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Abstract

This paper deals with the large-time behaviour of solutions to the fast diffusive Newtonian filtration
equations coupled via the nonlinear boundary sources. A result of Fujita type is obtained by constructing
various kinds of upper and lower solutions. In particular, it is shown that the critical global existence
curve and the critical Fujita curve concide for the multi-dimensional system. This is quite different from
the known results obtained in Wang, Zhou and Lou [‘Critical exponents for porous medium systems
coupled via nonlinear boundary flux’, Nonlinear Anal. 7(1) (2009), 2134-2140] for the corresponding
one-dimensional problem.
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1. Introduction

In this paper, we study the system

% =Au", % =AV", (x,1)e®Y\ Bi(0)) x(0,T), (1.1)
Vu" - v=VP(x,1), W' -V=ul(x,1), (x,1)€dB(0)x(0,T), (1.2)
u(x, 0) = up(x), v(x,0)=vo(x), xe RV \ B1(0), (1.3)

where 0 <m,n<1, p,g>0, N>2, B;(0) is the unit ball in R", ¥ is the inward
normal vector on dB;(0), and ug, vo are nonnegative and suitably smooth functions
with compact support.

Due to the degeneracy of the equations in (1.1), there is no classical solution
to the system (1.1)—(1.3) generally and weak solutions should be considered. The
local existence and the comparison principle of the weak solutions can be established;
see [6, 10]. In this paper, we investigate the large-time behaviour of solutions to the
system (1.1)—(1.3), including blow-up in a finite time and global existence in time. In

Supported by the NNSF.
(© 2012 Australian Mathematical Publishing Association Inc. 0004-9727/2012 $16.00

440

https://doi.org/10.1017/5S000497271200038X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271200038X

[2] Critical curves for a coupled system of fast diffusive newtonian filtration equations 441

particular, we are interested in the critical global existence curve and critical Fujita
curve which can be used to describe the large-time behaviour of solutions exactly.

In the wake of the pioneering work of Fujita [4], many results on critical Fujita
exponents for diffusion equations with nonlinear sources can be found; see [1-5, 7-9].
It was Ferreira et al. [3] who considered the fast diffusive equation with nonlinear
boundary sources:

o 82m

a—l;t:a—uz, X>O,t>0,
X

ou™

0,0 =u”©,1, >0,
ox

u(x, 0) = up(x), x>0,

with 0 <m <1 and p >0. They proved that the critical global existence exponent
po = (m + 1)/2 and the critical Fujita exponent p. = m + 1. Here, pg and p, are called
the critical global existence exponent and the critical Fujita exponent, respectively, if
the following properties hold:

(1) if 0 < p < po, then every nontrivial nonnegative solution is global in time;

(i) if pg < p < p., then the nontrivial nonnegative solutions blow up in a finite time;

(iii) if p > p., then the solutions are global for small initial data and blow up in a
finite time for large initial data.

Instead of critical exponents, there exist the critical global existence curve and the
critical Fujita curve for the coupled system of diffusion equations. In [9], the authors
studied the coupled system (1.1)—(1.3) in the one-dimensional case, that is,

ou O*u™ av A

-“_7 = 1.4
oo oo 00 14
0, 0=, 0, -2L0.n=uw0,0, >0, (1.5)

ox ox
u(x, 0) =up(x), v(x,0)=vp(x), x>0, (1.6)

with O <m,n <1, p,q>0. They proved that the critical global existence curve is
pq = (m+ 1)(n + 1)/4 and the critical Fujita curve is min{a + 81, @y + B} = 0, where

2p+n+1 pm—-1-2¢)+(n+ 1)m
a1 = . =
Wt D+ D) —4pg T'T T m+ Din+ 1) —4pg
2g+m+ 1 gn—-1-2p)+(m+ n
(0%) =

T+ D+ D—dpg 2T T m+ D+ D) —dpg

That is to say, if pg<(m+ 1)(n+ 1)/4, every nonnegative solution is global in
time. On the other hand, if pg > (m + 1)(n + 1)/4, then every nonnegative, nontrivial
solution blows up in finite time when a; + 8; < 0 or @, + 8> < 0, while there exist both
the blow-up solution with large initial data and the global solution with small initial
data when a1 + 81 > 0 and a;, + 3, > 0.
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Subsequently, Pang er al. [7] dealt with the Newtonian filtration equation with
nonlinear boundary source:
Ou m N
5 At (nne® \ B1(0)) x (0, T),
Vu" - vV=uP(x,1), (x,1)€0B;(0)x(0,T),

u(x, 0) = up(x), xeRY\ B(0),

where 0 <m < 1, p > 0. They proved that if N > 2, then py = p. = (m + 1)/2.

The above works motivate us to investigate the critical curves of the system
(1.1)—(1.3). In the present paper, we prove that both the critical global existence curve
and the critical Fujita curve are

_(m+Dn+1)
e E—

It is clear that the above result is quite different from the known results obtained in [9]
for the corresponding one-dimensional problem.

By virtue of the radial symmetry of the exterior domain of the unit ball as in [7],
the result (1.7) can be extended to the following more general problems:

(1.7)

a ﬂ] —_ 3 ﬂl m 6 /12 —_ M ﬂz n
at(le u) = div(|x|" Vu™), at(IXI v) = div(|x|? V"),

(x,1) € RV \ B1(0)) x (0, T), (1.8)
Vu" - v=VP(x,1), W'-V=ul(x,1), (x,1)€0B;(0)x(0,T), (1.9)
u(x, 0) = up(x), v(x,0)=vo(x), xe RV \ B1(0), (1.10)

with A;, 4, >2 - N, N > 1. In other words, the phenomenon that the critical global
existence curve and the critical Fujita curve coincide for the system (1.1)—(1.3) also
occurs in the system (1.8)—(1.10).

Our main results are as follows.

TueOREM 1.1. If N > 2, then the critical global existence curve and the critical Fujita
curve for the system (1.1)—(1.3) are

_(m+Dn+1)

= 1 .
That is to say, if pg < (m+ 1)(n+ 1)/4, then all nonnegative solutions to the system
(1.1)—(1.3) exist globally in time; while if pq > (m + 1)(n + 1)/4, then the nonnegative

solutions to the system (1.1)—(1.3) blow up in finite time for large initial data and exist
globally for small initial data.

THEOREM 1.2. If A1, A >2 — N, N > 1, then the critical global existence curve and the
critical Fujita curve for the system (1.8)—(1.10) are

Cm+ D+ 1)
q=——"F—
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2. Proofs of main results

Since Theorem 1.1 is a special case of Theorem 1.2 (the case 4; =4, =0 and
N >2), we only prove Theorem 1.2 in this section.
Consider the problem

ou Pum Ay du™ ov vt A, "

- _ — = et 1 0 2.1

ot  Or? +r or’ Ot 8r2+r6r’ r>11>0 2D
ou™ n"

S =, 2, =ui(l,0, >0, 2.2)
or or

u(r,0) = up(r), v, 0)=vo(r), r>1, 2.3)

where 0 <m,n<1, p,g>0, N>1, and where 4; =4, +N—-1>1, l=2, + N —
1 > 1, and ug, vy are nonnegative and suitably smooth functions with compact support.
We will first study the large-time behaviour of the solutions to the system (2.1)—(2.3).

ProposiTioN 2.1. If pg < (m + 1)(n + 1)/4, then all nonnegative solutions to the system
(2.1)—(2.3) exist globally in time.

Prorosition 2.2. If pg>(m+ 1)(n+ 1)/4, then the nonnegative solutions to the
problem (2.1)—(2.3) with large initial data blow up in finite time.

Remark 2.3. Propositions 2.1 and 2.2 indicate that the critical global existence curve
for the system (2.1)—(2.3) is pg = (m + )(n + 1) /4.

ProposiTioN 2.4. If pq # mn, then every nonnegative nontrivial solution to the problem
(2.1)—(2.3) with small initial data exists globally.

Proor or Proposition 2.1. Similarly to the proof that every nonnegative solution of the
system (1.4)—(1.6) exists globally in time if pg < (m + 1)(n + 1)/4 [9, Theorem 1], we
define
a(r, t) ="M + e Lmytm = (r = D2 s 1> 0,
B(r, 1) = LOTVICPD (N 4 oLy lUn ) (= )RR sy s,

where Ly = (M + 1)P/", L, = (M + 1), M is large enough such that
i = L gy aemms g gt LB gy pyaemin s g
2me 2ne

and
M > max{|[uollco, [Volleo» 1},

k is a positive constant satisfying
k(Ml/m _ 1- m(M + 1)(1—"1)/"1) > L%,
2me

and

km2+ I(Ml/n B 1- n(M + 1)(1—n)/n) > L%-
14

2ne
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Noticing the global existence in time of (i1, V), we get that the solution of the problem
(2.1)—(2.3) exists globally by the comparison principle. The proof is complete. O

Proor or ProprosiTioN 2.2. The proposition is proved by constructing a kind of lower
blow-up solution. Set

u,) =T =07 fitm), m=0-DT -0, r>1,0<t<T,
v =T =0y filp), m=-D)T -7, r>1,0<r<T,

where T > 0,

1+2p+n B 1+ a1(1—m)
a = b 2—9
"“dpg-m+DHin+1) 7! 2

1+2g+m 1+ ax(1—n)
@ = Br=——F".

4pg—(m+ Dn+1) 2

Assume that fi, f> satisfy
fim), L) =0, fim), L) <0, A0, L) 20, n1,m=>0. (2.4)

After some computations, we can see that (i, v), with u(r, 0) < up(), v(r, 0) < vo(r), is
a lower solution to the problem (2.1)—(2.3), if the following inequalities hold:

Fman))” + TP () = anfiln) =0, 1y =0, 2.5)
(F) + LT (f ) — e fo(12) 20, 17220, (2.6)
—(f"(0) < fL(0), 2.7)
—(£(0) < £1(0). (2.8)
Take
Film) = (Ay + By ™m0 — A )2m/m=Dylm -y > 0, (2.9)
Fa2) = (Ag + Boma)® 7D — 24,0y "y > 0, (2.10)

where 0 < Ay, A < 1, By, B, > 0 are the constants to be determined. It is clear that the
above f1, f> satisfy (2.4). We now verify that fi, f, satisfy (2.5)—(2.8). We claim that
(2.5) is valid for 0 < n; < A;/B;. In fact, we only need to verify that

ey = =Ty, )Y = afin),

that is,

1+

- +1
" gy 2 2 TP (A + B, Bt D
—m

PA-mp T
Let B| = \/al(l —m)?/m(m + 1) + 1. Thus, (2.11) is valid if A; is small enough that

1+ -
"B, 41, TP A,.
—m

> a. @2.11)
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Similarly, (2.6) is valid with B, = \/az(l —n)?/n(n+ 1) + 1 and A, small enough that
(1 +n)By/(1 —n)>41,THA,.
Substituting (2.9) and (2.10) into (2.7) and (2.8) yields
2m
1-
2n
1-n

A(m+1)/(m I)B <(1- 22n/(n—1))p/nA§p/(n—1), (2.12)
A(n+1)/(n DB, < (1 — 22m/tm=1yya/m g2q/(m=1)
| .

Since pg > (m + 1)(n + 1)/4, there exists a constant o, such that

m+1Dn-1)

(2.13)

2g(n—-1)
2p(m—1) n+1Dm-1)
Choosing A = AT and taking 0 < A; < 1 sufficiently small
12’” A(m+1)/(m DB, < (1 - 22n/(n—1))p/nA?0'P/("—1)
12 Ao‘(n+l)/(n I)B <(1
-n

22m/(m—1))q/mA?q/(m*l)‘
This proves inequalities (2.12) and (2.13)

Therefore, the solution (u, v) of the problem (2.1)—(2.3) blows up in a finite time if
(up(r), vo(r)) is large enough such that
uop(r) z u(r, 0),

vo(r) = v(r, 0),
The proof is complete.

r>1.

O
Proor or Proposition 2.4. The proof is completed by constructing the global upper
solution

i(r, 1) = (Byr' V™ 5(r, 1) = (Byr' )7,

r>1,t>0,
where

B, = (;11 _ 1)—mn/(mn—pq)(;12 _ 1)—lnp/(mﬂ P9

B, = (;11 _ 1)—nq/(mn—pq)(;12 _ 1)—mn/(mn—17q)
A simple calculation shows that

on &*am A, ou"
E—W—Tar :0, r>1,t>0,
o 0PV A o
o o7 oo b0
a—m
——(1 Hn=v(,1, t>0,
t>0.
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By the comparison principle, for any initial data (ug, v9) which is small enough to
satisfy
up(r) <u(r, 0), vo(r) <¥(r,0), r>1,

the solution of the problem (2.1)—(2.3) exists globally in time. O

Proor or THEOREM 1.2. Since the functions uy(x), vo(x) have compact supports, we can
choose two radially symmetric and bounded functions, denoted by u;(x) = u;(|x]) >
up(x), vi(x) = vi(|x]) = vo(x). By Proposition 2.1 and the comparison principle, we
can establish global existence of solutions for the problem (1.8)-(1.10) with pg <
(m+ 1D+ 1)/4. For pg>(m+ 1)(n+ 1)/4, if the large and radially symmetric
initial data satisfy uo(x) > u(|x|, 0), vo(x) = v(|x|, 0), then the solutions to the system
(1.8)—(1.10) blow up by the comparison principle and Proposition 2.2. This shows that
the critical global existence curve is pg = (m + 1)(n + 1)/4 for the system (1.8)—(1.10).

On the other hand, using the comparison principle again, we see that the solution
(u, v) of (1.8)—(1.10) with

uo(x) < (Byla>™ MM yo(x) < (BalaP e m,
where

By =(1; +N - z)fmn/(mnqu)( A+ N-— z)fmp/(mnqu)’
B,=(1; + N - 2)—n61/(m"—l761)(/12 +N— 2)—mn/(mn—llq)’

exists globally for pg # mn from Proposition 2.4. This combined with Proposi-
tion 2.2 establishes the critical Fujita curve pg=(m + 1)(n + 1)/4 for the system
(1.8)—(1.10). O
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