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ON A NECESSARY CONDITION FOR THE SAMPLE
PATH CONTINUITY OF WEAKLY
STATIONARY PROCESSES

IZUMI KUBO

To Professor Katuzi Ono on the occasion of his 60th birthday

1. Introduction

We shall discuss the sample path continuity of a stationary process
assuming that the spectral distribution function F(2) is given. Many kinds
of sufficient conditions have been given in terms of the covariance function
or the asymptotic behavior of the spectral distribution function. We also
shall give a sufficient condition (Theorem 1) expressed in the form

2WFn+1) — F(n) < oo,

Such a formula has also inspired our investigation for necessary condi-
tions observing the case where dF(2) is discrete.

We are mainly interested in necessary conditions for the sample path
continuity. For any distribution function F(2), there always exists a sta-
tionary process with the spectral distribution function F(2) which has con-
tinuous sample paths; there might, however, exist a stationary process, with
the same F(2) such that any version of the process has no continuous
sample paths (c.f. Theorem 2). In view of this, we shall be concerned
with the problem to determine the class of distribution functions F(2) satis-
fying the following condition:

ConprtioN (C) Any weakly stationary process with the spectral distribution
JSunction F(2) has a version, sample paths of which are continuous.

The last section will be devoted to clarify relation between the sufficient
condition and the necessary condition which are stated in Theorem 1 and
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Theorem 2, In fact, the one is close enough to the other. Propositions
and examples will serve in illustrating this situation.

The author wishes to express his hearty thanks to Professor T. Kawata
who sent the preprint [2] and letters which gave private communications
encouraging the author in the course of this note.

2. Sufficient condition

In this section we shall state a sufficient condition for sample path con-
tinuity of a weakly stationary process. The result is a slight generalization
of the results given by T. Kawata [2].

Let {X(¢)} be a weakly stationary process with mean zero and spectral
distribution function F(2). Suppose that {X(#)} has the spectral representa-
tion

(2. 1) X(t) = Sei“dZ(}t)

where the {Z (1)} process has orthogonal increments, and

(2. 2) E|Z(A)]2 = FQa).

We now define approximate weakly stationary processes {X(¢)}, 0 <T < oo,
in the following way according to the idea of T. Kawata. Set

(2. 3) Xplt) = 3 etz (0 FDY g (2]

N= —00

This Fourier series converges in L?-sense for each ¢. In order to discuss
the absolute convergence of the Fourier series (2. 3), we prepare the follow-
ing simple lemma.

Lemma 1. Let F(2) be a distribution function (not necessary F(oo) =1).
Then for a=1, the following inequalities hold :

i, EVFGEI T = 5 JFan A= Fen) =2 3 Yo+ —F) -

LEMMA 2.  Let F(2) be the spectral distribution function of a weakly stationary
process {X(t)} with mean zero. If it holds that

(2. 4 3 YR Fia) < oo,

*) [.] denotes the Gauss symbol.
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then the Fourier series (2. 3) converges absolutely with probability 1.  Moreover, the
sample paths of the weakly stationary process {X(¢)} defined by (2. 3) are continuous
with probability 1.

Proof. Since inequalities

.5y E[ 3 |2(Z0E)-z(Z0)| 2 5 [p[z( 2 7 (2

= 3 Jr(EEH)_p(Z0) < 5 Ly FadD=Fo) <

N= —00 N=—00

hold by (2. 4) and Lemma 1, the series >1|Z(2z(n + 1)/T) — Z(2an/T)| con-
verges with probability 1. Hence we have proved that the series (2. 3)
converges absolutely with probability 1.

THEOREM 1, Let F(R) be a spectral distribution function. If (2. 4) holds,
F(3) satisfies Condition (C).

Proof. Let {X(#)} be a weakly stationary process with the spectral
distribution function F(2) and have the spectral representation (2. 1) with
{Z(2)}, and let {X,(¢)} be the process defined by (2. 3). Then we have

P (max | Xyers(t)— X(t)] > &) = P ( A

=g B, 2 |22 ()

by (2. 5). Hence if we put ¢ =2-%4, the series

iZ<7c(n+1)

1) > 5)

n_ -—00

f=y/ 2, ﬁ_wfm

32 P(max | Xpn(t) — Xult)] > &)
k [t <A

converges. Using Borel-Cantelli lemma, by the same method in Theorem
9 in [2], we can prove that X.(¢) converges uniformly in [—A, A] as k— o
with probability 1. Hence the asserion is proved by Lemma 2.

Cororrary 1. (T. Kawata) If there exists a function g(u) >0 which
satisfies the following conditions:

(a) g(u) < 9(v) and g(—u) < g(—v) hold for 0 < u <v;
(b) it holds that

1
(2. 6) Smdu<oo
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and
(2.7 Jonarm < oo,
then F(2) satisfies (2. 4) and hence Condition (C).

Proof. By (2. 6) and (2. 7), we have inequalities

2 & had 1
(|n%z‘/F(” +1)— F(n)) sngl gn+1) (Fn +1) — F(n))- El YRS
—-—00 — 00 1
+n§2 gn) (F(n + 1) — F(n))- n;_z'g(—n)—

<[ owarw- S—g—(lﬁ)— du < co.

Hence the assertion follows from Theorem 1.

3. Necessary condition

We now discuss a necessary condition for any weakly stationary process
with a given spectral distribution function F(2) to have a version with
continuous sample paths. For this purpose, we shall constract a strictly

stationary process with the given spectral distribution function F(1).

Corresponding to the given F(1), there exist finite measures ¢(1,2) and

a(—1,2) on I:O, —ZT”—> and a non-negative function p(2) on (—oo, ) such that

(3. 1) dF (24 22) = o (24 20 dootn), ) 20, 20,

where 0(n) =1 if n=0 and = —1 if #<0. Such measures ¢(1, 2) and
o(—1,2) and such a function p(2) are not unique. They can be given, for

example, in the following forms:

do(1,2) = 3 dF (2 +-3%)

n=0

(3. 2)

do(—1, 2) = n;z‘i aF(z + 222 ).

Now we define a probability space (2,P). Set

Q= [w=(ﬁ,u,x,y,}{);p,u=i Ly=t1,0=2<10<y<2m0<i< 2;

Define a probability measure P(g,v,#,y,2) on 2 by

https://doi.org/10.1017/5S0027763000013568 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000013568

WAEKLY STATIONARY PROCESSES 107

(3. 3 dP (1,0, 2,9, 1) = o du dy do(v,2)

with 7 = ¢(1,[0, 22/T)) + o(—1,[0,27/T)). We define a flow {S.} on 2 by

Siltts v ,952) = (s v, x+—7{~——[x +%] y+2t—2n[—y~—;-n—'y—:‘, 7).

It is obvious that the system {S,} of point transformations of 2 forms a
group and each S, is measure preserving. Define a random variable X (),
o = (ﬂ» Yy Xy Y, 2)’ bY

X(ttyv, 2,9, 2) = /Tpeiv 33 L 200) ;0(”) o2+ —275” Jeznine,

n=—

(the convergence of this series is L%*sence). With this X(w), a strictly
stationary process {X(¢#)} is given by

(3. 4) X(t, 0) = X(S;0).
Then it holds that

(3. 5) X(t’w) —_ .'/?' #ei(y+lt) ﬁ _;ﬁﬁl%a_(ﬁ)_ p1/2 (2 + _2%”_)e21min(z+t/T) a.e. (dP).
LemMmA 3,  The process {X(t)} defined by (3. 4) is a weakly stationary process
with mean zero and with the spectral distribution function F(2).

Proof. It is easily seen that the mean of X(#) is zero. We have

2m

E[X(t)m]=ﬂ’§i1m2‘g:$:"s:eu<t—s) 3 {(1+v0(%))4(1+v0(m))

n, m= —oco

xezni(n-m)ezrri(nt—ms)/Tpl/2<2 + _Zﬂ-'TL> p1/2<1 +_§7L'T_m_>]

X 17’ dx dy do(v,2)

4z

2n

oo

T
. 2
= Ew So ei(A+2nn/T)(t~s) p(l + g‘n )do'(ﬂ(n), A)

Nn=—

= {esc-0aF (),

Hence {X(#)} is a weakly stationary process with the given spectral distri-
bution function F().
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LemmA 4.  The stationary process {X ()} defined by (3. 4) has a version whose
sample paths are continuous with probability 1, if and only if

n%pl/z <lz + 2;‘;1 ) < a.e. (da(l’ 1))’
(3. 6)

S oer(i+Z ) <o ae (do(—1,2)

n=-—1

hold.

Proof. Suppose that (3. 6) holds. Then the series (3. 4) converges ab-
solutely for almost every (v,2) (do(v,2)). Hence, for almost every o (dP),
X(t,») is continuous in #. Conversely, if X(¢,w) has a version with con-
tinuous paths, then two processes (see (3. 5))

ST pl/z(,z + ﬂ%”i) eminG+O/T and 3T pm( 2+ 27}” > 2min(+t)/ T
n=0

n=-1

have versions with continuous sample paths. Hence these Fourier series are
regarded as those of some continuous functions of ¢ for almost every (w,2)
(dz do(1,2)) or (dx do(—1,2)), respectively. Therefore the Fourier series

3. 7) 720 puz(z + _ZETE o2mint/T <resp. n;ﬁ: o2 <l + L?}@) g2mint/T )
is a Fourier series of a continuous function for almost every 1 (de(1,2))
(resp. (do(—1,2))). By Fejér’s theorem, the series (3.7) is summable (C. 1)
at any point #. Since the Fourier coefficients are non-negative, the sum-
mability (C. 1) at ¢ =0 implies the convergence of the series (3. 6).

By these lemmas, we can state the following theorem.

THEOREM 2. If a distribution function F(3) satisfies Condition (C), then
(8. 6) holds for any o(1,2), o(—1,2) and p(2) whick satisfy (3. 1).

The following proposition is obvious but helpful in applications of our
theorem.

ProrosiTioN 1. The convergence or the divergence of the series (3.6) is in-
dependent of the choice of measures o(1,2), o(—1,2) and a function o(2) which satisfy
(3. 1).

4. Discussions
In this section we shall show that the conditions (2. 4), (3. 6) and (C)
are equivalent to each other under suitable assumptions.
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ProposiTiON 2, For some period T and for some o(1,2), o(—1,2) and p(2)
which satisfy (3. 1), set

a, = ess sup .0(2 + 2””) (da(6(n), 2))

0<i<zn/T
and

b, = fﬁifﬁ% p(). + 2;" > (da(6(n), 2)).
If
4. 1) L3 (@l — by <o

holds, the following three conditions are equivalent:
(i) F(2) satisfies Condition (C);
(i) (2. 4) holds;
(iii) (3. 6) holds.
Proof. By Theorem 1 and Theorem 2, we can see that (ii) = (i)
— (iii). Since
2n

(2t p(2m) - ST o(1+ 22 dolom), 2

holds, we have

a,a(6(n), [0, 27)) = F (_2”("%1)) —F( 2’}" = b,0(0(n), [0, 27)).

Hence we have

S AP —r(B) = 5 e = 3 @yt B 3 b

Nn=-—00 Nn=-—00

Since

Sor= 3 e (1+ - Eh) <o ae. (dofL, )
2 ) T

and

—00

b= b3l p1/2< + 27m><oo a.e. (da(—1,2)

n=-— n=-1
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hold under the condition (3. 6), (2. 4) follows imediately.

ProrosiTioN 3. Let o(1,2), o(—1,2) and p(a) satisfy (3. 1) for some period
T. If there exists a non-negative function h(2) such that

- A 5= _P(A)
4. 2) c,<}_;r‘g_m () .éll;ln_lm () < €y 0 << 0y < Cyy

where h(2) s monotone non--increasing in [0, 0) and non-decreasing in (—0,0]. Then
the following conditions are equivalent:

(1) F(2) satisfies Condition (C);

(i) (2. 4) holds;

(1ii) (3. 6) holds;

(iv) [ o) aF () < oo

(v) o(v, [0, 7)) SDA PY2va) da < oo, v =+ 1, for sufficiently large A;

(vi) there exists a function g(u) which satisfies the conditions (a) and (b) in

Corollary 1.

Proof. From (4. 2), it follows that

(4. 3) ¢ h(2) < p(2) < ¢ h(2), 2] 2*2;[& for sufficiently large number
N. Set I,k) = n}:ﬂhm(ﬁ’%’%) and I,(y) = ENhW(_Z;_%), y=+1. Then

it follows, from (3. 1) and (4. 3), that

0111(’-’) = ngN pl/2<1 + l;&) = 6'2[2(1)); v = +1,

I ne = | meeydi=| e dis
N N

<c, S:, h1%(uR) di < 2775 coly(v)y v==41,

and that

o2 e =c, | neen aren = om0 aPen <

0o
N

<o, S:h‘l/z(uz) dFpa) <o (v, [o, 2; ))eadols), v = L.
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Hence the equivalence of (iii), (iv) and (v) is obvious. Moreover, this fact
implies that the function g(#) defined by

B2 () for yu>0 if o‘(p, [O, -277?)) >0,

g(u) =
1+ u? for yu>0 if a(u,[o,—zTiD =0,

v = *1, satisfies the conditions (a) and (b) in Corollary 1, if (v) holds.
Since the proof of (vi) = (ii) = (i) == (iii) follows from Corollary 1 and
Theorem 2. Thus our assertion has been proved.

Now let us give some examples.

ExampLE 1. Let F(2) be a spectral distribution function of some
weakly stationary process with a period 7' (i.e. the measure dF(2) is sup-
ported by the discrete set {2zn/T; n =0, =1, =2, - - -}). Then F(2) satisfies
Condition (C) if and only if (2. 4) holds. (For the proof we refer Proposi-
tion 2.)

ExaMPLE 2. Suppose that F(2) has the density f(1) with respect to the
Lebesgue measure. Then we may set do(1,2) = do(—1,2) = di and p()=f(2).

If, in particular, p(2) = f(1) satisfies (3. 7) with some A(1), then F(2)
satisfies Condition (C) if and only if

[ e da< oo,
ExampLE 3. Let F(2) satisfy (4. 2) with some o(1,2), o(—1,2), o(2) and
h(2). Suppose that k(3) is a function of the form
h(l) = {IZI -loglll -log(z)lﬂl o« s a0 log(“)lzt .<log(n+1)ll|)l+s}_l

for large |2|, where logg+;2 = log(log,d) and logy,2 = logd.  Then F(2)
satisfies Condition (C) if ¢ >0 and dose not if e<0
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