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Whittaker Functions on Real Semisimple
Lie Groups of Rank Two

Taku Ishii

Abstract. We give explicit formulas for Whittaker functions on real semisimple Lie groups of real rank

two belonging to the class one principal series representations. By using these formulas we compute

certain archimedean zeta integrals.

Introduction

Whittaker functions on a real semisimple Lie group G play important roles in the

study of automorhpic forms since they appear in Fourier expansions of automorphic

forms. Motivated by number theoretic applications such as analysis of zeta integrals,

explicit formulas for Whittaker functions have been studied by many authors, espe-

cially on the groups SLn(R) and Sp2(R).

In the recent progress on the study for higher rank cases, some relations between

Whittaker functions for different Lie groups have been discovered. As for Whittaker

functions for the class one principal series, recursive relations with respect to the real

ranks are given in [12] (G = SLn(R)) and [10] (G = SOn+1,n(R)). In the paper [8],

Whittaker functions for a generalized principal series of Sp3(R) are described in terms

of those for the class one principal series of SO3,2(R). Some of these phenomena

might be related to lifting of automorphic forms, and we think many relations still

remain unknown.

The aim of this paper is to connect Whittaker functions for the class one principal

series when the real rank of G is two. We express Whittaker functions on Sp2(R)

by using Whittaker functions on SL3(R) and SL2(R), or two Whittaker functions

on SO2,2(R). The latter result is essentially obtained by Niwa [14] (see also [11])

by considering the theta lifting from SO2,2 to Sp2. We give explicit formulas for an

exceptional group of type G2, written in terms of two Whittaker functions on SL3(R).

As in recent works [8, 10], our proof relies on the expansion formulas for Whit-

taker functions studied by Hashizume [7], that is, linear relations between the Jacquet

integral representations of Whittaker functions (class one Whittaker functions) and

the power series solutions (fundamental Whittaker functions) of the system of partial

differential equations characterizing the Whittaker functions.

In the final section, we apply our formulas for Sp2(R) to compute two kinds of

archimedean zeta integrals. We discuss automophic L-functions on GSp2 ×GL3 with

degree 12, and two fundamental L-functions on GSp2. We show that the archimedean

zeta integrals coincide with the appropriate Langlands L-factors.

Received by the editors November 21, 2007.
Published electronically January 19, 2010.
AMS subject classification: 11F70, 22E30.

563

https://doi.org/10.4153/CJM-2010-030-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2010-030-4


564 Taku Ishii

1 Preliminaries

We first recall the notion of Whittaker functions for class one principal series rep-

resentations. Let G be a real semisimple Lie group with finite center and g its Lie

algebra. Fix a maximal compact subgroup K of G and put k = Lie(K). Let p be the

orthogonal complement of k in g and θ the corresponding Cartan involution. For a

maximal abelian subalgebra a of p and a linear form α on a, put

gα = {X ∈ g | [H, X] = α(H)X for all H ∈ a}.

We denote by ∆ = ∆(g, a) = {α ∈ a∗ | gα 6= 0} the restricted root system. Let ∆
+

be a positive system in ∆ and Π the set of the corresponding simple roots.

In the case of G = SL3(R), Sp2(R) and G2(R), we can take positive systems by

∆
+

=





{α, β, α + β} if G = SL3(R),

{α, β, α + β, 2α + β} if G = Sp2(R),

{α, β, α + β, 2α + β, 3α + β, 3α + 2β} if G = G2(R),

with the simple systems Π = {α, β} satisfying the following:

( 〈β, β〉
〈α, α〉 ,

〈α, β〉
〈α, α〉

)
=





(1,−1/2) if G = SL3(R),

(2,−1) if G = Sp2(R),

(3,−3/2) if G = G2(R).

Here 〈 · , · 〉 is the inner product on a∗C = a∗ ⊗R C induced by the Killing form

B( · , · ) on g.

If we put n =
∑

α∈∆+ gα, then we have an Iwasawa decomposition g = n ⊕ a ⊕ k

and denote by G = NAK the corresponding Iwasawa decomposition of G. We denote

by W the Weyl group of the root system ∆.

Let P0 = MAN be a minimal parabolic subgroup of G with M = ZK (A) the

centralizer of A in K. For a linear form ν ∈ a∗C, we define a quasi-character eν on A

by eν(a) = exp(ν(log a)) (a ∈ A). When G = SL3(R), Sp2(R) and G2(R), we identify

the linear form ν with two complex numbers (ν1, ν2) by

ν1 =
〈ν, α〉
〈α, α〉 , ν2 =

〈ν, β〉
〈β, β〉 .

We call the induced representation πν = IndG
P0

(1M ⊗eν+ρ⊗1N ) the class one principal

series representation of G. Here ρ =
1
2

∑
α∈∆+ (dim gα)α.

Let η be a unitary character of N. Since n = [n, n] ⊕ ∑
α∈Π

gα, the character

η is determined by its restriction to gα (α ∈ Π). For 1 ≤ i ≤ dim gα, we define

a real number ηα,i by η(Xα,i) =
√
−1πηα,i , where the root vector Xα,i is chosen as

B(Xα,i , θXα, j) = −δi, j (1 ≤ i, j ≤ dim gα). The length |ηα| of ηα is defined such that

|ηα| = (
∑

1≤i≤dim gα
η2

α,i)
1/2.
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In this paper we assume that η is nondegenerate, that is, |ηα| 6= 0 for all α ∈ Π.

Consider the space

C∞
η (N\G) = { f : G → C, smooth | f (ng) = η(n) f (g) ∀(n, g) ∈ N × G},

and the intertwining space HomG(πν ,C∞
η (N\G)). Take a spherical vector v0 in πν .

The space of Whittaker functions for the class one principal series representation πν

is

Wh(ν, η) := {Φ(v0) | Φ ∈ HomG(πν ,C∞
η (N\G))}.

Because of the Iwasawa decomposition, a Whittaker function w in the space Wh(ν, η)

is determined by its restriction w|A to A. We call w|A the radial part of w.

Hashizume [7] constructed a basis of the space of Whittaker functions. Let us re-

call in our situation. From now on we sometimes use the subscript ε for the notation

settled above:

ε =





1 for SL3(R),

2 for Sp2(R),

3 for G2(R).

We introduce a coordinate y = (y1, y2) on A by

y1 = exp α(H), y2 = exp β(H)

for H ∈ a. Then yρ1 = y1 y2, yρ2 = y2
1 y

3/2
2 and yρ3 = y5

1 y3
2. Define a power series

Mε
ν,η(y) on A by

(1.1) Mε
ν,η(y) = yρε

∞∑

m1,m2=0

Cε
(m1,m2)(ν) · (πy1)2m1+lε1 (πy2)2m2+lε2 ,

where the characteristic exponents (lε1, lε2) are given by

(lε1, lε2) =





((4ν1 + 2ν2)/3, (2ν1 + 4ν2)/3) if ε = 1,

(2ν1 + 2ν2, ν1 + 2ν2) if ε = 2,

(4ν1 + 6ν2, 2ν1 + 4ν2) if ε = 3,

and the coefficients Cε
(m1,m2)(ν) are determined by the recurrence relation

(1.2)





Cε
(0,0)(ν) = 1,

Qε
(m1,m2)(ν) Cε

(m1,m2)(ν) =
|ηα|2

2〈α, α〉Cε
(m1−1,m2)(ν) +

ε|ηβ |2
2〈β, β〉Cε

(m1,m2−1)(ν),

with

Qε
(m1,m2)(ν) = m2

1 + εm2
2 − εm1m2 + ν1m1 + εν2m2.

If Qε
(m1,m2)(ν) does not vanish for all nonzero (m1, m2), we can inductively determine

the coefficients Cε
(m1,m2)(ν) via the relation (1.2). We extend the power series Mε

ν,η(y)

to the function on G by Mε
ν,η(g) = η(n(g))Mε

ν,η(a(g)) with g = n(g)a(g)k(g) the

Iwasawa decomposition of g ∈ G. In this paper we call the function Mε
ν,η the funda-

mental Whittaker function on G.
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Definition 1.1 The element ν = (ν1, ν2) in a∗C is called regular if the following

conditions are satisfied.

• Qε
(m1,m2)(wν) 6= 0 for all (m1, m2) ∈ N2\{(0, 0)} and w ∈ Wε,

• w1ν − w2ν /∈ {m1α + m2β | (m1, m2) ∈ Z2} for all distinct pairs (w1, w2) in Wε.

Hashizume proved the following.

Proposition 1.2 [7, Theorem 5.4] If ν is regular, then the set {Mε
wν,η | w ∈ Wε}

forms a basis of Wh(ν, η).

Remark 1 The action of the Weyl group on a∗C is described as follows. Let wα and

wβ be the simple reflections corresponding to the simple roots α and β, respectively.

Then wα(ν1, ν2) = (−ν1, ν1 + ν2) and

wβ(ν1, ν2) =





(ν1 + ν2,−ν2) if G = SL3(R),

(ν1 + 2ν2,−ν2) if G = Sp2(R),

(ν1 + 3ν2,−ν2) if G = G2(R).

By replacing Cε
(m1,m2)(ν) → (|ηα|2/2〈α, α〉)m1 (ε|ηβ |2/2〈β, β〉)m2Cε

(m1,m2)(ν), we

may assume

|ηα|2 = 2〈α, α〉 and |ηβ |2 = 2ε−1〈β, β〉.(1.3)

Hereafter we impose this assumption for simplicity and omit the symbol η from Mε
ν,η.

Jacquet [13] introduced an integral representation of the Whittaker function for

πν of moderate growth [20]:

Wν,η(g) =

∫

N

η−1(n)a(w−1
0 ng)ν+ρdn.

Here w0 is a longest element in the Weyl group. As a function on a∗C, the Jacquet

integral converges absolutely and uniformly on the domain {ν ∈ a∗C | Re(〈ν, α〉) > 0

for all α ∈ ∆
+}, and can be continued to a meromorphic function of ν. We call the

Jacquet integral (and its constant multiple) the class one Whittaker function.

For applications to automorphic forms, Mellin–Barnes integral representations of

class one Whittaker functions are useful. However, to find Mellin–Barnes integral

representations by modifying Jacquet integrals is not easy in general. For the case

of G2(R), we could not evaluate the Jacquet integral as in the cases of SL3(R) ([19])

and Sp2(R) ([9]). We will find a conjectural formula from the explicit formula for

fundamental Whittaker function and prove it by using the expansion formulas of

Hashizume. In our case, the expansion formulas can be written as follows.

Proposition 1.3 [7, Theorem 7.8] Under assumption (1.3), we have

W ε
ν (g) = cε

∑

w∈Wε

w
{ ∏

δ∈∆+
ε

Γ

( 〈δ, ν〉
〈α, α〉 + 1

)
Γ

( 〈δ,−ν〉
〈α, α〉

)
· Mε

ν(g)
}

,

with some constant cε.

We remark that Hashizume gives the constant cε explicitly.
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2 Explicit Formulas for Fundamental Whittaker Functions

We solve the recurrence relation (1.2) under the assumption (1.3). The result is as

follows.

Theorem 2.1 When ν = (ν1, ν2) is regular, the radial parts of fundamental Whittaker

functions are of the form (1.1), where the coefficients Cε
(m1,m2)(ν) are given by

C1
(m1,m2)(ν) =

∑

0≤n≤m1

1

(m1 − n)! m2! n!

× 1

(ν1 + ν2 + 1)m1
(ν2 + 1)m2−n(ν1 + 1)n

,

(2.1)

C2
(m1,m2)(ν) =

∑

0≤n1+n2≤m1

0≤n2≤m2

1

(m1 − n1 − n2)! (m2 − n2)! n1! n2!

× 1

(ν1 + ν2 + 1)m1
(ν2 + 1)m2−n1

(ν1 + 1)n1
(ν1 + 2ν2 + 1)n2

,

(2.2)

and

C3
(m1,m2)(ν) =

∑

0≤n1+n2≤m1

0≤n4≤n3≤n2≤m2

1

(m1 − n1 − n2)! (m2 − n2)!

× 1

n1! (n2 − n3)! (n3 − n4)! n4!

× 1

(ν1 + ν2 + 1)m1−n3
(ν2 + 1)m2−n1

(ν1 + 1)n1−n4

× 1

(ν1 + 2ν2 + 1)n2
(2ν1 + 3ν2 + 1)n3

(ν1 + 3ν2 + 1)n4

.

(2.3)

Here (a)n = Γ(a + n)/Γ(a) is the Pochhammer symbol.

Proof The formula for C1
(m1,m2)(ν) is given in [12, Proposition 5] by arranging with

the formula of Bump [2, Chapter II]:

(2.4) C1
(m1,m2)(ν) =

(ν1 + ν2 + 1)m1+m2

m1! m2! (ν1 + ν2 + 1)m1
(ν1 + 1)m1

(ν1 + ν2 + 1)m2
(ν2 + 1)m2

.

We can show (2.2) as in [12, Theorem 15]. If we denote the summand in (2.2) by

1/Xm1,m2;n1,n2
, then the identity

Xm1,m2;n1,n2

Xm1−1,m2;n1,n2

+
Xm1,m2;n1,n2

Xm1,m2−1;n1,n2

− Xm1,m2;n1,n2

Xm1,m2;n1+1,n2

− Xm1,m2;n1,n2

Xm1,m2;n1,n2+1

= Q2
(m1,m2)(ν)

implies that the right-hand side of (2.2) satisfies the recurrence relation (1.2). The

proof of (2.3) can be similarly performed.
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Remark 2 The following formula for C2
(m1,m2)(ν) is given by the author [9, Theo-

rem 2.1]:

C2
(m1,m2)(ν) =

1

m1! m2! (ν1 + 1)m1
(ν1 + 2ν2 + 1)m2

× 3F2

(
−m2, m1 + ν1 + ν2 + 1, −m1 − ν1 − ν2

ν1 + ν2 + 1, ν2 + 1

∣∣∣∣ 1

)
.

Here

3F2

(
a, b, c

d, e

∣∣∣∣ z

)
=

∞∑

m=0

(a)m(b)m(c)m

(d)m(e)m

· zm

m!

is the generalized hypergeometric function.

We can find the following relations between M2
ν(y), M3

ν(y), and M1
ν(y).

Corollary 2.2 If we set

Cε
(m1,m2)(ν) = Γ

ε(ν) C̃ε
(m1,m2)(ν) and Mε

ν(y) = yρεΓ
ε(ν)M̃ε

ν(y)

with

Γ
ε(ν) =

∏
δ∈∆+

ε

Γ

( 〈δ, ν〉
〈α, α〉 + 1

)
,

then we have the following:

M̃2
(ν1,ν2)(y) =

∞∑

k=0

(π3 y2
1 y2)(2k+ν1)/3C̃0

k(ν1)M̃1
(k+ν1+ν2,−k+ν2)(y),(2.5)

M̃3
(ν1,ν2)(y) =

∞∑

k1,k2=0

(π3 y2
1 y2)2(k1+k2+2ν1+3ν2)/3C̃1

(k1,k2)(ν1, ν1 + 3ν2)

× M̃1
(k1+ν1+ν2,−k1+k2+ν2)(y).

(2.6)

Here C̃0
k(ν1) = 1/(k! Γ(k + ν1 + 1)) is the coefficient of the fundamental Whittaker

function on SL2(R).

Proof Let us prove formula (2.6). By [12, Proposition 5], the coefficient C̃1
(m1,m2)(ν)

has the following expressions in addition to (2.1):

m2∑

n=0

1

m1! (m2 − n)! n!Γ(m1 − n + ν1 + 1)

× 1

Γ(m2 + ν1 + ν2 + 1)Γ(n + ν2 + 1)
,

(2.7)

min{m1,m2}∑

n=0

1

(m1 − n)! (m2 − n)! n!Γ(m1 + ν1 + 1)

× 1

Γ(m2 + ν2 + 1)Γ(n + ν1 + ν2 + 1)
.

(2.8)
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We apply (2.7) for C̃1
(k1,k2)(ν1, ν1 + 3ν2), and (2.8) for M̃1

(k+ν1+ν2,−k1+k2+ν2)(y) to rewrite

the right-hand side of (2.6) as

∞∑

k1,k2=0

(π3 y2
1 y2)2(k1+k2+2ν1+3ν2)/3

k1! Γ(k2 + 2ν1 + 3ν2 + 1)

×
k2∑

i=0

1

(k2 − i)! i! Γ(k1 − i + ν1 + 1)Γ(i + ν1 + 3ν2 + 1)

×
∞∑

l1,l2=0

(πy1)2l1+2(k1+k2+2ν1+3ν2)/3(πy2)2l2+2(−k1+2k2+ν1+3ν2)/3

Γ(l1 + k1 + ν1 + ν2 + 1)Γ(l2 − k1 + k2 + ν2 + 1)

×
min{l1,l2}∑

j=0

1

(l1 − j)! (l2 − j)! j! Γ( j + k2 + ν1 + 2ν2 + 1)
.

(2.9)

After the substitutions k2 → k2 + i, l1 → l1 + j and l2 → l2 + j, (2.9) becomes

∞∑

k1,k2,i
l1,l2, j=0

(πy1)2(k1+k2+i+l1+ j)+4ν1+6ν2 (πy2)2(k2+i+l2+ j)+2ν1+4ν2

k1! k2 l1! l2! i! j! Γ(k1 − i + ν1 + 1)Γ(k2 + i + 2ν1 + 3ν2 + 1)

× 1

Γ(i + ν1 + 3ν2 + 1)Γ(l1 + j + k1 + ν1 + ν2 + 1)

× 1

Γ(l2 + j − k1 + k2 + i + ν2 + 1)Γ( j + k2 + i + ν1 + 2ν2 + 1)
.

It is equivalent to formula (2.3) by the replacement

i = n4, k2 = n3 − n4, j = n2 − n3, k1 = n1, l1 = m1 − n1 − n2, l2 = m2 − n2,

and we get the assertion.

3 Explicit Formulas for Class One Whittaker Functions

In this section we give Mellin–Barnes type integral representations of the radial parts

W ε
ν (y) of the class one Whittaker functions. The case of SL3(R) was studied by

Bump [2].

Proposition 3.1 [2] Up to a constant multiple, the radial part of the class one Whit-

taker function on SL3(R) can be written by W 1
ν (y) = yρ1W̃ 1

ν (y), where

W̃ 1
(ν1,ν2)(y) =

1

(2π
√
−1)2

∫

L(σ1)

∫

L(σ2)

(πy1)−2s1 (πy2)−2s2 T(ν1,ν2)(s1, s2) ds2ds1,
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with

T(ν1,ν2)(s1, s2) =
Γ(s1 + 2ν1+ν2

3
)Γ(s1 + −ν1+ν2

3
)Γ(s1 + −ν1−2ν2

3
)

Γ(s1 + s2)

× Γ

(
s2 −

2ν1 + ν2

3

)
Γ

(
s2 −

−ν1 + ν2

3

)
Γ

(
s2 −

−ν1 − 2ν2

3

)
.

Here the path L(σ) (σ ∈ R) means the vertical line from σ −
√
−1∞ to σ +

√
−1∞

and σ1, σ2 are taken such that

σ1 > max
{
−Re

( 2ν1 + ν2

3

)
, Re

( ν1 − ν2

3

)
, Re

( ν1 + 2ν2

3

)}
,

σ2 > max
{

Re
( 2ν1 + ν2

3

)
, Re

( −ν1 + ν2

3

)
,−Re

( ν1 + 2ν2

3

)}
.

Now we give two integral representations in the case of Sp2(R). The first formula

(3.1) can be seen to be the analogue of the formula (2.5), and the second one (3.2)

is given by Moriyama and the author [11, Proposition 2.2], which is essentially the

same as the formula obtained by Niwa ([14], cf. [9, Theorem 3.2]).

Theorem 3.2 Up to a constant multiple, the radial part of the class one Whittaker

function on Sp2(R) can be written by W 2
ν (y) = yρ2W̃ 2

ν (y) where

(3.1) W̃ 2
(ν1,ν2)(y) =

1

2π
√
−1

∫

L(σ)

(π3 y2
1 y2)2s/3W̃ 1

(s+
ν1
2

+ν2,−s+
ν1
2

+ν2)
(y) T0

ν1
(−s) ds,

with σ < |Re(ν1/2)|. We also have the expression

(3.2) W̃ 2
(ν1,ν2)(y) =

1

(2π
√
−1)2

∫

L(σ1)

∫

L(σ2)

(π2 y1 y2)s1+s2W̃ 0
s1+s2

(y1)W̃ 0
s1−s2

(y2)

× T0
ν1

(−s1)T0
ν1+2ν2

(−s2) ds2ds1,

with σ1 < |Re(ν1/2)| and σ2 < |Re(ν1/2 + ν2)|. Here W 0
ν (y) = y1/2W̃ 0

ν (y) is the

radial part of the class one Whittaker function on SL2(R):

W̃ 0
ν (y) = 2Kν(2πy) =

1

2π
√
−1

∫

L(σ)

(πy)−2sT0
ν(s) ds,

with T0
ν(s) = Γ(s + ν/2)Γ(s − ν/2).

Proof In the formula (3.2), we integrate with respect to s2 by means of the formula

W̃ 1
(ν1,ν2)(y) =

1

2π
√
−1

∫

L(σ)

(πy1)s−(ν1−ν2)/6(πy2)s+(ν1−ν2)/6

× W̃ 0
s+(ν1−ν2)/2(y1)W̃ 0

−s+(ν1−ν2)/2(y2) T0
ν1+ν2

(−s) ds

([12, Corollary 3]) to reach expression (3.1).
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Finally we discuss the case of G2(R).

Theorem 3.3 Up to a constant multiple, the radial part of the class one Whittaker

function on G2(R) can be written by W 3
ν (y) = yρ3W̃ 3

ν (y), where

(3.3) W̃ 3
(ν1,ν2)(y) =

1

(2π
√
−1)2

∫

L(σ1)

∫

L(σ2)

(π3 y2
1 y2)2(s1+s2)/3W̃ 1

(s1,−s1+s2)(y)

× T(ν1,ν1+3ν2)(−s1,−s2) ds2ds1,

with

σ1 < min{Re(ν1 + ν2), Re(ν2), Re(ν1 + 2ν2)},
σ2 < min{Re(−ν1 − ν2), Re(−ν2), Re(−ν1 − 2ν2)}.

Proof As in the proof in [8, 10], we use the expansion formula in Proposition 1.3.

Our task is to show

(3.4) W̃ 3
(ν1,ν2)(y) =

∑

w∈W3

w
{ π3

sin π(−ν1) sin π(−ν2) sin π(−ν1 − ν2)

× π3

sin π(−ν1 − 2ν2) sin π(−ν1 − 3ν2) sin π(−2ν1 − 3ν2)
M̃3

(ν1,ν2)(y)
}

.

Here we used the formula Γ(x)Γ(1 − x) = π/ sin πx.

Let W
′
3 be the subset of W3 defined by

W
′
3 = {1, wα, wβwαwβ , wαwβwαwβ , wβwαwβwα, wαwβwαwβwα}.

Then W
′
3 is isomorphic to the Weyl group W1 and we have W3 = W

′
3 ∐ wβW

′
3 =

W
′
3 ∐ W

′
3wβ .

If we shift the path of integration to the left in the right-hand side of (3.3), it

becomes sum of the residues at

(s1, s2) = (m1 + w(ν1 + ν2), m2 + w(ν1 + 2ν2)), m1, m2 ∈ N, w ∈ W
′
3

(see [16, p. 707]). Then in view of Ress=−nΓ(s) = (−1)n/n!, the right-hand side of

(3.3) becomes

(3.5)
∑

w∈W ′

3

w

{ ∞∑

m1,m2=0

(π3 y2
1 y2)2(m1+m2+2ν1+3ν2)/3

× W̃ 1
(m1+ν1+ν2,−m1+m2+ν2)(y) · Sm1,m2

(ν)

}
,

with

Sm1,m2
(ν) =

(−1)m1+m2Γ(−m1 − ν1)Γ(−m1 − 2ν1 − 3ν2)

m1! m2! Γ(−m1 − m2 − 2ν1 − 3ν2)

× Γ(−m2 − ν1 − 3ν2)Γ(−m2 − 2ν1 − 3ν2).

https://doi.org/10.4153/CJM-2010-030-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2010-030-4


572 Taku Ishii

Now we apply the expansion formula

W̃ 1
(ν1,ν2)(y) =

∑

w∈W1

w
{ π3

sin π(−ν1) sin π(−ν2) sin π(−ν1 − ν2)
M̃1

(ν1,ν2)(y)
}

,

for SL3(R) to express W̃ 1
(m1+ν1+ν2,−m1+m2+ν2)(y) as a linear combination of six funda-

mental Whittaker functions. Since the set {w(µ1, µ2) | w ∈ W1} is

{(µ1, µ2), (µ1 + µ2,−µ2), (µ2,−µ1 − µ2),

(−µ2,−µ1), (−µ1, µ1 + µ2), (−µ1 − µ2, µ1)},

(3.5) can be written as

∑

w∈W ′

3

∑

I≤J≤VI

∞∑

m1,m2,n1,n2=0

PJ
m1,m2,n1,n2

(wν),(3.6)

where

PI
m1,m2,n1,n2

(ν) =
π3 · (πy1)2(n1+m1+m2)+4ν1+6ν2 (πy2)2(n2+m2)+2ν1+4ν2

sin π(−m1 − ν1 − ν2) sin π(m1 − m2 − ν2)
× sin π(−m2 − ν1 − 2ν2)

× Sm1,m2
(ν) C̃1

(n1,n2)(m1 + ν1 + ν2,−m1 + m2 + ν2),

PII
m1,m2,n1,n2

(ν) =
π3 · (πy1)2(n1+m1+m2)+4ν1+6ν2 (πy2)2(n2+m1)+2ν1+2ν2

sin π(−m2 − ν1 − 2ν2) sin π(−m1 + m2 + ν2)
× sin π(−m1 − ν1 − ν2)

× Sm1,m2
(ν) C̃1

(n1,n2)(m2 + ν1 + 2ν2, m1 − m2 − ν2),

PIII
m1,m2,n1,n2

(ν) =
π3 · (πy1)2(n1+m2)+2ν1+4ν2 (πy2)2n2

sin π(m1 − m2 − ν2) sin π(m2 + ν1 + 2ν2) sin π(m1 + ν1 + ν2)

× Sm1,m2
(ν) C̃1

(n1,n2)(−m1 + m2 + ν2,−m2 − ν1 − 2ν2),

PIV
m1,m2,n1,n2

(ν) =
π3 · (πy1)2(n1+m1)+2ν1+2ν2 (πy2)2n2

sin π(−m1 + m2 + ν2) sin π(m1 + ν1 + ν2) sin π(m2 + ν1 + 2ν2)

× Sm1,m2
(ν) C̃1

(n1,n2)(m1 − m2 − ν2,−m1 − ν1 − ν2),

PV
m1,m2,n1,n2

(ν) =
π3 · (πy1)2(n1+m2)+2ν1+4ν2 (πy2)2(n2+m2)+2ν1+4ν2

sin π(m1 + ν1 + ν2) sin π(−m2 − ν1 − 2ν2) sin π(m1 − m2 − ν2)

× Sm1,m2
(ν) C̃1

(n1,n2)(−m1 − ν1 − ν2, m2 + ν1 + 2ν2),

PVI
m1,m2,n1,n2

(ν) =
π3 · (πy1)2(n1+m1)+2ν1+2ν2 (πy2)2(n2+m1)+2ν1+2ν2

sin π(m2 + ν1 + 2ν2) sin π(−m1 − ν1 − ν2) sin π(−m1 + m2 + ν2)

× Sm1,m2
(ν) C̃1

(n1,n2)(−m2 − ν1 − 2ν2, m1 + ν1 + ν2).
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Because Sm1,m2
(ν) = Sm2,m1

(wβν), we can see that

PII
m1,m2,n1,n2

(ν) = PI
m2,m1,n1,n2

(wβν),

PIV
m1,m2,n1,n2

(ν) = PIII
m2,m1,n1,n2

(wβν),

PVI
m1,m2,n1,n2

(ν) = PV
m2,m1,n1,n2

(wβν).

Then (3.5) equals (3.6) equals

∑

w∈W ′

3

∑

J=I,III,V

∞∑

m1,m2,n1,n2=0

(
PJ

m1,m2,n1,n2
(wν) + PJ

m1,m2,n1,n2
(wβwν)

)

=

∑

w∈W3

∑

J=I,III,V

∞∑

m1,m2,n1,n2=0

PJ
m1,m2,n1,n2

(wν).

Hence the following claim implies our theorem for G2(R).

Claim (i)
∑

w∈W3

∞∑

m1,m2,n1,n2=0

PI
m1,m2,n1,n2

(wν) = W̃ 3
ν (y),

(ii)
∑

w∈W3

∞∑

m1,m2,n1,n2=0

PIII
m1,m2,n1,n2

(wν) = 0,

(iii)
∑

w∈W3

∞∑

m1,m2,n1,n2=0

PV
m1,m2,n1,n2

(wν) = 0.

We begin with (i). In view of

Γ(−a − n) =
(−1)n

Γ(a + n + 1)
· π

sin π(−a)
(a /∈ Z, n ∈ Z),

Sm1,m2
(ν) can be written as

π3

sin π(−ν1) sin π(−2ν1 − 3ν2) sin π(−ν1 − 3ν2)
· 1

m1! m2!

× Γ(m1 + m2 + 2ν1 + 3ν2 + 1)

Γ(m1 + ν1 + 1)Γ(m1 + 2ν1 + 3ν2 + 1)Γ(m2 + ν1 + 3ν2 + 1)Γ(m2 + 2ν1 + 3ν2 + 1)

=
π3

sin π(−ν1) sin π(−2ν1 − 3ν2) sin π(−ν1 − 3ν2)
C̃1

(m1,m2)(ν1, ν1 + 3ν2)
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(see (2.4)). Then

PI
m1,m2,n1,n2

(ν) =
π3

sin π(−ν1 − ν2) sin π(−ν2) sin π(−ν1 − 2ν2)

× π3

sin π(−ν1) sin π(−2ν1 − 3ν2) sin π(−ν1 − 3ν2)

× (πy1)2(n1+m1+m2)+4ν1+6ν2 (πy2)2(n2+m2)+2ν1+4ν2

× C̃1
(m1,m2)(ν1, ν1 + 3ν2) C̃1

(n1,n2)(m1 + ν1 + ν2,−m1 + m2 + ν2),

and hence (i) follows from Corollary 2.2 and (3.4).

Let us consider (ii). To prove the vanishing for PIII
m1,m2,n1,n2

, it is enough to show

∞∑

m1,m2,n1,n2=0

(
PIII

m1,m2,n1,n2
(ν) + PIII

m1,m2,n1,n2
(wαν)

)
= 0.

We substitute n1 → n1 − m2 to get

∞∑

m1,m2,n1,n2=0

PIII
m1,m2,n1,n2

(ν) =
π3

sin π(−ν2) sin π(ν1 + 2ν2) sin π(ν1 + ν2)

×
∞∑

n1,n2=0

pn1,n2
(ν)(πy1)2n1+2ν1+4ν2 (πy2)2n2 ,

with

pn1,n2
(ν) =

∑

0≤m1

0≤m2≤n1

Sm1,m2
(ν)C̃1

(n1−m2,n2)(−m1 + m2 + ν2,−m2 − ν1 − 2ν2).

For our purpose, it suffices to show pn1,n2
(ν) + pn1,n2

(wαν) = 0. By using (2.1), we

have

C̃1
(n1−m2,n2)(−m1 + m2 + ν2,−m2 − ν1 − 2ν2)

=

n1−m2∑

j=0

1

(n1 − m2 − j)!n2! j!
· 1

Γ(n1 − m1 − m2 − ν1 − ν2 + 1)

× 1

Γ(n2 − j − m2 − ν1 − 2ν2 + 1)Γ( j − m1 + m2 + ν2 + 1)

=

n1∑

j=m2

1

(n1 − j)!n2!( j − m2)!
· 1

Γ(n1 − m1 − m2 − ν1 − ν2 + 1)

× 1

Γ(n2 − j − ν1 − 2ν2 + 1)Γ( j − m1 + ν2 + 1)
.
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Then we have

pn1,n2
(ν) =

∑

0≤m2≤ j≤n1

0≤m1

(−1)m1+m2Γ(−m1 − ν1)Γ(−m1 − 2ν1 − 3ν2)

m1! m2! Γ(−m1 − m2 − 2ν1 − 3ν2)

× Γ(−m2 − ν1 − 3ν2)Γ(−m2 − 2ν1 − 3ν2)

× 1

(n1 − j)!n2!( j − m2)!
· 1

Γ(n1 − m1 − m2 − ν1 − ν2 + 1)

× 1

Γ(n2 − j − ν1 − 2ν2 + 1)Γ( j − m1 + ν2 + 1)
.

We apply the relation Γ(a − m1) = (−1)m1Γ(a)/(1 − a)m1
to find that

pn1,n2
(ν) =

∑

0≤m2≤ j≤n1

(−1)m2Γ(−m2 − ν1 − 3ν2)Γ(−m2 − 2ν1 − 3ν2)

m2! n2! ( j − m2)! (n1 − j)! Γ(n2 − j − ν1 − 2ν2 + 1)

× Γ(−ν1)Γ(−2ν1 − 3ν2)

Γ(−m2 − 2ν1 − 3ν2)Γ(−m2 + n1 − ν1 − ν2 + 1)Γ( j + ν2 + 1)

×
∞∑

m1=0

(m2 + 2ν1 + 3ν2 + 1)m1
(m2 − n1 + ν1 + ν2)m1

(− j − ν2)m1

m1! (ν1 + 1)m1
(2ν1 + 3ν2 + 1)m1

.

The summation over m1 becomes the generalized hypergeometric series 3F2(1). We

use a transformation formula [1, p. 98, 7]

3F2

(
a, b, c

d, e

∣∣∣∣ 1

)
=

Γ(d)Γ(d + e − a − b − c)

Γ(d + e − a − b)Γ(d − c)
3F2

(
e − a, e − b, c

d + e − a − b, e

∣∣∣∣ 1

)

with a = m2 + 2ν1 + 3ν2 + 1, b = − j − ν2, c = m2 − n1 + ν1 + ν2, d = ν1 + 1, and

e = 2ν1 + 3ν2 + 1, to get

∑

m1

=
Γ(ν1 + 1)Γ(n1 + j − 2m2 + 1)

Γ(−m2 + j + ν1 + ν2 + 1)Γ(n1 − m2 − ν2 + 1)

× 3F2

(
−m2, j + 2ν1 + 4ν2 + 1, m2 − n1 + ν1 + ν2

−m2 + j + ν1 + ν2 + 1, 2ν1 + 3ν2 + 1

∣∣∣∣ 1

)
.

Further we use a relation for terminating hypergeometric series ([15, 7.4.4.86])

3F2

(
−m2, a, b

c, d

∣∣∣∣ 1

)
=

(c − a)m2

(c)m2

3F2

(
−m2, a, d − b

d, a − c − m2 + 1

∣∣∣∣ 1

)

with a = j + 2ν1 + 4ν2 + 1, b = m2 − n1 + ν1 + ν2, c = −m2 + j + ν1 + ν2 + 1, and
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d = 2ν1 + 3ν2 + 1. Then we get

pn1,n2
(ν) =

∑

0≤m2≤ j≤n1

(−1)m2Γ(−m2 − ν1 − 3ν2)Γ(−m2 − 2ν1 − 3ν2)

m2! n2! ( j − m2)! (n1 − j)! Γ(n2 − j − ν1 − 2ν2 + 1)

× Γ(−ν1)Γ(−2ν1 − 3ν2)

Γ(−m2 − 2ν1 − 3ν2)Γ(−m2 + n1 − ν1 − ν2 + 1)Γ( j + ν2 + 1)

× Γ(ν1 + 1)Γ(n1 + j − 2m2 + 1)

Γ(−m2 + j + ν1 + ν2 + 1)Γ(−m2 + n1 − ν2 + 1)

× Γ(−m2 + j + ν1 + ν2 + 1)Γ(−ν1 − 3ν2)

Γ( j + ν1 + ν2 + 1)Γ(−m2 − ν1 − 3ν2)

× 3F2

(
−m2, j + 2ν1 + 4ν2 + 1, −m2 + n1 + ν1 + 2ν2 + 1

2ν1 + 3ν2 + 1, ν1 + 3ν2 + 1

∣∣∣∣ 1

)

= Γ(−ν1)Γ(ν1 + 1)Γ(−2ν1 − 3ν2)Γ(−ν1 − 3ν2)

×
∑

0≤m2≤ j≤n1

(−1)m2 (n1 + j − 2m2)!

m2! n2! ( j − m2)! (n1 − j)!

× 1

Γ( j + ν1 + ν2 + 1)Γ( j + ν2 + 1)

× 1

Γ(−m2 + n1 − ν1 − ν2 + 1)Γ(−m2 + n1 − ν2 + 1)

× 1

Γ(n2 − j − ν1 − 2ν2 + 1)

× 3F2

(
−m2, j + 2ν1 + 4ν2 + 1, −m2 + n1 + ν1 + 2ν2 + 1

2ν1 + 3ν2 + 1, ν1 + 3ν2 + 1

∣∣∣∣ 1

)
.

Since wα(ν1, ν2) = (−ν1, ν1 + ν2), the expression above implies

pn1,n2
(ν) + pn1,n2

(wαν) = 0.

By using (2.8) to rewrite C̃1
∗(∗) we can similarly show the cancellation (iii).

Thus, the claim is verified, and this completes the proof of Theorem 3.3.

By using Theorems 3.2 and 3.3, we can get the following integral representations.

Corollary 3.4 Under the same notation as in Theorems 3.2 and 3.3, we have

(3.7) W̃ 2
(ν1,ν2)(y)

=

∫ ∞

0

∫ ∞

0

∫ ∞

0

exp
{
−(πy1)2t1 − (πy2)2t2 − (πy2)2t3 −

1

t1

− 1

t2

− 1

t3

t2

t1

}

× W̃ 0
ν1

(
y1 y2

√
t1t3

)
×

(
(πy1)

√
t3

t1

t2

)ν1+2ν2 dt1

t1

dt2

t2

dt3

t3

,
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and

(3.8) W̃ 3
(ν1,ν2)(y)

=

∫ ∞

0

∫ ∞

0

∫ ∞

0

exp
{
−(πy1)2t1 − (πy2)2t2 − (πy2)2t3 −

1

t1

− 1

t2

− 1

t3

t2

t1

}

× W̃ 1
(ν1,ν1+3ν2)

(
y1 y2

√
t1t3, y1

√
t2

t3

)
dt1

t1

dt2

t2

dt3

t3

.

Proof We substitute the formula [12, Corollary 4]

W̃ 1
(ν1,ν2)(y)

=

∫ ∞

0

∫ ∞

0

∫ ∞

0

exp
{
−(πy1)2t1 − (πy2)2t2 − (πy2)2t3 −

1

t1

− 1

t2

− 1

t3

t2

t1

}

× (πy1)(4ν1+2ν2)/3(πy2)(2ν1−2ν2)/3tν1

1 tν1+ν2

2 t−ν2

3

dt1

t1

dt2

t2

dt3

t3

into (3.1) and (3.3). Then we can obtain (3.7) and (3.8) by Mellin inversion.

4 Applications to Archimedean Zeta Integrals

Here we give two examples of computations of archimedean zeta integrals as an ap-

plication of the integral representations of W 2
ν (y).

The first one is the degree 12 automorphic L-function on GSp2 ×GL3. The Ran-

kin–Selberg integral for this L-function is constructed in Bump’s survey [3, §3.5]

(cf. [5]). When the infinite types of automorphic representations of GL3(AQ ) and

GSp2(AQ ) are isomorphic to the class one principal series representations of GL3(R)

and GSp2(R), respectively, the archimedean zeta integral we should compute be-

comes

Z∞(s) =

∫ ∞

0

∫ ∞

0

W̃ 1
(µ1,µ2)((y1, y2))W̃ 2

(ν1,ν2)((y2, y1)) · (y1 y2
2)s dy1

y1

dy2

y2

.

In view of the formula (3.1), our computation can be reduced to the archimedean

zeta integral on GL3 ×GL3, which is calculated by Stade [17, 18].

Theorem 4.1 Let ΓR(s) = π−s/2
Γ(s/2) and

(a1, a2, a3) =

( 4µ1 + 2µ2

3
,
−2µ1 + 2µ2

3
,
−2µ1 − 4µ2

3

)
,

(b1, b2) = (ν1, ν1 + 2ν2).

Then we have

Z∞(s) =

∏
1≤i≤3

∏
1≤ j≤2{ΓR(s + ai + b j)ΓR(s + ai − b j)}∏

1≤i≤3 ΓR(2s − ai)
.
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Proof By means of the formula (3.1), we have

Z∞(s) =

∫ ∞

0

∫ ∞

0

W̃ 1
(µ1,µ2)((y1, y2)) × 1

2π
√
−1

∫

L(τ )

(π3 y1 y2
2)2t/3

× W̃ 1
(t+

ν1
2

+ν2,−t+
ν1
2

+ν2)
((y2, y1))

× Γ

(
−t +

ν1

2

)
Γ

(
−t − ν1

2

)
(y1 y2

2)sdt
dy1

y1

dy2

y2

=
1

2π
√
−1

∫

L(τ )

π2t
Γ

(
−t +

ν1

2

)
Γ

(
−t − ν1

2

)

×
∫ ∞

0

∫ ∞

0

W̃ 1
(µ1,µ2)((y1, y2))W̃ 1

(−t−
ν1
2
−ν2,t−

ν1
2
−ν2)

((y1, y2))

× (y1 y2
2)s+2t/3 dy1

y1

dy2

y2

dt.

Here we uesd W̃ 1
(µ1,µ2)((y2, y1)) = W̃ 1

(−µ1,−µ2)((y1, y2)), which is obvious from the

Mellin–Barnes integral representation in Proposition 3.1.

Here is the result of Stade [17]:

∫ ∞

0

∫ ∞

0

W̃ 1
(µ1,µ2)((y1, y2))W̃ 1

(µ ′

1 ,µ ′

2 )((y1, y2)) · (y1 y2
2)s dy1

y1

dy2

y2

=
π−3s

Γ( 3s
2

)

∏

1≤i, j≤3

Γ

( s

2
+ λi + λ ′

j

)
,

where

(λ1, λ2, λ3) =

( 2µ1 + µ2

3
,
−µ1 + µ2

3
,
−µ1 − 2µ2

3

)
,

(λ ′
1, λ

′
2, λ

′
3) =

( 2µ ′
1 + µ ′

2

3
,
−µ ′

1 + µ ′
2

3
,
−µ ′

1 − 2µ ′
2

3

)
.

Then we get

Z∞(s) = π−3s
∏

1≤i≤3

{
Γ

( s

2
+

ν1

2
+ ν2 + ai

)
Γ

( s

2
− ν1

2
− ν2 + ai

)}

× 1

2π
√
−1

∫

L(τ )

Γ(−t + ν1

2
)Γ(−t − ν1

2
)

Γ( 3s
2

+ t)

∏

1≤i≤3

Γ

( s

2
+ t + ai

)
dt.

The Barnes integral with respect to t is carried out by Barnes’ second lemma [1, 6.2]:

(4.1)
1

2π
√
−1

∫

L(τ )

Γ(t − a)Γ(t − b)Γ(t − c)Γ(p − t)Γ(q − t)

Γ(t + p + q − a − b − c)
dt

=
Γ(p − a)Γ(p − b)Γ(p − c)Γ(q − a)Γ(q − b)Γ(q − c)

Γ(p + q − b − c)Γ(p + q − c − a)Γ(p + q − a − b)
,
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and thus we complete the proof.

Next we discuss the Rankin–Selberg integral on GSp2 considered by Bump, Fried-

berg and Ginzburg [4], which contains two complex variables s, w and, interestingly,

it interpolates the product of the standard L-function and the spinor L-function.

As in the computation above, we assume that the infinite type is the class one

principal series representation. Then the archimedean zeta integral is

Z∞(s, w) =

∫ ∞

0

∫ ∞

0

∫

R2

W (2)
(ν1,ν2)((y1, y2)) · (1 + x2

1)−(s+1)/2(1 + x2
2)−(w+1/2)

× exp{2π
√
−1(x1 y2 + x2 y1)} · ys−2

1 y
w−3/2
2 dx1dx2

dy1

y1

dy2

y2

.

Theorem 4.2 We have

Z∞(s, w) = 2−2 L∞(s, st) · L∞(w, spin)

ΓR(s + 1)ΓR(2s)ΓR(2w + 1)
,

where

L∞(s, st) = ΓR(s)ΓR(s + 2ν1 + 2ν2)ΓR(s − 2ν1 − 2ν2)ΓR(s + 2ν2)ΓR(s − 2ν2),

L∞(w, spin) = ΓR(w + ν1)ΓR(w − ν1)ΓR(w + ν1 + 2ν2)ΓR(w − ν1 − 2ν2).

Proof By the integral representation (3.2), we have

Z∞(s, w) =
22

(2π
√
−1)2

∫

L(σ1)

∫

L(σ2)

T0
ν1

(−s1) T0
ν1+2ν2

(−s2) π2(s1+s2)

×
∫ ∞

0

∫

R

Ks1+s2
(2πy1)(1 + x2

2)−(w+1/2) exp(2π
√
−1x2 y1) ys1+s2+s

1 dx2
dy1

y1

×
∫ ∞

0

∫

R

Ks1−s2
(2πy2)(1 + x2

1)−(s+1)/2 exp(2π
√
−1x1 y2) ys1+s2+w

2 dx1
dy2

y2

× ds2ds1.

By using the formulas

∫

R

(1 + x2)−ρ exp(2π
√
−1xy) dx =

2πρ

Γ(ρ)
· yρ−1/2Kρ−1/2(2πy)

for Re(ρ) > 0 and y > 0 [6, 3.771.2], and

∫ ∞

0

Kµ(2πy)Kν(2πy)ys dy

y

= 2−3π−s Γ(s + µ + ν)Γ(s + µ − ν)Γ(s − µ + ν)Γ(s − µ − ν)

Γ(s)
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for Re(s) > |Re(µ)| + |Re(ν)| [6, 6.576.4], we get

Z∞(s, w) =
22

(2π
√
−1)2

∫

L(σ1)

∫

L(σ2)

Γ

(
−s1 +

ν1

2

)
Γ

(
−s1 −

ν1

2

)

× Γ

(
−s2 +

ν1

2
+ ν2

)
Γ

(
−s2 −

ν1

2
− ν2

)
π2(s1+s2)

× 2−2π−(s1+s2+s)+1/2 Γ(s1 + s2 + s
2

+ w)Γ( s
2

+ w)Γ(s1 + s2 + s
2
)Γ( s

2
)

Γ(w + 1
2
)Γ(s1 + s2 + s + w)

× 2−2π−(s1+ s
2

+w)+1/2 Γ(s1 + s+w
2

)Γ(s1 + w
2

)Γ(s2 + s+w
2

)Γ(s2 + w
2

)

Γ( s+1
2

)Γ(s1 + s2 + s
2

+ w)
ds2ds1.

Now the integration with respect to s1 can be performed by Barnes’ second lemma

(4.1). Then we have

Z∞(s, w) = 2−2π−s−w+1 Γ( s
2
)Γ( w+ν1

2
)Γ( w−ν1

2
)Γ( s+w+ν1

2
)Γ( s+w−ν1

2
)

Γ( s+1
2

)Γ(w + 1
2
)

× 1

2π
√
−1

∫

L(σ2)

Γ(−s2 + ν1

2
+ ν2)Γ(−s2 − ν1

2
− ν2)

Γ(s2 + s + w
2

)

× Γ(s2 + w
2

)Γ(s2 + s+ν1

2
)Γ(s2 + s−ν1

2
) ds2.

We use the formula (4.1) again to reach the assertion.

Remark 3 The denominator in Z∞(s, w) is the product of the normalizing factors

of two Eisenstein series used in the construction of the Rankin–Selberg integral. Since

the global functional equation for the spinor L-function for generic cusp forms is es-

tablished in [11, Theorem 1.2], we get the global functional equation for the standard

L-function.
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[16] E. Stade, Poincaré series for GL(3, R)-Whittaker functions. Duke Math. J. 58(1989), no. 3, 695–729.
doi:10.1215/S0012-7094-89-05833-X

[17] , Hypergeometric series and Euler factors at infinity for L-functions on GL(3, R) × GL(3, R).
Amer. J. Math. 115(1993), no. 2, 371–387. doi:10.2307/2374862

[18] E. Stade, Archimedean L-factors on GL(n) × GL(n) and generalized Barnes integrals. Israel J. Math.
127(2002), 201–219. doi:10.1007/BF02784531
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