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Let A , B, denote two non-void finite complexes (= subse t s ) of 
the t o r s i o n f ree abe l ian group G, 

A + B = { a + b | a e A , b e B} . 

Let d(A) , . . . denote the m a x i m u m number of l i nea r ly independent 
e l e m e n t s of A , . . . and let n = n ( A , B ) denote the n u m b e r of e l emen t s 
of A + B whose r e p r e s e n t a t i o n in the fo rm a + b is un ique . In the 
p r e c e d i n g p a p e r , T a r w a t e r and En t r i nge r [1] proved that n >_ d(A) . 
We wish to show by an en t i r e ly ' d i f f e r en t and p e r h a p s s i m p l e r method 
that n > d = d(A U B ) . 

Given A and B , we m a y r e p l a c e G by the subgroup gene ra t ed 
by A U B . Then G m a y be i n t e rp r e t ed as a d - d i m e n s i o n a l vec to r 
la t t i ce over the r ing of the i n t e g e r s . Imbed G into a d - d i m e n s i o n a l 
r e a l vec to r space and c o n s t r u c t i ts affine d - s p a c e R . 

Let C denote the se t of those points of R whose r a d i u s v e c t o r s 
belong to A + B . Since d(A + B) = d(A U B) = d , we have 
d im (3 = d - 1 or d . The convex c l o s u r e H(C) of C i s . a convex 
polytope in R . 

If £ i s an e x t r e m a l point of H(C) , £ is not the b a r y c e n t e r of 
o ther points of ft(C) , in p a r t i c u l a r of C . Hence £ e• C • 

Suppose the r a d i u s v e c t o r x of the point £ has two d i s t inc t 
r e p r e s e n t a t i o n s x = a + b = a1 + b1 w h e r e {a , a '} C A , {b , b '} C B . 
The points with the r a d i u s vec to r a + b ' and a' + b would lie in C 
and £ would be the c e n t r e of the connect ing s e g m e n t . In p a r t i c u l a r , 
£ could not be an e x t r e m a l point . Thus eve ry e x t r e m a l point of 
&((*) has a r a d i u s vec to r in A + B with a unique r e p r e s e n t a t i o n 
a + b . 

Since &(c) i s a convex polytope of d imens ion >_ d - 1 and s ince 
eve ry convex polytope is the convex c l o s u r e of the se t of i ts e x t r e m a l 
po in t s , &(ç) has not l e s s than d e x t r e m a l p o i n t s . This p roves n >_ â . 
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Remark. If B contains at least two elements, ft (C ) has not 
less than 2(d(A) - 1) extremal points. We then have n > 2(d(A) - 1). 
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