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THE PERIMETER OF OPTIMAL CONVEX LATTICE POLYGONS
IN THE SENSE OF DIFFERENT METRICS

MiLo§ STolakovié

Classes of convex lattice polygons which have minimal [,-perimeter with respect to
the number of their vertices are said to be optimal in the sense of the {,~metric.

It is proved that if p and g are arbitrary integers or oo, the asymptotic expression
for the [,—perimeter of these optimal convex lattice polygons Qp(n) as a function of
the number of their vertices n is

1
per, (Qp(n)) = 2L p3f + O(n”s) for arbitrary ¢ >0,

/642
cﬂ:// |z} + y|9 dz dy,
i’ lzlP +lylP<1 lalf + lul? dz dy

and A, is equal to the area of the planar shape |z|? + Jy|P < 1.

This paper deals with some extremal problems on integer grid. Precisely, we

shall consider some classes of optimal convex lattice polygons.

where

A convex lattice polygon is a polygon whose vertices are points on the integer lattice
and whose interior angles are strictly less then 7 radians (no three vertices are collinear).
A convex lattice polygon with n vertices is called an n-gon.

A convex lattice n—gon is said to be optimal in the sense of the I, metric if it has
minimal [,—perimeter with respect to the number of its vertices. Therefore, if a convex
lattice n—gon has this property, its {,—perimeter is equal to the minimum over all convex
lattice n—-gons @ of the sum of the [,~lengths of the edges of @, and we denote it by
Qp(n). The optimal polygon @Q,(n) is not necessarily unique for every given integer n.
Moreover, the explicit construction of a polygon Q,(2k + 1), where p > 1 and 2k + 1 is
an arbitrary odd integer, is an open problem.

A classical paper of Jarnik (5] deals with Q,(n) polygons. He constructed a sequence
of such polygons in order to solve the following problem: What is the mazimal number
of points from Z*? which lie on a continuous strictly convez curve v of length s, when
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s tends to infinity? It turned out that this number is (3/(\“/5?))32/3 + 0(31/3). The
exponent and constant in the leading term are the best possible. In [8] it is shown that
the exponent 2/3 can be decreased by imposing suitable smoothness condition on ~.

In particular, if v has a continuous third derivative with a sensible bound, the best
possible value of the exponent lies between 3/5 and 1/2.

Since the function f(z) = \/z defined on [0,7n] is in C*® ([O,n]) and the number of
integral points on the curve y = f(z) is n!/?], obviously 1/2 is the lower bound for the

~ above-mentioned exponent.

In [7] it was proved that if f € Cs([O,n]), |f] € nand f” # 0 on [0,n], then the
number of integral points on the curve y = f(z) does not exceed c(e) - n3/5*¢ for every
€ > 0, which gives the upper bound for the exponent.

Another class of optimal polygons is considered in [1]. The motivation for that
research comes from digital geometry. The maximal number of vertices of a convex
lattice polygon which can be inscribed into an m x m integer grid was considered. It was
shown that this number is

Since the number of verti g ¢ points is a parameter used
he previous result usually

for estimation of the tim
characterise the “worst case” situation on the squared integer grid of a given size.

The initial purpose of the research presented in this paper was to describe the asymp-
totic behaviour of the perimeter in the sense of the Euclidean metric, as well as the [; and
lo metrics, of classes of optimal convex lattice polygons Q,(n) (where n is an arbitrary
integer). But since the theorems and the course of the proof in these cases can be gen-
eralised to an arbitrary [, metric (where g is an integer, or oo}, all theorems are given in
the general case. So it will be shown that the asymptotic expression for the [,~perimeter
of l,~optimal polygons Q,(n) as a function of the number of its vertices, is

Cin
P _p3/2 O(n”s) for arbitrary ¢ > 0,

,/GA;’,
Cl= / Jlz|? + |y|? dz dy,
P /III" Pt | | lyl Y

and A, is equal to the area of the planar shape |z|? + [y|? < 1.

This result is derived for complete classes of optimal polygons even though their
construction still remains unknown (including “Jarnik’s polygons”)—except in the case
where p = 1. (An exact construction of optimal @Q,(n} polygons for arbitrary n is given
in [6].)

where
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The case where p = ¢ = 2 is related to Jarnik’s problem, while the case where
p =g =1 is studied in [1].

The choice of two different metrics for polygon optimality (I,) and measuring perime-
ter (l;) also gives some interesting results if p # ¢ (and especially if p, g € {1, 2, c0}).

For example, if p = 1 and ¢ = 2, we have the asymptotic expression for the Euclidean
perimeter of convex lattice n-gons which have the minimal circumscribed square. This
problem was studied in [10].

If p=2 and ¢ =1 is taken, we get the solution to the problem equivalent to finding

* the asymptotic expression for the size of the circumscribed square of convex lattice n-gons
with minimal Euclidian perimeter.

Other problems about convex lattice polygons were studied recently. In [4], the
minimal area of convex lattice n-gons was considered. The explicit construction of convex
lattice polygons (with n vertices) whose area is (15/784)n%+o(n3) ((15/784) = 0‘019133)
was given.

As an application of the main result of this paper (an asymptotic expression for
the Euclidean perimeter of Q,(n)), an upper bound for the area of Q,(n) is derived. If
p = 2, that upper bound is (1/54)n% + O(n5/2+5) 1/54) ~ 0.018518), which improves
the result from [4].

Some problems consi

convex curves containin 4
of the curve were studied in [3].

2. PRELIMINARIES

If @ and b are integers, a L b means that the greatest. common divisor for a and b is
1. Also, we shall say that 1 L 0.
By p(n) we shall denote the Mobius function, defined by

u(l) =1,
ifn>1and n=p} - pg* is the prime decomposition of n, then
“1)%, ifa=...=a=1
pm = ¢ 7=
0, otherwise .

Let e = ((zl,yl), (.’L‘g,yg)) be an edge of a convex lattice polygon. The l,—distance
length of e is defined as

l(e) = {/lzz —nilP+ly~wnl, p>1.

We shall denote the differences |z — z1| and |y2 — 11| by z(e) and y(e), respectively.
The slope of e is defined to be quotient of these differences y(e)/z(e).
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The perimeter in sense of the [, metric of a convex lattice polygon @ is defined by

per,(@) = D Lle).
e isedgeof @
The l,~perimeter of the convex lattice polygon @,(n) will be denoted by per (n).

For n > 1, Up(n) represents the partition function which counts the number of
positive solutions of the equation n = zP +y®, where z and y are relatively prime integers.
If n = 1, we define Up(1) = 1for p=1,2,...,00 (we take z = 1, y = 0 as a solution).

In (9], the following sequence of integers was introduced:

t
np(t) =4) Upli), t=1,2,3,....
i=1

First, we shall consider optimal lattice polygons with n,(t) (t =1,2,...) vertices.
It was shown in [9] by explicit construction that the optimal convex lattice polygon
Q» (n,,(t)) is determined uniquely. For each integer ¢, @, (np(t)) is constructed as follows,
using a “greedy algorithm”.

The polygon consists of four 1sometnc arcs, whose edge slopes coincide with the set

We shall denote the vertices of @, (n,,(t in counterclockwise order by

in

Ao = (ZanO), A1 = (xl,yl), e 1An = (zﬂp(t))ynp(t)) = A0~

Let €1, €2, .. . €q,(1) be the edges determined by consecutive points from the previous
sequence, that is,

e1 = ApAy, e = A1As, ... eny() = Any(-14n,()-

Then, the edges ey, ey, .. ., en,(1) can be arranged into four arcs. If the angle between
the positively oriented z-axis and the edge A;_;A; is observed, then the south-east arc
contains only the edges whose angles belong to [0, (7r/2)) , the north-east arc contains
only the edges whose angles belong to [(7!’/2), 7r) , the north-west arc contains only the
edges whose angles belong to [71', (3n/ 2)), and the south-west arc contains only the edges
whose angles belong to [(37r/2), 27r).

The vertex Ap is chosen to be one of the vertices, having the minimal y-coordinate,
which has the minimal z—coordinate (the “lowest left” point), and then the vertex An, (14
will be the one of the vertices having the maximal z-coordinate, which has the minimal
y~coordinate (the “lowest outermost right” point). For convenience and without loss of
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generality, let us assume Ay = (0,0). Since the slope of the edge e; is equal to y(e;)/z(e;)
it follows that the vertices of the south-east arc of the polygon Q, (n,,(t)) are:

AO = (010)1
A= (17(51), y(el))>
Az = (z(e1) + 2(e2), y(er) +y(e2)),

The slopes belonging to the south-east arc have to be arranged in increasing order

yea) _ Y(emton)
z(enp(u4)

and

S,y(t) = { y(er) yle) M }

z(er)’ z(ex)’ x(en,,(t)/4)

The remaining threg are|gbtained the rota
)Hgie)+ .| (4

(w/2),n and (37/2) ra-

dians around the point

It was proved in [9] solyg tructed in-this way-is the unique convex lattice
polygon with n,(t) vertices whose l,—perimeter is minimal.

Thus, we have a sequence of integers representing the numbers of vertices of optimal
convex lattice polygons (in sense of the I, metric) that can be explicitly constructed.

The following theorem gives the asymptotic expression for n,(t).

THEOREM 1. [9] The function n,(t) can be estimated by
—_ GAP 2/, 1/
np(t) = Pt +0(t'7),

where A, equals the area of the planar shape |z[? + |y|P < 1.

A similar method is used to construct Q,(2k), where 2k is an even integer.

For every even integer 2k, there exists an integer ¢t such that n(t — 1) < 2k < n{t).
The polygon @,(2k) is constructed by adding edges to Qp(n(t - 1)). More precisely,
(Zk -n(t - 1))/2 edges of length ¥t are added to the south-east arc of Q,,(n(t - 1)),
and (2k —n(t— 1))/2 edges with the same slopes are added to the north-west arc of
@ (n(t - 1)), that is, for each edge e added to the south-east arc, there is an edge e’ added
to the north-west arc such that y(e')/z(e')=y(e)/z(e) (z(e) L y(e) and z(e') L y(¢') are
satisfied). Now it is easy to check that the 2k—gon obtained by this construction is optimal
in sense of the [, metric.
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The explicit construction of @Q,(2k + 1), where 2k + 1 is an arbitrary odd integer, is
an open problem for all p > 1.

Each polygon Q,(n) has no more than 4 edges with the same slope, and this gives
the following lower bound for the ,—perimeter of Q,(n). If n,(t — 1) < n < ny(t), then

(n—ny(t— 1))Vt + 42‘1 ¥4 Uy(3) < per,y(n)

Since this lower bound is established in a “greedy” manner, it will be called the
greedy lower bound, and denoted by glb,(n).

3. THE l,—PERIMETER OF Q,(n)

Let P(v) be the number of lattice points (a, b, ¢) different from the origin satisfying
a L b, which belong to the 3-dimensional body

t\1/p
P P< <9 q q.{ 2 ,
P + 1P <0<z < fieer vl ()
belong to D(v) (a L b n

latti s (afplc
ire r plos
Now we consider th ndition |z

and |y| < t/?. That means that the area of D(t) is O(tz/”
l,-perimeter of the optimal convex lattice polygon @, (np(t)) is equal to P(t) within an
O(tz/p) error, that is,

D) = {(x,y,z>

and let T'(v) be the nu

. Therefore, we have that the

(1) per, (np(t)) = P(t) + O(tz/”).

The following lemma gives an asymptotic expression for T'(v), for arbitrary integers
P, q. '
LEMMA 1. The following asymptotic equality holds: .

T(v) = Cjt'/Pv*? + O((vt)'/7),

C"=// Nzl + [y]7 dz dy.
» e llr<t lz|? + |y|7dz dy

PROOF: From the definition of T'(v), we have

where

T(w) = volume(D(v)) + O(area(D(v))).
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Thus,

T@):/wawq(Equhw+wwﬂﬂy+00wym)

= /II ol <lt1/Pv2/p /Izle + lyle dz dy + O((vt)/7)
z|P+ylP <

= ¢l/py2lp //|,|:v+ly|,,,Sl J|z|9 + ly|9 dz dy + O((vt)l/p)

= Cat! /PPl 4 O((vt)l/”). 0

Now we can derive an asymptotic expression for the [,—perimeter of the optimal
lattice polygons @, (np(t)), for arbitrary choice of p and g.

THEOREM 2. The l,—perimeter of the optimal convex lattice polygons Q, (n,,(t))
can be expressed as

per, (np(t)) = 67r—c;gt3/" + O(tz/” -log t) .

PRrOOF: Obviously, the following equalities hold:

Pq
T (i 4
aA af
In the proof we shall use Lemma 1, as well as the two following well-known equalities

(see [2]):

(where ¢ denotes the Riemann zeta function).
Also, we shall use the inequality

o (n) bod 1 1
M%H #n—z ) "=H’Zle+1 n? O(\V_Z)
We have
P(t) = gp(lip) ( 2. ,u(a))
(%3 -
- oo £ 7(55)
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= > umr(=)

Bl no((5))

(V1) /e 194 (2/p
=Y pln)—Cp + O(Z|p(n)|—n-)

n=1 n=1
:CgtS/P(Z&:)— > un )) +O(£/7 - logt)
n=1 n=(¥f+1 n?

= C’"ta/” 5+ O(t2/” log t)

On the other hand, from (1) we have that the l,—perimeter of the optimal convex
lattice polygon Qp (np(t)) is equal to P(t) + O(tz/p), and the theorem is proved. 0

In order to derive the asymptotic expression for the /,—perimeter of Q,(n) for an
arbitrary integer n, we need the following lemma.

LEMMA 2. Ift is an integer such that
then the number of the gdg

1
by O(tl/””) for arbitran % M

PROOF: Let v be the number of edges of Q,(2k + 1) longer then ¢/¢t. We shall prove
that the assumption v > t1/7*+¢ leads to a contradiction.

So, assume that y > t/7*¢, for some ¢ > 0. Since 2k +1 — n,(t — 1) < n,(t) —
ny(t — 1) and ny(t) — ny(t ~ 1) = O(tl/”), we can determine the integer § such that

t—1
(2k+1-n(t—1)) +4 2 Up(s) S7< (2k+1=n(t-1)+4 3 Upls).
s=t-8 s=t-B—-1

Using the last inequality and Theorem 1 we derive the asymptotic expression for 7.
¥ = ny(t) — mp(t — B) + O(£7)

_ 64p /9 2/
= (P - p"

)
67zr4pt2/p <1 (1 - % g + O(f—:))) + O(tl/p)

_ 84,2 +O< €2P)+O(t‘/").

T2 p t1—2/p

Therefore, since vy > t!/P+¢ we have that § > t1-1/pte,
A lower bound for the l,—perimeter of the convex lattice polygon Q,(2k + 1) can be
derived if the following substitutions are made in gib,(2k +1):
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- 4.U(t—1) summands equal to v/t — 1 are replaced by v/

- 4-U(t-2) summands equal to \/t — 2 are replaced by v/¢;

- 4-U(t - B) summands equal to /T — 3 are replaced by /.
We have

t
per,(2k +1) > glb,(2k + 1) +4 Y (¥t~ ¥s)U,(s).
s=t—p4

First, we shall prove the following asymptotic equation.

t

@) ¢ 3 (=) = e pete + O(t,‘_’z,,,)+0(t‘/m)

s=t

In the proof, Stieltjes integration is used.

£ (=)= [ (= 5)d(ny(s)

6A 2 B ik
=7 (2ﬂt2/p it O(tl_z/p>) +0(t'75)

2
12Apﬂt2/p + O(tlﬁz/p) + O(tl/p,ﬁ)

Now, using (2) we have

¢ t t—s
4 vt — ¥s)U, =4 U
s=2t;ﬁ(\/_ \/g) p(S) atzﬁ ti=1/p 4 1-2/pgl/p 4 | 4 gl-U/p p(S)
1
4 Z (t = s)Uy(s
ptl b ti-1/p sl

1 124 2
= T < Pﬁt2/p O(ﬁi/p) +O(tl/pﬁ)>
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12 8o 2 ) vo( )
2 |

2 41-3/p t2-3/p t1-2/p

Since f > t'~'/P*¢  we can finally obtain the asymptotic lower bound for the l-
perimeter of the convex lattice polygon Q,(2k + 1),

A
per,(2k + 1) > glb (2% + 1) + 1; e e

But on the other hand, the way of constructing the polygon Q,(2k + 2) implies that
per,(2k + 1) < glb,(2k + 1) + t'/7 = glb (2k + 2) = per,(2k + 2).

The last two inequalities give a contradiction.
Therefore, we have that vy = O(tl/’”‘s). 1]

THEOREM 3. Ift is an integer such that n,(t — 1) < n < n,(t), then the asymp-
totic expression for the l,—perimeter of the optimal convex lattice polygon Q,(n) as a
function of t, is

6C9
perq(n pt3/” +0 tz/”+‘

PROOF: First, asst t 7 inte
From the constructjgn of {J,
H tt

From Theorem 2 we have that

6C3
per,(2k) = 7r—2pt3/” + O(tz/”"").

The error estimate O(tz/”*‘) in the last equation is obviously not the best possible in
this case {that n is an even integer), but it is satisfactory since it equals the best possible
error in the next case.

Now, assume that n is an odd integer (n = 2k + 1).

First we shall prove that the lengths of the edges of the polygon Q,(2k + 1) are
bounded above. If we assume that there is an edge of Q,(2k + 1) longer (in the sense of
the I, metric) than 2/¢, then we have

per,(2k + 1) > glb,(2k + 1) + ¥/t = glb,(2k + 2) = per,(2k + 2),

which is a contradiction.
Thus, there is no edge of Qy(2k + 1) longer then 2¥/t. We can derive an upper
bound for the length of an edge of @,(2k +1) in the sense of the l; metric: [,(e) =

:z:(e)"7 + |y(e)lp < 2¥t so |z|? < 27t, and |y|? < 2Pt and hence

Y x(e)|q + |y(e)|q <2v2- Yt

l(e) =
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Finally, we have

per, (@5 (n(8))) — pery (@p(2k + 1))| < max (202 9%, V2. ¥4 (n(t) - 2k +1)))
— max (202 ¥%- O(£7*<), V2. ¥2- 0(t”))
= O(*7*),

d
an 6C9

per,(2k +1) = per, (n(t)) + O(tz/’”“) — _Fp_twp + O(tz/”‘), .

Now we can give the asymptotic expression for the /,—perimeter of all the optimal
n-gons as a function of n.

THEOREM 4. The l,—perimeter of the optimal convex lattice polygon Qp(n) ex-
pressed as a function of the number of its vertices n, is

Ce
pery(n) = —Z=n¥? + O(n'**),

Joa"

for arbitrary € > 0, and p,q € {1, 2,...,00}.

PROOF: For every infegern, there is teger|t
ﬁ p{t — 1) <n )

From the last inequality and Theorem 1 we have that the asymptotic expression for n is
6A

3

2t +0 (/7).

Since t = O(n”/ 2), we obtain the asymptotic expression for ¢ as a function of n:

t=— Tl 40 (nE-17).
(6A,,)p
From Theorem 3 we have that
6C1
_ P43/ 2/p+
per,(n) = = t ”+O(t P ‘).

Thus, by eliminating the variable ¢ in the expression representing per,(n) we have

6C3 P 3/p
pery(n) = W_; (T;‘ﬁnp/z + O(n(p-l)/z)) + O(’nHE)
P

= g (10 ) " +o(nt)
P

i
= —éAgns/z + O(n“‘—),
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where € = ep/2. 0
The next corollary is an application of the result presented in Theorem 4 giving the
asymptotic upper bound for the area of the optimal convex lattice polygons Q,(n).

CoROLLARY 1. The following asymptotic inequality holds:
P(Qy(n)) < Bpn® + 0(n®?*°),

where )
2
B - (Cp) ™
Po2443 7
and P(Q) denotes the area of the planar shape Q.

Proor: It is known that of all planar shapes with fixed perimeter the circle has
the greatest area. Since we have an asymptotic expression for the Euclidean perimeter
of @Qp(n) as a function of n (Theorem 4, ¢ = 2) the statement of the theorem follows
directly. 1]

In the case that p = 2 we have B, = 1/54 = 0.018518. In the case that p € {1, 00}

we have )

N A
=
<v,|y|<v,0<2<\q/|$|q—+|—y‘|‘":-)},

then using a slight modification of the proofs of Lemma 1 and Theorem 2, we get that
the asymptotic expression for the Il,—perimeter of the optimal convex lattice polygon

Qoo (Mo (t)) (p = 00) is

NOTE. If we define

D) = {(z,y,z>

6CY

perq(nw(t)) = ﬂ_—°° + O(t2 logt)

cq=// Szl + [y]9 dz dy.
& <L It [z|7 + |y|9 dz dy

Also, in the case that ¢ = oo the proof gives the following coefficient

= dz dy.
o izl bt} d dy

In both previous cases we have

[ J— [ — v q q9
Cq JDhm Cp = phm //Izlﬂ+|ylpsl Vlz|? + |yl9 dz dy,
q — v q q
p qllm Cp = qhm //lrlP Wit izl + |y|?dz dy.

where

Q
8
I
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In the case that p = ¢ = oo, we have

ax 8
== drdy = -.
O /IIIS1,|y|g1m {|I|,|y|} zdy = 3

If we denote the coefficient (ng) / (,/GA;‘,} in the leading term from Theorem 4 by

K}, we have the following exact values:

r . VIR (1evE)

Kl =——, K ; K® = —
YT 33 ! 12v3 ' T a3
K — L 2 _ __“Zw o __fl_
N WK 5 33
7(2+v2In (14+ 2
KL="_ K= ( ( )), o T
2v6 12V/3 3v6
Finally, we give some approximate values of K!:
g1 2 3 5 o0
P
1 0.6046 0.4907 0.46957 0.45902 0.45345
2 0.61421 0.4824 0.456 0.44207 0.43431
3 0.439 0.43033
5 0 @ (0.42835
o0 0.439 0.42752

The decrease of the coefficient value in a row (from left to right) represents the

decrease of the I, metric as ¢ increases. The coefficient value in a column ¢ is the least
for p = ¢ (diagonal value), because in that case the perimeter is measured by the same

metric that is used for optimality.

(1]
(2]
(3]
(4]

(5]
(6]

(7]
(8]
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