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Abstract
This paper defines descriptive, Riemann, and constructive integrals equivalent to the approximately
continuous integral of Burkill.
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1. Introduction

The simplest and most natural integral that integrates finite approximate deriva-
tives is that of Burkill, {4]. However except for an important work of Tolstov, [25],
it has not received much attention, in contrast to some fairly extensive investiga-
tions of other approximately continuous integrals; see Bullen, [3], for details and
references. In this paper several alternative definitions of this Perron integral will
be given; a descriptive integral, a totalization process, and a Riemann-like integral
that has been suggested by Henstock, [6-8].

2. The Burkill integral and its basic properties

DEFINITION 1. (a) Let f: [a, b] — R; then M is a major function of f, M € M;’,
if and only if M: [a, b] — R and:
() M is approximately continuous, M € C,,;
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[21 The Burkill integral 237

(i) M(a) = 0;

(ii1) /M, > —o0 n.e. (except on a countable set);

(iv)IM;, > fae.

(b) m is a minor function of f, m € M,, ,, if and only if -m € M¥,.
(c) Fis P} -integrable, f € P}, if and only if

—oo < sup{t; t=m(b),me M#,f} = inf{t; t=M(b),Me Mf#} < 00,

when the common value will be written [/f.

REMARKS. (1) In case of ambiguity we will talk about P;,-major functions on
[a, b], and so on.
(2) Clearly if f € Pj, then Mf# #+ O, M,  #+ D

LEMMA 2. (a) If M € M then M is measurable, M € I[ACG], M,, exists,
finite, a.e.

b IfMe Mf# and m € M, ,then M — m is non-negative, increasing, continu-
ous and differentiable a.e.

(©IfMf # @ thenf < 0 a.e.

(d) If f € P}, then [ is finite a.e.

PRrOOF. (a) follows from results due to Ridder, [17, 18], while (b) follows from a
result of Tolstov, [24], and O’Malley, [15], Sunouchi and Utagawa, [22]. (c), (d)
are easy consequences of Definition 1.

REMARKS. (1) A function is /[ ACG] when [a, b] is a countable union of closed
sets on each of which it is lower absolutely continuous (see Ridder, [17-18]).

(2) The basic properties of the integral follow in the usual way; see, for
instance, Burkill, {4]. In particular if f € P}, then the P} -primitive, F(x) = [;'f,
a < x < b, is well-defined.

THEOREM 3. (a) If fE P},, M E M¥, m € M,, ,, F(x) = [7f then M — F and
F — m are non-negative, increasing, continuous and differentiable a.e.
) Iffe P, F(x)= [;fthen F € [ACG), FE C,,and F;, = fa.e.

(©) If f € P}, then f is measurable.

(dIfF e C,, and (1) F, (x) exists, finite, x & E, | E|= 0, (ii) uF,, and IF, , are
finite n.e., then if

f(x)=F,(x), x@&E,
=0, x€EE,

fEP.
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(€) The P},- and the D-integrals are compatible.
O IffE€ Pla,Blforalla, B,a<a<B<bandif

’4

lim fo

B
exists, with value I say, then f € P} [a, bland [}f = I.
(8) Let f € P},, F(x) = [;f then for all \, 0 <X <1, P perfect, there exists a
closed portion, Q, of P, having, on [a, b], closed contiguous intervals {a,, b,],
n € N, such that for all n € N there exists an E, C [a,, b,], and an M > 0, with
|E,|= (1 — AXb, — a,) and such that for all x, € E,, 3,| F(x,) — F(a,)|<M
and Z,| F(b,) — F(x,)|< M.

(WD~ P+ @ and P},— D+ &.

PrOOF. (b) is due to Kubota, [9]; (e) is in Kubota, [10]; (f) is a result of
Grimshaw, [5]; (g) is due to Tolstov, [25]; the rest either follow easily from
Lemma 2, or other parts of Theorem 3, or can be found in these references, or in
Burkill, [4].

Definition 1 is not exactly that given in Burkill, {4], and the object of the next
lemma is to show that the two definitions give equivalent integrals. Let Definition
1(a) be modified by replacing (iii) and (iv) by:

(iii)' M,,> -o;

(v)' M, = f;
and denote the resulting class of major functions by M*!. Clearly M*' C M/*.

LEMMA 4. For all e > 0, M € M/ there exists M' € M*' such that
(1) M'(b) < M(b) + e.

PRrROOF. (a) Suppose Definition 1(a) is modified by replacing (ii1) by:

(iii)? IM;, > —o0, and call the resulting class of major functions M*>. We first
prove the lemma with 1 replaced by 2.

First suppose that the countable exceptional set in Definition 1(a)(iii) is the
singleton {c}, a <<c < b (the cases ¢ = a, ¢ = b can be discussed in a similar
way).

Let e>0, M € M;‘ and let A be a set of density 1 at ¢ on which M is
continuous; choose a,, b, so that a < a, < ¢ < b; < b and the oscillation of M on
A N [ay, b} is less than &. Define w by

w(x) =sup{r: 1 =|M(y) — M(c)| .y €A, |y —c|<|x —cl}
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and let x be an increasing, differentiable function with x(a) =0, x(b) =¢,
x’(¢) = 00. Now define
M*(x) = M(x) + x(x), a<x<a,
=M(x)+ x(x) + w(a) —w(x), a<x<ec,
=M(x) + x(¢) + w(a;)) + w(x), c<x<b
:M(x)+X(x)+w(al)+w(bl), b|<X<a;

then M? € M*? and (1) holds.

If we let A = M2 — M = x + p then the essential properties of p are that it is
increasing, continuous, pu(a) = 0, u(b) < 2¢, and on a set of # having density 1 at
the origin

M(c+h)— M(c)+u(c+h)—pu(c)=0.

Now suppose that the countable exceptional set in Definition 1(a)(iii) is c,,
n € N, and for each ¢, define a A,, as A was defined above, but with ¢ replaced
by £2”; thenif M> =M + 3,A,, M € M/*? and (1) holds.

(b) From Lemma 2(a) it follows that (iv), in the definition of Mf#z, can be
replaced by

(iv)> M, ={, ae.,
without affecting the definition of the integral.

(c) From (b) given & > 0, M € M, there exists M> € M*?, satisfying (iv)?, such
that (1) holds. Now let

E = {x;(M?),,(x) < F(x), or (M?),,(x) does not exist};

then | E|=0.1f then T € G4, E C T, | T|= O there exists a function g: [a, b] — R
such that (i) g € AC, (ii) g is increasing, (iii) g is differentiable, (iv) g'(x) = oo,
x €T, (V) g'(x)# oo, x T, (vi) g(a) = 0, (vii) g(b) <¢; Zahorski, [27], Tol-
stov, [26]. Now if M' = M? + g then M' € M/ and (1) holds.

REMARKS. (1) The basic ideas for this lemma can be found in Aleksandrov, {1],
Bosanquet, [2] and Grimshaw, [5].

(2) Burkill used the class M;* 2 to define his integral. It should also be remarked
that there would be no loss in generality in assuming, in Definition 1, that f is
finite, for in any case integrable functions are finite a.e. and if f, = f, a.e. then f,
and f, are either both not integrable, or both integrable with the same integral.

Following Henstock, [6], a definition of Ward type can be given. Suppose
Definition 1(a) is modified by replacing (iii) and (iv) by:

(iii)* For all x, a < x < b, there exists a set E_of density 1 at x such that
M(u) — M(v) = f(x)(u —v), u<x<v, u,0 € E_, and call the resulting class
of major functions WM/*.
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As in Henstock it follows that the integral defined this way, the WP} -integral,
is equivalent to the one obtained from Definition 1 in which all the exceptional
sets (Definition 1(a), (iii), (iv)) are empty, and the function f finite. Hence from
the above discussion this integral of Ward type is equivalent to the P -integral.

A different sort of variant of Definition 1 has been given by Sunouchi and
Utagawa, [22]. In Definition 1(a) replace (1), (iii) and (iv) by:

SU-(1) M is measurable;

SU-(iii) IM},, > —oo (that is, (iii)?);

SU-(v) IM;, = f.

RemARk. The idea for this generalization is due to Saks, [20], who did the same
for the classical Perron integral; he showed that the apparently more general
integral was in fact equivalent to the original definition. We shall do the same in
the present situation; until then we will call the integral defined this way the
SU-P;,-integral. In their work, Sunouchi and Utagawa assumed f to be measura-
ble but this is unnecessary as this property of integrable f can be proved
(Theorem 3(c)).

3. A Riemann definition

A Riemann definition of an integral equivalent to the Burkill integral is
suggested in Henstock, [7, 8], but no details are given.

DEFINITION 1. (a) A collection, A, of closed sub-intervals of [a, b] is an
approximate full cover of [a, b], an AFC, if and only if for all x, a < x < b, there
exists a measurable set D, x € D, of density 1 at x, such that if a < x <,
a, B € D, then [a, B] € A.

(b) If A is an AFC of [a, b] then a A-partition of [a, b] is a {a,,...,a,;
Xy,...,X,}, wherea=a,<---<a,=b,a,_<x;,<a,a,_,a,€ED,,1<i<
n.

LEMMA 2. If A is an AFC of [a,b) and a < a < B < b then there exists a
A-partition of [a, B].

ProoOF. This is a result of Thomson, [23].

DEFINITION 3. (a) If f: [a, b] — rR then f is R} -integrable, f € R}, if and

ap’
only if there exists I such that for all € > 0 there exists AFC, A, of [a, b], such
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that for all A-partitions {ay,...,a,; x;,...,X,} of [a, b] we have that

1- éf(xi)(ai ——ai,) <eé&,

i=1
and then [’f = I.

(b) If f: [a, b] - R then f is VR -integrable, f € VR ,, if and only if there
exists F: [a, b] — R such that for all ¢ > 0 there exists AFC, A, of [a, b], and a
non-decreasing ¢: [a, b] » R, with ¢(b) — ¢(a) <e, such that for all u, v,
u<x<wo,uv € D, wehave

| F(v) = F(u) — f(x)(v — u) [< ¢(v) — ¢(u),
and then [°f = F(b) — F(a).

REMARKS. (1) The R} -integral is an example of what Henstock, [6], calls a
Riemann complete integral, while the VR} -integral is an example of what he
calls a variational integral; see also Kubota, [13, 14].

(2) The basic properties of these integrals follow in the standard manner; in
particular we can talk of the R} -primitive, and the function F in (b) above

(unique by Theorem 5 below) is the VRY, -primitive.
(3) It is also easily seen that if R* denotes Henstock’s Riemann complete
integral, that is equivalent to the classical Perron integral, then R* g R%,.

LEMMA 4. (a) f € R}, with primitive F, if and only if for all € > 0 there exists
AFC, A, of [a, b, such that for all A-partitions {a,...,a,; x,,...,x,} of [a, b] we
have that

n

2 |F(ai) - F(ai—l) —-f(xi)(ai —a,,) |<e.

i=1

(b) There is no loss in generality if, in Definition 3(b), it is assumed that ¢ € C, -

Proo¥F. The proofs are similar to those for the R*-integral; Henstock, {7; page
33,41].
THEOREM 5. f € R}, if and only if f € VR, ,, and then the integrals are equal.

ap’

PrOOF. The proof follows that in Henstock [7; page 40]; see also Kubota [14].

REMARK. If E C [a, b], | E|= 0 and if
le(x)=1, x EE,
=90, x&E,
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then 1, € R* and f?1;,=0: This can be used, in the usual way, to extend
Definition 3 to functions that are finite a.e.

Let A be an AFC of {a, b], # = {a,,...,4a,; x,,...,X,} a A-partition of [a, b];
following Pfeffer, [16], we will write

S(fia,bim) = 3 f(x)(a— o),
uS(f; a, b; A) = supS(f; a, b m),
uS(f;a, b) = igqu(f; a, b; A),
with analogous definitions of IS( f; a, b; A) and IS( f; a, b).
THEOREM 6. f € R, if and only if —o0 <IS(f; a, b) = uS(f; a, b) < oo.

PrOOF. The proof follows that in Pfeffer, {16].

We can now show that the PJ,- and SU-P} -integrals are equivalent, and are
equivalent to the R -integral.

LEMMA 7. If A = inf{t; 1 = M(b), M € SU-M}*} then A > uS(f; a, b).

PROOF. Let us assume A < uS( f; a, b), when there exists M € SU-M,‘t such
that M(b) < uS([; a, b).
Givene > 0, x, a < x < b, set E_of density 1 at x such thatif u, v € E_ then
M(v) — M(u) = (f(x) — e)(v —u).
This defines an AFC, A, of [a, b]; let 7 = {aq,...,a
tion of [a, b] and consider

X,...,x,} be a A-parti-

n’

S(foabm) = 3 () e, ~ a,) < M(5) + (b~ u);

or
uS(f;a,b) < M(b).
COROLLARY 8. SU-F}}, C R .

ProoOF. Immediate from Lemma 7 and Theorem 6.

LemMA 9. VRY, C P}
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PrOOF. Let f € VRY ,, F, ¢ as given in Definition 3(b), ¢ € C,,, by Lemma
4(b); consider

M=F+ ¢, m=F — &.

Then M € WM, m € WM,, ,and so f € WP} and hence f € P},
CoroLLARY 10. (a) P, = SUFP,,. (b) R}, = P},
ProoF. Immediate from Corollary 8, Lemma 9 and Theorem 5.

REMARK. The above method can be used to given an alternative proof of Sak’s
result for the classical Perron integral.

4. A descriptive definition

DEFINITION 1. (a) F € AC}, on a closed set E, F € AC},(E), if and only if (i)
F € AC(E), (i) for all A, 0 <A < 1, there exists, on each closed contiguous
interval of E, [a,, b,], a set E}, and an M* >0, | E}|> (1 — A)(b, — a,,) such
that for all x, € E}, T,y | F(x,) — F(a,)|< M*, and 3,c 5| F(b,) — F(x,)|<
M.

(b) F €[ACG],] on [a, b] if and only if [a, b] = U

F € ACX(E,),n € N.

E,, E, closed and

neN

REMARK. It follows from Solomon’s lemma, [1], that Definition 1(b) can be
rephrased as:

F €[ACG;,] on [a, b] if and only if for all A, 0 <A <1, P perfect,
there exists a closed portion Q of P, having on [a, b] closed contiguous
intervals [a,, b,], n € N, such that for all n € N there exists E} C
la,, b,l, M* > 0,| E}|> (1 — A)b, — a,) and such that forall x,, € E},
Z.en| F(x,) = F(a,)|< M* and 3, c | F(b,) — F(\,) |< MM

We will first obtain some alternative forms of Definition 1(a). Let us define for

F:[a,b] - Rand 4 € [a, b]
w(F; A) = sup{t; t =| F(x) — F(y)|,x,y € 4}.
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LEMMA 2. If E is a bounded closed set, with extremities a, b, a < b, and closed
contiguous intervals in [a, b), [a,, b,], n>1, then if E, Cla,,b,], a,, b, €EE,,
n=1,E,=EUU,_E,

w(F; Eg) < V(F; E) +2 3 «(F; E,),

n=1

where V(F, E) is the variation of F on E.
(This is a slight generalization of a result in Saks, [1; page 231].)

LemMma 3. If f € C, [a, b] then for all A, 0 <\ < 1, there exists E* C[a, b),
a, b € E* such that | EM|> (1 — A)(b — a) and w(F; E*) < .

PrROOF. Given ¢>0, x €[a,b], A, 0 <A<, there exists § >0, E, C
]x —8,x+ [ such that if 0 <h <8, |E, N [x —h,x + h]|>2(1 — A)h and if
usx<wov,u,v€E,then|F(v) — F(u)|<e.

The set of such E,, a<x < b, defines an AFC, A, of [a, b]; let

{ag,---,a,; x,...,x,} bea A-partition of [a, b]: and define
?
Er=UE,.
k=1
Then | E*|> (1 —A)b —a) and if u,v € E*, u € [a,,_,, a,), v € [a,_,, a,],
say,

n—1

|F(U)_F(“)|S 2 |F(ak)_F(ak—l)|

k=m+1
+| F(a,,) = F(u)| +| F(v) ~ F(a,_,) |<ep,

which is sufficient to prove the lemma.

THEOREM 4. F € AC}(E) if and only if (a) F € AC(E), (b) for ali\,0 <A < 1,

there exists, on each closed contiguous interval [a,, b,) of E, a set E,f‘, a, b, € E,f‘,
|EM> (1 — AXb, — a,) and 3,c yw(F; E}M) < o0.

PrROOF. Let F € AC}(E), E} = E} U {a,, b,}, where E} are the sets of
Definition 1(a)(ii); let x,, y, € E)\, n € N. Then

| F(y,) — F(x,)|<| F(x,) = F(a,) | +| F(3,) = F(b,)| +|F(a,) = F(b,) | ;

since F € AC(E), 2,y | F(a,) — F(b,) |< oo and the result follows from Defini-
tion 1(a)(ii). The converse is immediate.
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THEOREM 5. F € ACS(E) if and only if for all € > O there exists 8 > O such that
Jor all ) < B, < ---<B,, points of E, if Zf_ (B, — a;) <8 then for all \,
0 <A<, there exists E} Clay, Bl a, B € EN, |E}> (1 — AX B, — ap),

l<k<p,and 3f_\w(F; E}) <e.

PROOF. (i) Let F € AC;,(E); then F € AC(E) and so given ¢ > 0, there exists
8 > 0 such that for all ) < B, < --- < B,, points of E, if Zf_ (B, — a;) <¥
then 2f_\V(F; E,[ay, B;]) <e. Further, by Theorem 4, and with its notation,
there exists n, such that 2, , w(F; E)) <e.
Let §, = min{8; b, — a,, n < ny} and let a) < B, < --- < B, points of E, be
such that 2f_ B, — a, < §,. Define
E}=En[a,B]lu U E}

nEN,
where
n,= {";[ana b,] Cla,, Bk]};
clearly if n € N,, then n > n,. By Lemma 2,
o(F; E) < V(F Ela,, B]) +2 2 o(F; E}).

neEN,
Hence
p
> w(F; Ek) < 3e.
k=1
(i) To prove the converse first note that the condition given implies that
F € AC(E). Using the notation of Definition 1(a)(ii) let N, be such thatif n > n,
then 3, ., (b, — a,) <&: then from the condition given E) C [a,, b,), a,, b, €
EM|EM>(1—A)b,—a,)and 3., w(F; E}) <e.
If n < n, divide each {a,, b,] into a finite number of intervals each of length
less than 8, and we easily see that there exists E} C [a,,, b,], | E}|> (1 — A)(b, —
a,) and w(F; E}') < oo. From this it follows that F € AC}(E).

DEFINITION 6. Let E be a closed set, with closed contiguous integrals [a,,, b,],
n € N; let x € E’, E, a set of unit density at x such that there exists ¢ > 0 with
a, b, €E,_if(a,, b,] Clx — & x + 3¢, say if n € N, for short; we will write

for F: [a, b] — R, a, b the extremities of E,
w, p(F) = sup | F(B) — F(a)] .
a,BEE, N[a,,b,]
THeoREM 7. If F € AC}(E) then (a) F € AC(E), (b) for all x € E',

EnEwan,ap(F) < 0.
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PrOOF. It suffices to prove (b). Since F € AC},(E), by Theorem 4, for all A,
0 < A < 1, there exists n,, such that

1
2 w(F;E}) < e
n>=ny
Let & = min,,(b, — a,), N\ = {n;]a,, b,] Clx — &, x + 3&[} when
Sien, @(F, EY) < 1/2% put E} = U,y E}. Now define E = U, E/?,
gy = SUP,-1&,,, When E? Cx — ig, x + 3g[; let N, = {n;[a,, b,] C
1x — 1e4, x + Sg,l) and finally E, = EX2 U E N )x — g, x + Sggl.
Then E, has density 1 at xand if x,, y, € E, N [a,, b,], n € N,,

2 | F(x)—Fr)l= 2 2 |F(x) = F(y)<L,

nEN, m=1 neN,, ,,

which completes the proof.

THEOREM 8. If E is a closed set with extremities a, b, a <b, F: [a, b] - R and if
(a) F€ C,la,b), (b) FEAC(E), (c) for all x E E’, Z,cn @, ,,(F) < 0, then
F € AC}(E).

ProOF. If x € E’ consider E, N [a,, b,], n € N,, then for all A, 0 <A <1,
there exists E} C [a,, b,), a,, b, € E}, such that | E}N|> (1 — A)(b, — a,) and
clearly w(F; E;) < w, ,,( F). The family of ]x — je, x + }¢[ covers E’ and so a
finite sub-family of these intervals also covers E’. Hence there exists a finite set of
integers N, such that E,,>N0w(F; E,f‘) < o0; since F € Cap[a, b), the intervals
[a,, b,], n € N, can be handled using Lemma 3.

DEFINITION 9. If E is a closed set with extremities a, b, F: [a, b] — R, then Fis
IAC}, on E, F € IAC},(E) if and only if for all e > 0 there exists § > 0 such that
for all @) < B, < ---<p,, points of E, if ZP_ (B, — ;) <4, then for all A,
0 <A <1, there exists E} C[a,, B.), a4, B, €EMN |EX>(1 — A8, — )

such that forallx, € EM 1 <k <p,

kélF(xk) - Fla,) > -,
kéll’(ﬁk) - F(x,) > -e.

REMARKS. (1) An analogous definition can be made for F € udc},(E) and,
from Theorem 5, F € ACS,(E)if and only if F € AC}(E) N I4 G (E).
(2) Further, as in Definition 1(b), we can now define the classes u[ACG},)] and

I[ACGL,].
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THEOREM 10. If F: [a,b] >R, FE C,[a,b], IF,,> ~00 n.e. then F€
I[ACG],].

PrROOF. Ridder, [19], proves under these conditions that F € /[ACG]; the rest
follows from Tolstov’s proof of Theorem 1.3(g), Tolstov, [25].

REMARK. The basic lemma in Tolstov, [25], can be used to shorten Ridder’s
result since it shows that certain sets in Ridder’s proof are closed.

COROLLARY 12. If F: [a,b] > R, F € C,[a, b}, —~00 <IF;, < uF,, < 0, n.e.
then F € [ACGZ,].

We can now define a descriptive integral that will be equivalent to the
P} -integral.

DEFINITION 13. If f: [a, b] = R then f € Dy,, f is D} ,-integrable, if and only if
there exists F € C,,[a, b], F € [ACG},]and F,,, = fa.e.; then [*f = F(x) — F(a).

ReMARK. The basic properties of the class of approximately continuous ~[ ACG]
functions, of which the approximately continuous -[4CG},] functions is a
sub-class, Ridder, [18, 19], Kubota, [9], show that this definition is meaningful.

THEOREM 14. If f € P}, then f € Dj,, with integrals equal.

PrOOF. This follows from Theorems 1.3(b), (g), and the remark following
Definition 1.

To prove the converse of Theorem 14 we will use the R, -integral and for this
need to show that this integral has what are usually called Cauchy and Harnack
properties. That the R} -integral has the Cauchy property follows from the fact
that the equivalent P;* -integral does, Theorem 1.3(f), but we will give an indepen-
dent proof.

THEOREM 15. If f € R}, [, B], forall B, B,a < a < B < b and if
tim,, [°7

B—b

exists, with value I say, then f € R [a, b), and [2f = I.
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ProoOF. It is sufficient to consider the case where for all 8, a <8 <,
f € R*[a, B] and ﬁl?im pfff=1. Leta=B,<B,<:--, lim, B,=b, e>0,
b4

then since k = 1, f € RY [ By, By 1), there exists AFC, A, of B, B, ] such that
for all A,-partitions of [ 8,, B}, {ak,....; xF---},

[P 1= S st at = et )| < 57

2k

Since ﬁl;ln’lb ap JBf = I, given & > 0 there exists > 0 and a set 4 of density 1 at b,

A C[b~—8,0b)], such that if x €4, |1 — [f|<e and |(b— x)f(b)|<e A=
Usealx, 81U U, A, is an AFC of [a,b] and consider the A-partition
{ag,....a,; x;,...,x,} of [a, b]:

1= 3 fx)a, = a-

e, — ai-—l)l

+’, _ff’ +A(b)(b — a,))]

< 3g,
and so [2f exists, with value 1.

THEOREM 16. Let E be a perfect set, end points a, b, with closed contiguous
intervals in [a, b}, [a,, b,], n € N; suppose that f1g € R}, |a, b] and that for all
n €N, f € R}, la,, b,]; suppose further that for all x € E there exists a set E_ of
unit density at x, § >0, with a,, b, € E, if [a,,b,] C]x — 18, x + §8[, n EN,,
for short and 3, ¢ | Bf1} < oo; then f € R} ,la, b] and

(1) ff /f1+2f

neN

ProoF. It is sufficient to prove that f(1 — 1) € R} [a, b]. Note that the above
conditions imply that for all ¢ > 0 there exists n, such that

3 { sup aB }<e,

n>ny La,BEE,N{a,,b,] f

and so, in particular, the right-hand side of (1) is defined.
For each n € N there exists AFC A, of [a,, b,] such that for all A -partitions

of [a,, b,}, {ag,...; x7 -+ ),

n €
et - ai)| <3

At each x € E there exists £, C E,, of density 1 at x, containing all a,, b,

n°

n>ny, and[a,, b,] Clx — 38, x + '8[ let E* = {[u,0);u<x<wv, ulvEE}
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Consider A= U,_,A, U U _.E, an AFC on [a,b], and {ag,-.-»a,
Xy,-..,X,} any A-partition of [a, b]:

3 |[7= 550 1060 a)
<3 ff[

< 2g,

S [Pr=Srx)al - ar)

n<ng 4n

which completes the proof.
TueoReM 17. If f € Dy, then f € R, and the integrals are equal.
PROOF. Let fE€ D}, E= {x;a<x<b and f is not R} -integrable in some

neighbourhood of x}; assume E #* &. From Theorem 15, E is perfect and if
fa,, b,], n € N are the closed contmuous intervals of E, in [a, b], then f €

R} la,, b}, n € N. If F(x) = — J7f then f € [ACG},] and so E contains a
portion E, on which F is ACa*p; let a, B be the extremities of E,. Since
F € AC(E,y), F,, = fa.e.on E, and fis L-integrable there, and so f 1 € R} [a, b].

Further since F e AC}(E,), by Theorem 8, all the conditions of Theorem 16 are
satisfied on [a, B], and so f € R% sla, B]. This proves that E = &, and so
f € R}, [a, b].

— * — *
CoRrOLLARY 18. Pf, = R}, = D,

5. An approximate total

The approximate-total* of f, f: [a, b] - R, — [5f, is constructed by the
transfinite induction as indicated below; if the constructlon is possible we say that
fern:

The process uses four operations:
Wifa<sa<B<bfe€ Lla, B]then T}, — JBf =L — [Ff,
Q) ifforall, B, a < a < a’ < B’ < B < b we have evaluated I, — £'f and

if
. B’
alrl_rftap Ta*p '/‘;’ f
B -8B
exists, then T* — [Afis defined to be this limit;

3) if T* — fff and T* = [{f, a< a < B < B <b, have been evaluated then

T}, — [2fis defined to be their sum;
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(4) if P C[a, b] is perfect, with extremities a, 8, and if f1, € L[a, B8], and if

f € 13,]a,, B, [a,, B,] being the closed contiguous intervals of P in [a, B8],
n € N, and if further for all x € P there exists a set E, of density 1 at x, § >0
with a,, b, € E,, if [a, ,,] C ]x — 38, x + 38, n € N, for short, and
x — JEf is evaluated as L —

nEN{supa BLE ﬁ[a B,

JEf1p + Z,en Tl — JBf

ReMARK. This operation is related to that used in an integral defined by
Kubota, [11, 12], in the same way as the corresponding operation in the special
Denjoy integral is related to that in the general Denjoy integral; Saks, [20; page
255].

The construction of T}, — >f can now be described as follows.

Stage 1: Step 1. Let E = {x; a <x < b, f is not summable at x}. If E is not
nowhere dense, f € T, if E is nowhere dense proceed to

Step 2. For all [, 8], [a, B] N E = @ compute T}, — f£f by operation (1).

Step 3. If [a, B8] is a closed contiguous interval of E see if

tim,, T, — [*F
B—B
exists; if not f & T3, if so compute T3, — /Ef by operation (2).

Step 4. For all [a, B], [a, B] N E’ = & compute T* — [Bf by operation (3).

Step 5. Applying step 3 to the contiguous intervals of E’, then by a transfinite
process using steps 4 and 3, we either find that f & T,, or will have computed
Y, — Bf for all [a, B), closed contiguous intervals of the perfect kernel P of E; if

= & we have completed the calculation, if not proceed to

Stage 2: Step 1. Let E = {x; x € P and f1, is not summable at x}. If E is not
nowhere dense in P, f & T ; if E is nowhere dense on P proceed to

Step 2.For all [a, 8], [a, 8] N E = @ compute T* — [Pf as described in stage
3 below. If this is not possible f & T7,, if it is use steps 3, 4 of stage 1 to compute,
if p0551b1e~ T, — JBf for all [a, B], closed contiguous intervals of the perfect
kernel of E.

Step 3. A transfinite process using the above steps then either finds f & T3}, or
computes T — JBf on the closed contiguous intervals of E, = E, E,=E,
E,,...,E,,..., where if A has a predecessor E, is nowhere dense in the perfect
kernel, P\, of E, _, and E, = {x; x € P, , and f1,  is not summable at x},
while if A has no predecessor Ey = (1, ,E,. Forsomer» <Q,E, = @,E, | # &,
that is, either P, _, = @ or f1, € L[a, b]; in either case stages 1-3 applied to
E, |, completes the computation.
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Stage 3: (From step 2 of stage 2 we have to compute T, — Bf where [a, B]
defines a closed portion of a perfect set P, Q say, with f1, summable, and on the
closed contiguous intervals in [a, B} of Q, [a,, B,}. T3}, — f: f has already been
computed, n € N.)

Step 1. Let x be a regular point of Q if there exists a set E_, of density 1 at x,
6 >0, with a,, B, EE, if [a,, B,] Clx — 38, x + 38, n € N, for short, and
2, en {sup, Bre BN, sl Th — JEf|} < oo; let E be the set of non-regular
points of Q. 'If E is not nowhere dense in Q.f & T, if it is proceed to

Step 2. For all [/, B'),[«/, B’'] N E = @ compute T* — [E'f by operation (4).

Step 3. Proceed as in stage 1 to obtain T, — f Bf on all [«, B'] closed
contiguous intervals of the perfect kernel of E; then proceed to stage 2 again.

To facilitate the discussion of the 77, -integral we define for all a, 0 < a <,
on [a, b] an integral L**; this follows the ideas of Saks, [20], and Kubota,
[11,12]).

(@L=L.

(b) If for all @ < B < { we have defined L};" in such a way that the integrals
are compatible and if a <’ < B then L},* C l* " then If is the integral defined
by

Hp’

IB— ULap’ /f L*ao_fbf,

a<f a
where
ay = min{a; f€ L%,*}.

(¢) (i) If B < Q then I£ is the integral (/#) | see Definition 1(a) below; and

ap>
Ly = (15),,
see Definition 1(b) below;
()if 3 =9Q,
L:I',Q =1

DEerFINITION 1. If 1 is an integral let S, = § = {x; f is not /-integrable at x};
then:

(a) the approximate Cauchy extension of I, I p, is defined as follows: f € ,5, if
and only if there exists F € C,, such that if [¢’,») N S =¢ then I — [2f=
F(b') — F(a") then I, — [ = F(b) — F(a).

(b) the approximate Harnack* extension of I, IZ,, is defined as follows:
fe€ 17 if and only if (i) f15 € L, (ii) if [a,, b,], n € N are the closed contiguous

intervals of S in [a, b] then fis I-integrable on each, and if x is a limit point of the
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[a,, b,] there exists a set E, of unit density, § >0, with a,, b, € E, if [a,, b,] C
Ix — 38, x + 38[, x €N, for short, and 2,cn{SUP, y ck ia,5,1|] — fab,’f'fl}
< 00, then

I,Z,’—Lbf=L—Lbfls+2nEN1—Lbf~

The following theorem is then easily deduced, using the methods of Saks, [20],
and Kubota, |11, 12].

THEOREM 2. (a) (L3S, = L3t

(b) L2;? = T3,

) L;‘bﬂ = Dj,.

(d) If I is an approximately continuous integral such that (i) L C I, (ii)
(I15)%, =1, then D}, C I

— R* — — — 7 *,Q
CoROLLARY 3. PY, = R}, = D7, = T3, = L;".
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