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ON LOW-DIMENSIONAL RICCI LIMIT SPACES

SHOUHEI HONDA

Abstract. We call a Gromov-Hausdorff limit of complete Riemannian mani-
folds with a lower bound of Ricci curvature a Ricci limit space. Furthermore, we
prove that any Ricci limit space has integral Hausdorff dimension, provided that
its Hausdorff dimension is not greater than 2. We also classify 1-dimensional
Ricci limit spaces.

81. Introduction

In this article, we study a pointed metric space (Y,y) that is a pointed
Gromov—Hausdorff limit of a sequence of complete, pointed, connected n-
dimensional Riemannian manifolds, {(M;, m;)}i, with Ricp, > —(n—1); we
call such a pointed metric space (Y,y) a Ricci limit space. The structure
theory was much developed by Cheeger and Colding (see [3], [4], [5]) and
has many important applications to Riemannian manifolds. The main pur-
pose of this paper is to study low-dimensional Ricci limit spaces by using
Cheeger and Colding’s theory and several results of [12]. We first give the
classification of Ricci limit spaces with Hausdorff dimension smaller than 2.

THEOREM 1.1. Let (Y,y) be a Ricci limit space. Assume that Y is not a
single point. Then the following conditions are equivalent:

(1) 1<dimpY <2 holds,

(2) R; =10 holds for every i > 2,

(3) v(Ri) =0 holds for every i >2,

(4) Y is isometric to R, to R>q, to S'(r) ={z € R? | |z| =1} for some
r >0, or to [0,] for some [ > 0.
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2 S. HONDA

Here, R; is the i-dimensional regular set of Y, dimg Y is the Hausdorff
dimension of Y, v is a limit measure on Y, and dimgy Y < 1 holds if and only
if Y is a single point. Therefore, Theorem 1.1 gives the isometric classifica-
tion of Ricci limit spaces whose Hausdorff dimension is smaller than 2. As
a corollary of Theorem 1.1, we hold that, if dimy Y < 2 holds, then dimg Y
is an integer (see also [19]).

We will give an another characterization of low-dimensional points under
an additional assumption. For that, we define the local Hausdorff dimension

dim!%¢ 2 around a point z € Y by

dim!e¢ z = lim dimy B, (z).
r—0

Put Y(a) = {z € Y | dim!5°z = a} for o > 0. Note that if Y is not a sin-
gle point, then dimlﬁcx > 1 holds for every x € Y. Next, we define the
notion of the Alexandrov point. For a proper geodesic space X and a
point x € X, we say that x is an Alezandrov point (in X ) if there exist
an open neighborhood U of x and a negative number K < 0 satisfying
the following properties: for every x1,x9,x3 € U and for every x4 € X with
T1,24 + T4, T3 = T1,T32, there exist points yi,yo,y3,ys € H?(K) such that
T1,T2 = Y1,Y2,T2,T3 = Y2,¥Y3,T3,T1 = Y3,Y1,T1, T4 = Y1,Y4, Y1, Y4 +Y4,Y2 =
UL, 2, and T3, %1 > U3, ¥a. Here, H?(K) is the 2-dimensional space form with
the sectional curvature Kyp2(x) = K, and 71,73 is the distance between xy
and 2.

Denote by Alex(X) the set of Alexandrov points in X. Roughly speak-

ing, an Alexandrov point on a metric space means that there exists a
lower bound of sectional curvature around the point in the sense of Alexan-
drov geometry. Therefore, by the definition, all points in every Alexandrov
space are Alexandrov points. We next state another characterization of low-
dimensional points in Ricci limit spaces.

THEOREM 1.2. Let (Y,y) be a Ricci limit space. Assume that Ry # (.
Then, we have Alex(Y') =, Y (a) =Y (1).

Note that this theorem is stronger than Theorem 1.1. The proof of
Ua<2 Y () C Alex(Y') is the same as the proof of Theorem 1.1. A main idea
of the proof of Alex(Y) C Y (1) is to compare a measure-theoretic property
of a point in R; and one of an Alexandrov point by using [12, Theorem 1.1].
We give some application to Theorem 1.2 in the following.

Fix a sufficiently small positive number € > 0. Let Z be the completion
of the 5-dimensional Riemannian manifold (R x S*, dr? + (r'*+</2)%gg4),
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where gg4 is the standard Riemannian metric on a 4-dimensional unit sphere
in R°. Tt is known that this space is a Ricci limit space (see [3, Exam-
ple 8.77]). On the other hand, for every 7> 0, let Z; be the space obtained
by adjoining the segment [—7,0] to Z at their origins. Cheeger and Colding
showed that for every 7 > 0, Z, is not a Ricci limit space as a corollary of
[4, Theorem 5.1]. This nonexistence result also follows from Theorem 1.2
directly. This is simply an alternative proof.

Let Z; and Z, be copies of Z (namely, Z; and Z5 are both isometric to
Z), and let Z be the space obtained by adjoining Z; to Zy at their origins.
It follows directly from Theorem 1.2 that Z is not a Ricci limit space. Note
that the nonexistence of Z as a Ricci limit space does not follow from [4,
Theorems 3.7, 5.1] (see also Proposition 4.7 [20, Theorem 1.3]).

Theorem 1.2 implies that it is very difficult to construct a Ricci limit
space whose 1-dimensional regular set is not empty and whose Hausdorff
dimension is not 1. In fact, by using the results of this article, we can prove
that if Ry # 0, then dimy Y =1 in [13]. As more nonexistence results, we
also get that (M x Z;,(m,0)) is not a Ricci limit space for every 7> 0 and
for every pointed-connected complete k-dimensional Riemannian manifold
(M,m) (see Remark 5.8).

The organization of this article is the following. In Section 2, we introduce
several notions on metric spaces that we will subsequently need. The proof
of Theorem 1.1 is based on several results on regular sets due to Cheeger
and Colding’s work; in Section 3, we recall those results. In Section 4, we
study a local structure around given low-dimensional points. Theorem 1.1
follows directly from the local structure properties (see Theorems 4.3, 4.5).
The main idea of the proof is a geometric rescaling argument based on
several properties of regular sets from Section 3. We study the conditions
under which a limit measure v is locally equivalent to the 1-dimensional
Hausdorff measure H'. Here, for a topological space X, a point = € X,
and Borel measures v, on X, we say that v is locally equivalent to p at
x € X if there exist a positive number C' > 1 and an open neighborhood
U of x such that C~1u(A) < wv(A) < Cu(A) for every Borel set A C U.
We give a necessary and sufficient condition that v is locally equivalent
to H' at a point (see Theorem 4.8). The proof is based on Theorem 1.1
and [12, Theorem 1.1], essentially. Roughly speaking, Theorem 4.8 implies
a characterization of the local structure around a low-dimensional point in
a Ricci limit space as a metric measure space. In Section 5, we study several
properties of the Alexandrov set in a Ricci limit space. A main result in
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Section 5 is Theorem 5.4. As a corollary, we give a proof of Theorem 1.2.
In Sections 6 and 7, we also study the problem of whether the Hausdorff
dimension of a Ricci limit space is an integer. We prove—especially, under
the assumption that 2 < dimpy Y < 3, by using part of the proof of The-
orem 1.1-—that dimgy (Y \ C;) <2 holds for every x € Y. Here, Cy is the
cut locus of z, defined by C, = {2z € X |Z,Z2 4+ z,w — T,w > 0 for every
we X\ {z}} if X is not a single point and defined by C, =0 if otherwise
(see Corollary 6.4). Cheeger and Colding defined the polarity of a Ricci
limit space, which is a sufficient condition for a Ricci limit space to have
integral Hausdorff dimension. We can rewrite the condition by using prop-
erties of cut locus on iterated tangent cones. Actually, it is easy to check
that a Ricci limit space (Y, y) is polar if and only if C, = holds for every
iterated tangent cone (X, z) of Y. Menguy [14] showed that there exists a
nonpolar Ricci limit space whose Hausdorff dimension is an integer. We will
give an another sufficient condition for a Ricci limit space to have integral
Hausdorff dimension that is a weaker condition than the polarity. Actually,
in Section 8, we prove that if dimg (X \ C;) = dimy X holds for every iter-
ated tangent cone (X,x) of Y, then dimy B, (z) € Z holds for every z € Y
and every r > 0. We say that a Ricci limit space is weakly polar if the space
satisfies the condition (for details, see Theorem 7.2). It is unknown whether
there exists a nonweakly polar Ricci limit space. In fact, note that the non-
polar Ricci limit space in the example in [14] is weakly polar. We also study
several properties of a weakly polar limit space (see Corollary 7.7).

§2. Notation

We recall some fundamental notions on metric spaces and Ricci limit
spaces.

DEFINITION 2.1. We say that a metric space X is proper if every bounded
closed subset of X is compact. A metric space X is said to be a geodesic
space if for all points x1,x9 € X there exists an isometric embedding = :
[0,Z1,T2) — X such that v(0) =z and ~(Z1,72) = x2 hold. We say that ~
is a minimal geodesic from x1 to xo.

For a proper geodesic space X, z € X, AC X, and r >0, put B,(x) =
{ze X |T,z<r}, put B.(z)={2€ X |Z,2<r}, put OB.(z) ={z € X |
Z,z=r},and put C,(A) = {z € X | there exists w € A such that T,z +z,w =
Z,w holds}. Throughout this article, we fix a positive integer n > 0.
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DEFINITION 2.2. Let (Y,y) be a pointed proper geodesic space, and let
K be a real number. We say that (Y,y) is an (n, K)-Ricci limit space (of
{(M;,m;)};) if there exist sequences of real numbers {K;}; and of pointed,
complete, connected n-dimensional Riemannian manifolds {(M;, m;)}; with
Ricps; > Ki(n — 1) such that K; converges to K and such that (M;,m;)
converges to (Y,y) as i — oo in the sense of pointed Gromov—Hausdorff
topology.

We recall the definition of pointed Gromov—Hausdorff convergence. For
a sequence of pointed proper geodesic spaces {(X;, z;)};, we say that (X, z;)
converges to a pointed proper geodesic space (Xoo,Too) in the sense of
Gromov-Hausdorff topology if there exist sequences of positive numbers
{€i}i, {Ri}i and of maps ¢; : (Bg, (i), 2;) = (BR,(Z0), Too) such that ¢, — 0,
R; — oo, and B (Image(¢;)) O Bpr,(¥s) and such that |z, w; —
¢i(zi), pi(w;)| < ¢ for every z;,w; € Bg,(z;). For the sake of simplicity, we
denote this by (X;,z;) = (X0, Zso). Moreover, for a sequence of points
zi € Bp, (), we say that z; converges to zoo € Xoo if ¢i(2i) = 2oo. For sim-
plicity, we denote this by z; — zoo (see [8], [9], and [10]).

Note that, for every K # 0 and for every (n, K)-Ricci limit space (Y,y),
by suitable rescaling there exists a sequence of complete, connected, n-
dimensional Riemannian manifolds {(M;,m;)}; with Ricps, > K(n —1) such
that (M;,m;) — (Y,y). Throughout this paper, (Y,y) is always a fized
(n,—1)-Ricci limit space of {(M;,m;)}, and it is not reduced to a single
point. We will say that such a (Y,y) is a Ricci limit space for the sake of
simplicity.

DEFINITION 2.3. Let (W, w), (Z,z) be pointed proper geodesic spaces.
We say that (W, w) is a tangent cone at z € Z if there exists a sequence of
positive numbers {r;}; with r; — 0 such that (Z, r;ldz,z) — (W, w), where
dz is the distance function on Z.

Note that by Gromov’s compactness theorem, for every x € Y there exists
a tangent cone (1,Y,0,) at x; however, in general, it is not unique (see, e.g.,
[16]). Note that (7Y, 0;) is an (n,0)-Ricci limit space for every tangent cone
(T,Y,0,) at .

Next, we give several fundamental notions on Ricci limit spaces due to
Cheeger and Colding [3]. Throughout this article, for every metric space

X1, Xo, the metric on X1 x Xa 1s always \/dﬁﬁ —I—d%Q.
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DEFINITION 2.4. Let Z be a proper geodesic space. Assume that for every
a € Z there exists a tangent cone (1,,Z,0,) at a. Then for every k£ >0 and
for every € > 0, put

(1) WER(Z) = {x € Z | there exists a tangent cone (1,Z,0;) at = and a
proper geodesic space W such that 7,7 is isometric to RF x W},

(2) &x(Z) ={xz € Z| for every tangent cone (1,Z,0,) at x, there exists a
proper geodesic space W such that T, Z is isometric to R¥ x W};

(3) WE,(Z) ={x € Z | there exist a tangent cone (7,7,0,) at = and a
proper geodesic space W such that W is not a single point and such
that T,,Z is isometric to R* x W};

(4) Ri(Z) ={x € Z | every tangent cone (1,7Z,0,) at x is isometric to
(R¥,00)};

(5) (WEk)e(Z) ={x € Z| there exist 0 <r < e and a proper geodesic space
(W,w) such that dgu((Br(z),z), (Br((0k,w)), (0, w))) < er for
B, ((0g,w)) CR* x W};

(6) (&k)e(Z) ={x € Z | there exists r > 0 such that, for every 0 <t <r,
there exists a proper geodesic space (W,w) such that dau((Bi(z), ),
(Bi((0g,w)), (O, w))) < et holds for B,((0,w)) C R* x W}, where dgu
is the Gromov-Hausdorff distance between pointed compact metric
spaces.

For simplicity, we will denote (Y,y) by WE, = WER(Y), & = &Ex(Y), and
so forth. We call the set Ry the k-dimensional reqular set of Y, and we will
call the set R =J, Ry the regular set of Y (see [15], [16] for interesting
examples).

REMARK 2.5. It is easy to check the following:
(1) (WEk)e is open,

(2) WE = ﬂe>0(W‘€k>6’ &= ﬂe>0(5k)€7
(3) WEL =& =Ry =0 for every k>n+ 1.

We end this section by giving the definition of limit measure. The measure
is a useful tool to study Ricci limit spaces.

DEFINITION 2.6. Let v be a Borel measure on Y. We say that v is the
limit measure of {(M;,mj,vol /vol Bi(m;))}; if

vol B, (z;)

vol B1(my) —v(Br())
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as j — oo for every r >0, every x € Y, and every sequence z; € M; with
xj — x. Then, we say that (M;,m;,vol /vol Bi(m;)) converges to (Y,y,v) in
the sense of measured Gromov—-Hausdorff topology, or (Y,y,v) is the Ricci
limit space of {(Mj,mj,vol/vol Bi(m;))};. We denote this by (M;,m;,
vol /vol By(m;)) — (Y,y,v) for simplicity’s sake (see also [6]).

By taking a subsequence {(M;(;),m;(;))}; of {(M;,m;)}; there exists the
limit measure on Y of {(M;(;),m;(;), vol / vol B1(m;(;))}; (see, e.g., [3, The-
orems 1.6 and 1.10], [7]). Therefore, throughout this article, v is always the
limit measure on'Y of {(M;,m;,vol /vol B1(m;))};.

83. Some properties of regular sets

One of the important results on regular sets due to Cheeger and Cold-
ing (see [3, Theorem 2.1]) is that v(Y \ R) = 0. We need more detailed
properties of regular sets to study low-dimensional Ricci limit spaces in the
following sections. Cheeger and Colding’s articles do not state these results
in the form we need here, but our results in this article are essentially direct
consequences of their work. Note that the following proposition is not a
direct consequence of v(Y \ R)=0.

PROPOSITION 3.1. We have that v(By(z) N (U, R;j)) >0 for every z €
WE and for every r > 0.

Proof. By [5, Theorem 3.3], we have v(B,(z) N &) > 0 for every r > 0.
If v(By(z) N Ry) >0, then we have the claim. Assume that v(B,(z) N
Ryi) =0. Then, since v(B,(x) N &) < v(Bp(x) NRy) + v(Br(x) NWE,), we
have v(B,(x) "WE},) > 0. By [3, Lemmas 2.5 and 2.6], we have v(B,(z) N
Ek+1) > 0. The iteration stops since & =@ for any [ > n by the Hausdorff
dimension argument. By iterating this argument, we have the assertion. []

PROPOSITION 3.2. We have that v(By(z) N (U;jsr41Ry)) >0 for every
x € WE,, and for every r > 0.

Proof. First, note that, for every € > 0,6 >0, and x € W&, there exists
s> 0 with s < € such that

v(Bs(2) \ WEk+1)s)
v(Bs(x))

(see [3, (2.42)] for the proof). Note that this statement does not follow
directly from the result v(WE, \ WE11) = 0. Fix a sequence of positive

<€
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numbers {¢;}; with ¢; — 0. Then there exists a sequence z; € WEk41)e,
with z; - x. By [5, Theorem 3.3] and the definition of (WE&j1)., there
exists a sequence of positive numbers {d; }; with ¢; — 0 such that v(B;,(x;) N
Ek+1) > 0. Since By, (z;) C By(z) for every sufficiently large i, we have
U(Byr(z)NEks1) > 0. By an argument similar to the proof of Proposition 3.1,
we have the assertion. []

We will use the following two corollaries in the following sections.
COROLLARY 3.3. We have WE,, C Uiszrl R for every k> 1.

COROLLARY 3.4. Let i > 1. Then we have the following.
(1) If v(R;) =0 for every j > i, then we have WE; = ¢ for every j >1i. In
particular, we have R; =0 for every j > 1.
(2) Ifv(R;) =0 for every j >i+1, then we have WE; =0 for every j > i.

84. Local structure around low-dimensional points

In this section, we exhibit a local structure around a low-dimensional
point in a Ricci limit space, which, as a corollary, gives Theorem 1.1.

4.1. Local metric structure around low-dimensional points

We say that a point x € Y is an interior point on a minimal geodesic
v:[0,]] =Y (I>0) if x € y((0,1)) holds.

PROPOSITION 4.1. Let x be a point in Ri. Then, x is an interior point

on a minimal geodesic.

Proof. This proof is done by contradiction. Assume that the assertion is
false. Let {r;}; be a sequence of positive numbers with r; — 0 such that
(Y,r; tdy,z) — (R,0). Then there exist sequences of points {z; };, {z] }; €

Y, and of positive numbers {¢;}; such that ¢; — 0, |z}, 2 — 7| < &7y, |2], 0 —
ri| < eri, and z; ,x + ac;r,x —

()
0,27 ,2] =Y from z; to x}

< gr;. Fix a minimal geodesic 7; :

T, ., and put s; = z,Image(y;). By the assump-
tion, we have s; > 0. By the triangle inequality, we have s; — 0. By Gro-
mov’s compactness theorem, without loss of generality, we can assume that
(Y,z,s; 'dy) converges to a tangent cone (7,Y,0,) at x. By the construc-
tion, there exist z € 9B1(0,) and an isometric embedding L : R — T, Y such
that z € Image(L) and 0, ¢ Image(L). By applying the splitting theorem to
(T,Y,z) (see [2, Theorem 6.64]), there exists a proper geodesic space W
such that W is not a single point and such that 7Y is isometric to R x W.
This contradicts the assumption that x € Rq. []
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REMARK 4.2. By the proof of Proposition 4.1, we have that every x € Ry
is an interior point on a limit minimal geodesic. Here we say that a minimal
geodesic v:[0,l] = Y is a limit minimal geodesic (of {(M;,m;)};) if there
exists a sequence of minimal geodesics ; : [0,1;] — M; such that I; — [ and
~; — v in the sense of Gromov-Hausdorff topology. This result is essentially
used in [13].

THEOREM 4.3. Let x € Y \ U;5o Ri- Then there exists € >0 such that
(Be(z),x) is isometric either to ((—e, €),0) or to ([0,€),0).

Proof.

(1) The case x € R;.

By Proposition 4.1, there exist r > 0, x_,z4 € Y, and a minimal geo-
desic v :[0,7—,75] = Y from z_ to x4 such that 7—,7 = T4,z = 100r,
z € Image(y) and such that Bigo,(z) CY \ U;»y Ri- It suffices to check
that Bior(z) \ Image(y) = (). Assume that B, (z) \ Image(y) # 0. Let z €
Bior(z) \ Image(v), and let w € Image(y) with Z;w = 2, Image(y) > 0. Note
that w € By, (x). Fix a minimal geodesic 71 : [0,Z,w] — Y from z to w.
For every € > 0 with € < z,Image(), let w(e) € Image(v1), and let z_(e),
x4 (e) € Image(y) with w,w(e) = x_(¢),w = x4 (€),w = €. Then we have
x_(€),w(e) = z_(€),w(e) + w(e),z — w(e),z > Z,w — w(e), z = €. Similarly,
we have x4 (€),w(e) > €. Therefore, for every tangent cone (7,,Y,0,) at w,
there exists a proper geodesic space W such that W is not a single point
and such that T3, is isometric to R x W. Thus, we have w € W&,. By
Corollary 3.3, we have w € J; R;. This contradicts the assumption that
Image(y) CY'\ UiZQ Ri.

(2) The case T €Y \ Rq.

There exist r > 0, 2+ € Y, and a minimal geodesic v: [0,Z,Z5] — Y from
x to x4 such that T,21 = 100r and Bigor(x) C Y \ U;>9 R;. It suffices to
check that Big,(z)\ Image(y) = 0. Assume that Bjg,(z)\ Image(y) # 0. Let
z € Bior(x) \ Image(7), and let w € Image(y) with Z,w = z, Image(y) > 0.
Note that w € Bso.(x). If w # z, then, by case 1, there exists € > 0 such
that (B¢(w),w) is isometric to ((—e¢,€),0). This contradicts the fact that
Z,w = z,Image(y). Thus, we have w = z. Fix € > 0 with ¢ < 1007, x4 (¢) €
Image(y) with z, 24 (€) =€, and fix a minimal geodesic v, : [0, 2,24 (¢)] =Y
from z to x(€).

CraiM 4.4. We have
x € Image(7).

https://doi.org/10.1017/5S0027763000010667 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000010667

10 S. HONDA

This proof is done by contradiction. Assume that the assertion is false.
Put t = inf{Z;m | m € Image(v.) NImage(7)} > 0. By the definition, we have
that v.(¢) € Image(y) and that ~.(s) ¢ Image(y) for every s <t¢. On the
other hand, by the assumption, we have 7.(t) € £1. Since 7.(t) ¢ WE,, we
have v¢(t) € R1. By case 1, there exists 7 > 0 such that (B (7(t)),7e(t)) is
isometric to ((—7,7),0). This contradicts the fact that v.(s) ¢ Image(~y) for
every s < t. Therefore, we have Claim 4.4.

By Claim 4.4, we have x € &;. Since x ¢ WE,, we have x € Ry. This
contradicts the assumption that z € Y\ R;. []

THEOREM 4.5. Let x be a point in' Y. Then, 1 < dlm10C x < 2 holds if and
only if v €Y \ U;>9 R; holds.

Proof. By Theorem 4.3, if x € Y\ UZ>2 i, then 1 < dimlg°x < 2. Let
i>2, and let © € R;. For every s > 0, take 25 € Bs(z) N R;. By [4, Corol-
lary 1.36], we have that dimpy By(zs) > 2 for every s,t > 0. In particu-
lar, we have that dimyg Bs(x) > > 2 for every s > 0. Therefore, we have
dimlo¢z >4 > 2. 0

Theorem 1.1 follows directly from Corollary 3.4, Theorem 4.3, and Theo-
rem 4.5. Put Ay (1) ={z € Y | liminf,_,o v(B,(x))/r > 0} (called the Ahlfors
one regular set of (Y,y,v); see [12, Section 6] for the definition of the set
Ay («) for a real number 1 < a <n). Note that the subset Ay (1) is one
dimension in some sense. Actually, v and the 1-dimensional Hausdorff mea-
sure H' are mutually absolutely continuous on Ay (1). We end this section
by giving the following corollary.

COROLLARY 4.6. Assume that v(Y \ Ay (1)) = 0. Then we have
dimgY =1.

Proof. By [5, Theorems 3.23 and 4.6], we have v(R; \ (R; N Ay (i))) =0
for every i. Therefore, by the assumption, we have v(R;) =0 for every i > 2.
Thus, the assertion follows directly from Theorem 1.1. U

4.2. Local measure structure around low-dimensional points

In this section, we study local equivalence between a limit measure v
and the 1-dimensional Hausdorff measure H'. Note that it follows from the
Bishop—Gromov inequality for v that v_;({z}) <liminf, ,qv(B,(x))/r <
C(n)v_1({z}) for every x € Y (see [4], [12] for the definition of the measure
v_ponY).
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PropoSITION 4.7. Let x be a point in Ryi. Then we have
liminf, o v(B,(z))/r > 0.

Proof. The proof is done by contradiction. Assume that the assertion is
false. Hence, we have v_1({z}) = 0. Then, by [4, Theorem 3.7], for every
x1,x9 € Y \ {2} and every € > 0, there exist y;,y2 € Y and a minimal geo-
desic v : [0,71,92] — Y from y; to yo such that T, g1 <€, Ta,52 < ¢, and

x ¢ Image(y). Then, by an argument similar to the proof of Proposition 4.1,
there exist a tangent cone (7,Y,0,) at x and a proper geodesic space W
such that W is not a single point and such that 7Y is isometric to R x W.
This contradicts the assumption that x € Rq. []

The next theorem is the main result in this section. This is a characteri-
zation of local equivalence between a limit measure and H'.

THEOREM 4.8. Let x be a point in'Y . The following conditions are equiv-
alent:

(1) a limit measure v and the 1-dimensional Hausdorff measure H' are
locally equivalent at x;
(2) liminf, o v(B,(z))/r >0 and 1 < diml3®z < 2 hold.

Proof. If v is locally equivalent to H' at x, then it follows from Theo-
rems 4.3 and 4.5 that dim{3°z = 1 and liminf, o v(B,(x))/r > 0. Assume
that liminf, ,ov(B,(z))/r >0 and that 1 < dim'3°z < 2. Then, by Theo-
rems 4.3 and 4.5, there exists € > 0 such that (Bae(x), ) is isometric either

0 ((—2¢,2¢),0) or to (]0,2€),0). It follows from [12, Theorem 1.1] that there

exists d > 1 such that d=! < liminfu(B,(y))/r < limsupv(B,(y))/r < d
for every y € Be(x). For every a € B.(z), there exists r, > 0 such that

d=1/2 <v(By(a))/r < 2d for every r < rg. It follows from the standard
covering lemma (see [18, Chapter 1]) that there exists C'(d,n) > 1 such
that C(d,n)"'HY(A) <v(A) < C(d,n)H'(A) for every Borel subset A of
Be(z). [

Note that there exist two limit measures vy, v2 on a (2,0)-Ricci limit
space [0, 1] such that vy is locally equivalent to H' at 0 and vs is not locally
equivalent to H' at 0 (see [3, Example 1.24]).

85. Alexandrov set

In this section, we study the Alexandrov set in a Ricci limit space (Y,y). In
particular, we give a proof of Theorem 1.2, and we show several nonexistence
results for metric spaces as a Ricci limit space (e.g., Z;, Z in Section 1).
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5.1. A proof of Theorem 1.2

Note that the next proposition is a direct consequence of the facts that the
rescaled pointed proper geodesic space (Y,r ldy,z) is a Ricci limit space
for every 0 <r <1 and every z € Y and that the measure v, = v/v(B,(x))
is a limit measure of it.

PROPOSITION 5.1. For every 0 <r <1 and every x € Y, there exists
a limit measure v, on (Y,r~'dy,x) such that UT(B;’;ldY (1))v(Bsyr(22)) =
UT(Bg;ldY (x2))v(Bs,r(x1)) for every x1,z2 € Y and every s1,s2 > 0. In par-
ticular, for every tangent cone (1,Y,0,) at x, there exist a limit measure
Voo 0on (T,Y,0,) and a sequence of positive numbers {r;}; with r; — 0 such
that v(Bsy,(x))/v(By,(x)) = Voo (Bs(03)) for every s > 0.

We will give a proof of the next proposition in the appendix.

PROPOSITION 5.2. Let (W,w) be a pointed proper geodesic space, and let
d>1 with d~! < diamW < d. Assume that (R* x W, (0, w)) is an (n,0)-
Ricci limit space. Then, for every limit measure v on R* x W, there exists a
Borel measure vy on W such that v = H* x vy and that
limsups_,o vw (Bs(2))/d < C(n,d,R) < oo for every R >0 and every z €
BR(UJ).

Compare the following proposition and Proposition 4.7.

PROPOSITION 5.3. Let = be a point in WE,. Then we have
liminf, ,ov(B,(z))/r=0.

Proof. The proof is done by contradiction. Assume that the assertion
is false. There exist a tangent cone (7,Y,0,) at = and a proper geodesic
space W such that W is not a single point and that 7,Y is isometric to
R x W. Let vy be a limit measure on 7, Y as in Proposition 5.1. Then it
follows from [12, Proposition 4.3] that (vs)—1({0z}) > 0. This contradicts
Proposition 5.2. O

The following theorem is the main result in this section.

THEOREM 5.4. Let x be a point in' Y, and let w,z be points in Y \ {x}.
Assume that T,0 + W, 2 = 7, 2, v(Cyw({2})) >0, and dim°x > 1. Then, =
is not an Alexandrov point.

Proof. This proof is done by contradiction. Assume that z is an Alexan-
drov point. Fix a sufficiently small r > 0, and fix a minimal geodesic ~ :

https://doi.org/10.1017/5S0027763000010667 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000010667

ON LOW-DIMENSIONAL RICCI LIMIT SPACES 13

[0,7,Z] = Y from x to z. Without loss of generality, we can assume that
B, (z) C Alex(Y). Put a=~(r), and put w =~(r/2).

CLAM 5.5. Let 4 :[0,w,z] =Y be a minimal geodesic from w to z. Then,
we have « € Image(7y).

The proof is done by contradiction. Assume that the assertion is false.
Then there exists s € [0, z] such that 4(s) € OB, (z) and §(s) # a. Put & =
4(s). Then, we have that 0 < T, w+w,& —x,& =T, 0+ (w, & + &, 2) — (x, &+
&,2) <T,w + W,z — T,z = 0. Therefore, there exists a minimal geodesic
[':[0,2,4] =Y from z to & such that w € Image(T"). This contradicts the
assumption that B, (x) C Alex(Y’). Thus, we have the assertion.

By Claim 5.5, for every sufficiently small ¢ > 0, there exists oy € Y such
that 0B (w) N Cy({z}) = {at}. By the assumption of v(Cy({z})) >0 and
[12, Theorem 4.6], we have v_; ({a;}) > 0. On the other hand, for the tangent
cone (T,,Y,0,,) at ay, there exists a proper geodesic space W such that T,,Y

is isometric to R x W. By the assumption of dim'9°z > 1 and oy € Alex(Y),
we have that W is not a single point. Therefore, by Proposition 5.3, we have
v_1({ay}) =0. This is a contradiction. 0

We end this section by giving a proof of Theorem 1.2.

Proof of Theorem 1.2. Tt suffices to check that Alex(Y) C Y(1). Let x €
Alex(Y'), and let z € Ry. If z =z, then it follows from the fact z € Alex(Y')
that there exists € > 0 such that (Bc(z),z) is isometric to ((—e,€),0). In
particular, we have dimﬁﬁ}cx = 1. Hence, assume that x # z below. Let r
be a sufficiently small positive number, and let w € B,(x) \ {z} C Alex(Y)
with T, w + w, z =T, z. By Proposition 4.7 and [12, Corollary 5.7, we have
v(Cyw({z})) > 0. Thus, by Theorem 5.4, we have dim!® z = 1. Therefore, we
have Theorem 1.2. []

5.2. Alexandrov set in tangent cones

In this section, we give an analogous statement to Theorem 1.2 for tangent
cones by using the measure contraction argument (see, e.g., [3, Appendix 2]
or [17] for the measure contraction property).

THEOREM 5.6. Let (X, x) be a proper geodesic space, and let k be a non-
negative integer. Assume that (R* x X, (0g,)) is an (n,0)-Ricci limit space
and that X (1) # 0. Then we have Alex(X) = X (1).

Proof. Let w € Alex(X), and let z € X(1). Assume that dim{®w > 1
holds. By Corollary 3.3 and an argument similar to the proof of Theorem 4.5,
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there exists an open neighborhood U of z such that U NWE(X) = 0. Then,
by an argument similar to the proof of Theorem 4.3, there exists a suffi-
ciently small € > 0 such that (Be(z), z) is isometric either to ((—e,¢),0) or
o ([0,ey:[0,Z;w] — X) from z to w. Put 2 =~(¢/2), put w=~(z,w — ¢),
and put o =y(Z,w — 2¢).

CLAIM 5.7. We have

C(Okﬂb) (BT(0k72)) N (BE+T Oka \B 0k7 )) C BgT(Ok,Oé).

The proof is as follows. Let g € Cio, ) (Br(0k,2)) N (Betr (0, w) \
B(0g,w)). There exist (v,2) € B;(0k, 2) and a minimal geodesic I' from
(v,) to (0, w) such that I'(¢y) = g for some ty. Denote I'(t) = (a(t),5(t)),
and denote ®(s) =4((v, %), (0g,1w)s/,w) for 0 < s < #,10. Note that |a(t)| <
T for every t and that ®(s) is a minimal geodesic from Z to w. By an argu-
ment similar to the proof of Claim 5.5, we have o € Image(%). On the other
hand, since g € Beyr(0x, W) \ Be(0k, W), we have Y(tg) € Begr (W) \ Be—r ().
Since a € Image(y) N Betr (W) \ Be—r(w), we have 4(tp),« < 27. Therefore,
we have g, (0, ) <la(to)| +Y(to),x < 37.

Therefore, by the Bishop—Gromov inequality for v, we have v(B. (0, 2)) <
C(e,n,z,)v(B2,(0g, ). Since the ball B(0k,2) is Euclidean (or half a
Euclidean ball), by [5, Theorem 4.6], we have liminf,_,ov(B;(0,Z2))/
78+1 > 0. Therefore, we have liminf, ,ov(B;(0g,a))/7%*1 > 0. Thus, by
Propositions 5.1 and 5.2, there exists C' > 1 such that C~l7F+l <
U(B7 (0, ) < O7F+L for every 0 < 7 < 1. Therefore, there exist a pointed
proper geodesic space (Z1,21), a tangent cone T(ok,a)(Rk x X), a limit

measure 0 on T(q, o) (R* x X), and a Borel measure vz, on Z; such that
Tio,.0)(R* x X) is isometric to R*™t x Z;, © = H*' x vz, and
liminf, o 0(B;(0g, 21))/7%*1 > 0. On the other hand, since a € Alex(X)

loc

and dimz“w > 1, we have that Z; is not a single point. Therefore, by Propo-
sition 5.2, we have liminf, o 0(B, (0g, 21))/7%1 = 0. This is a contradiction.
Therefore, we have Alex(X) C X(1).

Let 5 € X(1), and let § > 0 with dimy Bs(3) < 2. By Corollary 3.3 and an
argument similar to the proof of Theorem 4.5, we have Bs(8)NWE | (X) = 0.
Thus, by an argument similar to the proof of Theorem 4.3, there exists
r >0 such that (B,(8),8) is isometric either to ((—r,7),0) or to ([0,7),0).
In particular, we have § € Alex(X). [

REMARK 5.8. Let (X,z) be a pointed proper geodesic space. For an
open subset U of X, we say that U has k-dimensional C°°-Riemannian
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structure if for every x € U there exist an open neighborhood V of x and a
k-dimensional (not necessary complete) Riemannian manifold N such that
V' is isometric to IN. Assume that there exist open sets Ui, Us of X such
that U; has 1-dimensional C*°-Riemannian structure and such that Us has
(k > 2)-dimensional C'*°-Riemannian structure. Let (M, m) be a pointed
I-dimensional complete C*°-Riemannian manifold. Then, by an argument
similar to the proof of Theorem 5.6, we have that (M x X, (m,x)) is not a
Ricci limit space, especially, that (M x Z;,(m,0)) is not a Ricci limit space.

We say that a proper geodesic space X is nonbranching if, for every x € X
and every y € X \ C, there exists a unique minimal geodesic from z to y.

THEOREM 5.9. Assume that R1 # 0 and that Y is nonbranching. Then
we have dimg Y =1.

Proof. Let x € Ry. First, we will show that Y\ C; C Ay (1). Let z €Y'\
Cy. There exists w € Y\ C,, such that z # w and T,z + z,w = T, w hold. By
the assumption of nonbranching, there exists a unique minimal geodesic 7 :
[0,7,w] — Y from x to w that satisfies z € Image(~y). By Proposition 4.7 and
[12, Theorem 1.1], we have v_1({z}) > 0. Therefore, we have Y\ C; C Ay (1).
It follows from [12, Theorem 3.2] that v(Y \ Ay (1)) = 0. By Corollary 4.6,
we have the assertion. []

Note that it is unknown whether a branching Ricci limit space exists.
However, if we drop the nonbranching assumption in the theorem above,
then we get the same conclusion (see [13]).

8§6. The case 2 <dimpgY <3

In this section, we study the Hausdorff dimension of a Ricci limit space
(Y,y) with 2 < dimpy Y < 3. The main result in this section is Corollary 6.4.

PROPOSITION 6.1. Let s > 1, let U be an open subset of Y with dimy U <
s, x €U, and let (T,Y,0,) be a tangent cone at x. Assume that there exists
a proper geodesic space W such that T,Y is isometric to R x W. Then,
W is isometric to a single point, to R, to R>g, to Si(r) for some r >0, or
to [0,1] for some | >0, where [s] =max{k € Z | k < s}.

Proof. By an argument similar to the proof of Theorem 4.3, it suffices
to check that WE{ (W) = ). Assume that WE{(W) # (. Then we have
WE (1Y) # 0. Thus, by Corollary 3.3, we have WE 4,1 (1Y) # 0. Hence,
we have that (WEg41)e NU # 0 for every e > 0. Thus, by [5, Theorem 3.3]
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and Corollary 3.3, there exists i > [s] + 1 such that R; N U # 0. Therefore,
by [4, Corollary 1.36], we have that dimyU >i > [s] +1 > s. This is a
contradiction. Therefore, we have W&, (W) = 0. 0

COROLLARY 6.2. Let s > 1, and let U be an open subset of Y with
dimpy U < s. Then, we have dimg (Ey—; NU) < [s].

Proof. First, we will show the following.

CLAIM 6.3. Let X be a proper geodesic space, let A C X, and let s > 0.
Assume that the following hold.

(1) For every x € X and every sequence of positive numbers {r;}; with r; —
0, there exist a subsequence {r;(;)}; and a tangent cone (T, X,0,) at x
such that (X, ri_(;)dx,:v) — (T, X,0;).

(2) dimgToX < s holds for every a € A and for every tangent cone
(ThX,04) at a.

Then, we have dimyg A < s.

This proof is done by contradiction. Assume that dimg A > s. Fix € >0
with dimgyg A > s + €. Then it is not difficult to check that there exist
a € A and a sequence of positive numbers {r;}; with r; — 0 such that
lim; o0 (HZF (AN B, () /7:57¢) > 0 (see [4, (1.39)] for the definition of the
(s + €)-dimensional spherical Hausdorff content H31€). By the first assump-
tion, without loss of generality, we can assume that there exists a tangent
cone (T,,X,0,) at « such that (X, ri_ldX,a) — (ToX,0,). By the construc-
tion, it is not difficult to see that H**¢(B1(0,)) > 0. In particular, we have
that dimyg T, X > s+ € > s. This is a contradiction. Therefore, we have
Claim 6.3.

By Proposition 6.1, for every x € ;j_1 N U and every tangent cone
(T,Y,0;) at x, we have dimy T,Y < [s]. Therefore, Corollary 6.2 follows
directly from Claim 6.3. [

We end this section by giving the following.

COROLLARY 6.4. Assume that 2 < dimygY < 3. Then we have that
dimg (Y \ Cz) <2 for every x €Y.
Proof. This is proved by Y \ C, C & and Corollary 6.2. 0

REMARK 6.5. It seems that dimy(Z\ C,) = dimpy Z holds for every Ricci
limit space (Y,y) and every tangent cone (Z,z) at every x € Y. If this is
true, then we can prove that dimg Y € Z holds for every Ricci limit space
(Y,y) (see Section 7).
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§7. Hausdorff dimension of Ricci limit spaces
In this section, we study a weakly polar Ricci limit space (Y, y).

DEFINITION 7.1. A pointed proper geodesic space (X, x) is called an iter-
ated tangent cone of Y if there exists a sequence of pointed proper geodesic
spaces {(X;,z;)}, such that Xo =Y and (Xy,zy) = (X, ) and such that
(Xi41,mi+1) is a tangent cone at a point in X; for every i.

Recall that a Ricci limit space (Y,y) is weakly polar if dimgy X =
dimpy (X \ Cz) holds for every iterated tangent cone (X,z) of Y.

THEOREM 7.2. Assume that Y is weakly polar. Then we have that
dimy Br(z) € Z for every z €Y and every R > 0. In particular, we have
that dimg Y € Z and dimy° 2 € Z.

Proof. Fix an integer k > 0 with dimy Br(z) < k + 1. It suffices to check
that dimyg Bgr(z) < k. By Claim 6.3, it suffices to see that dimy T,V < k
holds for every z € Y and every tangent cone (7.Y,0,) at z. Fix a tan-
gent cone (7.Y,0,), and put (Y1,y1) = (7.Y,0,). By the assumption and
Claim 6.3, it suffices to see that dimpy T%.,Y7 < k holds for every z; € Y7 \
Cy, and every tangent cone (7%,Y7,0,,) at z;. We also fix a tangent cone
(T.,Y1,0;,), and we put (Y2,y2) = (7%,Y1,0,,). By the construction, there
exists a pointed proper geodesic space (Wa,ws) such that (Ya,y2) is isomet-
ric to (R x Wa, (0,w2)). Without loss of generality, we can assume that W5
is not a single point. Note the following.

Cram 7.3. We have that C(g, ) = RF x Cy, in RF x W for every k> 1
and every pointed proper geodesic space (W,w).

This claim is a direct consequence of the fact that every minimal geodesic
in a product of geodesic spaces is a product of minimal geodesics of the
factors (see, e.g., [1]).

By the assumption of weak polarity, Claim 7.3, and [11, Corollary 5.4], we
have dimpyg(Ws \ Cy,) > dimpy Cy,. Thus, it suffices to see that
dimy Tp,Wa < k — 1 for every we € Wy \ Cy, and every tangent cone
(T, W2,04) at we. Fix a tangent cone (Typ,Ws,04), and put (Ws,ws) =
(T3, W2,04,). By the construction, there exists a pointed proper geodesic
space (Wy,wy) such that (W3, ws) is isometric to (R x Wy, (0,w4)). By
Claim 6.3, without loss of generality, we can assume that Wy is not a single
point. Since (R? x Wy, (02,w4)) is an iterated tangent cone of Y, by the
assumption of weak polarity and Claim 7.3, we have dimg(Wy\ Cy,) >
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dimg Cy,. Therefore, it suffices to see that dimpg Ty, Wa < k — 2 for every
wy € Wy \ Cy, and every tangent cone (Ty, Wy, 04,) at wy.

Continue this argument, and construct a pointed proper geodesic space
(Wag,war) as above. Then, it suffices to see that dimy Wo, < 0; that is,
Wy is a single point. Assume that Woy, is not a single point. Then, by the
construction, there exist an iterated tangent cone (X,z) of Br(z) and a
proper geodesic space L such that X is isometric to R¥*! x L. Therefore,
we have that (WE.1)e N Br(z) # 0 for every € > 0. Thus, by Corollary 3.3
and [5, Theorem 3.3], there exists ¢ > k+ 1 such that R; N Bgr(z) # 0. There-
fore, by [4, Corollary 1.36], we have that dimy Br(z) >4 >k + 1. This is a
contradiction. Therefore, we have dimy Bgr(z) < k. 0

REMARK 7.4. By an argument similar to the proof of Theorem 7.2, if
dimpy (X \ WDy(z)) > dimy WDy (z) holds for every iterated tangent cone
(X,z) of Y, then we have the same conclusion to Theorem 7.2 (see |3,
Definition 2.10] for the definition of WDq(z)).

REMARK 7.5. Recall that we say that Y is polar if for every iterated
tangent cone (X,x) of Y and every z € Z \ {x}, there exists an isometric
embedding v from R>¢ to X such that v(0) =z and v(Z,Z) = z (see [3]). It
is not difficult to see that Y is polar if and only if C, = () for every iterated
tangent cone (X, x) of Y.

THEOREM 7.6. Let R>0, let k> 1, and let z € Y. Assume that Y is
weakly polar and that dimpyg Br(z) > k holds. Then, we have v(Bg(z) N

(Uizg Ri)) > 0.

Proof. Fix a sufficiently small ¢ > 0. By the assumption, we have
H*=¢(Bgr(z)) = 0o. Hence, by an argument similar to the proof of Claim 6.3,
there exist = € Bgr(z) and a tangent cone (7,Y,0,) at z such that
H*=¢(T,Y) > 0 holds. Fix a tangent cone (7,Y,0,), and put (Y1,y1) =
(T,Y,0,). Since dimp Y7 > k—e > k—2¢ > 0 and dimp (Y7 \ Cy,) = dimpy Y7,
we have H¥=2¢(Y; \ Cy,) = oco. Similarly, there exist z; € Y1 \ C, and a
tangent cone (T,,Y1,0,,) at z1 such that H*=2¢(T,, Y1) > 0 holds. Put
(Ya,y2) = (Ty,Y1,04,). By the construction, there exists a pointed proper
geodesic space (Xa,22) such that (Ya2,y2) is isometric to (R x Xa,(0,z2)).
Thus, we have that dimg Xo >k — 1 — 2¢ > k — 1 — 3¢ > 0. Therefore,
since dimy Xo = dimy (X2 \ Cy,), we have HF¥"173¢(X, \ Cy,) = co. By
an argument similar to that above, there exist Zo € X5 and a tangent
cone (T3,X2,03,) at &z such that HF~173¢(T;, X5) > 0. Put (X3,23) =
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(T;,X2,0z,). By the construction, there exists a pointed proper geodesic
space (Xy,z4) such that (X3,z3) is isometric to (R x Xy, (0,24)). Since
(R? x X4, (02,24)) is an iterated tangent cone of Br(z), by the assumption,
we have dimy X4 = dimpy (X4 \ Cy,) and dimpyg Xy >k —2—3e >k —2 —4e.

Continue this argument, and construct a pointed proper geodesic space
(Xo(k—1),T2(k—1)) as above. By the construction, (RF1 x Xo(k—1)
(Ok, Za(k—1))) is an iterated tangent cone of Br(z). We have dimpy Xo(;_1) >
k—(k—1)—2(k—2)e>1-2(k—1)e> 0. Since Xp;,_1) is a geodesic
space, we have dimpy Xp(,_1) > 1. Therefore, there exists a pointed proper
geodesic space (W,w) such that (R* x W, (0, w)) is an iterated tangent
cone of Br(z). Thus, we have that (WE). N Br(z) # 0 holds for every
€ > 0. Therefore, by Corollary 3.3 and [5, Theorem 3.3], we have v(Bg(z)N
Ui R)) > 0. 0

The main result in this section is the following.

COROLLARY 7.7. Assume that Y is weakly polar. Let k > 1, satisfying
that Ry # 0 and that R; =0 for every i > k. Then we have that dimpy Y =k,
H¥(R¥) >0, and v(RF) > 0.

Proof. By [4, Corollary 1.36], we have dimgY > k. Assume that
dimgY > k 4+ 1. Then, by Theorem 7.6, there exists ¢ > k + 1 such that
R; # 0. This contradicts the assumption. Thus, we have dimg Y < k+1. By
Theorem 7.2, we have dimpy Y = k. Next, assume that v(Ry) =0. Then we
have that v({J;>; Ri) = v(Rx) = 0. This contradicts Proposition 3.1. Thus,
we have v(Ry) > 0. By [5, Theorems 3.23 and 4.6], we have H*(R¥) > 0. []

Appendix A. Proof of Proposition 5.2

First, we give the following lemma without the proof because it follows
directly from easy calculation.

LEMMA A.1. Let (X,x) be a pointed metric space, let R > 1, let §,e >
0, let vo,v5 € B1(0g) C RY, and let z4,75 € Br(z)\Bg-1(v). Assume that
ZTa,Z3 <60 and that (0, ), (Va,Ta) + (Vas Ta), (v8,28) — (Ok, ), (vg,x) < €
holds in R x X. Then, we have that (va,Za), (v, 5) < C(r, R)(§ + €).

Proof of Proposition 5.2. Without loss of generality, we can assume that
z € Br(w)\ By-1(w). By the assumption, there exist a sequence of complete,
pointed, connected n-dimensional Riemannian manifolds {(M;,m;)}; and
a sequence of positive numbers {e¢;}; with €; — 0 such that Ricy;, > —e¢;

https://doi.org/10.1017/5S0027763000010667 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000010667

20 S. HONDA

and (M, m;,vol /vol By(m;)) — (R* x W, (0, w), v). Fix a sufficiently small
§>0. Let {(t;,z;)}}Y, be a maximal §-separated subset of [0,1]¥ x Bs(z),
let 2 € Bg(w) \ Br(w), and let y} € M; with y;- — (ti,z;) as j — co. Note
that {Bs/3(y;)}i is pairwise disjoint for every sufficiently large j. Put r =
d=t put X; = UB5/3( 1), put Sp, Mj ={u € Tppy, Mj | |u| = 1}, put t(u) =
sup{t € R | exp,,, su € M \ Cin; for every 0 < s <t} for u € Sy, Mj, put
S m; Mj = {u € Sp,; Mj | there exists 0 <¢ <t(u) such that exp,, tu € X;
holds}, and put A;(u) = {t € (0,¢(u)) | exp,,, tu € X;} for u € S’m].Mj and
0(t,u) = t”_l\/det(gmexpmj tu), where g;; = g(0/0x;,0/0x;) for a normal

coordinate (z1,x2,...,zy,) around m;. Then, by the Laplacian comparison
theorem, we have

vol X; = / / 0(t,u)dtdu
/ / sinh™™ 1 0( U)T dtdu
inh" ™ (3)

/ 9(37_1“) / sinh™ (2R + 10) dt du
$om, by SN (5) S ()

<C(n,r R) /

mj

IN

| 9(g,u>H1 (Aj(u)) du.

Put a;(u) =inf A;(u), and put bj(u) =sup A;(u) for u € S’ijj. Then, by
Lemma A.1, we have that bj(u) — a;j(u) < C(r,R)é for every sufficiently
large j. Thus vol X; < C(r,R)6vol(0Bz(m;) \ Cp,;), where vol = vol/
vol Bi(my;). By the Bishop-Gromov inequality, we have vol(9B, j5(m;) \
Cm;)/ Vol B, ja(mj) <voldB, 5(p)/ vol B, 5(p), where p is a point in the n-
dimensional space form whose sectional curvature is equal to —1. Thus, we

have
N

Zv(Bg (ti,z;)) < C(n,r, R)d.

i=1

By [3, Proposition 1.35], there exists a Borel measure vy on W such
that v = H¥ x vyy. Therefore, by the Bishop-Gromov inequality for v,
we have
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N
Uw(Bg(w)) :U([O,l] X Bs(w ZU Bys(ti,x; )

N
gCXn)E:U(B%quﬂ)
i=1
< C(n,r,R)J.

Therefore, we have Proposition 5.2. 0
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