p be the
orthogonal complement of f in g and 6 the corresponding Cartan involution. For a
maximal abelian subalgebra a of p and a linear form « on a, put

0o ={X €g|[HX] =alH)XforalH € a}.

We denote by A = A(g, a) = {« € a* | g, # 0} the restricted root system. Let A*
be a positive system in A and II the set of the corresponding simple roots.
In the case of G = SL3(R), Sp,(R) and G,(R), we can take positive systems by

{a, B,a+ B} if G = SL3(R),
A" = ¢ {a, B, + B, 20 + B} if G = Sp,(R),
{a, B,a+ 3,20+ B,3a + 3,3a+ 28} if G = G,(R),

with the simple systems IT = {«, 5} satisfying the following:

(1,-1/2) ifG = SLy(R),
)=3@-1n  ifG=spm),
(3,-3/2) ifG = Gy(R).

?
2
®
2

Here (-, -) is the inner product on af = a* ®g € induced by the Killing form
B( R ) on g.

If we putn = ZQGN 0> then we have an Iwasawa decompositiong=n@ a @ f
and denote by G = NAK the corresponding Iwasawa decomposition of G. We denote
by W the Weyl group of the root system A.

Let Py = MAN be a minimal parabolic subgroup of G with M = Zg(A) the
centralizer of A in K. For a linear form v € ag, we define a quasi-character ¢” on A
by e"(a) = exp(v(loga)) (a € A). When G = SL3(RR), Sp,(R) and G,(IR), we identify
the linear form v with two complex numbers (14, 1/,) by

S _ma) )
1 ) 2 <ﬁ,ﬁ>

We call the induced representation 7, = Indgo (Iy ® P ® 1y) the class one principal
series representation of G. Here p = % ZaeN (dimg,)c.

Let 7 be a unitary character of N. Since n = [m,n] & >, 11 8a» the character
7 is determined by its restriction to g, (o € II). For 1 < i < dimg,, we define
a real number 7, ; by n(X,;) = /=174, where the root vector Xo,i is chosen as
B(Xa,i,0X,,j) = —0;j (1 < i, j < dimg,). The length |7,| of 1, is defined such that

1| = (Zlgigdimg& ni,i)”z-
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In this paper we assume that 7 is nondegenerate, that is, |7,| # 0 for all o« € TI.
Consider the space

C,°(N\G) = {f: G — C, smooth | f(ng) =n(n)f(g) V(n,g) € N x G},

and the intertwining space Homg(7,, cr (N\G)). Take a spherical vector v, in ,.
The space of Whittaker functions for the class one principal series representation 7,
is

Wh(v,n) := {®(w) | ® € Homg(7,,C°(N\G))}.

Because of the Iwasawa decomposition, a Whittaker function w in the space Wh(v, 1)

is determined by its restriction w|, to A. We call w|4 the radial part of w.
Hashizume [7] constructed a basis of the space of Whittaker functions. Let us re-

call in our situation. From now on we sometimes use the subscript ¢ for the notation

settled above:
1 for SL3(R),

€=42 forSp,(R),
3 for Gy(R).

We introduce a coordinate y = (y1, y,) on A by
y1=expa(H), y,=expfB(H)

for H € a. Then y” = y1y,, y” = yfyg/z and y” = y}y3. Define a power series
Mj’n(y) on A by

A M) =y D iy @) ey ey,

my,mp=0

where the characteristic exponents (I3, [5) are given by

((41/1 ‘i’21/2)/37 (21/1 +4V2)/3) ife = 17

(li,l;) == (21/1 +21/2,l/1 +2V2) ife = 27
(4v1 + 61, 2v1 + 41) ife =3,
and the coefficients Cf,, m) (v) are determined by the recurrence relation
Cloo() =1,
(12) | 2 2
770| €|77@| e
Q) ¥) Clomy W) = 372 5 Clo 1y W)+ 3755 o),
with

E _ 2 2
Q(ml,mz)(V) =mj tem, — emmy + vimy + evrmy.

If Qfml’mz) (v) does not vanish for all nonzero (#1,, m,), we can inductively determine
the coefficients C (8m1,mz) (v) via the relation (T.2]). We extend the power series le_’n( ¥)
to the function on G by Mf:.’,,](g) = n(n(g))M;,,(a(g)) with ¢ = n(g)a(g)k(g) the
Iwasawa decomposition of ¢ € G. In this paper we call the function M;, , the funda-
mental Whittaker function on G.
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Definition 1.1 The element v = (v,1;) in af is called regular if the following
conditions are satisfied.

o Q) (wr) # 0 for all (my, my) € N?\{(0,0)} and w € W,
o wiv—wv & {ma+mf | (my,my) € 7} for all distinct pairs (w;, w;) in W...

Hashizume proved the following.

Proposition 1.2 [7, Theorem 5.4] If v is regular, then the set {M,
forms a basis of Wh(v, n).

| w e W.}

v,n

Remark 1 The action of the Weyl group on a¢ is described as follows. Let w, and
wg be the simple reflections corresponding to the simple roots « and 3, respectively.
Then wo (11, 1,) = (—vp, 11 + 1,) and

(v + vy, —Vz) ifG= SL3(]R{),
Wﬁ(l/]7 1/2) = (Vl + 21/27 —1/2) ifG= Sp2(]R{),
(V1 + 31/27 —1/2) ifG= Gz(]R{)

By replacing Cf,,, ,,,,() — (Inal*/2(c, a))™ (elns|*/2(8, B))"™Clyp ) (V) we
may assume

(1.3) Mal” = 2(a,a) and |ng|* =2671(3, ).

Hereafter we impose this assumption for simplicity and omit the symbol 7) from M;, , .
Jacquet [13] introduced an integral representation of the Whittaker function for

7, of moderate growth [20]:

W,.,(8) = / n_l(n)a(wo_lng)"“’dn.
N

Here wj is a longest element in the Weyl group. As a function on ag, the Jacquet
integral converges absolutely and uniformly on the domain {v € af | Re({v, o)) > 0
for all @ € A"}, and can be continued to a meromorphic function of v. We call the
Jacquet integral (and its constant multiple) the class one Whittaker function.

For applications to automorphic forms, Mellin—Barnes integral representations of
class one Whittaker functions are useful. However, to find Mellin—Barnes integral
representations by modifying Jacquet integrals is not easy in general. For the case
of G,(R), we could not evaluate the Jacquet integral as in the cases of SL3(R) ([19])
and Sp,(R) ([9]). We will find a conjectural formula from the explicit formula for
fundamental Whittaker function and prove it by using the expansion formulas of
Hashizume. In our case, the expansion formulas can be written as follows.

Proposition 1.3 [7, Theorem 7.8] Under assumption (L3)), we have

wit = 3wl T (e ) () Mo}

a
weW, SEAY < ’

with some constant c..

We remark that Hashizume gives the constant ¢, explicitly.
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2 Explicit Formulas for Fundamental Whittaker Functions

We solve the recurrence relation (I.2)) under the assumption (L3]). The result is as
follows.

Theorem 2.1 Whenv = (vy, ;) is regular, the radial parts of fundamental Whittaker
functions are of the form (LI)), where the coefficients C{,,, . (v) are given by

1
C! V)= E -_
() (V) oz (my; — n)lmy!nl
(2.1) =n=m

1
X 9
(Vl + 1+ 1)m1(V2 + 1)m27n(yl + ]-)n

C(Zml,mz)(y) = Z 1

0< 11ty <y (my —ny — m)! (my — 1) my L my!
(2.2) 0<np<rmy

1
X b
W1+ 2+ D (02 + Dy (01 + D)y, (U1 + 205 + 1)y,

and
1
Clonymy (V) =
(rm,m2) O<n§<ml (my — ny — my)! (my — ny)!
0<ny<ms<ny<my
1
(2.3) m! (ny — n3)! (n3 — na)! ny!
1
X
(n+uy+ l)ml—ng(VZ + l)mz—nl(yl + l)nl—m
1

% (1/1 + 2V2 + 1)n2(21/1 + 3V2 + 1),,3(111 + 3V2 + 1),,4 '
Here (a), = T'(a+ n)/T'(a) is the Pochhammer symbol.

Proof The formula for C/,, . () is given in [12, Proposition 5] by arranging with

the formula of Bump [2, Chapter I1]:

(Vl +1y+ 1)m1+m2
m1! m2! (V1 + 1% + l)ml(yl + l)ml(yl + 1% + l)mz(VZ + 1)m2

(24) C. (1) =

(my,m;)

We can show (2.2) as in [12, Theorem 15]. If we denote the summand in (2.2) by
I/Xml,mz;nl,nz 5 then the ldel’ltlty

Xml,mz;"uﬂz Xml‘mz;m,flz _ Xml,mz;nl«,nz _ Xml.,mz;ﬂl-,ﬂz 7Q2 ( )
= Rimy,my)\V

Xmlflymz;ﬂlsnz Xmlf”z*l;ﬂl,”z Xmlsm2§”l+17"2 Xml,mz;nl.nfrl

implies that the right-hand side of (2.2)) satisfies the recurrence relation (I.2)). The
proof of (Z.3) can be similarly performed. ]
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Remtzzrlk] 2 The following formula for C(Zml,mz)(y) is given by the author [9, Theo-
rem 2.1]:

1
m1! m2! (1/1 + l)ml(yl + 21/2 + 1)m2

C(zml-,mz)(y) =

% +F —1’7’12,ﬂ’l]‘f‘ll]‘i’l/z‘l’l7 —my — V) — 1y
302 n+tuy+l, 1+l

).

Here
- — (@)m(b)m(C)m 2"
Z) =2 " Dntem

m=0

a, b, c
3Fz( d. e

is the generalized hypergeometric function.
We can find the following relations between M2(y), M2(y), and M. (y).
Corollary 2.2  If we set
Clmm) () =T Clp iy (v) - and M (y) = y"T* ()M (y)

with

W)= [1 r( (0, v) +1),

SEAL (a, @)

then we have the following:

(2.5) ]\71(2;/1,1/2)()’) = Z(W3)’%Y2)(2k+yl)/3613(yl )]\71(1k+p1+u2,7k+u2)(y)7
k=0

o0
M(3u1,u2)()’) = Z (WSY%}’z)Z(k‘+k2+2V1+3V2)/3C(1k1$k2)(Vl7Vl +31,)
(2.6) ki k=0

x M}, (7).

ki +v1 vy, —k ko +1y)

Here Eg(ul) = 1/(k'T(k + vy + 1)) is the coefficient of the fundamental Whittaker
function on SL(R).

Proof Let us prove formula (2.6). By [12, Proposition 5], the coefficient égml,mz)(u)
has the following expressions in addition to (Z.):

my

1
2.7) gml!(mz—n)!n!F(ml —n+uv+1)

1
X
Tmy+vi+v,+ DI+, +1)

min{m;,m;}

1
(my —n)!(my —m)!'n!ll(my + 11 +1)

(2.8) n=0
y 1
T+ + DI(n+uv +1,+1)
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We apply [2.7) for 6<1k17k2>(1’17 vy +313), and (2.8) for M(lk+V1+Vz,—k1+kz+l/z)(y) to rewrite
the right-hand side of (2.6)) as

ki+ky+2v1+311,) /3

i (myiy)*
Py kllr(kg + 21/1 + 31/2 + 1)

k2
1
X
; (ky =il Tk —i+uv+ DI+ 11 + 30, + 1)

2.9
(2.9) Ty 22tk 204 30) 3 (2l s2—kis 2kt +302)/3

3
it T'(h+ki+vi+n+ D)L —k+ky+1n+1)

min{},L} 1

x ; bl thtnt2mtl)

After the substitutions k, — k, +i,; — I} + jand l, — L, + j, (2.9) becomes

)2(k1 +hy+i+l +j)+4v +61; (7T)/2)2(k2+i+12+j>+2”‘ +41,

= (77}’1
Z kil WILU T (kg — i+ + DDk + 1+ 20y + 30, + 1)

ki ,ka i
1,12, j=0
y 1
PG+ +3r, + DL+ j+ ki +vy +12+ 1)

1
x Th+j—ki+k+i+tv+D(G+k+i+v +210+1)

It is equivalent to formula (23]) by the replacement
i=ny, ko =mn3—my, j=m—mny, kh=m, h=m —n —my L=m —mny,

and we get the assertion. [ ]

3 Explicit Formulas for Class One Whittaker Functions

In this section we give Mellin—Barnes type integral representations of the radial parts
W:(y) of the class one Whittaker functions. The case of SL3(R) was studied by
Bump [2].

Proposition 3.1 [2] Up to a constant multiple, the radial part of the class one Whit-
taker function on SL3(R) can be written by W(y) = y""Wl(y), where

. 1
W) = 7/ / () 72 ()7 Ty ) (51, 52) dsadsy,
(v1,12) (ZW\/jl)z L(oy) JL(o) -
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with

F(Sl + 21/13+1/2 )F(Sl + 7l/g+1/2 )1‘\(51 + 71/1;21/2)
(s +52)

% 1'*(52 _n +U2)I‘(sz _ M)F(sz _ M)
3 3 3

T(Vl,uz)(sla 52) =

Here the path L(o) (0 € R) means the vertical line from ¢ — «/—100 to 0 + v/—100
and o1, 0, are taken such that

21 + — +2
o1 >max{fRe< V13 Vz),Re(V1 3 yZ),Re(V1 3 V2)},

2uy + - + +2
02>maX{Re< V13 V2)7Re( V13 Vz),—Re(V1 3 VZ)}.

Now we give two integral representations in the case of Sp,(R). The first formula
(BJ) can be seen to be the analogue of the formula (Z.5)), and the second one (3.2))
is given by Moriyama and the author [11, Proposition 2.2], which is essentially the
same as the formula obtained by Niwa ([14], ¢f. [9, Theorem 3.2]).

Theorem 3.2 Up to a constant multiple, the radial part of the class one Whittaker
function on Sp,(R) can be written by W2(y) = y”W2(y) where

1

271'\/ —1 L(o)

with o < |Re(v1/2)|. We also have the expression

(.1 W(2u1,l/z)(y) = (71—3)/%)/2)ZS/3W(15+V71+V2,75+U71+V2)(y) TBI (=s) ds,

~ 1 ~ ~
3.2 W2 , - - / / 7_‘_2 51+52W0 WO_
(3.2) (V1ﬁ12)(y) (ZW\/TI)Z o) L((rz)( }’1}’2) 5145, ()/1) s1—52 ()/2)
X To (—=s1) Ty, 1., (—52) dsydsy,

with oy < |Re(vy/2)| and o7 < |Re(v1/2 + 15)|. Here WO(y) = y'/2W0(y) is the
radial part of the class one Whittaker function on SL,(R):

Wg(y) =2K,(27y) =

1
(my) "> Ty(s) ds,
271'\/—1 /L((r) ¥

with TO(s) = T'(s + v/2)['(s — v/2).
Proof In the formula (3.2)), we integrate with respect to s, by means of the formula
~ 1
lel ” (y) — / (ﬂ_yl)s—(z/l—uz)/6(ﬂ_y2)s+(1/1—1/2)/6
i) 2my/—1 L(o)

X WSOJr(,,I_yz)/z()’l)wgﬁ(m—1/2)/2()/2) T1(31+I/2(7S) ds

([12, Corollary 3]) to reach expression (B.]). [ |
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Finally we discuss the case of G,(R).

Theorem 3.3 Up to a constant multiple, the radial part of the class one Whittaker
function on G,(R) can be written by W2 (y) = y**W; (y), where

~ 1 ~
(33) W3y] ” (y) _ 7/ / (7T3)/2)/2)2(Sl+52)/3W151 Cts (y)
) QrvV=1? Jio Jron oo

X T(wy r+30y) (=51, —52) dsydsy,
with
o1 < min{Re(v; + 1), Re(1,), Re(v + 21,) },
o, < min{Re(—v; — 1), Re(—1,), Re(—v; — 21,)}.

Proof As in the proof in [8, 10], we use the expansion formula in Proposition
Our task is to show

3

- T
34) WP - {
(34) () () Z i sin(—uvy) sinw(—v,) sinw(—v; — 1)
weW;
P ~
X M }
sinm(—v; — 21,) sinw(—vy — 31,) sin (=21 — 31;) () (Y)

Here we used the formula T'(x)I'(1 — x) = 7/ sin 7x.
Let W} be the subset of W5 defined by

!
W3 = {1, wo, WaWaWs, WaWaWaWg, WaWaWaWa, WaWaWaWsWe ).

Then Wj is isomorphic to the Weyl group W; and we have W5 = W} IT wyW} =
Wé I WéWq

If we shift the path of integration to the left in the right-hand side of (3.3), it
becomes sum of the residues at

(s1,%) = (my + w +12),my + w(vy +211)), my,my €N, w € W]

(see [16, p. 707]). Then in view of Res,__,I'(s) = (—1)"/n!, the right-hand side of

(B3) becomes
oo
(3.5) Z W{ Z (W3y%y2)2(m1+mz+2u1+3z/z)/3
weW/ my,my=0 ~
3 X W(1m1+V1+l/2,—m1+m2+uz)(y) : Sml,mz(l/)} y
with
S (I/) o (—1)m1+m21_‘(—m1 — VI)F(—ml — 2”1 — 3]/2)
my,n; -

mllmzlf(—ml — myp — 21/1 — 31/2)

X F(*I’I’Zz — UV — 3V2)F(*Wl2 — 21/1 — 31/2).
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Now we apply the expansion formula

3

~ s ~
W1 = W{ Ml } )
tnam) () Z sinw(—vy) sinw(—1w,) sin(—v; — 1) ) ()
weW,
for SL;(IR) to express V~V(1m1 T +l/2)( ¥) as a linear combination of six funda-

mental Whittaker functions. Since the set {w(u1, o) | w € Wy} is

{(pr, p2), (o + oy —p2), (pay —por — p2),
(=2, —p11), (=g, i1+ 2), (=1 — pi2, 1) },

(B.5) can be written as

(36) Z Z Z Pim-,mz,ﬂl-,”z(wy)’

weWJ ISJ<VImy my,ny,ny=0

where

n1+m1+m2)+41/1+6112( )2(n2+m2)+21/1+41/2

7 - (my1)X Ty
sinw(—m; — v, — 1p)sinw(my — my — 1)
X sinmw(—my — vy — 21,)

X Sy, (1) C|

P! (v) =

my,my,ny,ny

m,nz)(ml +vtuv,—my+mp+ Vz)7
3 2(ny+my+my)+4v, +61; 2(ny+my)+2v1+21,

T -\ T

pll W) = ( )’1) ( }’2)

my,my, 1,1y

sin(—my — v; — 2u,) sinw(—my + my + 1)
X Sinﬂ'(—ﬂ’ll — UV — V2)

~1
X Sy my (V) Cly ny) (M2 + 11 + 200, my — my — 1),

71_3 A (7T}/1)2(n1+m2)+2m+4y2 (71_}/2)2;12

sinw(m; — my — vy) sinw(my + vy + 21,) sinw(my + vy + 1)

PIH (1/) —

My ,1my,1y,1)

~1
X Sy my (V) C g pyy (=11 + My + 12, —my — vy — 217),

7T3 . (7.‘.)/1 )2(n1+m1 V201421, (7.(.)/2)2@

sinm(—my + my + vy)sinw(my + vy + 1vy) sinw(my + v; + 21;)

PIV (1/) —

my,my,ny,1y

~1
X Sy my (V) Clyy pyy (M1 — My — vy —my — vy — 1)),
7T.3 . (ﬂ,yl)z(nl+mz)+2m+4yz (7.(.)/2)2(n2+m2)+21/1+41/2
sin(my + vy + vy)sinw(—my — vy — 21y) sinw(m; — my — 1)

V
Pm1 512,11, (V) =

X Sy, (V) Clyy oy (=111 — 11 — 1,1y + 11 + 211),

71_3 . (Tryl)Z(nlerl)Jer/lJrZVz (7.[.}/2)2(?12+m1)+21/1+21/2

V1
Pml s, 11,1 (l/) =

sin(my + vy + 21,) sinw(—m; — v — vy) sinw(—my + my + 1)

X Srm.mz(V) C(lnl,nz)(imz — UV — 21/2, my +uvy + Vz).
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Because S, m, (V) = S, m, (Wg1), we can see that

P (v) =P, (wgv),

my,my Ny, Ny my,my,ny,ny

PIV (V) — PIH (Wﬁl/)7

my, My, Ny, my,1my Ny,

pV! (v) =PY (wpv).

my,my,ny N my,my 1,1

Then (B.3)) equals (3.8) equals

0o
Z Z Z (Pgnl,mz,nl,nz (WV) + Plnl,mz,nl.nz(wﬁwy))

WGWS’ J=LILV my ,my,ny,ny=0

=33 Y PO

weWs J=LIILV my,my,ny,n,=0

Hence the following claim implies our theorem for G,(R).

Claim () Y > Pl (w) =Wi(y),

wEW; my,my,ny,ny=0

o0
G > > P L) =0,

weW3 my ,my,ny,n;=0

(iii) Z i Py sy (W1) = 0.

weW3 my,my,ny,n;=0
We begin with (i). In view of

(=" T

T(-a—n= T'a+n+1) . sin(—a)

(adZ,nel),
Sy ,m, (V) can be written as

3 1

sin(—vy) sinw(—2v1 — 3vy) sinw(—vy — 31,)  my!lm,!

% F(m1+m2+2u1+3yz+1)
F(I’l’ll + v+ I)F(ml + 21/1 + 3V2 + I)F(I’I’ZZ + v+ 31/2 + I)F(T’I’lz + 21/1 + 31/2 + 1)

71-3

= — . - Cl v,V + 3v
sinw(—vy) sinw(—2v; — 31,) sinw(—vy — 31,) (o) (V151 2)
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(see (2.4)). Then

71_3

P! V) = — . .
. () sinm(—v; — 1y) sinw(—1,) sinw(—1q — 21;)

773

X
sinm(—v;) sin (=2 — 31,) sinw(—v; — 314)

% (Wyl)Z(n1+m1+m2)+4l/l+6l/2 (WyZ)Z(n2+mz)+2V1+4V2
~1 ~1
X Clomymy) (W1, 01 +312) Cy oy (M1 + 01 + 12 —my + my + 1),

and hence (i) follows from Corollary2.2]and (3.4).

Let us consider (ii). To prove the vanishing for P}I! | it is enough to show

o0

111 111
Z (Pmlam27”lan2(l/) + Pm17m2'nl7n2 (WO‘V)> =0.

my,my,ny,ny=0

We substitute n; — n; — m, to get

e 3

111 ™
Z Pml,mzml,nz(y) =

sinm(—1,) sinmw(v; + 21,) sinm(vy + 1)
my,my,ny,np=0

XD P )y (),

ny ,HZZO
with

Pnl,nz(V) = Z Sml,mz(l/)c(lnlfmz’nz)(—ml +my + vy, —my — v — 21,).
Ogml
0<my<m
For our purpose, it suffices to show py, »,(V/) + pu, ., (War) = 0. By using 2.1]), we
have
C(ln]_mwz)(—ml +my + vy, —my — V] — 21/2)

ny—my

1 1
- ];0 (1’11 *ﬂ’lz*])'l’lz']' F(nl—ml—mzful *I/2+1)

1
X
F(I’lz*j*ﬂ’lz*Vl*2V2+1)F(j*ml+m2+l/2+1)

a 1 1
_]-_Zmz (”1 7])'712'(]777’12)' F(I’ll — my 7711271/171/2'1‘1)

1

x F(I’Zz*j*l/l*2V2+1)F(j*ml+l/2+l).
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Then we have

Pty = 3 DT m — ) = 20— 3v)
1,1y o< i< my! m,! F(—ml —my; — 2V — 3U2)
T o<m,

X I'(=my — v; — 3vy)['(—my — 2v1 — 31,)
o 1 . 1
(n — DIml(G—m)! Ty —my —my — vy — 1y + 1)
1
X Ty —j—v =2, + DG —my +1y+1)°

We apply the relation I'(a — m;) = (—1)™T'(a)/(1 — a),, to find that

pnl,nz(V) — Z (*1)'"2]?(*7?’12 — V] — 31/2)]_—‘(7”12 —2u — 31/2)

0<m< j<m 1’1’12! le! (] — mz)' (T’ll — ])' F(}’lz — ] 4 21/2 + 1)

y [(—v)I(—2v; — 31,)
D(—my —2vy = 3)[(—my+n; — vy — v+ DI(G+1n+ 1)

oo

y Z (my + 201 + 305 + 1), (M — 1y + 01 +12) (=] — V2)m,
m1! (1/1 + 1)m1 (21/1 + 31/2 + l)ml '

m;=0

The summation over m; becomes the generalized hypergeometric series 3F,(1). We
use a transformation formula [1, p. 98, 7]

F a, b, c _F(d)F(d+efafbfc)F e—a,e—b,c ]
T de T TWdre—a—bld—0> 2\ d+e—a—b,e
witha=m, + 211 +3v, + L, b=—j— vy, c=my —m +v1 +1p,d =17+ 1,and

e=2v + 31, + 1, to get

Z o F(l/l +1)F(n1+j—2m2+l)
o D(—my+j+vi+v+ DI —my — vy +1)

m

% +F —mz,j+2U1+4V2+l, my; —ny+vt+ v,
302 —my+ jAv 1, 20+ 3, 4 1

).

Further we use a relation for terminating hypergeometric series ([15, 7.4.4.86])

—my, 4, b . (C_a)mz —my, a, d—b
3F2< ¢, d ’1>_ () m, 3Fz(d,a—c—mz+l ‘1>

witha=j+2ry +4n+L,b=m —m+uv1+vy,c=—m+j+uv +1,+1,and
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d = 2v; +3v, + 1. Then we get

Z (=1)™T(—=my — vy — 3)['(—my — 2v; — 31,)
mz! I’lz! (] — le)' (1’11 — ])' F(I’lz — ] -V — 21/2 + 1)

pnl,nz(V) =

0<m,<j<m
y I(—v)I'(=2v) — 313)
D(—my — 21y = 3)[(—my+ny — vy — v+ DI +12+ 1)
I+ DIy + 7 —2my + 1)
P(—my+j+vi+v+ DI (—my+n —1, +1)

F(*mz + ] +uv+1vy+ I)F(*Vl — 31/2)
LG+ +vy+ )I(—my — v — 31)

% -F —mz,j+2V1+4V2+1, —my+m+uv+20,+1 1
302 21/1+31/2+1,l/1+31/2+1

=TI'(—v)l'(v; + DI (=201 — 30,) (=1 — 314)

(=D)™(ny + j — 2my)!
x Z mzlnzl(j—mz)!(nl —])'

0<my<j<m
o 1
F(Gj+v+v+ DI +1n+1)
1
% F(—H’lz +n —vy—1vy+ I)F(—mz +n —uvy+ 1)

1
X
F(i’lz—j—l/l—zyz"rl)

% +F —mz,j+2U1+4U2+1, —m2+n1+u1+21/2+1 1
302 21 +3, + 1, 1+ 3 + 1 ’

Since wo (v1,12) = (—uv1, 11 + 112), the expression above implies
pnl,nz(y) + Pnl,nz (Wozl/) =0.

By using (2.8) to rewrite C () we can similarly show the cancellation (iii).
Thus, the claim is verified, and this completes the proof of Theorem 3.3 [ ]

By using Theorems[32land B3] we can get the following integral representations.
Corollary 3.4 Under the same notation as in Theorems[3.2land[B.3] we have

(37) W(Zm ,yz)(y)

[T 11 1t
:/ / / eXP{—(W)’l)zfl—(7T)/2)2f2—(77)/2)2t3———————2}
o Jo Jo 4 5] 13t

v1+21;
~ t dt, dt, dt
X Wl(,)l()’l}’Ztht3) X ((’ﬂ'}q) :tz) 1 dip disz
1

hot t3’
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and

(3.8) W

v1,V2) (

y)
= / / / EXP{ —(my)’t = (my)ty — (my2)’ts — — — — — 772}
o Jo Jo 3] t 13 f)

dt, dt, dt
X Wy171/1+31/2) <71y2m7 V1 \/:) 1 2 3

h b t3

Proof We substitute the formula [12, Corollary 4]

Wiy ()
1 1t
/ / / exp{ —(my1)*t — ()t — (wy)ts — — — — — —i}
hh fHh Bh
dt, dt, dt
X (rn—yl)(4I/1+2V2)/3(,ﬂ.y2)(21/172V2)/3t1V1 t2m+1/2t—1/2717273
fh & t3
into (3.1) and (3.3). Then we can obtain (3.7) and (3.8]) by Mellin inversion. [ |

4 Applications to Archimedean Zeta Integrals

Here we give two examples of computations of archimedean zeta integrals as an ap-
plication of the integral representations of W2(y).

The first one is the degree 12 automorphic L-function on GSp, X GL3. The Ran-
kin—Selberg integral for this L-function is constructed in Bump’s survey [3, §3.5]
(¢f. [5]). When the infinite types of automorphic representations of GL3(Aq) and
GSp,(Aq) are isomorphic to the class one principal series representations of GL3(R)
and GSp,(R), respectively, the archimedean zeta integral we should compute be-
comes

d
Z5o(8) 7/ / m H2) (}’h)’z))wul yz)(()’z,yl)) (y1 yz)s dy ;;2

In view of the formula (B.I), our computation can be reduced to the archimedean
zeta integral on GL; x GLs, which is calculated by Stade [17, 18].

Theorem 4.1 LetT'p(s) = n—*/*'(s/2) and

4py +2 —2uy +2 —2u; — 4
(611,612,613):( ILL13 ILL27 M13 Mz? ‘u13 ILLZ)7

(b, by) = (V1,11 +217).

Then we have

Ili<icsILi<jcoATr(s +ai + b))Tr(s +a; — b))}

Zoc(s) =
H1§i§3 FIR{(ZS - ai)
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Proof By means of the formula (3.0]), we have

o0 OO~ 1
Zools) = / / W (Gay2)) % / ()
o Jo (1 12) Y15 V2 27_‘_\/_71 L yi)y2

el
x W(t+"71+1/2,7t+1/71+l/2)((y27 y1))

<=4 20 (== ) uran 22

— zﬂ\lﬁ/m)w”l“(—u %)P(—t— %)

x /0 /0 W O DV (1, 92)

d)/l d)/z
x ( 2)s+2t/3 dt.
Y1Y2 71 72

Here we uesd W(lﬂhm)((}/z, 7)) = W(l—ul,—uﬁ((yl’ ¥2)), which is obvious from the

Mellin—Barnes integral representation in Proposition[31]
Here is the result of Stade [17]:

00 poo _ dv: d
Wy (01, 22DW s (1, 32)) - (i3 2L 22
Hasfh By k)
o Jo v Y1 )2
S P(2n+ )
- 3 ~ i e
I'3) 1<i,j<3 2
where
2pn+ . —p . —p — 24
A Aoy ) = ( : , )
(A1, A2, A3) 3 3 3
2l + ol —pl o —pl — 24
()\{7)\5,)\9:( 13 2 13 2 13 2)_
Then we get
_ N 141 N 121
Zoo(s) = H {F(7+—+V2+ai>1"(f———V2+ai>}
1Zi<s 2 2 2 2

1 M(—t+)I(—t— %
x / ( 23) ( 2 H F(£+t+ai) dt.
2wy —1 L(r) F(Es +t) 2

1<i<3

The Barnes integral with respect to ¢ is carried out by Barnes’ second lemma [1, 6.2]:

1 / DG — a)T(t = BTt = OT(p—DT(g 1)
27T\/jl L(7) F(t+p+q—a—b—c)

_T(p—a)l'(p—bI'(p—c)l'(q—al(q—bl(qg—c)
- T(p+gq—b—ol(p+q—c—al(p+gq—a—1b)’

(4.1)
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and thus we complete the proof. ]

Next we discuss the Rankin—Selberg integral on GSp, considered by Bump, Fried-
berg and Ginzburg [4], which contains two complex variables s, w and, interestingly,
it interpolates the product of the standard L-function and the spinor L-function.

As in the computation above, we assume that the infinite type is the class one
principal series representation. Then the archimedean zeta integral is

Zools, W) = / / / W (1 72)) - (1 x]) D21 o) =01/
0 0 R2

_ dy, d
x exp{2mv —1(x1y2 + x2¥1) } - yi_zygv 3/2 dxldxz—yl 7)/2’
Y1 )2

Theorem 4.2 We have

Loo (s, st) + Lo (W, spin)
F]R{(S + I)FR(ZS)FR(ZW + 1) ’

Zoo(s,w) =272

where
Loo(s,st) = Ir(s)I'r(s + 2v1 + 205)Tr(s — 2v1 — 205)r(s + 20,)r(s — 214),
Loo(w, spin) = I'r(w + v )I'r(w — v)Ir(w + vy + 200)Tr(w — vy — 217).

Proof By the integral representation (3.2]), we have

22
Zoo($,W) = ———— TO (—s1) T _s,) p2lt)
OO( ) (ZF\/TI)Z /L<01>A(02) l/l( 1) 11+2112( 2)

o0
d
></ /K51+$2(27ry1)(1+x§)_(W“/2) exp(27r\/—1x2y1)yi‘““sdxz%
o Jr 1

> d
X / / Ko, 2my,) (1 +x3) "D 2 exp(2m/—Txy y,) 3+ dx, D2
o JRr )2

X dSzdS].
By using the formulas

277P
A(l +x3)7° exp(2myv —1xy) dx = %p) ~y”_1/2Kp,1/2(27Ty)

for Re(p) > 0and y > 0 [6, 3.771.2], and

o d
/ K, (27y)K, (27y) y57y
0

7T_51"(s+ p+)ls+pu—v)s—pu+v)I'(s—pu—v)

53
=2 T'(s)
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for Re(s) > |Re(u)| + | Re(v)] [6, 6.576.4], we get

22 141 141
AR Sy S VR YR
Qrv =12 Jie) L) 2 2

1% 14
X F(—Sz + ?1 +V2>F(—Sz — 71 — Vz) 7T2(51+52)

L(sp+s+ 5 +wI(G +w)l(si +5+ 5)I(5)
D(w+ )0(s; + 55 +5+w)

L(si + ST (s1 + 5)D(s2 + )0 (s, + 5)
F(%)F(Sl + 5 + % + W)

« 2727_‘,7(sl+52+s)+1/2

~ 2727T7(51+§+w)+1/2

dSzdSl .

Now the integration with respect to s; can be performed by Barnes’ second lemma
(@1). Then we have

(5T (M2 )T (M52 )T (S )T (S )
INC IO

Zoo(57 W) _ 27271_757w+1

o 1 / L(=s2+ 5 +)l(=s; — 4 —11)
27/ =1 J1(y) [(s+s+ %)

X F(Sz + %’)F(Sz + H%)F(Sz + S_Tyl) dSz.

We use the formula (£)) again to reach the assertion. [ |

Remark 3 The denominator in Z(s, w) is the product of the normalizing factors
of two Eisenstein series used in the construction of the Rankin—Selberg integral. Since
the global functional equation for the spinor L-function for generic cusp forms is es-
tablished in [11, Theorem 1.2], we get the global functional equation for the standard
L-function.

References

[1]  W.N. Bailey, Generalized Hypergeometric Series. Cambridge University Press, Cambridge, 1935.

[2]  D.Bump, Automorphic forms on GL(3, R). Lecture Notes in Mathematics 1083. Springer-Verlag,
Berlin, 1984.

, The Rankin-Selberg method: a survey. In: Number Theory, Trace Formulas, and Discrete
Groups. Academic Press, Boston, 1989, pp 49-109.

[4]  D.Bump, S. Friedberg and D. Ginzburg, Rankin-Selberg integrals in two complex variables. Math.
Ann. 313(1999), no. 4, 731-761. doi:10.1007/5002080050280

[5] S. Gelbart, I. Piatetski-Shapiro, and S. Rallis, Explicit constructions of automorphic L-functions.
Lecture Notes in Mathematics 1254. Springer-Verlag, Berlin, 1987.

[6] 1.S.Gradshteyn and I. M. Ryzhik, Tables of integrals, series, and products. Sixth edition. Academic
Press, Sandiego, CA, 2000.

[7] M. Hashizume, Whittaker functions on semisimple Lie groups. Hiroshima Math. J. 12(1982), no. 2,
259-293.

[8] M. Hirano, T. Ishii, and T. Oda, Whittaker functions for Pj-principal series representations of
Sp(3, R). Adv. Math. 215(2007), no. 2, 734-765. doi:10.1016/j.aim.2007.04.015

[9]  T.Ishii, On principal series Whittaker functions on Sp(2, R). J. Funct. Anal. 225(2005), no. 1, 1-32.
doi:10.1016/}.jfa.2005.03.023

(3]

https://doi.org/10.4153/CJM-2010-030-4 Published online by Cambridge University Press


http://dx.doi.org/10.1007/s002080050280
http://dx.doi.org/10.1016/j.aim.2007.04.015
http://dx.doi.org/10.1016/j.jfa.2005.03.023
https://doi.org/10.4153/CJM-2010-030-4

Whittaker Functions on Real Semisimple Lie Groups of Rank Two 581

(10]

(11]

(12]
[13]
(14]
(15]
(16]
(17]
(18]

(19]

[20]

, Class one Whittaker functions on real semisimple Lie groups. In: Automorphic
representations, L-functions, and periods. Surikaisekikenkytisho Kokyaroku No. 1523 (2006),
70-78. http://www.kurims.kyoto-u.ac.jp/~kyodo/kokyuroku/contents/1523.html

T. Ishii and T. Moriyama, Spinor L-functions for generic cusp forms on GSp(2) belonging to principal
series representations. Trans. Amer. Math. Soc. 360(2008), no. 11, 5683-5709.
doi:10.1090/S0002-9947-08-04724-7.

T. Ishii and E. Stade, New formulas for Whittaker functions on GL(n, R). J. Funct. Anal. 244(2007),
no. 1,289-314. doi:10.1016/}.jfa.2006.12.004

H. Jacquet, Fonctions de Whittaker associées aux groupes de Chevalley. Bull. Soc. Math. France
95(1967), 243-309.

S. Niwa, Commutation relations of differential operators and Whittaker functions on Sp, (R). Proc.
Japan Acad. Ser. A Math. Sci. 71(1995), no. 8, 189-191. |doi:10.3792/pjaa.71.189

A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev, Integrals and Series. Vol. 3, Gordon and
Breach Science Publishers, New York, 1990.

E. Stade, Poincaré series for GL(3, R)-Whittaker functions. Duke Math. J. 58(1989), no. 3, 695-729.
doi:10.1215/50012-7094-89-05833-X

, Hypergeometric series and Euler factors at infinity for L-functions on GL(3, R) x GL(3,R).
Amer. J. Math. 115(1993), no. 2, 371-387. d0i:10.2307/2374862

E. Stade, Archimedean L-factors on GL(n) X GL(n) and generalized Barnes integrals. Israel J. Math.
127(2002), 201-219. doi:10.1007/BF02784531

I. Vinogradov and L. Tahtadzjan, Theory of the Eisenstein series for the group SL(3, R) and its
application to a binary problem. I. Fourier expansion of the highest Eisenstein series. (Russian) Zap.
Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 76(1978), 5-52, 216, translated in J. of
Soviet Math. vol. 18(1982), no. 3, 293-324.

N. Wallach, Asymptotic expansions of generalized matrix entries of representations of real reductive
groups. Lecture Notes in Mathematics 1024. Springer, Berlin, 1983, pp. 287-369.

Faculty of Science and Technology, Seikei University, Japan
e-mail: ishii@st.seikei.ac.jp

https://doi.org/10.4153/CJM-2010-030-4 Published online by Cambridge University Press


http://dx.doi.org/10.1090/S0002-9947-08-04724-7
http://dx.doi.org/10.1016/j.jfa.2006.12.004
http://dx.doi.org/10.3792/pjaa.71.189
http://dx.doi.org/10.1215/S0012-7094-89-05833-X
http://dx.doi.org/10.2307/2374862
http://dx.doi.org/10.1007/BF02784531
https://doi.org/10.4153/CJM-2010-030-4

