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Abstract

We show that the total number of collisions in the exchangeable coalescent process driven
by the beta (1, b) measure converges in distribution to a 1-stable law, as the initial number
of particles goes to co. The stable limit law is also shown for the total branch length
of the coalescent tree. These results were known previously for the instance b = 1,
which corresponds to the Bolthausen—Sznitman coalescent. The approach we take is
based on estimating the quality of a renewal approximation to the coalescent in terms
of a suitable Wasserstein distance. Application of the method to beta (a, b)-coalescents
with 0 < a < 1 leads to a simplified derivation of the known (2 — a)-stable limit. We
furthermore derive asymptotic expansions for the moments of the number of collisions
and of the total branch length for the beta (1, b)-coalescent by exploiting the method of
sequential approximations.
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1. Introduction

Pitman [29] and Sagitov [30] introduced exchangeable coalescent processes with multiple
collisions, also known as A-coalescents. A counting process associated with the A-coalescent
is a Markov chain IT, = (I1, (¢));>0 with right-continuous paths, which starts with n particles,
I1,(0) = n, and terminates when a sole particle remains. The particles merge according to the
rule: for each ¢+ > 0, when the number of particles is I1,,(f) = m > 1, each k tuple of them
merge into one particle at probability rate

1
Ak = / KA = x)" k"2 A@dy), 2 <k<m, (1.1)
0

where A is a given finite measure on the unit interval. The merging of two or more particles is
called a collision. With every collision, T, jumps to a smaller value. When A is a Dirac mass
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at 0, the A-coalescent is the classical Kingman coalescent [25], in which every pair of particles
merges at the unit rate and only binary mergers are possible. Another eminent instance, known
as the Bolthausen—Sznitman coalescent [6], appears when A is the Lebesgue measure on [0, 1].

The subclass of beta coalescents are the processes driven by some beta measure on [0, 1]

with density

A(dx)

dx

where B(:, -) denotes Euler’s beta function. This class is amenable to analysis due to the fact
that the transition rates (1.1) can be expressed in terms of B(:, -). For this reason and due to
multiple connections with Lévy processes and random trees, beta coalescents have been the
subject of intensive research; see [2], [3], [5], [8], [9], [17], [20], and [29]. We refer the reader
to [4] for a survey and further references.

In this paper we study beta coalescents with parameter 0 < a < 1. Specifically, we are
interested in the total number of collisions X, and the total branch length of the coalescent
tree L,. Note that X, is equal to the total number of particles born through collisions, and L,,
is the cumulative lifetime of all particles from the start of the process to its termination. The
variable L, is closely related to the number of segregating sites M,,, the connection being that,
given L,, the distribution of M,, is Poisson with mean r L,, for some fixed mutation rate r > 0.

A principal contribution of this paper is the proof of convergence in distribution to a 1-stable
law for X,, and L, as n — oo. As in much of the previous work (see, for instance, [13]
and [21]), we use a renewal approximation to IT,. A novel element in this context is estimating
the quality of approximation in terms of a Wasserstein distance.

Our second new contribution is the derivation of asymptotic expansions for the moments of
Xu, Ly, and M, for the beta (1, b)-coalescent with arbitrary parameter b > 0. These expansions
are complementary to the results on convergence in distribution. The proofs of these asymptotic
expansions are based on the method of sequential approximations, similarly as in [22].

The rest of the paper is organized as follows. In Section 2 we give a summary of some
results on limit laws related to the beta coalescents. In Section 3 general properties of the block-
counting Markov chain and basic recurrences are discussed, and the main results are stated. In
Section 4 we recall the definition and properties of a Wasserstein distance. In Section 5 we
provide proofs of the main results. Some auxiliary lemmas are collected in Appendix A.

= (B(a, b)) 'x¢ 11 — x)P7 1, a,b>0, (1.2)

2. A summary of limit laws for beta coalescents

In Tables 1-3 we summarize the limit laws for X,, L,, and the absorption time 7, :=
min{r: I1,(¢) = 1} of the coalescent. The distributions that appear in the tables are as
follows.

e N, the standard normal distribution.

e 8, with 1 < o < 2, the (spectrally negative) «-stable distribution with characteristic

function
To .. (7«
> exp{|z|°‘<cos<7) ~|—1sm<7>sgn(z)> }, zeR.

e &1, the (spectrally negative) 1-stable distribution with characteristic function

b4
zv—>exp{—|z|<5—iloglzlsgn(z))}, zeR.
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e &, (a,b) witha, b, y > 0, the law of the exponential functional fooo e VSab() dr where
(Sa,»(t))r>0 1s a drift-free subordinator with Laplace exponent ®,, 5(z) = fol(l—(l —
0)Hx43(1 = x)b~1dx, 7> 0.

e G, the Gumbel with distribution function x — exp{—e™*}, x € R.

e p, the convolution of infinitely many exponential laws with rates i (i — 1)/2, i > 2.

TaBLE 1: Limit distributions of (X, — a,,)/b, for beta (a, b)-coalescents.

a b an by, Distribution Source
0O<a<1l b>0 (1 —a)n (1 —a)nl/@a S This paper, [7], [13],
and [21] (b = 1)
log(n1
a=1 b>0 %ﬁfm a . B 81 This paper and
ogn ogn
g g [91, 1201 (b = 1)
L@ ,_
l<a<2 b>0 0 " a &_qla, b) [14] and [18]
—a
a=2 b>0 @) ldogn)? (B3~ ralogdn)'/? N [14] and [22]
a>?2 b>0 mfl logn (mf3m2 logn)l/2 N [14] and [15]

TaBLE 2: Limit distributions of (t, — a,)/b, for beta (a, b)-coalescents.

a b ay, by, Distribution Source
a=0 0 1 P (32]
a=1 b=1 loglogn 1 9 [17] and [11]

l<a<2 b>0 m! logn (m3s? logn)l/2 N [14]
a=2 b>0 cl_] logn (01_302 logn)l/2 N [14]
a>?2 b>0 (ym)~'logn y~'m3(ma+ m?)logn)!/? N [14] and [15]

TaBLE 3: Limit distributions of (L, — a,)/b, for beta (a, b)-coalescents.

a b a, by, Distribution Source
a=0 2logn 2 9 [8] and [32]
3—-4/5
0<ac< 2f b=2-—a cin? 1 exists [24]
3—4/5
a= 2[ b=2-—a cin? c2(logn)!/® 814 [24]
3 - Bl
> <a<l b=2-a cin? c2(Bn Byl/e 84 [24]
1 !
a=1 b>0 n log(n Oin) " 3 41 This paper and
b(logn) b(logn) (8] (b =1),
a>1 b>0 0 B(a, b)n &1(a, b) [26], and [27]
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In Table 1 r| = ¢(2,b) and r, = 2¢(3, b), where (-, -) is the Hurwitz zeta function;
my=W(a—2+b)— V() and my; = V' (b) — W (a — 2 + b), where W(-) is the logarithmic
derivative of the gamma function.

For the Bolthausen—Sznitman coalescent, the limit law of X,, was first obtained in [9] using
singularity analysis of generating functions. A probabilistic proof of this result appeared in [20],
where the coupling of a random walk with a barrier was exploited, and the technique was further
extended in [21] to study collisions in the beta (a, 1)-coalescents with a € (0, 2). The afore-
mentioned limit laws for a > 1 are specializations of results for more general A-coalescents
with dust component, i.e. those driven by measures A such that fol x‘lA(dx) < oo [13]-[15],
and [18]. For Kingman’s coalescent, we have X, =n — 1 foralln € N.

In the next two tables the value a = 0 corresponds to Kingman’s coalescent.

In Table 2,

a+b—-1
m=
(a—D2—-a)

» a+b-1
C@-DHR-a)
XQRW@+b—-1)—w(b))

—(@+b—=2((W(a+b—1) =¥ b)) + V(b)) — ¥ (a+b—1)),

d=(@+b-2)¥(@a+b—-1)—¥())),

c1 =bb+1)¢(2,b),and c; = 2b(b+ 1)2(3, b). The constants m and m, are the same as in
Table 1, and, fora > 2,y = (a—14+b)(a -2+ b)/((a — 1)(a — 2)).

For the case in which a € (0, 1) and b > 0, the beta (a, b)-coalescent has the property of
coming down from oo [31], which implies that t,, weakly converges without any normalization
to some limiting law, which is not known explicitly. The result for a > 1 is a special case of
Theorem 4.3 of [14]. The case in which a = 1 and b # 1 is open; in this case the coalescent
does not come down from oco.

InTable 3,0 =2 —a, B =14+a—a? ¢ = Ta+ D —-1)/2—a), and ¢s =
T(o + D@ — D' /(cos (ra/2)T% " (2 — a)).

In [26] the weak convergence of properly normalized L, was proved for A-coalescents with
a dust component. In particular, that result covered the beta (a, b)-coalescents with a > 1.
Although some partial results for a € (0, 1) and b > 0 were obtained in [7], this case with
b # 2 — a remains open.

3. Main results

For the general A-coalescent, the Markov chain I1,, is a pure death process which jumps
from state m to m — k + 1 at rate (')A, x, where A x, 2 < k < m, is given by (1.1). The
total transition rate from state m > 2 is

m

1
Am = Z <m))\m’k = / (1 —mx(1—x)""' =1 = x)"x"2Adx). (3.1)
0

k=2 k

The first decrement /,, of IT, has distribution

A
P{In:k}:(k:l_l> n},hk+l’ l1<k<n-1.
n
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The strong Markov property of the coalescent entails the distributional recurrences

X, =0, Xo Z1+X,_,, neN\ {1}, (3.2)
71 =0, t,,gT,,—i—r,/l_In, n e N\ ({1},
L =0, Ly ZnT,+L,_,, neN\ {1}, (3.3)

where T,, denotes the time of the first collision (hence, 7,, has the exponential law with parameter
An), and X ,’( (respectively r,é and L;{) is independent of I,, (are each independent of the pair
(Ty, 1)) and is distributed as X (respectively tx, Ly ) for each k € N.

Letting A be defined as in (1.2) with a € (0, 1], define

p,(:j,)(::IP{Inzn—k}, k=1,....,n—1. (3.4)

Using the leading terms of asymptotic relations (A.3), (A.4), and (A.5) below, we infer that

nooo Prn—k = Ty Pk

, keN;
hence (see also [7, Lemma 2.1]),

D
I, > & asn— oo,

where £ is a random variable with distribution ( p,ﬁa) )keN-

Consider a zero-delayed random walk (S, ),eN, defined by Sp :=0and S, :=&; +---+§,
for n € N, where &1, &, ... are independent copies of & with distribution ( p,(ca))keN, and let
(Nn)nen, be the associated first passage time sequence defined by N, := inf{k > 0: Sy > n},
n € Np. It is plain that

No=0, NyZ14+N, e, =14+N,_lgcny, neN, (3.5)

where N, is independent of £ and distributed as Ny for each k € N. Comparing (3.2) and
(3.5) we can expect that, if N,, (properly centered and normalized) converges weakly to some
proper and nondegenerate probability law then the same is true for X,, (with the same centering
and normalization). This is what we mean by a renewal approximation mentioned in the
introduction. This idea was exploited in [13] fora € (0,1) and b > 0, and in [21] for
a € (0, 1] and b = 1 to derive the limit distribution of X,, from that of N,. Fora € (0, 1] and
b > 0, we will use a method based on probability metrics to show the stable limits.

Theorem 3.1. Asn — 00, the number of collisions X, in the beta (a, b)-coalescent satisfies

(1) forO <a <landb > 0,
Xp,—{0—-ayn » 4
(1 — /o —~ 22

(ii) fora =1and b > 0,

log?n

X, —logn —loglogn > 4.

As a consequence of our main theorem, we also obtain a weak limit for the total branch
length L, and the number of segregating sites M,, (see [26]) of the beta (1, b)-coalescent.
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Corollary 3.1. Forthetotal branchlength L, inthebeta (1, b)-coalescent, we have, asn — 00,

blog’n

L, —logn —loglogn > 4.

Corollary 3.2. For the number of segregating sites M,, in the beta (1, b)-coalescent, we have,
asn — 09,

blog?
g nMn —logn — loglogn 2 41,

rn

where r > 0 is the rate of the homogeneous Poisson process on branches of the coalescent tree.

We now turn to the moments of X,,, L,, and M,,. An analysis of these moments provides
further insight into the structure of these functionals. Our next result concerns the asymptotics
of the moments of the number of collisions X, in the beta (1, b)-coalescent.

Theorem 3.2. Fix b € (0, 00) and j € No. The jth moment of the number of collisions X,, in
the beta (1, b)-coalescent has the asymptotic expansion

j nl m;j 1
EX; = . 1+ + O 3 asn — 00, 3.6)
log/ n logn log“n

where the sequence (m ) jen, is recursively defined viamg := 0 andmj :=mj;_ + «j/j for
JeENwithe; =G +b—-DVY(G+b)+j—(b—-1V¥(Db), jeN.

For further information on the coefficients m;, j € N, we refer the reader to (5.5) below
in the proof of the following corollary, which provides asymptotic expansions for the central
moments of X, in the beta (1, b)-coalescent.

Corollary 3.3. Fix b € (0,00) and j € N\ {1}. The jth central moment of the number of
collisions X, in the beta (1, b)-coalescent has the asymptotic expansion

E(X, — EX,)! = ﬂB(b,j - 1)”.—1 + 0(".—/> asn — oo. (3.7)
J log/*!n log/*%n

In particular, var(X,) = (21))_1112/log3 n+ O(rzz/log4 n)asn — Q.

Remark 3.1. For b = 1, (3.7) reduces to the asymptotic expansion (see [28, p. 277 or
Theorem 2.1 with a = 0])

E(X, — EX,) = (=1/ nt ( n’

— - + 0 - asn — 0Q.
j(j—Dlog/tn 10g«’+2n)

The last result concerns the moments and central moments of the total branch length L, of
the beta (1, b)-coalescent.

Proposition 3.1. Fix b € (0, 00) and j € No. The jth moment of the total branch length L,
of the beta (1, b)-coalescent has the asymptotic expansion

EL;, = — - 1+——+0 3 asn — oo,
b’ log’/ n log log=n

where the sequence (mj) jeN, is defined as in Theorem 3.2. Moreover, for j € {2,3, ...}, the
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Jjth central moment of L,, has the asymptotic expansion

E(L, — EL,)’ = (_,1).'/B(b,j -1 n! + 0( n! ) asn — oo.
jbli log/*n log/*2n

In particular, var(L,) = (2b%)~'n?/log® n + 0 (n?/log* n) as n — oc.

Proposition 3.1 indicates that bL,, essentially behaves as X, in agreement with the com-
parison of Theorem 3.1(ii) and Corollary 3.2. The proof of Proposition 3.1 essentially follows
the same lines as the analogous proofs of Theorem 3.2 and Corollary 3.3 for X,,. Instead
of the distributional recurrence (3.2) for (X;).eN, We have to work with the distributional
recurrence (3.3) for (L,),en. Since the expansion of ET,, = 1/4,, is known (see Lemma A.4),
the proofs concerning X,, are readily adapted for L,. A proof of Proposition 3.1 is therefore
omitted. We finally mention that, for the beta (1, b)-coalescent with mutation rate r > 0,
expansions for the moments and central moments of the number of segregating sites M,, can
be easily obtained, since (see, for example, [8, p. 1417]) the descending factorial moments of
M, are related to the moments of L, via K(M,); = r/EL}, j € Np, where (M,,)o := 1 and
M) =M,My, —1)--- (M, — j+ 1) for j € N.

4. Probability distances xr and d,

For T > 0, the xr-distance of two real-valued random variables X and Y is defined by

xr(X,Y) = sup |EeX — Eel’Y|.
[t|I<T

By the continuity theorem for the characteristic functions, convergence in distribution Z, 2z
holds if and only if lim,,—, » x7(Z,, Z) = 0 forevery T > 0.

Let Dy, g € (0, 1], be the set of probability laws on R with finite gth absolute moment.
Recall that |x — y|? is a metric on R. The Wasserstein distance on Dj; is defined by

dy(X,Y) = infE|X — Y|4, “.D

where the infimum is taken over all couplings (5(\ , ?) suchthat X Z X and Y 2 Y.
For ease of reference, we summarize the properties of d; in the following proposition.

Proposition 4.1. Let X and Y be random variables with finite qth absolute moments. The
Wasserstein distance d, has the following properties.

(Dist) d,(X,Y) depends only on the marginal distributions of X and Y .
(Inf)  The infimum in (4.1) is attained for some coupling.
(Rep) The Kantorovich—Rubinstein representation holds, i.e.

dg(X,Y) = sup [Ef(X) —Ef(Y)I,
feFy

where ¥4 :={f € CR): |[f(x) = fW]| = |x —yl?, x,y e R}L
(Hom) dy(cX,cY) =|c|9d(X,Y) forc e R.

(Reg) For X, Y, and Z defined on the same probability space, dy(X +Z,Y +7Z) < dy(X,Y)
provided Z € Dy is independent of (X, Y).
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(Aff)  dy(X +a,Y +a) =d,(X,Y) fora € R.

onv) for X, X, € , the convergence P — 0 asn — oo implies that X, 2 x
(Conv) For X, X Dy, th dy(Xyn, X) 0 l hat X
and E| X, |7 — E|X|4.

Proof. We refer the reader to [12] and [23] for most of these facts. To prove (Reg), choose
an independent of Z coupling (X', Y’) on which the infimum in the definition of d, is attained.
Then X + Z 2 x +Z,Y+2Z 2y + Z, and the definition of d, entails

dyX+Z,Y+Z)<E|[(X'+2)— (Y + 2)1" =E|X' — Y'|? = d (X, Y).

Property (Conv): the convergence of moments is easy; the rest is a consequence of Lemma 4.1
to follow.

Lemma 4.1.. For T > 0 and q € (0, 1], there exists a constant C = Ct 4 > 0 such that
supy, <7 [Ee'X —Ee'| < Cdy (X, Y).
Proof. Assume tha_t the infimum in the definition of d; (X, Y) is attained on ()A( , Y ). Itis easy
to check that [e™* —eVY| = 2|sin(x — y)/2| < 21_‘1Mq|x —yl?forg € (0,1]and x,y € R,
where M :=sup,_q|sinulu™? < co. Hence,
Sup |EeitX _]EeitY| — Sup ”Eeil‘f( _Eeil‘fll
lt|=T l7|<T
S Sup E|eilx _eitY|
lt|I=T

< 2'79M, sup [1]"E|X — Y|
lr|<T

=2"1M,T9d,(X, V),

as required.

5. Proofs

5.1. Proof of Theorem 3.1

Suppose that a = 1. Set a, := n~'log? n and b, := logn + loglogn for n € N. It suffices
to show that lim,,_, oo x7(a, X,, — by, 81) = 0 for every T > 0. The triangle inequality yields

X1 (an Xy — by, 81) < x7(@n Xy — by, anNy — by) + xr(@n Ny — by, 81).

The second term converges to O by Proposition 2 of [20] on the stable limit for the number
of renewals. In view of Lemma 4.1, to prove convergence to 0 of the first term, it suffices to
check that lim, -, dy(an X, — by, ay Ny, — b,) = 0 for some g € (0, 1], which in view of the
properties (Hom) and (Aff) in Proposition 4.1 amounts to the estimate

dy(Xp, Ny) = o(n¥log™n) asn — oo. (5.1)

Now assume thata € (0, 1). By Theorem 7 of [10] we have xr(a,N,, — by, 82—4) — O for
every T > 0 with a, :== (1 —a)"'n=/@=9 and b, := n1=9/2=® By the same reasoning
as above, proving Theorem 3.1 for a € (0, 1) reduces to showing that

dy(Xn, Ny) = 0o(n?/@=9) asn — oo, (5.2)

for some g € (0, 1].
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Using recurrences (3.2) for X,, and (3.5) for N,,, we obtain

tn = dg (X, Ny)
= dg(Xy_1,» Nu—enn)
<dg(Ny_p,, N, _ Eany) T dg X1 Ny
<dg(Ny_1s Ny pny) +E|X,—1, — Nuer, I
1

=t ¢y + ) Plly = n — KE| X — Nyl
k=1

for arbitrary pairs ((Xk, Nk))1<k<n 1 independent of I, such that Xk = Xk and Nk Nk
Passing to the infimum over all such pairs leads to

n—1

tn < ca+ Y P, =n— k. (5.3)
k=1

We will use (5.3) to estimate #,,.

First we find an appropriate bound for ¢,. Let (In, é) be a couplmg of I, and & such
that (recall property (Inf) of Proposition 4. 1) dy(Iy, & N n) = E|I — E Anl?. Let (Nk)keN
be a copy of (Ni)ren independent of (In, E) Smce (In,é (Nk)) is a particular coupling,
we have ¢, = d, (N/ I, ,Nn (S/\n)) < IE|N i Nn Enn )| Using the stochastic inequality
Nyiy — Ny < 2 Ny, x,y € N, yields IE|N _j - N SAn| ]EquI Ennl’ Furthermore, we
obviously have N, < n; hence, ¢, < Ell - 5 Anl =d,(I,, § ;l\ n). Now we invoke the
Kantorovich—Rubinstein representation, property (Rep) of Proposmon 4.1,ford,. Set ¥, o :=
Fy N {f: f(0) =0}, and note that f € F, o implies that | f (x)| < |x]?, x € R. We have

cn <dg(In, § An)
= sup [Ef () —Ef(& An)

feFy

= sup [Ef(I,) —Ef( An)|
feFq0

= sup ZP{In—k}fac) ZP{E—k}f(k) (n)ZP{s—k}‘
€Fq0 1 =1 k>n

n—1

< > [PUy =k} = Pl = K|k + nP(£ = n).

For appropriate g € (0, 1] (to be specified below) such that a + ¢ > 1, use Lemma A.3
in Appendix A along with the relation P{¢ > n} = O(n®"?) to obtain the estimate ¢, =
O (n91%=2). With this bound for ¢,, a O-estimate for 7, follows using Lemma A.1.

Ifa € (0, 1), we can take ¢ = 1. Then Lemma A.1 applies with ¥, = n and r,, = Mno—1
(large enough M) and gives the estimate d, (X,,, N,) = O(n“), which implies (5.2).

For the case a = 1, application of the same lemma with v, = n/(log(n + 1)) and r, =
Mni—1 (large enough M) leads to 1, < Mn?(log n)~'. Thus, (5.1) holds for ¢ € (0, %). The
proof is complete.
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5.2. Proof of Corollaries 3.1 and 3.2
We follow closely the proofs of Theorem 5.2 and Corollary 6.2 of [§]. In view of

Zn log?

blog’n
X, —logn —loglogn +

n
(bLn - Xn)»

lo
L, —logn —loglogn =

it is enough to show that ((log2 n)/n)(bL, — X,) — Oin L.

Let the T; be independent exponential variables with rates A ;, j > 2. Assuming that the T}
are independent of the sequence of states visited by I1,,, we may identify 7; with the time IT,
spends in the state j, provided this state is visited. Given that the sequence of visited states is
n=iy>i] >--->ix_1] > ix = 1, the total branch length L, is distributed as er‘;(l) i, T; for

n € N\ {1}. .
Fork € {1,...,n}andi = (ig, ..., ix) withn =Ai0 > ] > .-+ >1Ir_1 > i = 1, define the
events A, ; :={X, =k, (ITx(10), ..., (%)) = i}, where 1o = O and 1; < 1o < --- are the

collision epochs We have

k—1 2
E(bLy — X" = ZP{Ak,;}E(Z(bi,Ti, - D)
ki r=0

k—1

_Z]P’{A <ZE(bz, i, —D*+ Y E®i T, — D)(biT, —1)).

r,s=0, r#£s

Furthermore, 1, = bn + O(logn) asn — oo fora = 1 and b > 0 (see (A.5) below), which
implies that [E(bkT — 1)| = O(k~'logk) and E(bkT; — 1)> = 1 4+ O (k™' logk). Therefore,

n 2
E(bL, — X,)* < ZIP{Ak }<Z]E(brT -2+ <Z |E(brT, — 1)|> )

ki r=2 r=2
= Z]P’{Ak’;}(n + O(log* n))
ki

=n+ 0(og*n),

and the convergence in L, follows. Corollary 3.2 follows from the fact that, given L,, the
distribution of M,, is Poisson with mean rL,,. See Corollary 6.2 of [8] for details.
5.3. Proofs of Theorem 3.2 and Corollary 3.3

Let us verify (3.6) by induction on j € N. From (3.2), it follows that a; := EX| = 0 and
ap =EX, =1+ Z;;f ) p,(,l,),,am, n > 2. In the following we apply the method of sequential
approximations to the sequence (a,),eN. The sequence (by)nen, defined via by := 0 and
b, = a, —n/logn for n > 2, satisfies the recursion

_ (1 _ H
by =a, — logn +ZP <1 ogm bm) —(In"‘Zp by

forn > 2, where g, :== 1 —n/logn + Zm - p,(,lz,,m/logm, n > 2. By Corollary A.1 (applied

withae =1 and p = 1),
n n mi 1 my 1
+ -1+ + 0 v = +0 2 ’
logn logn logn log=n logn log“n
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where my = cp,1,1 = 2 + W(b). The sequence (c,)nen, defined via ¢y := 0 and ¢, :=
b, —mn/ log2 n for n > 2, therefore satisfies the recursion

chn=b, —m 1——qn+2p(l)< )—mllo Zp(l)

forn > 2, whereq), := q, — mn/log> n 4+ m Zm ) p,(llznm/log2m, n> 2. ByCorollary A.1

(applied with ¢ = 1 and p = 2),

oo ) =)
= —_—_m|— m —_—m—— —_— = — 1,
Dn = ! log? n ' logn logn log? n log? n

since g, = m1/logn + O(l/log n). By Lemma A.2 (applied with @ = 1 and p = 3), it
follows that ¢, = O(n/log n) Thus, (3.6) holds for j = 1. Assume now that j > 2. From

EXJ =EX, -1/ = ()( 1)/~ ’IEX’ + EX], it follows that
) j—1 n—1
anj =EX; = Z( >( /1= ‘IEX’ —}—EX, =qnj+ Zp,(llznam,
i=0

forn > 2, where g, ; = ZZJ:—OI ({)(—l)j_l_iEXil, n > 2. Since, by induction, for all i < j,

i ni m; 1
EX, = - 1+ +O0(——)
log' n logn log”n

it follows that (the summand for i = j — 1 asymptotically dominates the others)

. _1
jn’ mj_i 1 ))
= (14 +0 :
qn,j 10g1_1n< logn <log2n

Now apply the method of sequential approximations to the sequence (ay, j)nen. The sequence
(bn, j)nen, defined Vla bl,), =0and b, j :==a,,j — nf/log/ n for n > 2, satisfies the recursion
buj =4, ;+ 2= L pihbm j, n > 2, where

J n J
n m
Pn,m n>2.

/ .— P
n.j = An.i log/n = 4= log/m’

By Corollary A.1 (applied with @ = j and p = j),

, CondTl 4 ni=1 L 0( ni=1 ) n’
.= _— mi;_ - T — B
Tnj =7 log/~'n I 1logf n log/*!'n log’ n
iy ai1 i1 ai1
log/ n log/~!'n log/ n log/*!n

ni=1 ni-1
/ og/ n <log/+1n>

where «j :=¢p j jand mj :=m;_1 + «k;/j. The sequence (cy, j)nen, defined via ¢y ; :— 0
and c,, ji=Dbyn; — mJn//logH‘1 n for n > 2, therefore satisfies the recursion c, ; = ¢, it

— 1
Zm 2 Dn, fncm j» n > 2, where qnj'— q, J—m]nf/logf+1 n+mjy 2p,(, ,)ﬂmf/logﬂrl
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n > 2. By Corollary A.1 (applied withae = jand p = j + 1),
” n]_l n] 1 n]
L= jm; — + O - -—mj—————
n.j = I log/ n (log/Jrl n) Mog/t1n
n’ ni—1 nd—1
+m; - -7 — + 0 -
j(log/Hn jlogfn <log1+1n>)
ni=1
=0\ ——.
<log’ H n>
By LemmaA.2 (applied wither := j and with p:= j+2), itfollows thatc, ; = O n’ /log/*? n).
Thus, (3.6) holds for j, which completes the induction and the proof of Theorem 3.2.

We now turn to the proof of Corollary 3.3. Let us first verify that the sequence (1) jen,
recursively defined in Theorem 3.2, satisfies the inversion formula

e o (=1)/
Z<->(—1>“m,~ =B, j-1. jeN\{l}. (5.4)
) 4 J

i=0
Using the formula W(x +1) = ¥(x) +1/x, x € (0, 00), itisreadily checked thatx j ;1 —k; =
24+ Wb+ j), j € Ng. Forall j e Ny, it follows that

j-1 j—1 j-l
Kj= (kg1 —Kk) =Y Q+Wb+i)=2j+) Wb+i)
i=0 i=0 i=0
and
J J J
mj=Z(m1—m1,1)=Z% Z<2+ Z\y(b+z))_2j+2xp(b+z)2—

=1 =1 =1 [=i+1
(5.5)
By (5.5), for j € {2,3, ...},

T
> (Jemrim =

i=0

)( 1)/~ l(zz+Zw<b+k> Z )

I=k+1

)( 1/~ ’Z\D(bJrk) Z -

I
I~
A A

Il
M\

i=1 1= k+1
j—1
=Y W +h Z Z( )( !
k=0 I1=k+1 i=l
j—1 . 1 )
=N Wkt Z l<l 1)(—1)11
k=0 I=k+1
=—Z\If(b+k) Z ({)(—1)1"
1=k+1
Z_Z\D(b—kk)(._l)(—l)j_l_k.
k=0 k
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Substituting (/.

> (!

i=0

1) = (4=3) + (/%) and reordering with respect to (/%) leads to
o 1422 . j—2
)( /" 'm; = —.Z(—l)l“( )(\If(b+k+ 1) — Wb +k)
j k

_ 1) ‘ 1
()

= (_I)JB(b i—1,
J

where the last equality holds since
n k
-1
) ) (") =BM.n+1)
= b+k\k

for all n € Ny, which is, for example, readily verified by induction on n € Ny. Thus, (5.4) is
established.

Thanks to Theorem 3.2 and the inversion formula (5.4), the proof of Corollary 3.3 is now
straightforward. Basically, the same argument has been used by, e.g. Panholzer [28, p. 277].
Substituting the expansion for the ordinary moments given in (3.6) shows that

E(X, — EX,)’
(J

X

(—1)/TEX} (EX,)’ ™

oo o)
log n logn log? n

( ogn ( 10gn (log2n> )

P

j imify L M
“ e 2 (v (g o)
(J —i)m 1

<1+t + o)
J

J j—i (J —im1 +m; 1 ))
g(;(l)( . < logn +O<log2n
J j ni J j .
Z(l)( 1/~ og 1 Z(i>(—1)’_l((j—i)m1+mi)

e
0<102ngr2 )

I Sl I)JB(b] 1)+0<”.—]),
j

- log/*!n log/*?n

since Yo () (=177 = 0, Xy ()= — i) = 0, and X () (=D/7'm; =
(=1)//jB(b, j — 1) for j > 2 by (5.4). This completes the proof of Corollary 3.3.

~.

~.

M\|

Il
=}
~.

+
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Appendix A

For each n € N, let (pn.x)o<k<n be an arbitrary probability distribution with p, , < 1.
Define a sequence (a,),en as a (unique) solution to the recursion

an=rn+ Y _ pukar, neN, (A1)
k=0

with given r,, > 0 and given initial value ag = a > 0.

Lemma A.1. ([14, Lemma 6.1].) Suppose that there exists a sequence (Vy)neN such that
(C1) liminf, o0 Yn D j_o(l —k/n)ppx > 0, and

(C2) the sequence (riyk/ k)keN is nonincreasing.

Then a,, defined by (A.1), satisfies

n r'[/[
ay =0<Z kkk) asn — oo.

k=1

Lemma A.2. Let (an),,eN be a sequence of real numbers satisfying the recursion ay = 0

and a, = qn + Zm - p,(112,1am, n € N\ {1}, for some given sequence (q,)nen\(1}, Where p,(,lz,,

is defined via (3.4). If g, = On*"'/log?~" n) for some given constants a € (0, 00) and
p € [0, 00), then a, = O (n“/log? n).

Proof. Fix some § such that 0 < § < a. Seta, := |a,|/n® and g}, := |gu|/n®. Then
g, < Mn®=1=% /1ogP~' n =: r, for some M > 0 and all n > 2. Furthermore,

—1
lam| | | I 3

Y qn+zp<l> o +z m, lonl /+zp,slznam<r+zpy;1m
m=2

Set ¥, := n/logn. Then both conditions (C1) and (C2) hold. Hence,

n ka—l—8 nc{—S s no
' =0(Y ——)=0(——) and =na, =0 :
= 0( S Togr) =0liogs) o = =[5

Lemma A.3. For the first decrement I, of the Markov chain (I1,) associated with the
beta (a, b)-coalescent (a € (0,1] and b > 0) and a random variable & with distribution

(Pka ke,

n—1
D _KIPU, =k} — Pl = k)| = 0(+172), (A2)
k=1

whenever 0 < g < landq +a > 1.
Proof. For the beta (a, b)-coalescents, (1.1) reads

Ba+k—-1,n—k+b—-1)
B(a, b) '

1
A k1 = f KA — ) A dx) =
0
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Using the known estimate |T'(n +¢)/ T (n4+d) —n"¢| < M. qn°=4~!, n > 2and c,d > -2,
for the gamma function (see Formula (6.1.47) of [1]), we obtain

n n Ba+k—-1,n—k+b—-1)
A = A3
(k+ 1) n. Kt (k+ 1) B(a, b) (A-3)

T+ Dla+k—DI(n—k+b—1)
T Tk+2)T(n—k)T'(n+a+b—2)B(a, b)
Ta+k—=1 5 ..,
(k + 1)!B(a, b)(

+ 0@ ) ((n - P+ 0((n - k)P72Y),

uniformly for | <k <n—1andn > 2.
Using (3.1) with A given by (1.2), we infer (see also Corollary 2 of [13]) that

A = %n” +0@m'™ = %nz_“(l + 0@ (A.4)
whena € (0, 1) and b > 0, and
An =bn + O(logn) (AS)
whena = 1and b > 0. Hence, for0 <a <1,b>0,n>2,andk=1,...,n—1,

Py = EE L Do k)”—l+0(<n—k>”—2>><1+0<%>>

1_‘(Cl)(k—i-l)'
b—2
=((1=3) +e(l-2) )(+e())
n n n
b—1 b—2
_yaf(;_k ok
A (GHIRLETH)
. kbl 1 K\o2
() o)
n n
Analogously, fora =1,
b—1 b—2
Prrg = p;E”((l—S) +0(%(1—§) ))(1+0(n110gn))
(0= oGO ) emen(-3) )
=Py 1—-- +0({—-(1-~- + O\ —-logn(1——
n n n n n
b—1 b—2 b—1
=p,£1)(l—k) +0( (1)1(1—E> )+0<p,51)110gn<1—5> )
n n n n n

Substituting these expansions into the left-hand side of (A.2) gives

n—1

> KPR, = k) — PE =k} < Zp(a)kq —

kbl @ k\P~2
(=3 e Eare(-3)
k=1 k=1 k=1

=:S1(a,n) + S2(a,n) for0<a <1,
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and

n—1

logn " k)P
> kB = k) — P(E = k)| < Si1(1,n) + Sa(1,n) + % Zp,§1>kff<1 - ;>

k=1 k=1
= S1(1,n) + So(1,n) + S3(1,n) fora = 1.

Here and hereafter cy, c», . . . denote some positive constants whose values are of no importance.
Our aim is to show that S; (a, n) = O(n?T*2)fori = 1,2 and S3(1,n) = O(n4™1). By virtue
of p\* < ¢3k3 for all k € N, we infer that

(3
n

kb71 n—1
1—— —1 kata—3
(1=3) e 2

k=[n/2]+1

Si(a,n) <c3y keta3

(-2
(-2

where the inequality [(1 — x)b T 1] <csx, x €10, ] has been utilized. The expression

in the parentheses converges to fl/ atq=3|(1 — x)b 4 — 1]dx < o0. Hence, Si(a,n) =
O(nita=2y, Slmllarly,

Sa(a.n) < 2 Zk“+q 3(1 - —>

[n/2] n—1

4 1 k a+q-3

s § :ka+q—2 +C3na+q—2<_ § : (_)

n n n
k=[n/2]+1

k=1

IA

[n/2] b—2 n 1 b—2
— ka+q 3 1— k ka+q73 1_&
n n/2 n
[n/2] \bP2 K\
<22 Z Keta— 3(1 _) Z fata— 2(1 _ _)
n =[n/2]+1
[n/21 b—2 n—1 a+q-3 b—1
k 1 k k
e e 8 )
n n n n
k=[n/2]+1

= 0<n“+q—2>,

since the first term is O (n~!) and the second term is O (n*t9-2) by the same reasoning as for
S1(a, n). Finally,

n—1 b—1
S3(1,m) < 718" qu‘2<1 - 5)
n =1 n
b—1 n—1
(2 e
n
k=1

= 0@~ 21ogn)+0(n "ogn),

c7 log n Z 2
Ka—

in view of the estimate for S (a, n). Thus, S3(1, n) = O(n?~"). This completes the proof.
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We provide a basic lemma concerning the total rates of the beta (1, b)-coalescent.

Lemma A.4. The total rates L,, n € N, of the beta (1, b)-coalescent are given by

n—1
k
An = b]; Pk bn—1)—bb—-D¥n+b—1)—¥®), neN. (A6

Moreover, the total rates have the asymptotic expansion
An=bn—bb—1)logn —b+bb— 1)V(b) + on™" asn— oo, (A7)

and the inverse of the total rate A, has the asymptotic expansion

1 1 1 1—(b-DW¥®k log?
Lot ppopylen [ 12G=DYG) | Hrlog n)Y e A8
An  bn n n n?

Proof. Equation (A.6) is known (see, for example, [19, Equation (19)]). Expansion (A.7)
follows from (A.6), since W(n+b — 1) = logn + O(nYHasn — oo. Equation (A.8) follows

from
b_n k- 1)logn B 1—((B—-1DHY(k)
An n n
bn* — du(n+ (b —Dlogn +1— (b — 1)W(b))
- niy,
0(10g2n)
- niy,

log?n
0 I
(%)
where the last equality holds since A,, ~ bn, and the equality before follows by substituting the
A, term in the numerator for the expression given in (A.7) and multiplying everything out.

The next lemma provides asymptotic expansions as n# — oo for the sum

n—1 .

(o)=Y " €l0.00), @ €R.  (A9)
,Q) 1= , , 00), . .
Snip, & — (n—m)(n —m + 1) logP m P *

Lemma A.5. Fix p € [0,00). Then, as n — oo, the sum s,(p, o) defined in (A.9) satisfies
sa(p.@) = O(n®/log? n) for a € (=2, 00),

o I
Sn(P,Ol)=lnp <1+0<0gn>> fora € (—1, 00),
ogfn n

and

n% logn a¥(x)+ 1
$u(py @) = (1—a CUBNAC) ”+0<

log? n n n nlogn

)) fora € (0, 00).

For a proof of Lemma A.5, we refer the reader to [16], which is a preprint version of this
article. The following corollary provides an asymptotic expansion which is a key tool in the
proof of Theorem 3.2.
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Corollary A.1. Fixa € [1,00) and p € [0, 00). Forthebeta (1, b)-coalescent with parameter

b € (0, 0c0),
o 1 1
przlfn n (l_aﬂ_,_cb'ﬂ_g_o( )) asn — oo, (A.10)
— log? m log”n n n nlogn
where cpqpi=(@+b—DVY(@+b-1D)+p+1+A-DYOh)=(a+b—-DHY(a+b)+
— (b — DY (b).

Remark A.1. The following proof shows that Corollary A.1 holds even for the slightly larger
range of parameters «, b € (0, 0o) satisfying « + b — 1 > 0. However, we need Corollary A.1
only for o € [1, 00) and b € (0, 00), in which case @ + b — 1 > 0 automatically holds.

Proof of Corollary A.1. Let gum := AyP{I, = n — m} denote the rate at which the block
counting process moves from state n to state m € {1, ..., n — 1}. It suffices to verify that

n—1 o a+1
m®  bn logn (x+b—1)V¥(x+b—-1)+
3 g I —(a+b—1—22 4 b
log? m logl’ n n

+0< 1 )) A11)
nlogn

since (A.10) then follows from p\'3 = gum/An by multiplying (A.11) with (A.8). Note that

b n! 1 rec+m-—1)
ro+n—1)m—-—mm—-—-m+1) (m—1)!

8nm = s 1 <m<n.

Since the first fraction has expansion

n! _ (P Lo N
r(b+n—1)_nb—2< < 2 )Z (ﬁ)) A.12)

it hence suffices to verify that

”i 1 Th+m—1) m®
mzz(n—m)(n—m+l) (m—1)! logfm
kb=l 1 PN b (@+b—DW(a+b—1)+
_n (1_(a+b_l)ogn+(2) (o W (cr )+ p
log? n n n

O< ! )) (A.13)
nlogn

since (A.11) then follows by multiplying (A.13) with (A.12). Thus, it remains to verify (A.13).
Since, forallm € Nandall b € (0, co), the Pochhammer-like expression I'(b+m —1)/(m —1)!
appearing on the left-hand side of (A.13) is bounded below and above by

mb=1 4 b—1 mb=2 < rb+m-1) <mb1 4 b—1 mb=2 4 Kymb=3,
2 m—1)! 2

where Kp :=T'(b) — 1 — (bgl), (A.13) follows by substituting these lower and upper bounds
into the left-hand side of (A.13), then applying the last expansion in Lemma A.5 with « replaced
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by @ + b — 1 > 0, and noting that

n—1 me+b=2 b2 log n
= 14+ 0
(n—m)(n —m+ 1)log’ m log? n n

m=2

and

n—1 ma+b_3 na+b—3
=0 ,
Z(n—m)(n—m+1)log1’m (log/’n>

m=2

again by Lemma A.5. This completes the proof.
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